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COURSE 


OP 


MATHEMATICS, 


THIGONOlffiTKY  COICSIDBIIED  AKALYTICALLT* 

Art.  1.  There  arc  two  methods  which  are  adopted  by 
mathematicians  in  inve^ignting  the  theory  of  Trigon<»mctry  : 
the  one  Geomtlrical,  \he  other  Algebraical,    In  the  former, 
the  ranmm  nIatioM  of  the  mnes^  cosiness  twageotB,  ^c.  of 
(Mogle  or  multiple  arcs  or  angles,  and  those  of  the  mdes  uad 
wglea  of  triangles,  aro  deduced  immedialely  from  the  figurea 
to  which  the  several  hiquines  are  referred  ;  each  HMfividual 
case  requtnog  its  own  fNirticular  method,  aod  resting  on  evi- 
dence peeiiliar  to  itself*   In  tlie  latter*  the  nature  Mid  pro- 
perties of  the  Nnear«angalar  quantities  (sioeit,  tangents,  ^c.) 
Weinff  6rst  defined,  some  general  relation  of  these  quantities^ 
•r  of  them  in  connexion  with  a  triangle,  is  espressed  by  one 
or  oMwe  algehraical  equations  ;  and  then  evei^  other  theorem 
or  precept,  of  use  in  this  hmnch  of  science,  is  developed  by 
the  simple  lethictton  and  transformatioo  of  the  priimtive 
eqiMtioo.  Thus,  the  rules  for  the  three  fuodamentnl  cases 
io  Plane  Trigonometry,  which  are  deduced  by  three  itMle- 
pendent  geometrical  investigations,  in  the  first  volume  of 
this  Course  of  Mathematics,  are  obtained  algebraicntlyy  by 
Ibnning,  between  the  throe  data  and  the  three  unknown 
quantities^  three  equations,  and  obtaining,  in  expressions  of 
known  terms,  the  value  of  each  of  the  unknown  qtiantifies,ihe 
othen  being  exterminated  by  the  usual  proresses*   Each  of 
these  .general  methods  has  its  peculiar  advantages.  The 
geometrical  method  carries  conviction  at'eveiy  step ;  and  by 
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kecpins  the  objects  of  inquiry  eoo«tantty  beibre  the  eye  of 
the  student,  serves  admirably  to  guard  him  against  the  ad* 
Riisfion  of*  error  :  tho  ulgehrHical  method,  on  the  contrjiiy^ 
requiring  little  aid  from  fir^t  principles,  but  merely  at  the 
communcoment  of  its  career,  ih  more  properly  mechanical 
than  nicntnl,  and  requires  frequent  checks  to  prevent  any 
deviation  fnim  trulh.  The  fieomctrical  melhod  is  direct, 
and  rapid,  in  producing  ihe  requi^sitc  conclusions  at  the  out- 
set ol  f rip(jnomctricnl  science  ;  but  slow  and  circuitous  in 
nrrivin^j  at  ihose  results  which  the  modern  stale  of  the  science 
r''()uires  :  while  the  a|o[ebraical  method,  though  sometinies 
^  circuitous  m  the  developement  of  the  mere  elementary 
.  thfort  tns,  is  very  rapid  and  fertile  in  producing  those  curious 
^  and  iiitci*  -tin|[r  formulae,  which  are  wanted  in  the  higher 
branrlujs  oi  pure  analysis,  and  in  mixed  mathematics,  espe- 
cially in  I*hysical  Astronomy.  This  mode  of  developing 
the  theory  of  rri«:or)orn(;try  is,  consequently,  well  suited  for 
use  of  the  more  advanced  student  ;  and  is  therefore  in- 
troduf!ed  here  with  us  much  brevity  as  is  consistent  with  its 
nature  and  utility. 

3.  To  save  the  trouble  of  turning  very  frequeiitly  lo  the 
1st  volume,  a  few  of  the  principal  defiaittoiu,  there  giveo, 
are  here  repeated,  as  follows  : 

The  sihb  of  an  arc,  is  the  perpendicular  let  fall  from  one 
of  its  extremities  upon  the  diameter  of  the  circle  wbieh 
passes  through  the  other  extremity. 

The  cosncis  of  an  nrc,  is  the  sine  of  the  coanplement  of 
that  are,  and  is  equal  to  the  part  of  the  radius  comprised  b^ 
twcen  the  centre  of  the  circle  and  the  foot  of  the  sine. 

The  TANOiKNT  of  an  arc,  ia  a  line  which  touches  the  circle 
in  one  extremity  of  that  are,  and  is  continued  from  tbenee 
till  it  meets  a  line  drawn  from  or  through  the  centra  and 
through  the  other  extremity  of  the  arc. 

The  SECANT  of  an  arc,  is  the  radius  drawn  through  one 
of  the  extremities  of  that  arc,  and  prolonged  till  it  meets  the 
tangent  drawn  from  the  other  extremity. 

The  VKUSKD  si.NE  of  an  arc,  is  that  part  of  tlie  diameter 
of  the  circle  which  lies  between  the  beginning  of  the  arc  and 
the  foot  of  the  sine. 

The  COTANGENT,  COSECANT,  nud  covr.RSf:n  SINE  of  an 
arc,  are  the  tangent,  secant,  and  versed  sine,  of  the  comple- 
ment of  such  arc. 

8.  Since  ares  are  proper  and  adequate  measures  of  plana 
angles,  (the  ratio  of  any  two  plane  angles  being  constantly 
equal  to  the  ratio  of  the  two  arcs  of  any  circle  whose  centre 
la  the  angular  pomt,  and  which  are  intercepted  by  the  linen 
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vbose  inclinations  form  the  angle),  it  is  usual,  nnd  it  is  per. 
fectly  safe,  to  apply  the  above  names  without  circumlocution 
although  they  referred  to  the  angles  themselves  ;  thus,  when 
we  speak  of  the  sine,  tangent,  or  s«u:an1,  of  an  angle,  w  e  menn 
the  sine,  tangent,  or  secant,  of  the  arc  which  me;isurc8  that 
angle  ;  the  radius  of  the  circle  employed  being  knov  n. 

4.  It  iMUibeeB  shown  m  the  1st  vol.  tRS-  982),  that  the  laii. 
gmit  is  a  Ibianh  proportional  to  the  cosine,  sine,  end  i«diiis  >c 
the  secant,  a  third  proportional  to  the  cosine  and  radius;  tho 
cotangent,  a  fourth  proportional  to  the  sine,  cosine,  and  riH 
dius ;  nnd  the  cosecant  a  third  proportional  to  the  sine  and 
ladius.  Hence,  making  use  of  the  ohvious  abbrevtalions,  and 
converting  the  analogies  into  equations,  we  have 

radaXsine  rud.  V  cos.  rn(]'. 

tan  =  —  ,  cot.  =  7  •  sec.  =  ,  coscc. 

coe.  sine  cos. 

rad* 

=  ^7^*.   Or,  assuming  unity  for  the  rad.  of  the  circle,  these 

...  .  sin.  cos.       1  ^ 

will  heeome  tan. «  —  ..•  cot. «      =  — ...  sec  =  — 

COS.  sin.      tao.  cos. 

1 

•«•  Goecc*  ^  -r—  • 
sin. 

These  preUminariea  being  boirne  in  mind,  tho  student  may 
pvfsue  hisinvestiga*jons. 

5.  Let  Am  be  any  plane  triangle,  of 
vhteh  the  side  bc  eppesi^  tbe-angle  a  w 
denoted  hv  the  smaU  letter  ii,  the  side  uic  ,   ^  ^ 

opposite  the  angle  b  by  the  small  letter  6,   ' 

and  the  side  An  opposite  the  angle  f9  by     ji'^  i  B 
the  small  letter. c,  and  cd  perpendicubir  to  as  :  then  is  e^a  • 

cos.  •  COS.  A. 

For,  since  acs:  5,  ao  is  the  cosine  of  a  to  that  radius; 
eonseqaently,  supposing  radius  to  be  unity,  we  have  ad  =  6. 
COS.  A.  In  like  manner  it  is  bi>  •=  a  •  «oe.  b.  llienifore, 
Ao4*waBAn^c  =  «.  COS.  B  +  6  •  COS.  A.  Bv  pursuing 
similar  reasoning  with  respect  tb  the  other  two  sides  of  the 
triangle,  exactly  analogous  results  will  be  obtained.  Placed 
logether,  they  will  bo  yi  below  : 

a  S8  6  •  COS.  c  +  c  .  cos.  n  ^ 

s  a  •  COS.  C  +  C  •  COS.  A  S  (I.) 

.    •        c  =  a .  coe.  B  4-  ^  •  COS.  a  j 

t  I  0.  New,  if  from  theso  equations  it  were  required  to  find 
expressions  for  the  angles  of  a  plane  irinngle,  when  the  sides 
are  given ;  we  have  only  t%  miHtipljr  the  first  of  these  equa* 
lions  by  Oy  the  second  by  6,  the  third  by  r,  and  tosublracl 
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each  of  the  equal  inn  thus  obtained  firum  the  sum  of  Iheotker 
two.   For  tbuH  we  shall  have 


(H.) 


6*  -f-    —  fl'  =  26c .  COS.  A,  wheace  cos,  a 
+  ^ — 6' s  3ae .  ooe.  B* .  .  .  cos.  b  «       — — 
b^-^c^ SSI 2ao .COS* Cf »  •  .  ooe.  c  =  — -^-j^ — 

7.  More  convenitrnt  expressions  than  these  will  be  deduced 
hereafter:  but  even  these  will  often  be  found  very  conveni- 
ent, when  the  sides  of  triangles  are  expressed  in  integers,  and 
tables  of  sines  and  tangents,  as  well  as  a  table  of  squares, 
(like  that  in  our  tirsl  vol.)  are  at  hand. 

Suppose,  for  example,  the  sides  of  the  triangle  am  <i=520, 
h  =  562,  e  =  800,  being  the  numbers  given  in  prop.  4,  pa. 
16I,  of  the  Intraduction  to  the  Mathemationl  Tablet :  then 
we  have 

+       a* »  858444   Kig.  »  5-fl8imi 

Sfte   .   .    »880900  log. » 50688060 

The  remainder  being  log.  cos.  a,  or  of  ISW^s,  9*«T78871 
Again,     4-  c*  —  6>  =  420556  .    .    .  log.  =  5-62997^ 

2ac  .    .    .  =  512000  .    .    .  log.  =  5-7092700 
The  remainder  being  log  cos.  0,  or  of  S3"Sb'  »  tf*0'207060 

Then  180*  -  (18^20  +  33  35)  =128  5'so;  fdMmaiufef* 
three  angiea  are  deiermined  in  7  lines. 

a  If  it  were  wished  to  get  expressions  Ibr  the  rinei^,  in. 
stead  of  the  eeeines,  of  the  angles ;  it  would  nmHAy  be  ne-  y  ^  ^ 
cessargr  to  infroduceimo  the  preceding  equations  (mnfktfd  H.)4  Ji- 
instead  of  cos.  A9  cos.  b,  dte.  their  equivalents  cos.  A^y/  ( I— ' 
nt^.  a),  cob.  bs  (I— sin*,  b),  dte.   For  then,  after  a  l|til«  * '  ^ 
fiediiction,  there  would  result,  7  ^  .  -  /' * 

^    sin  A  =  gjv^:«flS-^;to^^  ] 

sin.  c    J,v^'+2aV+m^ta  +*M^) 

Or,  resolvinir  the  expression  under  iic  rndicnl  into  its  four 
constituent  fiictors,  substituting  s  forll+^+c,  and  redujcing^ 
the  efuations  will  become  1    r      /  \ 

*^ » -  -^✓is(i8-i.)        ■  r^^sni^ 


\ 
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These  equations  are  moderately  well  suited  for  computation 
in  their  latter  form  ;  they  are  also  perfectly  symmetrical :  and 
as  indeed  the  quantities  under  the  nidical  are  identical,  and 
are  constituted  of  known  tenns,  they  may  be  represented  by 
tile  same  character ;  suppose  k  :  then  shall  we  have 

,   .  9t  •  2ic  /•••\ 

aUW  A  SB  T"  •  •  •  —  •  •  •         C=--r  .  •  •  fill*) 

6c  ae  aft  *  ' 

Hence  we  may  immediately  deduce  a  very  important  theo- 
lem :  for,  the  flnit  of  these  equationa,  divided  by  the  second, 

gives  and  the  fifH  dmded  by  the  third  i^ives 

^-j- ;  whence  since  two  equal  fractions  denote  an  equation, 
we  h«ve 

An,  A  :  iia*  m :  sfan.  c  oe  41 :  ^  :  e  •  • .  (IV.) 

Or,  in  Worda,  lie  mdet  of  piam  frim^et  art  miporfSmd  M 
4kt9Uies  tf  Atk  oppomta  angles.    (See  tb«  1  Trig.  vol.  i). 

9.  Before  the  remainder  of  the  theorems,  necessary  in  the 
solution  of  plane  triangles,  are  inveHti gated,  the  fundamental 
proposition  in  the  theory  of  sines,  &c.  must  be  deduced,  and 
the  method  explained  by  which  Tables  of  these  quantities, 
contined  wiihin  the  Umit3  of  the  quadrant,  are  made  to  ex-' 
tend  to  the  whole  circle,  or  to  any  number  of  quadrants 

fitefti#Br.  In  oilier  f»  tltfs^ 

trfM  fbr  tile  afiNM^  eoifaiei,  dbe.  dT  tlie  iiliM 

df  day  ttll!i»  am  er  anglei;  New,  H  hat  biMiilbMid  ([.)  tliat 

«  s  #  •  COS.  e+c .  eee.  b.   And  the  eqaafieiia  (IV.)  giiNi 

^^a. — ?  • ,  • .  e  as  a «  SubstitiuiiM  theae  v«« 

sin.  A  sin.  A  ^ 

faea  eC  h  and  e  for  them  in  tlie  preceding  equation,  and  muU 
liplyiai  the  whole  by         itwiU  boeeaae 

sin.  A  =  sin.  b  .  cos.  c-l-8ii>«  <^  •  cos.  b. 

But,  in  every  plane  triangle,  the  sum  of  the  three  angles  is 
equal  to  two  right  angles  ;  therefore,  b  and  c  are  equal  to  the 
supplement  of  a  :  and,  consequently,  since  an  angle  and  its 
mpplemcol  have  the  same  sine  (cor.  1,  p.  379,  vol.  i),  wehafa 
ain«  (e  4*  c)  =  sin.  b  •  cos.  c  4*  ^n.  c  •  cos.  b« 

10.  If,  io  the  last  equation,  c  become  aubtractive,  then 
#Oiild  sin.  c  nmnifestly  become  subCractive  also,  while  the 
coeine  ef  c  Would  not  change  its  sign,  since  it  would  still 
continue  to  be  ostinuited  on  the  same  radius  in  the 

iction.   Hence  the  preceding,  equatino  would  becoM 

ain.  (n-c) 

X       1  *  *^  •  v  *  • 
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11.  Let  c  be  the  complement  of  c,  nnd      ^  ijnarter 
of  the  circumference :  ihen  will  c=lQ  —  c,  ein.  v  »  one. 
end  COS.  c'  =  sin.  c*   But  (ert.  10),  sin.  (n  —  c )  =  iio.  b. 
con.  c'  —  sin.  i'  COS.  n.    Therefore,  eubntituling  for  eio*  c'y 

COS.  c',  their  vahics,  tlierc  will  result  sin.  (p  —  C)  ^ 
sin.  c  —  COS.  B  .  cos  c.  But  because  c'  =  iO  —  c,  wc^ava 
sin.  (n— c  )  -  sin.  (b  -f  c  —  IQ)  =  sin.  [(b  -f  c)-  iO]= — 
sip*  liO  — (b  4'  0)]  =  —  COS.  ;b+  c).  Substitulmglhis value 
of  sin.  (b  —  <;')  in  tlie  cquuiion  abovey  it  becomes  coe»  (b  -t'C) 
»  COS.  ji  •  cos.  c  —  81U.  »  •  tfin.  c« 

1^  In  this  bitter  oqua'ion,  if  c  be  made  subtractivc,  sin.  c 
will  become  —  nn.  c,  while  cos.  c  will  not  change  :  consc.- 
queolly  the  equtitifin  will  be  transformed  to  the  following, 
vis.  CM.  (b —  c)  =s  cos.  B  .  cos  «  +  sin.  b  •  sin.  c. 

Iff  instead  of  the  nufj^es  b  and  the  angles  had  been  A  and 
B ;  or»  if  A  and  b  represenled  tlieerr^  which  measure  tboso 
anglesi  the  results  would  evidently  be  similar :  they  may 
therefore  be  expressed  generally  by  the  two  following  equa- 
ttoos,  for  the  sines  and  cosines  of  the  sums  or  differences  of 
noy  two  arcs  or  angles. 

Bin.  (a  ±  b)  s  sin.  A  •  COS.  b  ±  iin.  b  .  cos.  a,  }  v 
cos.  (a  d:  b)  s  COS.  a  .  cos.  b  ^  sin.  a  .  sin.  b*.  >  ^ 

13.  Wc;  are  now  in  a  slate  lo  trace  complotely  the  muta- 
tions nf  ibe  sincA,  cosines,  Ike,  as  ibey  rubitc  to  nrcn  in  the 
various  parlj<  of  a  circle  ;  and  ihencc  to  perceive  that  tables 
which  apparently  are  inchidccJ  within  u  quadrant,  ore,  in  tact» 
upplicable  lo  the  whole  circle. 

Imagine  that  the  radius  >i(  of  the  circle,  in  tlic  marginal 
figure,  coinciding  at  fir>i  with  a<\  turns  about  the  point  c 
(in  the  some  manner  as  a  rod  would  turn  on  a  pivot)  and  thus 
forming  successively  with  ac  all 
possible  angles  :  the  point  m  at 
Its  eitremity  passing  over  all 
the  points  of  the  circumference 
abaVa»  or  describing  the  whole 
•circle.  -Tracting  this  m  »tion  at- 
tentively,  it  will  appear,  that  at 
the  point  a,  where  th<;  arc  is 
nothing,  the  sine  is  nothing  also, 
while  the  cosine  does  not  diH'er 
from  the  radius.  As  ihe  radius  mc  recedes  from  ac,  the  sino 
FX  keeps  increasing,  and  the  cosine  cr  decreasing,  till  the 


•  S#ip.  for  ft  difT-  r,  nt  mod«  of  investifliHng  thsfeuid  otberosffal  for- 
mula, vol.  1. 
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deiCffilMa^  point  x  has  passed  oTor  a  quadraott  and  arvivad 
al  * :  in  tfatat  case,  px  becomes  equal  to  ra  the  radius,  Had 
thp  cosine  cp  vanishes.  The  point  m  continuing  its  inotiott 
k^ond  a,  the  sine  p'x*  will  diminisht  while  the  cosine  oV* 
which  now' foils  on  the  amlnxry  side  of  the  centre  v  will  in* 
crease.  In  the  figure,  p'm'  and  ct*'  are  respectively  the  sine 
and  cosine  of  the  are  aV,  or  the  Hine  and  cosine  of  AWwt^ 
which  is  the  supplement  of  a'm'  to  \0%  half  the  circum- 
ierence :  whence  it  follows  thnt  an  obtuse  angle  (measured  bj 
an  nrc  greater  than  a  quadrant)  has  the  tame  stss  and  cosine 
OM  its  eupplemeiU  ;  the  cosine,  however,  being  reckoned  sub- 
tractive  or  negative,  because  it  is  situated  contrariwise  with 
regard  to  the  centre  c. 

When  (he  descrihing  point  31  hns  passed  over  ^Q,  or  half 
the  circumference,  and  lius  arrived  at  a',  the  sine  j'm'  va- 
nishes, or  becomes  nothing,  as  at  the  point  a,  and  the  cosine 
is  again  equal  to  iho  radius  of  the  circle.  Here  the  angle 
ACM  has  attained  its  maximum  limit ;  hut  the  radius  cm  may 
still  be  supposed  to  ronlinuo  its  motion,  and  pass  beloir  the 
diameter  aa'.  The  sine,  whicii  will  then  be  I'  m",  will  con- 
flequently  fall  below  the  diameter,  and  will  augment  as  x 
moves  along  the  third  quadrant,  while  on  the  contrary  cP*, 
the  cosine,  will  diminish.  In  this  quadrant  too,  both  sine 
and  cosine  must  be  considered  as  negative  ;  the  foimer  being 
on  a  contrary  side  of  the  diameter,  the  lauer  n  cfmtrary  side 
of  the  centre>  fo  what  each  was  rsiysetively  in  the  fint  qna* 
drant.  At  the  point  b\  where  the  arc  is  Ihree-lburths  of  the 
circumference,  |o»  sine  rV  becomes  equal  to  the 
radius  CR,  and  the  cosine  cp'  vanishes.  Finally,  in  the  fbufth 
quadrant,  from  a'  to  a,  the  sine  p"'m"»  always  6e/ois  aa\  6u 
minishes  in  its  progress,  while  the  cosine  cp'",  which  is  then 
Ibond  on  the  same  side  of  the  centre  as  it  was  in  the  first 
quadrant,  augments  till  it  becomes  equal  to  the  radius  CA« 
Hence,  the  sine  in  this  quadrant  is  to  be  considered  as  nega. 
live  or  subtractive,  the  cosine  as  positive.  If  the  motion  of 
X  were  continued  through  the  circumference  ngain,  the  cir. 
Ctimstances  would  be  exactly  the  same  in  the  fifth  quadrant 
as  in  the  first,  in  the  sixth  as  in  the  second,  in  the  seventh  as 
in  the  third,  in  the  eighth  as  in  the  fourth  :  and  the  likn 
would  be  the  case  in  any  subsequent  revolutions. 

O  14  If  the  mutations  of  the  tangrni  be  traced  in  like  man. 
ner,  it  will  be  seen  that  its  magnitude  passes  from  nothing  to 
infinity  in  the  first  quadrant ;  becomes  negative,  and  de* 
creases  from  infinity  to  nothing  in  tht^  second  ;  becomes  po- 
sitive ngain,  and  increases  from  notliitig  to  infinity  in  the 
third  quadrant ;  and  lastly,  becomes  negative  again,  and  de- 
creases from  infinity  to  nothing,  in  the  iiourth  quadrant. 
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Mi  TlMMeoMliiMoiwadnilof  amdjcttd^ni^^ 
^ihmi  My  hm  iltduced,  by  niMiit  of  the  wadytiaJ  M^mi* 
MMia  •iti.4jtfid  12.  lliiw,  if  ▲  beiQppotedaqiMdto{0» 
in  oqiNU    k  will  becooM 

COS.  do       b)       C08.'1  O  •         B  ^titt.         •  B» 

m.  (*p  ±  r)     MD.  j  O  •  ^ofl.  s  tl:  m.  B  •  coc.  2jO* 
But  sin.  lO  —       =^  1  i       ^o^'  iO  ^  0  •  ' 
^  |yiy|ttiie  above  equations  will  become  •  '       .  .  / 

<so<i.  (iO  ±  8)      =F  8io.  B.  'V  '      .  ^ 

sin.  (iO  i  b)  =  cos.  b« 
From  which  il  is  ebvieus,  thai  if  the  sine  and  coeine  of  aa 
are,  less  then  a  quadrant,  be  regarded  as  positive,  the  oosmm 
of  an  are.gfeaterUian  |0  ond  less  than  |Q  will  be  negative, 
but  its  sine  positive*  It'  b  also  be  made  =iO«  shall 
are  have  cos.       =  —  1 ;  sin.  \0  ~  0. 

Suppose  next,  that  in  tbaequa.     as^q*  thao  shall 
W  obtain  ^  . 

COS.  (JO  ±  b)  «»— COi.B. 

sio.  do  :t  b)  =  :f:  sin.  B ; 
which  indicates,  that  every  arc  comprised  between  \0  and 
]|Of  or  that  terminates  in  the  third  quadrant,  will  have  its 
/Nne.aodits  cosine  both  neirative.  In  thin  case  too,  when 
9  ss  or  the  arc  terminates  at  the  end  of  the  third  *qiia* 
drant,  we  shall  have  cos.  J  O     0,  sin.  }  O  =  —  1- 

f^istly,  the  case  remains  to  be  considered  in  which  a  =  J  O » 
or  in  wliich  the  arc  terminates  in  the  fourth  quadrant*  Here 
j^e  phioUive  equaMons  (V.)  give 

eoi.  (JO  ±  ±  iin.  a. 
•in.  do  ±  b)^-—  cos.  B ; 

m  that  in  all  arcs  between  jQ  and  Ot  the  eosiiies  am  posi- 
tiva  aod  the  sines  negative. 

16.  The  changes  of  the  tangents,  with  regard  to  positive 
and  negative,  may  be  traced  by  the  application  of  the  pre* 
ceding  results  to  the  algebraic  expression  for  the  tangent :  viz. 

4aD.  s  ^*  For  iiis  hoooe  auuiifest«  that  when  the  aiae  and 


cosine  are  either  both  positive  or  both  negative,  the  tangent 
will  be  positive ;  which  will  be  the  case  in  the  first  and  third 
quadrants.  But  when  the  sine  and  cosine  have  different 
signs,  the  tangents  will  be  negative,  as  in  the  second  and 
fourth  quadrants.   Tho  algebraic  expression  for  the  cotan* 

genty  via.  aet.  »      will  produce  asaelly  the  aana  imilta. 

Th^^Jf\f(ffie^^ou&,(6r  the  secants  and  cosecants,  vis.  sec.  ^ 
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— .  eotec  sst  ^  flhowy  that  the  aigiifl  of  the  secaats  are  tho 


MtlioMofthe  oomet;  aadtitoid  of  theeo>ecartiti» 
as  thoM  of  the  flioes. 

The  magnitude  of  the  tangent  at  tlie  end  of  the  first  and 
third  quadrants  will  be  infinite  ;  because  in  those  places  the 
sign  is  equal  to  radius,  the  cosine  equal  to  zero,  and  therefore 

(tofioi^).  Of  these,  however,  the  fimnor  will  bo 

reckoned  positive,  the  latter  negative. 

17.  The  magnitudes  of  the  cotangents,  secants,  and  cose* 
cants,  may  be  traced  in  like  manner  ;  and  the  results  of  the 
18th,  14th9  and  15th  articles,  recapitulated  aad  tabulated  as 


0* 

90* 

ido* 

860'^ 

Sin. 

0 

B 

0 

—  m 

0 

Tan. 

0 

OD 

0 

—  Cb 

0 

Sec. 

s 

OD 

—  » 

—  CD 

R 

Cos. 

R 

0 

—  & 

0 

B 

Cot. 

OD 

0 

—  OD 

0 

Oft 

Cosec  OD 

It 

—  OD 

—  « 

Tho  changes  o£  signs  are  these ; 

fin.  cot. 

(til.  COf.  MC. 

UU  5th. 

9th. 

13th.  \  . 

i  +  +  +  +  + 

fUL    6th.  ^Oth.  14th.  f  I 

1  +  — 

1 

3d.  7th. 

11th. 

15th.  Cl 

+   +  — 

4th.  6th.  12th.  16th.)  i 

 + 

(VL) 


(VII.) 


We  have  been  thus  particular  in  tracing  the  mutations, 
both  with  regard  to  value  and  algebraic  signs,  of  the  prin- 
cipal trigonometrical  quantities,  became  aknowledge  of  them 
is  absolutely  necessary  in  the  appUcation  of  trigonometry  to 
the  solution  of  equations,  and  to  varioos  aftronoiiiical  and 
physical  probkm. 

IB»  WemaynowpfoceedtothebveatigatioQofotherex* 
pmtioos  relating  to  the  sums,  diffiicences,  mulHplesy  dto.  of 
ares ;  and  in  order  that  these  expressioiw  may  have  the  more 
generality,  give  to  the  radius  any  value  m,  instead  of  confiniiig 
il  to  mnty.  This  indeed  may  always  be  done  in  an  exprae- 
■on,  boweTer  complex,  by  merely  rendering  all  the  lerme 
honiogeBeotts ;  that  is,  by  mtdHplfrng  each  term  hifmokm 
power  i^Mos  ehaU  make  it  of  the  same  dimennon^  as  the  term 
m  ike  equatim  wkkh  ka$  the  higheti  dmeneim.  Tbsoh  the 
expression  fo  a  triple  aie 

YoklL  8 
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•ill.  8a  s  3bui.  ▲  —  4m'.  a  (radius  »  1) 
beeomes'  when  radius  is  aasumsd  a  % 

n       Sa%ia.  a*4m^.  a 

^     or  tna.  8a  =         ^  • 

llence  Iheo,  if  consistently  with  this  precept,  B  be  phlie||# 
for  a  denomiiiBtiHr  of  the  secpnd  iMnbor  of  esch  oqiiat«Ni  v 
(art.  12),  and  if  a  be  supposed  eqoal  to  b,  wo  shall  Mvo 

sm.  (a  +  a)  ss  -f  


That  is»  SID.  2a 


£fio.  A  .  cot.  A 


And,  in  like  manner,  by  supposing  b  to  become  suceessively 
equsi  to  2a,  3a,  4a,  &c.  there  will  arise 

.      o    iio.  A  .  CO*.  gA  4"  CO*-  A  .  MO.  2a  " 

Sin*  OA   r  


liOtiA 


sin.  6a  = 


•in.  A .  ciM.  Sa  +cw»  a.  Wi.tA 

B 

■hi.  A  .  COS.  Aa  +  COfc  A  .  4a 


(vin.) 


And,  by  similar  processes,  the  second  of  the  equations 
just  referred  to,  nameiy,  that  for  cos.  (a  +  b),  wiU  give  suc- 
iwly, 

^        c«A  A  —  airf.  A 
COS.  »A  »  T  


co^.  3a  = 


COS.  4a  = 


001.  A .  ooii  Sa  —  ib.  A .  «io.  Sa 


oos.  5a  ss 


S 

<.(j'*  .\  .  CO*.  Sa  -~ 

■in.  A .  tin.  8a 

COI.  A. cot. 4a 

iIb.  A .  tin.  4a 

B 

>  (IX.) 


19.  If,  in  the  cj^pressioiis  for  the  sooeessiTe  mulfiples  of 
the  sines,  tbo  vahies  of  the  sevml  cosinosin  teims  of  tho 
sines  were  substituted  for  them;  aod  a  like  process  were 
adopted  with  resard  to  the  multiples  of  the  cosines,  other 
expressions  wouM  be  obtahied,  in  which  the  muhiple  sines 
would  be  expressed  in  terms  of  the  radius  and  sine,  and  the 
multiple  oonnes  in  terms  of  the  radius  and  cosine. 

As  sin.    A  —     s  . 

sm.  2a  «  as  V  — 
sin.  3a»38  -♦i? 

sin.4A«(4s-8s')^(B«-s»)        J  (X.) 
sin.  5a  »  5b  —  20i^  +  W 
sin.  6a  «  (6s  -  32^+  88s^  i/il^-^ 
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Cos.    A  =  C 

€0&  2a  =   20*  —   1  j 
COS.  3a  =   4c*  —  3c  I 
COS.  4a  «  8c'—  8c'+  1        \         (XI.)  , 
COS.  5a  =  16c^  —  20c^  -f  5c 
C08.      =        -  48c«  +  18cr»-.l 

6lc.  &c.* 

Other  very  convenient  ezpressions  for  multiple  arcs  amy 

be  obtained  thus : 
Add  together  the  expanded  expressions  for  sin.  (a  +  a), 

atn.  (b  —  a),  that  is, 

add  •  sin.  Ib  +  a)  sin.  b  .  cos.  a  +  cos.  b  .  sin.  a, 
to  '  '  mn»  (b  —  a)  =  sin.  b  .  cos.  a  — *  cos.  b  •  sin.  a  ; 
there reralti sin.  (b  +  a)  +  sin.  (b— a)  » 2aM.A*aui.B: 
whence,  -  ain.  (b  +  a)  =s3 coe.  a. am.  b  —  ain. 

Tbea  again,  by  aodiog  togetber  the  exprentona  ror  coe» 

(b  +  a)  and  eoe.  (b  —  a),  we  have 

cos.  (b  +  A^  +  cos.  (b  —  a)  =  2  COS.  A  .  COS.  B  ;  » 

whence,  cos.  (b  +  a)  =»  2  cos.  a  .  cos.  b  —  cos.  (b  —  a). 
AAathutiiig  in  these  expressions  for  th(9  sine  and  cosine  of 
9  +  A,  the  auceeaaive  values  a,  2a,  3a,  dec,  inat^  of  b  ;  the 
ibOdflrliig  eeriea  wll!  be  proda<^d« 

ain.  2a  =  2  cos.  a  .  sin.  a. 
■in.  9a  8s  2eee>  a •  sin.  2a  —  sm.  a. 
«•  4a  ^  9eo«(.  A  •  iDd*  8a^^.  fa* 
■B.  fiA  «  deoB.  A .  ain. (n  —  1)  A—ain.  (n^2)  a. 

oca.  2a  ^  2  COS.  a  .  cos.  a  —  eos.  0  (  =  1). 
cos.  3a  =  2  cos.  a  .  COS.  2a  —  cbe.  a. 
cos.  4a     2  COS.  A .  COS.  3a  —  cos.  2a. 
COS.  itA  =s  2'Goa«  A  .eos.  (it-l)  a— -cos.  (n— 2)  a. 

Several  other  expressions  for  the  sines  and  cosines  of  mul. 
tiple  arcs,  might  readily  be  found  j  but  the  above  are  the 
most  useful  and  commodious. 

.20.  FhMn  the  eqaalien  ain.  2Aa=  ^     V     \  it  watt  be 

easy,  when  the  sine  of  an  arc  is  known,  to  find  that  of  ita 
half.   For,  substituting  for  cos.  a  its  value  ^  (b^  —  sin^  a), 

tfaeiewm«ri^ahi>2Aa:i^'^°-"^;;''"""'-"^  Thfia  eqoared 

givea  1^  ain.'  2a  =      ain.'  a — 4  ain.*  a. 


*  Here  we  haVe  omitted  the  powf^rs  of  r  that  were  necessary  to  ren- 
der all  the  terms  homologous,  merely  that  the  expression  might  be 
brought  in  upoq  the  page ;  but  they  may  easily  be  supplied,  when  need- 
edf  by  the  tola  ili  art.  Id. 
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Here  ttking  an.  a  for  the  unknown  quantity,  we  hftve  « 
dnuie  eqintiooy  which  sohrd  after  the  usual  manaer. 


I.  A  »  db  v/iR'  i:  i^y/  R»  -  sin".  'Za. 

If  we  make  Sa  «  i^'*  then  will  a  « .1  a'  ;  and  coMeqaenilf 
tlie  laH  equation  becomes 


sin.  Ia'  =  ±^W±  ^n^K'^maK  2a' 
orain.  ^a'  =  ±iv'2R=*±2R  cos.  a'  : 


Iiy  putting  COS.  a'  for  its  value  v^R^—sin.'  a\  multiplying  the 
quantities  under  the  radical  by  4,  and  dividing  the  whole 
second  number  by  2.    Both  these  expressions  for  the  sine  of  • 
half  an  arc  or  angle  will  be  of  use  to  us  as  we  proceed. 

31.  If  tbe  values  of  sin.  (a  +  b)  and  sin.  (a  —  b)»  given  by 
eqna.    be  added  together,  there  will  result 

sin  (a  4-  b)  +  sin  (a  —  b)  =  j^""         .  whence 

sin  A .  cos  B  =  .  sin  (a+b)  +  jEsin  (a— b)  •  •  (XIII.) 
Alaoy  taking  ain  (a — b)  firom  sin  (a  4-  b)»  gifea 

,       ,      ^  .     /  .         2  >in  H  .  LOS  A  . 

am  ( A  +  b)     Sin  (a  —  b)  =  ;  whence, 

sin  B .  008  A  8  }a  •  ain  (a+b) — J  R  •  sin  (a— b)  .  •  (XIV.) 
When  Ann,  both  eqna.  xm  and n?,  become 
00a  A  •  ain  A  =  f  n  ain  dA  . .  (XV.) 

fA,  In  like  manner,  by  adding  together  the  primitiTO  ex- 
yieaaioma  fbr  00a  (a  +  b),  ooa  (a — b),  there  will  arise 

coa(A  +  B)  +  co8(A  — b)  =Sf2LLf^i.  whence, 

eoa  A  •  coa  B  s=  in .  cos  (a+b)  +    •  cos  (a  -  b)  (XVI.) 
And  here,  when  a  b  b,  leeoUecting  thai  when  the  arc  in 
nothing  the  ooaine  ia  equal  to  radina,  we  ahall  hnfo 
eoi^  A  » |a  .  co8l2a  +  (r*  .  •  •  (XVII.) 

23.  Deducting  cos  (a  +  b)  from  cos  (a  —  b),  there  will 
remain 

(\            r     t     V    -  0  lis  A  •  tin  B  1 
A  — b)  —  coa  (a  +  b)  B  J  ;  whenee, 

sin  A .  sin  b  =»  |r  .  cos  (a— b)  — Jb  .  cos  (a+b)  (XVIIL) 
When  A  ^  B,  this  formula  becomes 

sin^  A  =      —  ^R  .  cos  2a  .  .  .  (XIX.) 

24.  Multiplying  together  the  expressions  for  sin  (a  +  b) 
and  sin  (a  —  b),  equation     and  reducing,  there  results 

sin  (a  +  b)  .  sin  (a  —  b)  =  sin^  a  - —  sin*  b. 
And,  in  like  manner,  multiplying  together  the  values  of 
cos  (a  +  b)  and  cos  (a  —  b),  there  is  produced 

cos  (a  +  b)  .  cos  (a  —  b)  =  cos*  a  —  cos*  B. 
fiere,  since  sin^  a  —  sin*  b,  is  equal  to  (sin  a  +  sin  b)  X 
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(sin  A  sin  b),  that  is,  to  the  rectangle  of  the  sum  and  dif. 
fereoce  of  the  sines ;  it  follows,  that  the  first  of  these  eqiuu 
tioQs  converted  into  an  analogy,  becomes 

sin  (a— b)  :  sin  A^sin  b  : :  8ini\+  sin  b  :  sin  (a  +  b)  (XX.) 

That  is  to  say,  the  siiie  of  the  difference  of  any  tvo  arcs  or 
anglesf  is  to  the  difference  of  tiieir  ginUf  as  the  sum  of  thos9 
sines  is  to  the  sine  of  their  sum. 

If  A  and  B  be  to  each  other  as  n  +  1  to  n,  then  the  pre- 
ceding  proportion  will  be  converted  into  sin  a  :  sin  (n  +  1)  a  — 
no  nA  : :  sin  (ft  +  1)  A  +  sin  iia  :  sin  (2ii4-l)  a.  .  .  .  (XXI.) 

Tbeee  two  proportions  are  highly  useful  in  computing  a 
table  of  sines ;  as  will  be  shs«rii  m  the  praelieal  aianiples  at 
the  end  of  this  chapter. 

25.  Let  us  suppose  a  +  b  =  a',  and  a  —  b  =  b'  ;  then  the 
half  sum  and  the  half  difference  of  these  equations  will  give 
respectively  a  =  i  (a+b  ),  and  b  =  J  (a'— b').  Putting  these 
valbes  of  a  and  b,  in  the  expressions  of  sin  a  •  cos  b,  sin  b  • 
cos  Ay  cos  A  •  COS  B»  sin  A  •  sin  B,  obtained  in  Arts.  31,  22, 23, 
there  would  arise  the  following  fomnito : 

sin  ^(a'  +  b  )  .  cos  j(A'  —  b')  *=  iR(8in  a'  +  sin  b'), 
sin  {{h!  —  b')  .  cos  ^(a'  -r  b')  =  .;H(8in  a'  —  sin  b  ), 
C08  4(a'  4-  b')  .  cos  J(a'  —  b  )  =  (r(cosa'  +  cosb'), 
mn       +  b  )  .  sin  i(A'  —  b')  =  J^r(co8    —  cos  a*). 

Dividing  the  second  of  ibeso  formulsB  by  the  Erst,  there  will 
be  had 

ihii(A^— s^.oce|(A'-i>if)  sisK*-*^  «■  I(a*4s^  ^lA^Hfoir 
ihl(A>iO*cciii(A'-ir;  —  c^ICa'-s";  •  ite  M%f O  ^  SlPfSn' 

Bat  since  and  *^  follows  that  the  two 

ftdofB  of  the  first  member  of  this  eqQation»  are' 
tM^A-ir)^^^^^!^^^^  respectively ;  so  thai  the  equation 

manilestfy  becomes  ^^^"-^  =  '^^^t^.  (XXIL) 

This  equation  is  readily  converted  into  a  very  useful  pro- 
portion, viz.  The  sum  of  the  sines  of  two  arcs  or  angles^  is  to 
their  difference  J  as  the  tangent  of  lialf  the  sum  of  those  arcs  or 
angles,  is  to  the  tangent  of  half  their  difference. 

26.  Operating  with  the  third  and  fourth  formulse  of  the 
preceding  article,  as  we  have  already  done  with  the  first  and 
second,  we  shall  obtain 

Uo  4(a  .  ton  ICa-b')      cob  n'—con  a' 

fc*  C04  a'  4.  cot  B' 

In  like  manner,  we  have  by  division, 
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^jy^=tanKA'-B')  . .  .  ^j^j^  =  cot  J(A  +  B), 

COl  A'-f-COS  b'  cot  i(A'+fl') 

COS  h'— <  os  a'     tan  ^(a' — b  )* 

Making  b  =  0,  ia  one  or  other  of  these  ezpressiooBt  there 

l-f-co»  a'        cot  U'  _^  ^j^g  .   #  ^       1  I 

1— COS  A'         lau^A'  •  tan^  ^a"  J 

These  theorems  will  find  their  npplicatioa  in  aome  of  the 
investigations  of  spherical  trigonometry. 

27.  Once  more,  dividing  the  expreMon  for  liik  (a  ±  b) 
by  that  for  cos  (a  ±  b),  there  results 

iin  (Ajt  ■)      tin  A.  cos  b  ^  sin  b  .  co*  a  ^ 

cos  ^a  ^  B)  *"*  cm  A  .  coi  B      sill  A  .  tin  B  * 

then  dividmiE  hoth  numerator  and  denominator  of  the  second 

Bfai  tta 

fiactiony  by  cos  a  •  coe    and  recoliecting  thai  ^  »  T"* 
riialllhaiohtahi 

s>  ^  « (tow  A  ± tMii) . 

k  :j:  tan  a  .  tan  b 

«r,laOy,tm(A  +  B)-^i^'^'  (XXin.) 

'        ^'       \  — .    /      la  .Ian  a.  tan  b  ^ 

b^ 

Also,  since  cot  ■»  jjf  wo  shall  have 

^  ^   »>       _ ^  tan  A  .  fn  i. 

cot  (A  ±  B}  «  j^i^  ^^-qf-^—    tanA'±U08  ' 

which,  after  a  little  reduction,  becomes 

28.  We  might  now,  by  making  a  •=  b,  a  =  2b,  dws.  pifh 
ceed  to  deduce  expressions  for  the  tangents,  cotangents,  ad* 
cants,  &c.  of  multiple  arcs  ;  but  we  ahaU  merely  preaenl  a 
few  for  the  tangents,  aa 

*i=toJu^-^-  •  ^  ^°l-3toS«A  ) 

tatt4A=i_6t,*a,^n.n«A  ( 
Stan  A— TOir^ii  3\  +  |an^  1 

tan  5a  ^  iHiuTaii  i^A-f  oiun  *a  ^ 
We  might  again  from  the  obvious  equation 
sec  ^A — tan  ^A=8ec    -  tan  % 

,   ,         .  aecA-l-toOA     lies  — ItSB 

dedaee  the  expreaaion  ^  ,4.     ,°'„cA-ton ; 

and  so,  for  many  other  analogies. 

We  might  investigate  also  some  of  the  Bflual  liinwite  «f 
verification  in  the  construction  of  tablesj  sucli 
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•W(54»+A)  +gio  (Si»— A)— «n(18o+A)  -^in  (18*— a)  s^  iin  (90<- a)  |.\"  * 
A  -f  tin  (S6»  —  a)     iin  (7««  +  A)  =:  sin        4.  a)4.  sin  (7J»  —  a).'*     'T'  ^  , 

Ac  Ac  .  '  . 

at  tiiete  inqoiTiM  wodld  extend  tiue  cliapler  to  toe 
gieel  a  lengtby  we  aoall  |Muw  them  by ;  and  merely  iofeati- 
gate  a  few  propertiea  where  more  than  two  area  or  anglea  are 
eooeemed,  and  which  may  be  of  uae  in  aome  aimeqiient 
parta  of  thia  vdnme. 

29.  Let  A,  B,  c,  be  any  three  arcs  oran^ea,  and  suppose 
radius  to  be  unity  ;  then 

am  (b+c)«  aru+i)  

For,  by  equa.  v,  ain  (A+a4-o)»aia  a  •  eoa  (B+o)+eoa  a  . 
mu(B  +  c%  wUifh,  (puttiog  eoa  b  •  eoa  o— an  b  •  4n  c  (or 
^  )f  i««*ein  a  •  coa  b  •  eoa  c— ain  a  .  ain  b  .  sin  c+ 
GoaA.8in(B+c);  and»  multiplying  by  ana  b,  and  adding 
ain  A  •  ain  Ci  there  reaulta  ain  a  •  ain  o-f-ain  b  •  sin  (a+b+o) 
^  ain  A  •  cos  B .  cos  c  •  ain  B+jun  a  •  dn  c  •  cea*  m+coa  a  . 
ain  B  •  ain  ^B+c}=:8in  a  .  cos  b  .  (ain  b  •  cos  c+cos  b  sin  c) 
+  coa  A .  am  B  .  sin  (b+c)  =  sih  a  .  coa  B'i^  ain  (b  +  c)  +■ 
coa  A  .  sin  A  .  sin  (b+c)  =  (sin  a  .  cos  b+ cos  a  .  sin  b)  X 
in  (b+c)  =  sin  (a  -f  b)  .  sin  (b+  c).  Conaequently,  by 
dividing  by  ain  (a  b),  we  obtain  the  expreaaion  above 
given. 

la  a  atmihur  manner  it  may  be  abowii^  thai 

.    .        .  ffinA.Mio— ian  s.fia  (a— >s^«>) 

ain  (b~c)=   rioU^iT   * 

SO.  If  a,  b,  c,  repreaentibar  area  or  ai^leay  then  writ- 
h^e  +  9  Ibr  o  in  the  preceding  inveatigMiont  tfateie  will  re* 

«in(.  +  c  +  i))=  ^(«+.)  ^  

A  like  process  for  five  arcs  or  angles  will  give 


SlU  U+b) 

Aedfimanyjunnber,  A»BtO»dKC«  tex, 

•»  (b+C+...*1.)=-  wiiA-f-a>  

SI.  Taking  again  the  three  a,  b,  c,  we  ha?e 
o  ain  (b— c)  =  ain  B  •  eoa  o— ain  c  •  eoa  b» 
■in  (c— A)=3aino.ooaa?— aiiiA.eoeci 
ain  (a— b)  »ain  a  .  coa  B—ain  b*  coa  a. 
Maltiplyine  the  fiiat  of  dieae  aquatioaa  by  ain  a,  the  aeeoni 
by  dnBb  the  third  by  ain  c;  then  addbg  together  theeqya. 
tiana  ihm  traaafimnedi  and  reducing ;  tSm  will  reault. 
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if  till  A  -  tin  ^B— €)+«lii  B .  ain  (o— nn  c  .  8tn(A— B)ar^ 
lA.  8ui(: 


«ot  A  •  nn  (b— *c)+ci»  b  •  sin  (c^a)+ciw  c  •  8iD(A— b)80. 

These  two  equatkms  obtiining  for  any  three  anglee  whftt- 
erer,  apply  evidently  to  the  three  angles  of  any  triangle. 

32.  Let  the  series  of  arcs  or  angles  B|  o  •  •  •  •  be 
contemplated,  then  we  have  (art.  24), 

•in  (a+b)  •  sin  (a— b)  =  sin^  a — sin'  b, 

sin  (b+c)  .  sin  (a — c)  =  sin*  b — sin'  c, 

■in  (o+n)  •  sin  (c — d)  =  sio^  c— sin^ 
6ic,  6ic.  <kc. 

sin  (l+a)  .  sin  (l— a)  =  sin'  l — sin'  a. 
If  all  these  equations  be  added  together,  the  second  mem- 
ber of  the  equation  will  vaoisb,  and  of  consequence  we  shall 
have 

sin  (a+b)  .  sin  (a — B)4-sin  (b+c)  .  sin  (b — c)+<ifc  .  .  • 

 +sin  (L4-A)+8in  (l — a)=0. 

Proceeding  in  a  similar  manner  with  ain  (a — b),  cos  (a+b), 
mn  (b  — c),  cos  (b  +  c),  ^c.  there  will  at  length  be  obtained 
COS  (a+b)  .  SID  (a— b)+cos  (b+c)  .  sin  (b  — c)+4fc.  .  • 

 +C08  (L+a)  .  SID  (l— a)  =  0. 

88.  If  the  arcs  a,  b,  c,  d^c.  .  ;  .  l  form  an  nrithmetical 
progrenioD,  of  which  the  first  term  is  0,  the  common  diffe- 
eaee  and  the  last  term  l  any  number  n  of  circumferences ; 
then  will  b  —  a=d',  c  —  b=d',  &c.  a  +  b==4d',  b+  c=3d', 
6cc.:  and  dividing  the  whole  by  ain  d',  the  preceding  equatiooa 
will  become 

Mn  d'  +  sin  3d'  +  sin  5d'  +  &c.  =  0,  >  /yyv  \ 
coeB'+coe3D'  +  eoe6D'  +  &c.=  0.  J  Vaav.; 

If  b'  were  equal  2d  ,  these  equations  would  become 

fin  »'+sin  (d'+e  )  +sin  (d+2e  )  +sin  (D'+3E')+dcc —  0, 

eoe  D'+6oe(D'+B')+coa(B'+3B')+ooa.  (B+dB')+&c.  ^0. 

84.  The  lait  eqaatioD»  however,  only  ehows  the  sums  of 
sines  and  coeuiea  of  area  or  anglea  in  arithmetical  progression, 
when  the  common  difference  is  to  the  firet  term  in  the  iitio 
of  8  to  1.  lV>mveetigate  BgmierdlexpmBkHi&ranuifiBilB 
•eflee  of  thia  kind,  let 

ftsflin  A+sin  (a+b)  +sin  (a+2b)  +8in  (a+8b)  +  &c. 

Then,  since  this  series  is  a  recurring  series,  whose  scale  of 
relation  is  2  cos  b — 1,  it  will  arise  from  the  developement  of 
a  fraction  whose  denominator  is  1  —  2z  .  cos  b  +  making 

Nowthia  fimctioQ  will  be  as  i-g».«wjti.fst  • 
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Tborefore,  when  2  =  1,  we  have 

sin  A4-sin  (A  +  b)  —  2  iiri  a  .  co«  »        «     .    •  a  • 

— — — 2=27oV^  i  «^      b«e«Bie  9  iui  A . 

€03  B  =  aia  (a  +  b)  +  ain  (▲  —  b)  (art.  21),  is  eq[iial  to 

-  2a  -    b5  ™  ^-"^  ''^^  ^  *  (^'+"')  • 

sin  J(a — b'),  by  art.  25,  it  follows,  that  sin  a— sin  (a— b) 
2  cos  (a  —  -Jb)  sin      ;  besides  which,  we  have  1  —  cos  b=s 
2  siii^  ^B.    Consequently  the  preceding  expression  becomes 
#  =  sin  A  +  sin  (a+b)  4-  ain  (a  +  2b}  +  aia  (a+3b)+^cc* 

=  ....  (XXVI.) 

35.  To  find  the  sum  of  n  +  1  terms  of  this  series  we  have 
simply  to  consider  that  the  sum  of  the  terms  past  the  (n4-l)th, 
that  is,  the  sum  of  sin  [a  +  b]  •-{-  sin  [a+(«4-2)k]  -|- 

ain  [a  +  (a  +        +  ^c.  ad  infmitumt  ia,  by  the  preceding 

tbeorem,  a  f^-HL±j!l.  Deducting  this,  therefore,  from 

the  former  expression,  there  will  renmia>  ain  a 4-  ain  (a  +b) 
+  aia  (a  +  2b)  +  sin  (a  +  3b)  +  .  •  •  .  sin  (a  +  ab)  » 

SiinlB  bin  ^»  .  ^AJLVll.} 

By  like  m^ans  it  will  be  found,  that  the  sums  of  the 
cosines  of  arcs  or  ang/es  in  arithmetical  progression,  will  bo^ 
«ofl  A  +  €08  (a  +  b)  4-  COS  (a  +  2b)  +  COS  (a+3b)  +  kc* 

4id  tii/itteft«  «  -  •      (xxvni.)  • 

Also, 

COB  A  +  cot  (a  +  b)  +coa  (a  4-  2b)  +  cos  (A4-3fl+)  .  .  ^ 

 (cos  A  4-  «b)  =  —  — ii^jjj;; —  —  •  •  •  (XXIX.) 

80.  With  regard  to  the  tangents  of  more  than  two  area^ 
the  following  property  (the  only  one  we  ahall  here  dedoce)  if 
a  Teiy  ctirioua  one,  which  has  not  yet  been  inserted  in  WMlor 
«f  Tngonometiy,  though  it  has  been  long  known  le  math»« 
maticians.  Let  the  tlftee  arcs  a,  b,  o,  together  make  up 
the  whole  circumference,  O  •  tan  (a  +  b)  as 

tan  c)  =  R^X[tan  A  4-  tan  b— tan  (a4-b)]  =  X  (tan  a  + 
^  B  —  'z^'*"''^ =,  by  aetual  multiplieatiott  and  re. 
duction,  to  tan  a  •  tan  b  •  tan  o,  since  tan  o  » tan  [O 

(a4-b)]  =     tan  (a+b)  «  —  M--unA.tao»' 
preceded  in  thia  article.   The  mult  therefore  ia^  that 
Vol.  IL  4 


Digiiized  by 


IB  ▲VALTTICAL  PLANS  ttOOOVOMMnY* 

turn  of  the  tangents  of  any  three  arcn  which  together  con- 
gtitute  a  circle^  multiplied  by  the  square  of  the  radiuif  is 
eqtud  to  the  product  of  those  tangents,  .  .  .  (XXX.) 

Since  both  arcs  in  the  second  and  fourth  quadrants  have 
their  tangents  considered  negative,  the  above  property  will 
apply  to  arcs  any  way  trisecting  a  semicircle  ;  and  it  will 
tborcfore  apply  to  the  angles  of  a  plane  triangle,  which  are, 
together,  measured  by  arcs  constituting  a  semicircle.  So 
that,  if  radius  be  considered  as  unity,  v^g  shall  find,  that  the 
sum  of  the  tangents  of  the  three  angles  of  any  plane  triangle^ 
is  equal  to  the  continued  product  of  those  txingents.  (XXXL) 

37.  Having  thus  given  the  chief  properties  of  the  sines, 
tangents,  &c.  of  arcs,  their  sines,  products,  and  powers,  we 
shall  merely  subjoin  investigations  of  theorems  for  the  2d 
and  3d  cases  in  the  solutions  of  piano  triangles.  Thus,  with 
respect  to  the  second  case,  where  two  sides  and  their  ia« 
eluded  angles  are  given  : 

By  equ.  iv,  a  :  6 : :  mn  a  :  sin  b« 

l!mi#HS^.  j«  +  5:a.d::8iQA+8mB:smA-sin.; 
biit«  eq.  xxu,  tan  ^(a  +  b)  :  tan  J(a  —  b)  : :  m  a  +  tin  b  s 
■itt  ▲-'tin  B ;  whence,  ex  equaL  a^h  :  a— &  : :  tan  {(a+b)  : 

tan  i(A*B)  (XXXII.) 

Agreeing  with  the  result  of  the  geometrical  investigation 
Bl  pa.  897,  vol.  \. 

38.  If,  instead  of  having  the  two  sides  a,  6,  given,  we  know 
their  logcaiikmM^  as  frequently  happens  in  yodeeie  opera* 
tions,  tan  ^(a  —  b)  may  be  readily  determined  without  first 
finding  the  number  corresponding  to  the  logs,  of  a  and  A. 
For  if  a  and  h  wore  considered  as  the  sides  of  a  right-angled 
triangle,  in  which  p  denotes  the  angle  opposite  the  side  a, 

then  would  tan  9  ~         Now,  since  a  is  supposed  greater 

than  this  angle  will  be  greater  than  half  a  right  angle,  or 
it  will  be  measured  by  an  arc  greater  than  ^  of  the  circumfer. 

enee,orthaniO*  Then,heca«setan(9--JO)=ririia^T;jr40 

and  because  tan  jO  =  R      li  we  have 

tan  (P-40)  =  (f  - 1)    d  +      =  5^ 
Andy  from  the  preceding  article,  , 

a—b      fan  4(a— ■)      tan  4(a— R)  , 

iTR  =  TZTaTi)  ^  ~—  •  consequently, 
tan  J(a  — b)  =  cot     .  tan  (<?>— iO)*  •  •  •  (XXXIII.) 

From  this  equation  we  have  the  following  practical  rule  : 
Subtract  the  less  from  the  greater  of  the  given  logs,  the  re- 
Minder  will  be  the  log  tan  of  an  angle  :  (com  this  aiigl« 
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Cakv  45  degrees,  and  to  the  log  ttn  of  tlM  mnaliider  tdd  tho 

lc|g  cotan  of  half  the  given  angle  ;  the  ium  be  the  log 
tan  of  half  the4i{feraMe  of  the  other  two  eoglee  of  the  plene 
tfiangle* 

89.  The  vemaining  eaie  is  that  in  whteh  the  diree  sidee 
of  the  triangle  are  koowd*  and  for  which  indeed  we  have 
already  obtained  expteiaiont  for  the  angle  in  arts.  CfundS^ 
But,  as  neither  of  these  is  best  suited  for  logarithmic  com- 
putation, (however  well  fitted  they  are  for  instruments  of  in. 
vestigation},  another  may  be  deduced  thus:  In  the  equation 

for  COS.  A,  (given  equation  ii),  viz.  cos  a  =  -^"-S^^p  we 

sobslitute,  instead  of  cos  a»  its  value  1-2  sin'  ^^ttimge 
the  signs  of  all  the  terms,  transpose  the  1,  and  divide  by  % 

we  shaU  have  sin'  J  a  =c  ^  ■—  aas  —  • 

_  •  • 

nere»  the  numerator  of  the  second  member  being  the  pro- 
duct of  the  two  factors  (a-hfr-c)and  (a— &  +  c),  theeqoa* 

lion  will  become  sin*     =  ^* ^^^•♦'f^^  ^- 

e;  if  we  put  a  n  a  Hh  1^  +  ^1  end  eitraet  the  square  root, 
ibere  wUl  reauU, 

=  , 

1 8iQ     =  ^  (t-^LSf^L  \  (XXXIV.) 
manner  j  »»"  « »     v        oc        (  ^  ^ 

•  ^  all 


These  expressions,  besides  their  convenience  for  lognrith. 
mic  compulation,  have  the  further  advantage  of  being  per- 
fectly free  from  ambiguity,  because  the  half  of  any  angle  of 
a  plane  triangle  will  alwH)8  be  less  than  a  right  angle. 

40.  Thn  student  will  find  it  advantageous  to  collect  into 
one  place  all  those  formulas  which  relate  to  the  computation 
of  sines,  tangents,  A:c.* ;  and,  in  another  place,  those  which 
are  of  use  in  the  solutions  of  plane  triangles:  the  former  of 
these  are  equations  v,  viii,  ix,  x,  xi,  xi,  xir,  xiii,  xiv, 
XV,  xvr,  xvH,  xvnr,  xix,  xx,  xxii,  xxit,  xxiii,  xxiv, 
XXVII ;  the  latter  are  cqua.  ii,  ui,  iv,  vu,  xxxii,  xxxiu, 
xxxiv. 


'  Wliat  ishere  f;iven  hi'ingnnly  a  brief  sketch  of  an  inexhniistihle  sub- 
Jeel  %  ih«  rmder  who  wldiei  fopMrsiHi  it  fiiHher  ii  nfermd  to  lhf>  eo- 
plnnt  IntmdiK  tinii  to  our  Mnthramticul  Tftbl«s,  and  the  treatises  «m 
Trlgonnmetr)-,  by  Emerson,  Gregory.  Bonnyca-tlp.  VVoodhouse,  l^rdr 
ner.  nnd  many  other  rood»*in  wrii«r»Oa  Uu>fa<Bedttt;^j4>«C«  wherohswUI 
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Tp  eaeenplify  tbe  use  of  some  ofihci^  Somulmp  the  fol« 


SXSEdSBS* 

1.  Find  fhe  sines  and  Innrronls  of  15",  30%  45',  60" ; 
imd  75":  and  show  how  from  thence  to  find  the  sines  aivd 
teflgents  of  several  of  their  submuUiplos. 

First,  with  regard  to  the  arc  of  45%  the  sine  and  cosine  nref 
Inanifestly  equal  ;  or  they  form  the  perpendicular  and  base 
of  a  riglit-angled  triangle  whose  hypolhenuse  is  equal  to  the 
assumed  radius.  Thus,  if  radius  be  u,  the  sine  and  cosine  of 
4.V  eich  be  =  ^  ^r-=r  \/i=ny/2,  if  b  be  equal  to 
If  as  is  the  case  with  the  tables  in  use,  then 

sin  45*^  =  cos  45^  ^      ^  =  '^OTIOGS 

tan  48* »  ^  *  I;  =     ^  cotangent  45^. 

Secondly,  for  the  sines  of  GO  and  of  30^ :  since  each  angle 
m  an  equilateral  triangle  contains  00  ,  if  a  perpendicular  be 
deroitted  from  any  one  anijlc  of  such  a  triangle  on  the  op- 
posite side,  considered  as  a  base,  that  perpendicular  will  be 
the  sine  of  60^,  and  the  iialf  base  the  sine  of  30",  the  side  of 
the  triangle  being  the  assumed  radius.  Tbus,  if  it  be  r,  we 
aball  have  |b  Ibr  the  sine  of  30«,  and  ^  {nP—iiv)  =lRy/3, 
Ibr  the  sine  of  60*#  When  b  =  1 ,  theae  become 

tin  aoo  »  •  a  « . . . ,  .  am  60»  »coa  90  =r 

Hence,  tan  3^**  =  ^73=^3  =  i     3  =  -5773503. 

tan  eOosA^  =sy^8  =  1-7320508. 

Consequently,  tan60*»  =  Stan 30«». 

Thirdly,  for  the  sines  of  15**  and  75*»,  the  former  arc  is  the 
half  of  30o,  and  the  latter  is  the  complement  of  that  half  arc. 
Hence,  aubatituting  1  for  r  and  ^  ^  3  for  cos  a,  in  the  ex- 
pression tan  ±  I  V  (2r-+2b  coa  a)  . .  .  (equa.  xii), 
k  becomes  sin  15«  =  ^  -v/  (2-  x/3)  =  -2588190. 
Jlence,8in75««coel5<»«v^[l— i(2-v'3)]=i^(2.fv^3)=» 
^^4*^  =  -0050258. 


Conseqnently,  tan  15-  ^^^^^^  ^492. 

And,  ton  75o  =  ~g  =  3-7320608. 

Now,  from  the  sine  of  30<»,  those  of  6<*,  2<»»  and  1^  may 
easily  be  found.  For,if  5a  =  30<^,  we  shall  have»  from 
equation  2|  sin  5a  «  5  ain  a  —  SO  sin' a  +16  sin'  a  :  or,  if 
M  Ai»«,^wiybeeomel6a^— 9Qs»  +  5dpb-&  Thia 
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equ«ti<micdredby  aojofthe  a|ipio!dmtm  rules  for  sueh 
aqoaticKiSy  will  give  x  =  *10452&,  which  is  the  sine  of  6<>, 

Next,  to  find  the  sine  of  2®,  we  have  again,  from  equa- 
tion X,  sin  3a  =  3  sin  A  —  4  sin^  a  :  that  is,  if  x  be  put  for 
sin  2"^,  —  ix' = -1045285.  This  cubic  solved,  gives 
ff.ss  •034899^  =  sin  2^. 

Tben>  if  s  =  sin  1^,  wc  shall,  from  the  second  of  the  equa- 
tions marked  x,  have  2s  ^(1  —  =  -0348995 ;  whence  s  is 
found  =  0174524  =  sin  P. 

Had  the  expression  for  the  sines  of  bisected  arcs  been  ap- 
pVied  successively  from  sin  15",  to  sin  7  30',  sin  3  45',  sin 
l'^52j-',  sin  56}-',  ^c.  a  different  yeries  of  values  niight  have 
been  obtained  :  or,  if  we  had  proceeded  from  the  quinqui- 
section  of  45^^^,  to  the  trisection  of  9  ,  tlie  bisection  of  3^,  and 
so  on,  a  different  series  Ftill  would  have  been  found.  But 
wliat  has  been  done  above  is  sufficient  to  illustrate  this 
method.  The  next  example  will  exhibit  a^ery  simple  and 
compendious  way  of  ascending  from  the  siues  of  smaller  to 
those  of  larger  arcs. 

jE«.  Given  the  sine  of  1°,  to  find  the  sine  of  2^,  and  then 
the  sines  of  3^,  4^  5°,  6°,  7°,  8^  9°,  and  10°,  each  by  a 
single  proportion. 

Here,  taking  first  the  expression  for  the  sine  of  a  double 
arc,  equa.  x,  we  have  sin  2  — 2s!nl  -y/(l — sin^l'~)=s*0348995« 

Then  it  ioWowa  from  the  rule  in  equa.  xx,  that 

^  1°  :  sin  2°— sin  1°  :  :  sin  2^-i-sin  ]°  :  sin  3^=-0523360 
sin  2<=»  :  sin  3-^— sin  1°  :  :  sin  3  -fsin  P  :  sin  4^=-06975G5 
sin  3^  :  sin  4^— sin  1^  :  :  sin  4--f-9in  1°  :  sin  5  =:-087l557 
sin  4-  :  sin  5  — sin  1^  :  :  sin  5  -f-sin  1^  :  sin  (i^='10'15285 
sin  5-  :  sin  sin  1^  :  :  sin  sin  1'  :  sin  7' =  -1218093 
sin  6^  :  sin  7"— sin  1^  :  :  sin  7  -f-^in  1  :  sin  8  =-1391731 
sin  7^  :  sin  8  —sin  1  :  :  sin  S  -f-sin  1  '  :  sin  9  =-150  J.375 
sin  8-  :  sin  9  -  sin  1    :  :  sia  9  -rHin  I    : sin  10-  = -1736482 

To  check  and  verify  operations  like  these,  the  proportion* 
should  be  changed  at  certain  stages.  Thus,. 

sin  1°  :  sin  3°— sin  2^^  : :  sin  3°-f  sin  2'  :  sin  .5°, 
sin  1°  :  sin  4*^— sin  3^  : :  sin  4^+sin  3^^  :  sin  7°, 
ma4^  :mn  7^^— sin  3°  : :  sin  7o+8in  8°  :  sin  lO^. 

The  coincidence  of  the  results  of  these  operations  with  the 
analogous  results  in  the  precediogt  will  manifestly  establiak 
the  correctness  of  both. 

Cor.  By  the  same  method,  knowing  the  sines  of  5°,  lO'^, 
and  15^,  the  sines  of  20^,  25^,  35  ,  55-,  05-,  d:c.  nifjy  be 
finiod,  each  hy  a  single  proportion.  And  the  sines  of  1°,  9^, 
and  jlO^,  will  lead  to  those  of  19'',  29'',  39"",  6^.   go  that  tit 
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tines  may  be  computed  to  any  arc ;  and  the  tsngente  and 
other  trigonometrical  lines,  by  means  of  the  expressions  in 
lart.  4,  &c. 

Ex.  3.  Find  the  suip  of  all  the  natural  sines  to  every  mi. 
nute  in  the  quadrant,  radius  =  1« 

In  thi6  problem  the  actual  addition  of  all  the  terms  would 
be  a  most  tiresome  labour:  but  the  solution  by  means  of 
equation  xxrii,  is  rendered  very  easy.  Applying  that  theo- 
rem to  the  present  case,  we  have  sin  (a  4-  {fin}  sin  45*^, 
siu  l(n+l)B=:sin45<'0'30%  and  sin  jB==sin  30'.  Therefore 

jin45^XH.. 45^£[ ^ 3438-24074t>5  the  sum  required. 

Kill  JIT 

From  another  method,  the  investigation  of  which  is  omit* 
ted  here,  it  appears  that  the  same  sum  is  equal  to  i  (cot  80' 

+  !)• 

Ex.  4.  Explain  the  method  of  finding  the  /o^anV^ic  sines, 
cosines»  tungenu,  secants.  iVc.  the  iiatuml  sines,  cosines, 
being  known. 

The  nalural  sines  and  cosines  being  computed  to  the  ra- 
dius unity,  are  all  proper  fractions,  or  quantities  less  than 
unity,  so  that  their  logarithms  would  be  negative.  To  avoid 
this,  the  tables  of  logarithmic  sines,  cosines,  &c.  are  comput- 
ed  to  a  radius  of  10000000000,  or  10^* ;  in  which  case  the  lo* 
gartihm  of  the  radius  is  10  times  the  log  of  10,  that  is,  it  is  10. 

Hence,  if  s  represent  any  sine  to  radius  1,  then  ]0*°X  «  a 
sine  of  the  same  nrc  or  angle  to  rnd  10"*.  And  this,  in  logs 
is,  log  10"#=I0  log  JO+log  *=10+log  s. 

The  log  cosines  are  found  by  the  same  process,  since  the 
cosines  are  the  sines  of  the  complements. 

The  logarithmic  expressions  fur  the  tangents,  dec.  are  de* 
duced  thus : 

Tan      rad         Thernf.  lojr  tan  =log  rad-|-log  sin  —  log 
cos=:10+log  sin  —  log  cos. 

Cot  =      Theref.  log  col=21og  rad— log  tan  =20— log  tan. 

tlUl  www  «» 

gee  =  ---  Theref.log  sec =2  log  rad —log  ccs=s20— log  cos. 

(^c='^'Theref  l.cosec=s2  log  rad— log  sin==20  -  log  sin. 

Versed  sino  =  -r — =  ■     .  ^5=  p — . 

Therefore^  log  vers  sin  » log  2+2  log  sin  \  arc— 10. 

Ex.  5.  Given  the  sum  of  the  nalural  tangents  of  the  ao* 
'1^8  A  aad  s  of  a  plaao  uiai)gle=3  I60106e>  the  sum  of  the 
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tangeotf  of  4ie  ani^aa  «  and  o— 8*87055T7,  and  ihp  eontiiiii* 
ed  prodaety  tan  ▲  •  tan  b  •  tan  c==5*8047057  :  to  find  tho  a^* 
glea  Af  B,  and  c« 

It  has  been  demonstrated  in  art.  86,  that  when  radius  is 
mity,  the  suni  of  the  natural  tangents  of  the  three  an^^Ies  of 
a  plane  triangle  is  equal  to  their  continued  product.  Hence 
the  process  is  this : 

From  tan  A+tan  B+tan  c  =  5'8047057 
Take  tan  A+tan  b  .  .  ,  .  »8J1601£88 

Remains  tan  c  »  2- 1 445069  =  tan  65®^ 

From  tan  A  +  tan  B-j-taii  c  =  5-3017057 
Take  tan  B-f-tan  c  .  .  .  .  ~  3-8765577 

Remains  tan  a  =  Y'42814S0  =  tan  55^. 

Consequently,  the  three  angles  Are  55^,  60^  and  65^. 

Ex,  6.  There  is  a  plane  triangle,  whose  sides  are  three 
consecutive  terms  in  the  natural  series  of  integer  numbers, 
and  whose  largest  angle  is  just  double  the  smallest  Requir- 
ed the  sides  and  angled  of  that  triansle  1 

If  A,  B»  c  be  three  angles  of  a  plane  triangle,  a,  h,  c,  the 
sides  respectively  opposite  to  a,  n,  c;  andscKa  +  6+^ 
^  Then  from  equa.  ui  ajid  xaxiv,  we  have 

sin  A  =  -^x/lis  (Is -a)  .      — .  (Js  —  c)J, 

and  sin  i  c  =  . 

Let  the  three  sides  of  the  required  triangle  be  represented 
by  X,  X  +  If  and  a?  +  2 ;  the  angle  a  being  suppocod  oppo« 
site  to  the  side  ar,  and  c  opposite  to  the  side  x  +  *Z:  then  the 
preceding  expressions  will  become 

2         .3*f 3  x4-n  «+l  x^X 

Assuming  these  two  expressions  equal  to  each  other,  as  they 
ought  to  be,  by  the  question ;  there  results,  aAer  a  little  re- 
duction,        ^^^r^*  or  3j;  (*  —  1)  =  («  +  2)^  or  - 

7x  s  4,  an  equation  whose  root  is  4  or  —  Hence  4,  5, 
and  6,  are  the  sides  of  the  triangle. 

sin  A=i.,^(y.J4.§)=f^^(V  .  V  .7)=H-*v/7=iy7. 
Bin  B  ^  /jv/7  ;  sin  c  =  j\y/7  ;  sin  -Jc  =  v/?Vit  = 
The  angles  are,  a  =  40^-409003  =  41^24'  34''  34"', 

B  «  65^-77119l  =65  46  16  18, 
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A  geometrical  construction  of  this  example  is  given  9t 
p.  59,  Grefrory*s  Trigonometry. 

Ex.  7.  Demonstrate  that  sin  18^  =  cos  72 ~  is  =  }  r 
(—14.  ^/  5),  and  sin  54^  =  cos  30^  is  =  1r  (l  4.  ^5^. 

Ex.  8.    Demonstrate  that  the  sum  of  the  sines  oftwo  arcs 
which  together  make  00  ,  is  equal  to  the  sine  of  an  arc 
which  is  greater  than  GO   hy  either  of  the  two  arcs  :  Ex.  gr. 
•  sin  3'-f  sin  59  57'  =  sin  GO  3' ;  and  thus  that  the  tables  may 

be  continued  bv  adiluiun  onlv. 

Et.  9.  Show  the  truth  of  the  following  proportion  :  As 
the  sine  of  half  the  difiorcnro  of  two  arcs,  ^".  hirh  together 
make  60  \  or  90^\  respectively,  is  to  the  difl'ereuce  of  their 
sines  ;  so  is  1  to  y^3,  or  respectively. 

Ex.  10.  Demonstrate  that  the  sum  of  the  squares  of  the 
sine  and  versed  sine  of  an  arc,  is  equal  to  the  square  of  double 
the  sine  of  half  the  arc 

Ex»  lU  Demonstrate  that  the  sine  of  an  are  is  a  mean 
proportional  between  half  the  radius  and  the  vened  sine  of 
double  the  aic 

Ex,  12.  Show  that  the  secant  of  an  arc  is  equal  to  the 
eum  of  its  tangent  and  the  tangent  of  half  its  comptement. 

Ex.  18.  Prove  tliat»  in  any  plane  triangle,  the  base  is  to 
the  difference  of  the  other  two  sides,  as  the  sine  of  half  the 
■um  of  the  angles  at  the  base,  to  the  sine  of  half  their  dif* 
ference :  also,  that  the  base  is  to  the  sum  of  the  other  two 
eides,  as  the  cosine  of  half  the  sum  of  the  an^ee  al  the  base, 
to  the  cosine  of  half  their  difference. 

Ex.  14.  How  must  three  trees  a,  b,  c,  be  planted,  so 
that  the  angle  at  a  may  be  double  the  angle  at  b,  the  angle 
at  B  double  that  at  c  |  and  90  thai  a  lino  of  400  yards  may 
just  go  round  them  ? 

Ex.  15.  In  a  certain  triangle,  the  sines  of  tlie  three  angles 
are  as  tlio  nunihers  17,  15,  and  8,  and  the  perimeter  is  160. 
What  are  the  sides  and  anrrles? 

Ex.  10.  The  logarithms  of  two  sides  of  a  triangle  are 
2-2407293  and  2-.5378191,  and  the  included  angle  is  37  20'. 
It  is  required  to  determine  the  other  angles,  without  first  find- 
ing any  of  the  sides  ? 

Ex.  17.    The  sides  of  a  triangle  are  to  each  other  as  the 
fractions,  |»  ^9  i :  what  are  the  angles  ? 

Ex.  IB*   Show  that  the  secant  of  60^,  is  double  the  tan« 

gent  of  45^  and  that  the  secant  of  45^  is  a  mean  proportional 
etween  the  tangent  of  45^  and  the  secant  of  60°. 

£x*  19.  Demonftrate  that  4  times  the  rectangle  of  the 
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sines  «r  two  arcs,  is  equal  to  the  difference  of  the  squares  of 

the  chords  of  the  sum  and  difference  of  those  arcs. 

Ex.  20.  Convert  the  equations  marked  xxxiv  into  their 
equivalent  logarithmic  nxprcssionn  ;  and  by  means  of  tiieni 
and  equa.  iv,  iiad  the  angles  of  a  iriaogie  whose  ai^QS  are  5« 
a,  and  7. 

Ex,  21.  Find  the  arc  whose  tangent  and  cotangent  thatf 
itogether  be  equal  to  4  tioies  the  radiiis* 

Ex*  Find  the  arc  whose  sine  added  to  its  coaine  shall 
be  equal  to  «;  and  show  tbe  linnts  sf  iMSsibilicy. 

Bx.  28.  Find  the  trc  whose  seeaot  end  csitaiigent  shall 
he  equal. 

£Sr.  24.  If  ene  aa^  ▲  of  e  ngfat-anglad  plane  trtaq|^ 
A«  s»  be  given*  (b  hcfmgbe  the  right  angle),  and  the  area  or 
wrfiice  be  given  =  s.  Demonstrate  that 

AB  «  ^  (9a  cot  a)  •  •  •  Bc  «    {3i  Um  4)« 
and  AO  as  3     (s  sec  3a) 

Eg.  3&  DemoBalratgi 

1.  Th«tsin4*;;^^,«-/(t^icos3A) 
_      a      _  1 


ooi  4A.  |.Un  |a      cot  A4.t«fl  |a 

^  Th.ttanA«^{^^-l)«.^|f^ 

V.<1~co»»a)   «n  A 

cos  A      ~  v'C I— 


£cnt|A  aiaai* 


2 


cot  A  —  d  cot  2a 


J[tan  (450  + 1^)  ^  t^i  (48^    i^,) j. 


Tmm  U. 
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SPHERICAL.  TRIGONOMETRY. 

SECTION  L 

/ 

Gmmral  ProperUet  cf  ^^hmcal  Driemglm- 

Art.  1.  Def,  1.  Any  portion  of  a  spherical  surface 
bounded  by  three  arcs  of  great  circlesi  is  called  a  Spherical 
Triangle. 

Dej.  2.  Spherical  Trigonometry  is  the  art  of  computing 
the  measures  of  the  sides  and  angles  of  spherical  triangles. 

Def.  3.  A  right-angled  spherical  triangle  has  one  right 
angle  :  the  sides  about  the  right  angle  are  called  legs  ;  the 
side  opposite  to  the  right  angle  is  called  the  hypotfienuse, 

Def,  4.  A  quudranlal  spherical  triangle  has  one  side 
equal  to  90''  or  a  quarter  of  a  great  circle. 

Def,  6.  Two  arcs  or  angles,  when  compared  togcQier,  are 
said  to  be  o/iAc,  or  of  the  same  affection^  when  both  are  less 
than  90°,  or  both  are  greater  than  90®.  I>ut  when  one  is 
greater  and  the  other  less  than  90®,  they  are  said  to  be  tm- 
Tikey  or  of  different  affections. 

Art.  2.  Tlie  small  circles  of  the  sphere  do  not  fall  under 
consideration  in  Spherical  Trigonometry  ;  but  such  only  as 
have  the  same  centre  with  the  sphere  itself.  And  hence  it 
is  that  spherical  trigonometry  is  of  eo  much  use  in  Practical 
Astronomy,  the  apparent  heavens  assuminjr  the  shape  of  a 
concave  sphere,  whose  centre  is  the  same  us  the  centre  of  the 
earth. 

3.  Every  spherical  triangle  has  three  sides  and  three 
angles:  and  if  any  throe  of  these  six  parts  be  given,  the 
remaining  three  may  be  found,  by  some  of  the  rules  which 
will  be  investigated  in  this  chapter. 

4.  In  plane  trigonometry,  the  knowledge  of  the  three 
angles  is  not  sufficient  for  ascertaining  the  sides :  for  in  that 
case  the  relations  only  of  the  three  sides  can  be  obtained,  and 
not  their  absolute  values:  whereas,  in  ^pAertra/ trigonometry, 
where  the  sides  are  cireular  arcs,  whose  values  depend  on 
their  proportion  to  the  whole  eircley  that  is,  on  the  number 
of  degrees  they  contaiot  the  aides  may  always  be  detennioed 
when  three  angles  are  known.  Other  remarkable  dif* 
ferences  between  plane  and  spherical  triangles  are,  1st  That 
in  the  lbmier«  two  angles  always  determine  the  third ;  while 
in  the  latter  they  noTer  do.   ddly.  The  sorfteo  of  a  plane 
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•  Tiiqgie  cannot  be  determined  from  a  knowlei|g9  of  the 
«fene ;  while  that  of  a  spherical  triangle  always  can. 

5.  The  sides  of  a  spherical  triaogle  are  ail  area  of  gre^ 
circles,  which,  by  their  interaectioii  oo  the  auffiuse  of  the 
ephere,  constitute  that  triangle. 

6.  The  angle  which  is  &ntained  between  the  arcs  of  two 
great  circles,  intersecting  each  other  on  the  surface  of  the 
sphere,  is  called  a  spherical  an^^Ie  ;  and  its  measure  is  the 
same  as  ihe  measure  of  the  plane  angle  which  is  formed  by 
two  lines  issuing  from  the  same  point  of,  and  perpendicular 
to,  the  common  section  of  the  planes  which  determine  the 
containing  sides  ;  that  is  to  say,  it  is  the  same  as  the  angle 
made  by  those  planes.  Or,  it  is  equal  to  the  plane  angle 
formed  by  the  tangenta  to  those  arcs  #t  their  poiot  of  inter* 
section. 

7.  Hence  it  follows,  that  the  surface 
of  a  spherical  triangle  bac,  and  the 
three  planes  which  determine  it,  form 
a  kind  of  triangular  pyramid,  bcga, 
of  which  the  vertex  g  is  at  the  centre 
of  the  sphere,  the  base  abc  a  portion 
of  the  spherical  surface,  and  the  faces 
Aoc,  AGB,  BGc,  scctoFS  of  ihc  great 
circles  whose  inleisccliona  determine 
the  side  of  the  (rrangie. 

Def,  6.  A  fine  perpeodiciilar  to  the  plane  of  a  ipmteiKie, 
passing  through  the  centre  of  the  spliere,  and  terminated  by 
two  pointiy  diametrically  opposite,  at  ite  aorface,  ia  called  the 
uxu  of  such  circle  ;  and  the  extremttiee  of  the  axis,  or  the 
points  where  it  meets  the  aurfoce,  are  called  the  polet^  of  thai 
otrele.  Thus,  rer'  ie  the  axia,  and  p»  r^,  are  the  polea^  of 
the  great  circle  ctoi. 

If  we  conceive  any  nwnber  of  less  cirelea,  eaeh  parallel  to 
Ihe  aaid  great  circle,  tfaia  axis  will  be  perpendicular  to  them 
likewise ;  and  the  points    p',  will  be  their  pete  also. 

S.  Hence,  each  pole  of  a  great  circle  ia  90**  distant  fram 
eveiy  point  in  its  circomference  ;  and  all  the  area  drawn 
fiom  either  pole  of  a  little  oiicle  to  its  cironmlerence»  are 
equal  to  each  other. 

9*  It  likewise  follows,  that  all  the  arcs  of  great  cirelea 
drawn  through  the  poles  of  another  great  circle,  are  parpen* 
dicular  to  it  :  for,  since  they  are  great  circles  by  the  sup- 
position, they  all  pass  through  the  centre  of  the  sphere,  and 
consequently  through  the  axis  of  the  said  circle.  Tiie  same 
thing  may  be  affirmed  with  regard  to  small  cirelea. 

10.  Hence»  in  order  to  find  the  jMlsf  of  any  circle,  it  is 
mmly  naeeaBaryiodeecgribe»apeo  the  suftee  of  the  sphere^ 
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Uie  poiM  wbm  theae  eirdet  iotmeol  each  otlwr  witt.bo  th* 
iMtiired. 

11.  it  may  be  iofervdd  aliOy  from  the  fireeeding,  lh«t  If  it 
were  propoeed  to  draw,  from  any  point  aenuned  on  the  aap- 
Ace  of- the  epfaere»  an  ate  of  a  circle  whilfh  may  measure  the 
iliorteil  distance  from  that  point,  to  the  circumference  of 
any  given  etrde ;  thie  arc  most  be  so  describedt  that  its  pro« 
kmgattoB  may  pass  through  the  poles  of  the  given  circle. 
Abo  cooTersely,  if  an  arc  pass  throdgh  the  poles  of  a  given  ' 
drole,  it  will  roeasnso  the  shortest  distance  from  any  assumed 
point  to  the  cironmfersnee  of  that  circle. 

19.  Hence  again,  if  upon  the  sides,  AC  and  no^  (produced 
if  necessary)  of  a  spherical  triangle  boa,  we  take  the  arcs  or, 
en,  euch  equal  90°,  and  through  the  radii  gn,  gm  (figure  t9 
art.  7)  draw  the  piune  ngm,  it  is  rDanifest  that  the  point  c 
will  he  the  pole  of  the  circle  coinciding  with  the  plane  von  : 
so  thati  as  the  lines  gm,  on,  are  both  perpendicular  to  the 
common  section  oc,  of  the  planes  aoc,  boo,  they  measure, 

their  inclination^  the  angle  of  these  planes  ;  or  the  arc  nx 
measures  that  angle,  and  conse^pientiy  the  spherical  angle 

■OA. 

13.  It  is  also  evident  that  every  arc  of  a  little  circle,  de- 
scribed from  the  pole  c  as  centre,  and  containing  the  same 

number  of  dogrncs  a.s  ih<;  arc  mn,  is  equally  proper  for  mea« 
suring  the  angle  bca  ;  tiiouoh  it  is  customary  to  use  only 
arcs  of  great  circles  tor  tiiis  purpose. 

14.  Lastly,  we  inter,  that  if  a  spherical  nnj^le  be  n  ripht 
angle,  the  area  ot'  the  ^^reat  circles  which  form  it,  will  pass 
mutually  through  the  poles  of  each  other  :  and  that,  if  the 
planes  of  two  great  circles  contain  each  the  axis  of  the  other, 
or  pass  through  the  {x^Ies  of  each  othor,  the  ungle  which 
they  include  is  a  n^ht  aiirjlc. 

These  obvious  truths  heing  premised  and  comprehended, 
the  student  may  pass  to  the  coosideralioa  of  the  following 
theorems. 

THBOaSJI  I. 

Any  ttro  sidee  of  a  spherical  triangle  are  tofcther  greater 

than  the  third. 

This  proposition  is  a  necessary  consequence  of  the  truth, 
thnt  the  shortest  distance  between  any  two  points,  measured 
00  the  surface  of  the  sphere,  is  the  arc  of  a  great  circle 
passing  through  these  points* 
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*th9  sum  of  the  three  sides  of  any  spherical  triaDgie  is  left 

than  300  degrees* 

For^  lei  the  sides  ac,  bc»  (fig.  to  art«  7)  contaioing  any 
^Vgle  A,  be  produced  till  ihcy  meet  ugain  in  d  :  then  will  the 
ftrea  dac,  dbc,  be  each  180",  because  all  great  circles  cut  each 
other  into  two  equal  parts :  consequently  dao  +  dBO  K3d0^« 

But  (theorem  1)  da  and  db  are  together  greater  thao  the 
third  side  ab  of  the  triangle  dab  ;  and  therefore,  since 
CA  +  CB  -\-  DA  -f  DB     ;USU  ,  tho  suo|  CA  4*  CB  +  ^ 
ibaa  dtK>''«   o.  «.  p. 

TBSOBEM  UU  ' 

The  sum  of  the  thtee  aogles  of  any  spherical  triangle  if 
always  greater  than  two  right  aogles,  but  less  iban  aix. 

For,  let  ABC  be  a  spherical  trinnglo,  g  , 
the  centre  of  the  sphere,  and  let  the 
Cbofds  of  the  arcs  ab,  bc,  ac,  be  drawn  : 
these  chords  constitute  a  rectilinear  tri. 
angle,  the  sum  of  whose  three  angles  is 
ttqual  til  two  riffbt  angles.  But  the  angle 
ml  B.made  hv  tlie  chords,  ab,  bc,  is  lets  than  the  an^  ow^ 
Ibrmed  by  the  two  UmgentB  Ba»  ve,  or  less  than  the  angle  of 
iocliuatiun  of  |be  two  planes  obc,  gba,  which  (art.  6)  is  the 
spherical  angle  at  B;  consequently  the  spherical  angle  at  bib 
greater  than  the  angle  at  b  made  by  the  chords  ab,  cb.  In 
like  manner,  the  spherical  angles  at  a  and  c,  are  greater 
than  the  respective  angles  made  t>y  the  chords  meeting  at 
those  points.  Consequently,  the  sum  of  the  three  angles  of 
the  spherical  triangle  abc,  is  greater  than  t}ie  sura  of  the 
three  angles  of  the  rectilinear  triangle  made  by  the  chords 
AB,  bc,  AC)  that  is,  greater  than  two  right  angles,       k,  1°  n* 

d.  The  nngle  of  inclination  of  no  two  of  the  planescaabe 
•D  great  aa  two  right  angles  ;  because,  in  that  case,  the  two 
planes  would  become  but  one  continued  plane,  and  the  arcs, 
mstead  of  being  arcs  of  distinct  circles,  would  he  joint  arcs  of 
one  and  the  same  circle.  Therefore,  each  of  the  three  sphe« 
rical  angles  must  ho  less  than  two  right  angles  ;  and  coose* 
quently  their  sum  less  than  six  right  angles.    Q.  e.  2  o. 

Cor.  1.  Hence  it  follows,  that  a  spherical  triangle  nwy 
have  all  its  angles  either  right  or  obtuse  ;  and  therefoie  the 
knowledge  of  any  two  angles  is  not  sufficient  fiw  the  deter- 
mination of  the  third. 

Oar.  2.  If  the  three  angles  of  a  spherical  triangle  be  right 
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arobCOM^  the  three  «d6«  are  Kkewiie  each  eqiMlUH  or  greater 
thao  00« :  and,  if  each  of  the  aoglee  be  acute,  eaeh  of  the 
aides  it  also  len  than  90* ;  and  coovenely* 

Scholium.  From  the  preceding  theorem  the  student  may 
clearly  [>crceivc  what  is  the  essential  ditTerence  between  plane 
and  spherical  triangles,  and  how  alisurd  it  would  be  to  apply 
the  rules  of  plane  trigonometry  to  the  solution  of  cases  in 
spherical  trigonometry.  Yet,  though  the  difference  between 
tne  two  kinds  of  triangles  be  really  so  great,  still  there  are 
▼arious  properties  w  hich  are  common  to  both,  and  which  may 
be  demonstrated  exactly  in  the  same  manner.  Thus,  for  ex- 
ample, it  might  be  demonstrated  here,  (as  well  as  with  regard 
to  plane  triangles  in  the  elements  of  Geometry,  vol.  1)  that 
two  spherical  triangles  are  equal  to  each  other,  1st.  When 
tlM  three  sidea  of  t&  one  are  respectively  equal  to  the  three 
aidee  of  the  other.  2dly.  When  each  of  them  has  an  equal 
angle  contained  between  equal  sides :  and,  Sdlv.  When  they 
have  each  two  equal  angles  at  the  extremities  of  equal  bases. 
It  might  also  be  shown,  that  a  spherical  triangle  is  equilateral, 
isosceles»  or  scalene,  according  as  it  hath  three  equal,  two 
equal,  or  three  unequal  angles  :  and  again,  that  the  greatest 
aide  is  always  opposite  to  the  greatest  angle,  and  the  least  side 
to  the  least  angle.  *  But  the  brevity  that  our  plan  requires 
compels  us  merely  to  sien^  these  particulars.  -It  may  bo 
added,  however,  that  a  spherical  triangle  may  be  at  once 
right-angled  and  equUatenU  ;  which  can  never  be  the  case 
with  a  pkne  triangle. 

.THSOBUXV. 

If  from  the  angles  of  a  spherical  triangle,  as  poles,  there  be 
described,  on  the  surface  of  the  sphere,  three  arcs  of  great 
circles,  w  hich  by  their  intersections  form  annthrr  spherical 
triangle  ;  each  side  of  this  new  triangle  will  be  the  sup. 
plement  to  the  measure  of  the  angle  which  is  at  its  pole, 
and  the  measure  of  each  of  its  angles  the  supplement  to 
that  side  of  the  primitive  triangle  to  which  it  is  opposite. 

From  B,  A,  and  c,  as  poles,  let  the 
arcs  DP,  DE,  FX,  be  described,  and  by 
their  intersections  Ibrm  another  sphe* 
rical  triangle  def  ;  either  side,  as  db, 
of  this  triangle,  is  the  supplement  of 
the  measure  of  the  angle  a  at  ita 
pole;  and  either  an^^,  as  d,  has 
for  its  measure  the  aupplement  of  the 
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'  i«t  tho  mdes  iiB,  ac,  bc»  of  tho  primitive  triangle,  be  pro. 
^oeed  dll  they  meet  thoee  of  the  triangle  dbf,  id  the  points 
1,  L,  v,  6,  K  :  then,  rinee  the  point  a  ie  the  pole  of  the 
are  oiUy  the  dtManee  of  the  pointe  Aaiid  ■  (meeaared  oa  an 
■fe  of  a  graat  circle)  will  be  90* ;  aloo,  ainee  o  ia  the  pole  af 
die  arc  BFy  the  pointa  o  and  m  will  be  90*  diatant :  conae. 
gently  (art.  8)  the  point  a  ia  the  poto  of  the  arc  ao.  b 
like  manner  it  may  be  ahown,  that  f  ia  the  pole  of  bO|  and 
D  that  of  AB. 

Tbia  being  premiaed»  we  ahaU  have  dl^OO*,  and  i%^W ; 
whence  i>l  4*  if.  =  dl  +  ei*  +  ii*  ^  bb  -j~  ii>  ^ 
Therelbre  i»b  »  180°  —  il  :  thai  ia,  aince  il  ia  the  measure 
of  the  angle  bac,  the  arc  db  is  =  the  supplement  of  that 
measure.  Thus  also  may  it  be  demonstrated  that  ef  is  equal 
the  supplement  to  wn,  the  measure  of  the  angle  bca,  and 
that  DF  is  equal  the  supplement  to  gk,  the  measure  of  the 
angle  abc  :  which  conatitutea  the  firat  part  of  the  propoai- 
tion. 

2dly.  The  respective  measures  of  the  angles  of  the  triangle 
Der  are  supplemental  to  the  opposite  sides  of  the  triangle 
ABC.  For,  since  the  arcs  al  and  bg  are  each  90  ,  thi  refore 
is  AL  -f-  B6  =  GL  4-  AB  —  1  HO  ;  whcncc  GL  =  180  — ab; 
that  is,  tho  measure  of  the  angle  n  is  equal  to  ihe  supplement 
to  AB.  So  likewise  may  it  be  shown  that  ac,  bc,  are  equal 
to  the  suppIemeaCs  to  the  mca9ureB  of  the  respectively  op- 
posite angles  a  and  Conaequently,  the  meaaurea  of  the 
anglea  of  the  triangle  dbf  are  aopplemenlal  to  the  aeveral 
opposite  aidea  of  the  triangle  abc.   a.  d. 

Cor.  1.  Hence  theae  two  trianglea  are  called  wppJewmttd 
Of  polar  trianglea. 

'  Cor.  3.  Since  the  thrae  aidea  db*  bf»  Wf  m  supplenenla 
to  the  mefMirea  of  the  three  anglea  a»  b,  o ;  it  reaidta  that 
n  +  SF  +'ww  +  A+B+c  X  IdO*"  =  540*.  But  (th.  3)» 
9B  4-  Br  +  DF  <  800° :  conaeqoently  a  +  a  +  o  >  180«. 
Thna  the  first  part  of  theorem  8  ia  very  compendioaaly  d»> 
iBooatFated. 

Cor.  8.  Thia  theorem  auggeata  nratations  that  are  aonie* 

times  of  use  in  computation.  Thus,  if  three  angtea  of  a 
apherical  triangle  are  given^  to  find  the  sides  :  the  atndeal 
may  subtract  each  of  the  angles  from  180%  and  the  three  re- 
mainders will  be  the  three  sides  of  a  new  triangle  ;  the  anglea 
of  this  new  triangle  being  found,  if  their  measures  be  each 
taken  from  180",  the  three  remainders  will  be  the  respective 
aides  of  the  primitive  triangle,  whose  angles  were  given. 

Scholium.  The  invention  of  the  preceding  theorem  is  due 
to  Philip  Langsberg.  Vide,  Simon  Stevio,  liv.  3,  de  la  Cos- 
jnographie,  prop.  3 and  Alb#  Giraid  in  loc.   It  is  often  how- 
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erer  treated  very  loosely  by  authors  on  trigonometry  :  soma 
of  thetn  speaking  of  sides  as  the  supplements  of  angles,  and 
scarcely  any  of  them  remarking  which  of  the  several  triangles 
formed  by  the  intersection  of  the  arcs  dk,  e  .',  df,  is  the  one 
in  question.  Benides  the  triangle  def,  three  otherii  may  bo 
formed  by  the  intersection  of  tlie  scmu 
circles,  and  if  the  whole  circles  be  con- 
liidered,  there  will  be  seven  other  triangles 
formed.  But  the  proposition  only  obtains 
wMi  regard  to  the  central  triwigle  (of 
each  lMnMt|iiiere)»  whieii  itdiatiaguiahied 
Am  tlM  three  ocheni  m  this,  that  the  two 
angles  A  end  r  wm  litiNited  on  the  aune 
Me  of  BO,  the  two  b  aad  b  on  the  aane  aide  of  ao,  wad  the 
Iwe  g  end  b  en  t  he  aewe  aide  of  ab* 


theobbm  v. 

In  every  e|pheria«l  triangle  the  feHowing  proporthm  aftrtaina, 
vis.  as  four  right  angles  (or  860°)  to  the  aurfaee  of  a 
hemiflphere ;  or»  aa  two  right  angles  (or  180^)  to  a  great 
circle  of  the  sphere ;  so  is  the  excess  of  the  three  angles 
ef  the  triangle  aboTB  two  right  angleSy  to  the  area  of  the 
triangle. 

Let  ABC  be  the  spherical  triangle.  Com- 
plete one  of  its  sides  aa  bc  into  the  circle 
WomWt  which  may  be  supposed  to  bound 
the  upper  hemisphere.  Prolong  also,  at 
t>oth  ends,  the  two  sides  ab,  ac,  until 
they  form  semicircles  estimated  from  each 
angle,  that  is,  until  bak  =  abd  =  caf= 
ACi>=lSO  .  Tluui  will  cnr— 1R0^=BFE  ; 
und  consequently  the  trianf^le  ai;f,  on  the  anterior  hemisphere, 
will  bc  equal  to  the  triangle  lu  d  on  the  opposite  hemisphere. 
Putting  wi,  m',  to  represent  the  surface  of  these  triangles,  p 
for  that  of  the  triangle  baf,  q  for  that  oTcae,  and  a  for  that 
of  the  proposed  triangle  abc.  Then  a  and  m  together  (or  their 
equal  a  and  m  togerther)  make  up  the  surface  of  a  spheric 
lune  comprehended  betwenn  the  two  semicircles  acd,  abd,  in- 
alined  in  the  angle  a  :  a  and  p  together  make  up  the  lune  in* 
eluded  between  the  semicircles  oaf,  cbf,  making  the  angle  c  : 
a  and  q  together  make  up  the  spheric  lune  included  between 
the  semicircles  bce,  bae,  making  the  angle  b.  And  the  sur- 
face of  each  of  these  lunes,  is  to  that  of  the  hemisphere,  aa 
the  angle  made  by  the  compieheDdicg  soioiGirGles,  to  two 
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right  angles.  Therefore^  puUiog  for  th«  surikceoftbe 
h€Oiiflphare»  we  have 

180°  :  A  :  :  f  8  ;  a  4-  m, 

ISO-  :  B  :  :  T^s  :  o  + 

180^ :  c  ;  :  is  :  a  4-  p. 
Whence,  180^  ;  a  +  B-fc  :  :      :  3a  +  m+p+j=2a+iii 
and  consequently,  by  division  of  proportioo, 
M180O:  A  +  B  +  c-  180^  ::  i8:2a  +  J8— Js  =  8«; 

Cor.  1.  Hence  the  excess  ot  the  three  antrlesofany  sphe- 
rical triangle  above  two  ri«:^lit  anple«,  termed  teclmically  il>e 
spherical  excess,  furnishes  a  correct  measure  of  the  surface  qf 
that  triangle. 

Cor.  2.  If  «  s  3  141593,  and  d  the  diameter  of  the 

sphere,  then  is  cif .       y^^,  the  area  of  the  spherieel 

truuigle. 

Cdt.  3.  Since  the  length  of  the  radkn,  in  any  circle^  ie 
equal  to  the  length  of  57-2957795  degrees,  meamired  on  the 
circumference  of  that  circle  ;  if  the  spkfrieai  exeeu  be  mul- 
plied  by  57  -2957795,  the  product  will  expcew  the  aorfiMO  of 
the  Inangle  in  square  degreesf. 

Cor.  4.  When  a  =  0,  then  a  +  b  +  o  =  180° :  and  when 
•n^,  then  A+A+c=540^.    Coosequentiy  the  e«ni  of  the 

tiiree  angles  of  a  spherical  triangle  ia  always  between  2 
and  6  right  angles  ;  which  is  another  contirmation  of  th,  8* 

Cor  5.  When  tico  of  the  angles  of  a  spherical  triangle 
are  right  angle!<i,  the  surlace  of  the  triangle  varies  with  its 
third  angle.  And  when  a  spherical  triangle  has  three  right 
angles,  its  surface  is  one-eighth  of  the  auHace  of  the  sphere* 


"ThUdelerniinatinn  nf  lite  nren  of  n  spherical  trianfrie  is  due  to  J9l- 
Icff  Oirmd  (who  died  niKWt  1633).  But  the  dmmmalniliim  inmrt  enm- 
monty  given  ofthenilc  wti'i  Rnl  piiblinlied  by  Dr.  WhIIis.    Ii  was  con* 

sii!f  rrd  ns  n  m«»re  sppcuhjtiv  o  inith,  until  Gt-nHPi^l  Roy,  in  1787.  t'tniiloy- 
cd  ii  v*!ry  judiciously  in  tl>p  K,(>'at  Trig<>no(n«'lrical  Survey,  io  correct 
the  errors  of  sphencal  aiiglci*.    Sse  PbiL  Tmns.  vol.  80,  and  ibe  next 
chapter  of  thb  volume, 
t  £xMM  in  degrees,  i.  e.  escsM  *  -  area      57  2989796. 

Eieear-^I^T^J*!??. 

57  2957795 

area  in  ^jpi.  fept  V  3600 

~  67^l^77V)d  V  (.^lo4^^  * 
The  log.  of  the  factor  to  thete  sqnarM  feet  it  •'32e«T97,  wbicli  Istht  leg. 
employed  in  ait.  6|  SeluL  Frab.  8,  ch.  v. following. 
Vol.  IL  6 
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•PHKiMAL  nuradiioiiim. 


Remark*  floM  of  the  om of  tho  spherical  exooM,  in  the- 
nore  extensive  geodesic  operations,  will  be  shown  in  the  foU 
lowiog  chapter.  The  mode  of  Bnding  it,  and  theoce  tlie  afoa 
wheo  (be  three  angles  of  a  spherical  triangle  are  given,  is  ob- 
vious enough ;  but  it  is  often  requisite  to  ascertain  it  by  means 
of  other  data,  as,  when  two  sides  and  the  included  angle  are 
given,  or  when  nil  the  three  sides  are  given.  In  the  former 
caae,  let  a  a^d  6  be  the  two  sidesy  o  tbe  included  angle,  and 

E  the  spherical  excess  :  then  is  cot  Jb  =«  ^     *^o*c    ^  *• 


When  the  three  sides  a,  b,  c,  are  given,  the  spherieeleil 
my  be  found  by  the  following  veiy  eiegiet  tbeoieas  die* 
covered  by  Simoo  LhuiUier ; 

tan  iB=v/(tan  mill^ .  tan         .  tan — ~ .  tan— 

The  inveetigetioii  of  these  Uieorems  weald  oeeopy  more 
eptce  than  een  be  ellolted  to  them  in  the  preeent  vonime* 


THXORXM  VI. 


In  every  spherical  polygon,  or  surface  included  by  any  num- 
ber of  intersectin*;  great  circles,  the  subjoined  proportion 
obtains,  viz.  as  four  right  angles,  or  360",  to  the  surface  of 
a  hemisphere  ;  or,  as  two  right  angles,  or  180^,  to  a  great 
circle  of  the  sphere  ;  so  is  the  excess  of  the  sum  of  the 
angles  above  the  product  of  180  and  two  less  than  tbe 
number  of  angles  of  tbe  spherical  polygon,  to  its  area. 

For,  if  the  polygon  be  sapposed  to  be  divided  into  aa  men  j 
triangles  as  it  hae  lidce,  by  groat  circles  dmwn  from  all  the 
angles  through  any  point  wiuin  ity  forming  at  that  point  the 
vertical  angles  of  all  the  triangles.  Then,  by  th.  5,  it  will  he 
as  960" :  ^s  : :  a+b+g — 180* :  its  area»  Therefore,  putting 
9  for  the  sum  of  all  the  angles  of  the  polygon,  n  for  their 
nnflibert  and  v  for  the  sum  of  all  the  verood  anglee  of  its 
oonstituent  trianglesi  it  will  be,  by  composition, 
as  860" :  ^  : :  p  +  V — 180'  .  n  :  surface  of  the  polygoiu 
But  V  is  manifestly  equal  to  860*  or  180*  X  2.  Therefofe» 

as  360^ :  is : :  p— (n— 2)  180° ;  ^s . '"^""^^  ^^"^  the  area  of 

the  polygon*   a*  n* 

Car,  1.  If  V  and  d  represent  the  same  quantities  as  in 
theor.  5,  cor.  2,  then  the  surface  of  the  polygon  will  be  ex- 

premed  by,w .  — ^ — . 
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Cor.  ^  If  57-296770ft9  tlieii  will  the  surface  of  (kg 
^olffoo  ill  eqinn  degrees  be  »     .  (p— 

Ctr*  8.  When  the  mrface  of  the  polygon  »  0,  then  p  » 
(e*~8)  160^ ;  and  when  it  is  a  maxinMin^  that  is,  when  it  it 
e^ial  to  the  aokhce  of  the  hembphere,  then  p  «  («— 2)  18(F 
+990P^n .  180^ :  Conlnqnently  p,  the  ram  of  all  the  anglee 
ef  any  a|>heric  polygoot  is  always  les$  than  2ii  right  angles^ 
batgremerthan  (2a— 4)right  aoglesi  «  denoting  the  ntiin- 
her  of  angles  of  the  polygon. 


Cm  the  Naimre  wnd  Meamre  of  SoUd 

A  Solid  angle  is  defined  by  Euclid,  that  which  is  made  by 
the  meetiDg  of  more  ti^an  two  plane  aaglesy  which  are  not  in 
the  same  plane,  in  one  point. 

Others  de6ne  it  the  angular  space  comprised  between 
several  planes  meeting  in  one  point. 

It  may  be  defined  still  more  generally,  the  angular  space 
included  between  several  piano  surfaces,  or  one  or  more 
curved  surfaces,  meeiiog  in  the  point  which  forma  the  »um- 
mit  of  the  angle.  - 

According  to  this  dehnition,  solid  angles  bear  just  the  same 
relation  to  the  surfaces  which  comprise  (hem,  as  plane  angles 
do  to  the  lines  by  which  they  are  included  :  so  that,  as  in  the 
latter,  it  is  not  the  magnitude  ol'  the  lines,  but  their  mutual 
'inclination,  which  determines  the  angle  ;  just  so,  in  the  former 
it  is  not  the  magnitude  of  the  planes,  but  tJieir  mutual  in. 
clinations  which  determine  the  angles.  And  hence  all  those 
geometers,  from  the  time  of  Euclid  down  to  the  present  pe- 
riod, who  have  confined  their  attention  principally  to  the  pnag. 
nitnde  of  the  plane  angles,  instead  of  their  relative  positioii% 
have  noYor  been  able  to  develope  the  properties  of  this  class 
of  geometrical  quantities ;  bat  have  affirmed  that  no  solid 
nope  csn  be  said  to  be  the  half  or  the  doable  of  another,  and 
iiave  spoken  of  the  bisection  and  trisection  of  solid  angles, 
even  in  the  simplest  cases,  as  impossible  problems. 

But  all  this  supposed  diffienlty  vanishes,  and  (he  doctrine 
of  solid  angles  becomes  simple,  satisfactory,  and  universal  in 
its  application,  by*  assuming  spherical  surfaces  for  their  mea» 


*  Circular  arcs  are  not  merely  assumed  !o  be  the  measures  of  plana  an- 
aittf  they  are  demoostrated  to  be  so.    See  Sim.  £uclid,  Prop.  33,  Book 
¥1.  It  ought  alio  to  be  4mmuirtUtd  that  tpbeiioal  MUfiMesars  the  nea- 
lef  idldsoilsi.  Bi, 
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plane  angles  Imaginey  that  from  the  puaiRNt  of  a  aoW 
angle  (foraied  by  the  meeting  of  three  planet)  as  a  eentre, 
any  sphere  be  deacribed*  and  that  thoae  planea  am  produced 
till  they  out  the  aurlhce  of  the  sphere ;  then  will  the  suffibce 
ef  the  spherical  triangle,  incloded  between  these  planes»be  a 
proper  measure  of  the  solid  angle  made  by  the  planes  at  their 
eonmon  point  of  meeting :  for  no  change  can  be  conceifed 
in  the  relative  position  of  those  planes,  that  h^  in  the  msgni* 
tude  of  the  solid  angle,  without  a  corresponding  and  propor- 
tional  mutation  in  the  surface  of  the  spherical  triangle.  If, 
in  like  manner,  the  three  or  more  surfaces,  which  by  their 
meeting  constitute  another  solid  angle,  lie  produced  till  they 
cut  the  surface  of  iho  same  or  nn  equal  sphere,  whose  centre 
coincides  with  the  summit  of  the  angle  ;  the  surface  of  tho 
spheric  triangle  or  polygon,  included  between  the  planes  which 
determine  the  angle,  will  be  a  correct  meaaure  of  thai  nnglc. 
And  the  mtio  which  subsists  between  the  areas  of  the  spherie 
IrilRigles,  polygons,  or  other  surfitces  thus  Ibrmed.  will  bo  nc* 
curately  the  ratio  which  subsists  between  the  solid  angles, 
constituted  by  the  meeting  of  the  several  planes  or  saifiiyGot, 
at  tho  centre  of  the  sphere. 

Hence,  the  comparison  of  solid  angles  becomes  a  matter  of 
great  ease  and  simplicity  :  for,  since  the  oreas  of  spherical 
triangles  arc  measured  hy  the  excess  of  the  suiris  of  their 
angles  each  above  two  rii^ht  angles  (th.  5)  :  and  the  areas  of 
spherical  polygons  of  n  sides,  hy  the  excess  of  the  sum  of 
their  angles  above  2n — 4  right  angles  (th  0)  ;  it  follows,  that 
the  magnitude  of  a  trilateral  solid  angle  will  be  measured  by 
the  excess  of  the  sum  of  the  three  angles,  made  respectively 

.  ■    -  * 

•  Tt  mRy  be  proper  (o  nnlicipnte  hetre  the  only  objection  which  Cfin  bs 
mnde  to  thi*  as«im)ption  ;  which  i'^  foiiiuJpd  f»n  lh»*  principip,  that quauti- 
tU$  thnuld  always  lie  mcasurtd  by  qunniUiu  uf  Ihr.  $nmf.  kind.  But  this, 
of^en  And  |iiMili%'i(ly  ns  it  Is  sAirmed,  it  by  no  mciins  iiecetsary  ;  nor  in 
mnny  cAfst  ii  it  po  tllile.  '  To  measure  is  to  ampnrt  mslbemsticiilly  ; 
nnd  if  by  tomparing  two  ruinnlities,  whose  ratin  wo  know  or  can  nscer- 
tain,  wilh  two  other  f|nnntitics  \\  ho<.e  fiilio  uo  wi-h  lo  knou  ,  th^•  pdint 
in  ipiestion  bpcomes  determined  ;  il  signifies  not  at  hII  wliethertije  mug- 
ailwlM  whkb  eomtiiuie  one  mtio.  are  lifcfi  or  vnlifca  tlie  magnitadM 
which  consiiiute  the  other  ratio.  It  it  tboi  tbnl  mattiammieiiint,  vt\\\i 
perfect  sHfiMy  nfid  correctups*,  make  uisc  of  spnce  m  a  measure  of  velo- 
city, mass  as  a  measure  of  incTtin,  mnss  nii(!  velocity  conjnintly  as  a 
ineature  of  force,  space  as  n  measure  of  lime,  wei>ilii  ns  a  measure  of 
deniityf  eipantion  at  a  meatiireof  lieat.  a  certain  function  of  planetary 
velocity  as  a  measure  of  ditlancefrom  the  ceniralliody,  arcs  oftbe  iianie 
circle  as  measures  of  pinne  nnclf* :  and  if  \%  in  conformity  with  this  j^e- 
neml  procedure  thai  we  adopt  suriacet,  of  the  tame  tphere,  as  oieaturet 
«C  lolid  angles. 
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mtodM  of  foMd  angiet  formed  by  n  bounding  planes,  by  tno 
eiceis  of  ibo  mm  of  tbo  angles  of  locllnatMMi  of  th«  soTeral 
plaaes  above  2a  —  4  ri^ht  nngles. 

As  to  solid  angles  limited  by  curve  surfaces*  such  as  tbo 
angles  nt  the  verticcn  of  cones ;  thcv  will  manifestly  be  mea- 
fured  by  the  spheric  surfaces  cut  off  by  the  prulongation  of 
their  bounding  sarfaces,  in  the  same  manner  as  angles  doler* 
anned  by  planes  are  measured  by  the  triangles  or  polygon't 
they  mark  oot  upon  the  same,  or  an  equal  sphere.  In  all 
oaaea»  the  maximum  limit  of  solid  nngles  will  be  the  plane 
towards  which  the  various  planes  dntermining  such  angles 
.  approadiy  as  they  diveige  funher  from  each  other  abont  the 
same  summit :  just  as  a  right  line  is  the  maximum  limit  of 
plane  angles,  being  formed  by  the  two  bounding  lines  when 
they  make  an  angle  nf  180''.  The  maximum  limit  of  solid 
angles  is  measured  by  the  surface  of  a  hemisphere,  in  like 
manner  us  the  maximum  limit  of  plane  angles  is  measured  by 
the  arc  of  a  semicircle.  The  solid  right  nn«;le  (either  angle, 
for  example,  of  a  cube)  is  J  (  =  A-)  <^f  maximum  solid 
angle  :  while  the  piano  right  angle  is  half  the  maximum 
plane  angle. 

The  analogy  between  plane  and  solid  angles  being  thus 
traced,  we  may  proceed  to  exemplify  this  theory  by  a  few 
instances;  assuming  1000  us  the  numeral  measure  of  the 
maximum  solid  angle  =  4  fimcs  00°  solid      S60^  solid. 

1.  The  solid  angles  of  right  prisms  are  conipnred  with  great 
facility.  For,  of  the  three  nnjrh*^  made  by  the  three  planes 
which,  by  tlieir  meeting.  con?>tiiute  rvery  such  solid  angle, 
two  are  right  angles  ;  and  the  third  is  the  same  as  the  corre- 
sponding plane  angle  of  the  polygonal  base  ;  on  which,  there, 
fore,  the  measure  of  the  solid  angle  depends.  Thus,  with 
respect  to  the  right  prism  with  an  equilateral  triangular  base, 
each  solid  angle  is  formed  by  planes  which  respectively  make 
anglesof  90°,  1)0°,  and  00".  Conscqucnily  90«>4-00«-f  60»— 
180''=C0  ,  is  the  measure  of  sue' i  angle,  compared  with  3G0* 
''the  maximum  angle.  It  is,  therefore,  one-sixth  of  the  maxi- 
mum  angle.  A  right  prism  with  u  f«quare  base  has,  in  like 
manner,  each  solid  angle  measured  by  OO^-hOOHOO — 180^ 
«90",  which  is  |  of  the  maximum  angle.  And  thus  it  may  be 
fiwod,  that  each  solid  angle  of  a  right  prism,  with  an  equi- 
lateral 

triangular  base  is  |  mai.  angle  »  ^  .1000. 
S(|uare  base  is  | .  •  •  •  c=  {  .1000. 
pentagonal  base  ia  •  •  •  •  er^^..j[000* 
hexagonal  Is}.  •  •  •  sr|Y  101)0. 
heptagooal      Is   •   •   •   •  sT'^.IOOO. 
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octagonal  baae  i»  | 
Qonagonal  is 
decagonal        is  | 
undecagonal  is 
duodecagonal  is  ^ 

m  gonal  is 


=  fy.lOOO. 

=  ^f.lOOO. 
^  m  —  2 


HeDce  it  may  be  deduced,  that  each  solid  angle  of  a  regu« 
lar  prisniy  with  triangular  base,  is  half  each  solid  angle  of  a 
{HUSH  with  a  regular  hexagonal  base.    Each  with  regular 
square  base  ^  |  of  each,  with  regular  octagonal  MSOy 

pentagonal  = }  decagonal, 

beiagooal      J  duodecagonal, 

im  gonal     =   gonal  base. 

Hence  again  we  may  infer,  that  the  sum  of  all  the  solid 
anglee  of  any  prism  of  triangular  base,  whether  that  base  be 
regular  or  irregular,  is  half  the  sum  of  the  solid  angles  of  a 
pnam  of  quadrangular  base,  regular  or  irregular.  And  the 
sum  of  the  solid  angles  of  any  prism  of 
tetragonal  base  ie  =  f  sumof  angles  in  prism  of  pentag'.  base, 

pentagonal   hexagonal, 

oexagonal  •  •  •   heptagonal, 

m  gonal  =  ""4  g^^al. 

fL  Let  us  compare  the  solid  angles  of  the  five  regular  bo* 
diea.   In  these  bodies,  if  si  be  the  number  of  sides  of  eadi 
face ;  n  the  number  of  planes  which  meet  at  each  solid  angle ; 
^  blithe  ciieumference  or  180^;  and  ▲  the  plane  angle 


made  by  two  adjacent  faces :  then  we  have  sin     ss  — , — ' 

sin— Q 
2m 

This  theorem  gives,  for  the  plane  angle  formed  by  every  two 
contiguous  faces  of  the  tctracdron,  70^3r42" ;  of  the  hexae- 
dron,  90°;  of  the  octaedron,  109  28  18';  of  the  dodecaedron, 
IIG  33  54"  ;  of  the  icosacdron,  138  11  -23  .  But,  in  these 
polyedrae,  the  number  of  faces  meeting  about  each  solid  angle, 
is  3,  3,  4,  3,  5  respectively.  Consequently  the  several  solid 
angles  will  be  determined  by  the  subjoined  proportions  : 

Solid  An>le. 


360^ 

360° 
360° 
360° 


3-70^31'42'  —180^ 

3-  90°  ~180 

4-  109  2818"— 360' 
3116°33'54''—180 
5138  1123— 540 


1000  :  87-73011  Tetraedron, 
1000  :  250-  Hexaedron. 
1000:216-35185  Octuedron. 
1000:471-375  Dodecaedron- 
1000  :  419-30169  Icosaedron. 
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JL  Ho  lolid  angles  at  the  vertices  of  cones,  will  be  deter, 
mined  by  means  of  the  spheric  segnents  cut  off  nl  the  bases 
of  tbose  cones ;  that  is,  if  right  cones,  instead  of  having  plane 
basss^  had  bases  ibnned  of  the  segments  of  equal  spheres, 
whose  centres  were  the  vertices  of  the  cones,  the  surfaces  of 
ihose  segments  would  be  measures  of  the  solid  angles  at  the 
respective  vertices.  Now,  the  sorlaces  of  spheric  segments, 
are  to  the  Burfisoe  of  the  bemisphefe>  as  their  akimdes,  to  the 
.ladioa  of  the  sphore ;  and  therefore  the  solid  angles  at  the 
verticea  of  right  cones,  will  he  to  the  maidmom  solid  angle, 
na  the  eacess  of  the  slant  side  above  the  aiis  of  the  cone,  to 
the  slant  side  of  the  cone.  Thus,  if  we  wish  to  aseeftain  the 
•olid  anglea  at  the  vertices  of  the  eqpnhiteial  and  the  ri^H- 
angled  cones ;  the  axis  of  the  former  ia  it/8,  of  the  latter^ 
i^ft,  the  ahnt  side  of  each  beii^  nai^*  Hettca» 

Angle  at  vertex. 

1  :  1  : :  1000  :  133 -97404,  equilateral  cone, 

1:1  —       : :  1000  : 282-89322,  righUangled  cone. 

4.  Fronn  what  has  been  said,  the  mode  of  delemimngtlie 
aaGd  aaclea  at  the  verticea  of  pyramida  will  be  sufficiently  ob* 
vious.  If  the  pyramids  be  regular  onea,  if  ir  be  the  nonber 

of  faces  meeting  about  the  vertical  angle  in  one,  and  ▲  the 
nngle  of  inclination  of  each  two  of  its  pUne  &ces ;  if  it  be4ha 
munber  of  planes  meeUng  about  the  vertex  of  the  other,  and 
a  the  angle  of  inclination  of  each  two  of  its  laces  :  then  will 
the  vertieal  angle  of  the  formor,  be  to  (ho  vertical  angl^  of 
the  latter  pyramid,  as  na— (if— 2)  180^,  to  iw— (n— 2)  180°. 

If  a  cube  be  cut  by  diagonal  planes,  into  6  equal  pyramids 
with  square  bases,  their  vertices  all  meeting  at  the  centre  of 
the  circumscribing  sphere ;  then  each  of  the  solid  angles 
made  by  the  four  planes  meeting  at  each  vertex,  will  be  ^  of 
the  maximum  solid  angle  ;  and  each  of  the  solid  angles  at 
the  base  of  the  pyramids,  will  he  of  the  maximum  solid 
angle.  Therefore,  each  solid  angle  at  the  base  of  such  pyra- 
mid, is  one-fourth  of  the  solid  angle  at  its  vertex  :  and,  if  the 
angle  at  the  vertex  be  bisected,  as  described  below,  either  of 
the  solid  angles  arising  from  the  bisection  will  he  double  of 
either  solid  angle  at  the  base.  Hence  also,  and  from  the  first 
subdivision  of  this  scholium,  each  solid  angle  of  a  prism,  with 
equilateral  triangular  base,  will  be  half  each  vertical  angle  of 
these  pyramids,  and  double  each  solid  angle  at  their  bases. 

The  angles  made  by  one  plane  with  another,  must  be  as- 
certained, either  by  measurement  or  by  computation,  accord- 
ing to  circumstances.  But,  tiie  general  theory  being  thus 
explained,  and  illustrated,  the  further  application  of  it  is  leA 
'  to  the  skill  and  ingenuity  of  geometers;  the  foUowiog  simple 
ezamploy  merely,  being  added  here* 
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Ex.  Let  the  solid  angle  at  the  vortex  of  a  mftrnm  pyraaud 
be  biMcled. 

Ist*  Let  A  plane  be  drawn  through  the  vertex  and  any  two 
opposite  angles  of  the  base,  that  piano  will  bisect  the  solid 
angle  at  the  vertex ;  forming  two  trilateral  angles,  each  equal 
to  half  the  original  quadrilateral  angle. 

2dly.  Bisect  either  diafi^onnl  ofihe  hnsc,  and  draw  any  plane 
to  pass  through  the  point  of  l)isection  and  the  vertex  of  the 
pyramid  ;  such  plane,  if  it  do  not  coincide  wiiii  the  former, 
will  divide  the  quadrilateral  solid  angle  into  two  equal  qua- 
drilateral solid  angles.  For  this  plane,  produced,  will  bisect 
the  great  circle  diagonal  of  the  spherical  parallelogram  cut  off 
by  the  basa  of  the  pyramid ;  and  any  great  circle  bisecting 
Mich  diagonal  ia  known  to  bisect  the  spherical  paralMograro, 
or  square  ;  the  plane,  therefore,  bisects  the  solid  angle. 

Cor.  Hence  an  indefinite  number  of  planes  may  be  drawn» 
each  to  bisect  a  given  quadrilateral  solid  angle. 


SECTION  11. 

Resolution  of  Spherical  Triangles, 

The  different  cases  of  spherical  trigonometry,  like  those  io 
plane  trigonometry,  may  be  solved  either  geometrically 
algebraically.    We  shall  here  adopt  the  analytical  method,  as 
well  on  account  of  its  being  more  compatible  with  brevity, 

as  because  of  its  correspondonce  and  connexion  with  the  sub- 
stance of  the  preceding  chaplcr'*.  The  whole  dnclrine  may 
bo  conaprebendod  in  the  subsequent  problems  and  theoreouu 

HtOBLBK  I* 

.To  ind  equations,  from  which  may  be  deduced  the  soMod 
of  all  the  cam  of  spherical  triangles.  ** 

Let  ABC  be  a  spherical  triangle  ;  ad  the  tangent,  and  «d 
the  secnnt,  of  th«  are  ab;  jjb  the  tangent,  and      the  ae* 


*  F«ir  Ike  geooiNricfll  method,  the  reader  may  consuU  Simsnn's  or 
Playfnir's  Euclid,  or  Biahop  Uonlsy^  ElttBsatary  Tnatiasoa  frssti- 
cbi  Maihematic*. 
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thm  capHftl  l«ttera  I9  b» 
diBote  the  ■ngi—  of  the 

Uniigley  mnd  the  aimiU 
I^eie  the  op* 

Ki  eidet  ac»  ac«  ab* 
the  firft  eqoft- 
tjHM  hi  en.  0  n.  Trie. 
•Mlied  to  the  two  tnanglee  ADS9  omB|  gm^  tor  the  fonnef^ 
sir '«s  tan'  b  4-  tan*c  —  2  tan  6  •  tea e  •  ooe  a  ;  for  the  laftei^ 
DE*  s=  sec"  6 -4- te^e daeo6. 8eee*eoe e.  Subtracting 
the  firet  of  these  equations  from  the  second,  and  obeerving  / 
that  flec*6  <--tan'  ^  =     s  1,  we  ahall  have,  after  a  Uiale  ^  ' 

l«*Ktion,  1  +  cos  A  — S-»:tr^«0.  Whence  the  ^ 

thnw  MtowiDg  «ymniftrical  equatiooa  are  obtained : 
eoeaaeoi^.coee4-ain6.«Be.eeeA^ 
eea ^ «■  eee« .eeec  +  siaa.sinc.eeeBy  (I.) 
eeeeveee«.eee^-hMia*eia^*eeeo9 


TU£OKEli  VU« 


In  every  splMffical  triangle,  the  sinea  of  the  anglea  are  m» 
INMtHMMi  to  the  MM  oftheif  


1(  from  the  firit  of  the  equations  marked  i,  tbe  vahM 
of  eoe  A  he  drawDy  and  substituted  Ibr  it  in  the  equation 
A     1— coi^  A9  we  shall  have 


ain*A 


fiii>  1/  .  tin  3  C 

Redocing  the  temi  of  tbe  second  side  of  this  equation  to  a 
eommon  denotaioator,  multiplying  both  numerator  and  deao- 
aMnator  hy  aitiV»  and  extracting  the*^.  root,  there  will  raaolt 


sm  A  =  sm  a 


»Hi  a  .  M*t  0  .  Mil  r 

Here,  if  the  whole  fraction  which  multiplieeain  0,  he  deneled 
hy  K  (see  art.  8  chap,  iii.},  we  may  write  ain  a  »  K  •  eui  «• 
And,  since  the  fractional  factor,  in  the  above  equation,  con- 
taiae  tenne  in  which  tbe  aidee  a,  i^t  ere  alike  affected,  we 
have  similar  equations  ibr  sin  a,  and  ain  c.  That  ia  lo  aayt 
we  have 

iinA«=K*aina*.  .8inBSK«ain6...ainonK.ahie* 

Consequently,       =  .   •   •  (U.)  which  ia  the 

algehrateal  espteenoa  of  the  theorem. 
ToulL  7 


//  .it  ix 
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nBouM  vnr. 

In  OTcry  right-nngled  splierical  triangle,  the  cosino  of  tho 
hypothenuse,  is  equiil  to  the  product  of  tbe  eomes  of  the 
mdiot  including  the  right  angle* 

For  if  A  bo  measured  by  {O^  its  cosine  becomes  nothing, 
and  the  first  of  the  equations  i  becomes  cos  a  =  coa  b  •  cos  c. 

Q.  E.  P. 


TBEOREM  IX. 

In  every  right-angled  spherical  triangle,  tho  cosine  *vf  either 
obliqtiu  nngic,  is  equal  to  the  quotient  of  the  tangent  of  the 
adjacent  side  divided  by  the  tangent  of  the  hypotbenuse. 

If»  in  the  second  of  the  equations  i,  the  preceding  vahie  of 
eoe  a  be  aubalituted  for  it*  and  tor  ain  a  its  value  tun  a  .  coa 
n  s-  tnn  a  .  cos  6  •  coa  e ;  then^  recollecting  thai  1  —  coaF 
e^siu'c,  there  will reaulCy tan « •  cose  •  coanaB^aine :  wbencn 
it  foUowa  that, 

 t*n  c 

tao  a  .  cos  B=tan  c,  or  cos  b  : — . 

'  iHii  a 

Tboa  alao  it  ia  Ibund  tbateoae  =  — ^ 

tiui  a 


TUEOXEM  X. 

In  nny  right-rngled  spherical  triangle,  the  cosine  of  one  of  the 
sides  about  the  right  angle,  is  equal  to  the  quotient  of  the 
cosine  of  the  opposite  angle  divided  by  tbe  sine  of  the  ad* 
jacent  angle. 

From  th.  7,  wc  have  54"=         which,  when  a  is  a 

Ml  A  9m 

•in  h 

right  angle,  becomes  simply  sin  b  =s  Again»  irom  th.  9^ 
we  bare  coa  c  =         Henee,  by  diviaiont 

cof  c   Inn  b     fiin  a  ^  cff  a 

•  R      kin  6  *  uii  a      cu*  6* 

Now,  tb. Sgives  — coa  c.  Theraibrc      »  coi and 

'  •       It*  6  tin  ■  • 

In  Itkb  manner,  ^  s  coa  6«      s  n. 

Mil  C 
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THXOREM  XI. 

In  every  ri^ht.angled  spherical  triangle,  the  tangent  of  either 
of  the  oblique  angles,  is  equal  to  the  quotient  of  the  tan* 
gent  of  the  opposite  side,  divided  by  the  sine  9r  the  other 
«de  about  the  right  angle. 

M        •  •  dill  b        •  tail  c 

For»Miceaia.B=  :-  •  and oofs  s  -  . 

*  ,     »iu  u  tau  a 

we  haYe  — = -  —  •  — 5%  ^ 

Wlmce,  because  (th.  8)  cos  a  a  cm  •  coa  c»  and  aoca 
aiattMOosa.tauotWe  have 

mmb  §mt  tin*  1  twh 

Ian  B  »  tar  I    ^  ■ 

«««.|IMIC  cw*. 

Ill  like  Mnneri  tan  o  «         a*  >• 


Mtt  6* 


moEsu  xa, 

Im  every  right-angled  spherical  triangle,  the  cosine  of  the 
hypothenuse,  is  equal  to  tho  quotient  of  the  Cf»tangent  of 
one  of  the  oblique  angles,  divided  by  the  tangeut  of  the 
other  angle. 

Pott  umhiplyiag  together  the  remihlng  egualioiia  of  the 
pvecodf^g  Iheorem,  we  have 

fan  b     tVi€  f 

tan  B  .  tan  c  =       •  ' — =  — i  •  • 

»nh     Kill  e     (HM 6 .  CO* C 

Buty  by  th.  89  COS  h .  eoe  c  =  coe  «• 

Tbeielbre taiiB.ttnc  =  — <ircoaa«  ~.  a.  «« n. 

TBXOBBM  Xin. 

lo  every  right-angled  spherical  triangle,  tlie  si  10  of  fh^  rlif. 
ference  between  the  hyporhunuse  and  h  ise,  is  equal  to  the 
ci>ntinued  product  of  the  sine  of  the  perpendicular,  royine 
of  the  base,  and  tangent  of  half  the  angle  opposite  to  the 
perpendicular ;  or  equal  to  the  continued  product  of  tho 
tangent  of  the  perpendicular,  cosine  of  the  |ivf)o:henuse, 
and  tangent  of  half  the  angle  opposite  to  tbe  perpcndicu. 
lar*. 


•  Tbls  tbsQfeoi  b  doe  lo  N.  Pmnv,  who  n«il>li»lied  it  wilhAul  deoKM- 
•tmioa  in  the  Cmmmmm  de»  Tenif  4  fur  Ike  veer  J8tl6,  iind  m^d^t  us« 
ef  iihilheeaailraelieaef  aduutof  tbeeottneof  thefo. 
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Here  retaining  the  tame  notatioa»  since  we  have 
eioa  =  '!"^alld€0•B»~  ;  if  ibr  the  tanfente  tibefe  In 

tin  Ian  «  '  " 

iubetitiHeti  tbeir  valoee  in  «iiea  and  ooeineit  tbeM  will  arise. 
Sin  e  .  cos  a  =  cos  b  .  cos  c  .  sin  a  =  cos  b  .  cos  c  .  • 

fin  ■ 


Then  subAtitutin^  for  sin  Of  end  sin  r  .  cos  their  valtiee  ia 
the  known  formula  (eqa.     cha|i.  iii.)  Tti. 

iiieiB  (a^c)  aBsioa  •  ooee — coen  •eine, 

and  recollecting  that  -—^  '  =  tan  js, 

it  wilt  beeome,  sin  (a —c)  a  bid  &  .  cos  e  .  tan  |b  ; 
whieh  ia  the  fint  pert  of  the  theorem :  and,  if  io  this  reittll 

we  introduce,  instead  of  cos  e,  its  value       (th.  S),  it  will 

be  transfoHned  into  ein  («  —  c)  » tan  &  .  coe  a  •  tan  {b  ; 
whieh  ia  the  second  pert  of  the  theorem*  a*  >• 

Ctr*  Thie  theorem  leads  manifestly  to  en  analcigoue  one 
with  r^rd  to  rectilinear  triangles,  which,  if  ik,  6,  and  p  de* 
aeie  the  bypothenuaev  baee,  end  perpendicular,  ami  %  Ff  tbi 
angles  respectively  opposite  to  6,  p ;  tmy  he  eipreiBed  thn  $ 

A— & asfi  •  tan   A— ji«si  •  ten 

Theae  theoreme  may  he  found  neefbi  in  reducing  iMKued 
Knee  lo  the  plaoe  of  the  horiioii.  ^ 

nmauM  n. 

Given  the  three  aidee  of  n  apherical  triangle :  h  io  rcytirod 
to  6mi  eapreasioM  for  the  determination  of  the  anglea. 

Retaining  the  notation  of  prob.  1,  in  nil  its  generality,  wo 
soon  deduce  from  tho  equations  marked  i  in  that  problem, 
the  fiiilowing ;  viz. 

eoe  A  SB  —   ^ 

•  MM  0  .  Mil  C 


put  •  .  »IU  c 

COS  C  as  

iMin  .mmS 


As  those  equations,  however,  arc  not  well  suited  for  loga- 
rithmic  computation  ;  they  munX  he  so  transfrirmed  that  their 
second  members  will  resolve  into  factors.  In  order  to  this, 
substitute  in  the  known  equation  1  —  cos  a  =2sin' ^a,  the 
preceding  value  of  cos  a,  and  there  will  result 

A      9  ■  rr>»  {b  -  c)  —  CA'ta  r 
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(•It.  95  eh.  iiL),  and  eoniequetiy 


co«(6  —  c)  —  co«a»2ai»  — j—  .  an 
fit  tare  obvkNMly, 

*  M.l*.aliie  ^ 

Whence,  making  «  s  a+^-fct  ^re  retolif 


And,  iMn  ic  =  — ~  ' 


(Ul.) 


The  eipressions  for  the  tani^cnU  of  the  helf  eiwlte 
have  beeo  deduced  with  equal  firaility ;  and  weamiiihl  hafe 
ebtaiaed,  fur  example, 

laniA-y-— — ^  (tti.) 

ThuM  again,  the  expreatleoa  fer  the  coaiiie  and  *Mrttfifftit 
of  Iklf  one  of  the  angle%  are 

V    \,„  h .  c — • 

COf  ,A  »       ^,  . 

The  three  latter^  flowing  riaturally  fniin  the  ibrmer,  by  means 

of  the  values  tan  s      coC  s  ^«  (ait  4  eh.  iii.) 

Cor.  1.  When' two  of  the  sides,  as  b  and  become  equal* 
then  the  expression  for  sin  liecomes 

Os^.  t.  Whhn  an  the  three  aides  are  equal,  or  i«e|r  SB 

then  MO  ^A  ^rjj. 

Gir.9.  Inthiseaae,  iftfa»«e«-99'';  thaftSM^itt 

i^s  ^  ^  =  sin  45' i  and  A  =  B  «  c  s=  90°. 

CW.4.  If  ««»«e«eO^:  then  sin  Ja  «  ^-^3  a  i  ^ « 

sin  35  15  51" :  and  a  ^  B  srcaBTt^tl  W  J  the  same  as  the 
angle  between  two  contiguous  plaoesef  a  tetraedhtMt* 

Cor.  5.  If  a=6  =  c  were  assumed  s  |20^  :  then  sin  }i  ^ 

Md  A«B»C»1600;  w 

that  no  such  triangle  can  be  constmeflBd  (conlbmiahhr  to, 
2) ;  hm  thai  the  thrsA  sides  wmiM,  in  such  eaie,  loan* 
thiee  eeminued  ares  osaqplstmg  a  great  eirdedf  the  aphaie. 
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PROBLEX  III.  ' 

■ 

Given  tbe  three  nngles  of  a  iphericiil  triangte,  to  find 
exprestfione  for  tbe  iidee. 

If  froni  the  finl  and  third  of  the  equaiions  mariied  i  (pinb. 
1)9  eoe  c  be  exterminated,  there  will  remilt 

eoe  A  •  ein  «  +  coe  c  •  «n  a  .  con  6  «  eoa  a  •  ain  A. 

But,  it  follows  from  th.  7,  that  «in  c  -  Subsiiiuiing 

Ibr  ain  c  thia  value  of  it,  and  for  '^Mbeireqiuyalenta 

cot  A,  cot  <7,  we  ahull  have, 

cot  A  •  ain  c  +  coa  c  •  coa  fr  s  cot  a  •  ain  h 

NofTyCot  a  •  am  B=;rj- .ain  6  a  coaa  •  •^••^a* 

(th.  7),    So  that  the  precedino:  equation  nt  length  becnmea, 

cos  A  .  sin  c  =  cos  n  •  sio  B  —  aiu  A  .  coa  c  •  cos  6. 
In  like  manner,  we  have, 

cos  K  .  sin  c  =  cos  6  .  sin  a  —  sin  b  .  coao  •  COe  tu 
Exterminating  cos  b  from  these,  there  resulta  . 

cos  A=co8  a  .  sin  b  .  sin      com  b  •  ceec.  j 
80  like-  }  coa  nsona  ^  •  ain  a  •  sin  c — coa  a  •  eoao.  >  (IV.) 
wise    ^roacBcoac.ain  A.ainn— COMA,  coan*) 
This  ayatem  of  equatiena  ia  manifeatly  analogenalo  cqua* 
tlon  1$  and  if  they  b«  reduced  in  tbe  amnner  adopted  in  the 
kHpfobleni,  they  will  give 

Mil  H  .  MIt  C 

(V.)  . 


Sin  lb  —   — —  • 

»  ^  Mil  A  .  II 


Tbe  cxpreaainn  for  the  tangent  of  half  a  aide  ia 

The  values  of  the  cosines  and  cotiin<rents  arc  omitted,  to 
save  room  ;  but  are  easily  deduced  by  the  student. 

Cwm  1*  When  two  of  the  angles,  as  a  and  c,  become  equal, 
then' the  value  of  coa  \a  bccomea  coa  '^i^* 
C^.  2.  When  a^b-c;  then  coa  la  ^'^'t* 
Cor.  3.  When  A-sB^c-UO  ,  then  a-^-c-90\ 
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Cor.  4.  If  A=sB=crtrCO^  ;  thon  e<M|a  =         «  1. 

80  thala'  ^  c^O,  Cfinsnqnently  no  waeh  taasfle  can 
be  coMtnieted :  cmilbnimbly  to  tli.  3. 

Car.  5.  If  A=^B=^c=l20^;  then  cos  i<i=;rj-,^^.^^^^  « 

»co9  M^44'ir.  Hence  a^b^e^  IdO  US  ST. 
ScM,  If,  in  the  preceding  valtien  ofeiii  4«.  sin  ^h,  dec.  the 
quantities  under  ibe  rftdinBl  were  negative  in  resliiy,  ns  they 
are  in  appearance,  it  wmald  obfienely  he  Impcienble  to  deter* 
mine  tbe  value  ofein  ^o,  lie.  But  this  value  ia  in  tolalways 
laaL    For,  in  gf neral,  sin  (a- io)  •»  —  coa x :  tlietefora, 

flin  O^Y^  —  i  O)  =  —  cos  Ka+b+c)  ;  a  quintity  which 

ia  ahraya  positive,  beeanaet  h»a  +  m  +  v  is  neeeasarily  com* 
priaed  between  «nd  f  O.  we  have  ^(a  4*  a  +  c)  —  JQ 
ipreater  tban  nothing,  and  lesa  than  ^O*  /'"urther,  uny  mm 
aide  efa  spherical  triangle  being  smaller  than  the  aum  of  tbe 
other  two,  wo  have,  by  the  property  of  the  pobir  triangle 
(theoiem  4),  —  a  less  than  {O  —  »  +  f  O  —  whence 
^n-hc— a)  la  less  tban  \0 ;  and  of  course  ita  eoaine  ia 
poaitive. 

MOaUOI.  IT. 

CKven  two  sides  nf  a  spherical  triangle,  nnd  the  includnd 
an^e ;  to  obtain  expreisiona  for  the  other  ani^ea. 

1.  In  the  investigation  of  the  Inst  problem,  wo  had 
cos  A  .  sin  c  =  cos  a  .  sin  h  —  cos  c  .  sin  a  .  cos  b  i 
by  a  simple  permutation  of  letters,  wc  have 
cos  B  .  sin  c  =  coti  6  .  sin  a  —  cos  c  .  sin  6  .  cos  a : 
adding  togt:ther  these  two  equations,  and  reducing,  we  have 

sin  c  (cos  A  +  cos  b)  =  (1  —  coa  c)  sin  (a  +  b). 
NoW|  we  have  from  theor.  7, 

L'Ll  —  :i:if,  and  ^^J*  li^ 

Freeing  tbeae  eqoationa  from  tbeir  denoimnaton,  and  fia« 
speciively  adding  and  jubtractin^  them,  there  rasulta 
sin  a  (sin  a  +  sin  h)  =  sin  c  (sin  a  +  ain  6), 
.  and  sin  e  (sin  a  —  sin  a)  =  ain  c  (sin  a  —  ain  6). 
Diiriding  each  of  tbeae  two  equations  by  the  preceding,  there 
will  be  obtained 

'    ■  ■—  mi  •  MM    —   - » 

ro5  ^-f-*^"**  "        t— fWC     (»in  w-j-^J 
fAn  A — *in  H         hin  c     •»«« — find 
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Comparing  these  wi?h  the  equatiooa  in  art$.  25|  96927,  cb«  iii^ 
there  will  at  length  n  suit  ^ 

tan  i(A4*B)  •  cat  }c  .  ^ZTun'-fh^  (       , yi  \ 
^*nlU*«)=*  cot  tc  -iiiij^  ) 

Cor.  When  a=b,  the  first  of  the  above  equations  becomes 
tan  A  —  tan  b  =  col  ^c  .  sec  a. 

And  in  this  case  it  will  be,  as  rad  :  sin  ^[c  : :  sin  a  or  sin 
b  :  sin  ^c. 

And,  as  rad  :  cos  a  or  cos  b  :  :  tan  a  or  tnn  b  :  tan  jc. 

8.  The  preceding  values  of  tan  J(a4-  b)  tan  ^(a  — b)  are 
very  well  fitted  for  logarithmic  computation :  it  may,  not- 
withstanding, bcjiroper  to  investigate  a  theorem  which  will 
at  once  lead  to  one  of  the  angles,  by  menns  of  n  subsidiary 
•  angle.  Jn  order  to  this,  wo  deduce  immediately  from  the 
^jrcood  equation  in  the  investigation  of  prob.  3, 

^^-—-c  oetq.coi*. 

TbeDi  choosing  the  subsidiary  angle  9,  so  that 

tan  9  =  tnn  a  .  cos  c, 
that  is,  finding  the  angle  9,  whose  tangent  is  equal  to  the  pro- 
duct  tan  a  .  cos  c,  which  is  equivalent  to  dividing  the  origin- 
al triangle  into  two  right-angled  triangles,  the  preceding  equa- 
tion will  become 

cos  b) . 

cot  A  =  — -  .  sin  tb — a\ 

MM  A  ^  ~» 

WIMi  ie  »  vety  ai»ple  and  eoBvenieiit  evpreaeioa. 

noBup  y. 

Given  two  mglee  of  a  spherical  triangle,  and  the  side  com- 
pitihendfid  belyKi^       i  (9  ^pd  expressions  for  the  other 

1.  Here,  a  similar  nnalysis  to  that  employed  in'lhe  preeed* 

problem,  being  pursued  with  respect  to  the  e^oationi  Vft 
lb  pEok  8|  will  produce  the  following  fiirmuhRS : 

tfal«^ lii|6_   tine       ifct  a4» »in  n 

coitt-f.ro«  6"~l"fcrMe  *  Mi(A-r»)* 
w»a  ~-iin  6       fill  c       wn  a  —  sin  b 

Digitized  by 


Wli«M«i  ill    pr0b*  4^  wii  ebiaiii 
tan 

2.  If  it  be  wiabed  to  obtain  a  sido  at  odc6|  bj  meaoa  of  a 

cota=:^,coBCB-9)- *  ^  ■ 

Given  two  sides  of  a  spherical  triangle,  and  an  angle^oppo* 
site  to  one  of  them ;  to  find  the  other  opposite  angle. 

8o)>po6e  the  «idea  giyeii  aM  ^,  and  the  given  a&gleB: 
Ihen  ftem  thaor.  7,  we  have  ite  a  «  £^1'^ ;  or,  lin  At  a 

fourth  proportional  to  sin    sin  b,  and  sin  a. 

Molawvif. 

Gmn  two  angles  of  a  spherical  triangle,  and  a  eidc  opposite 
to  one  of  them  ;  to  find  the  side  opposite  to  the  other* 

Suppose  the  given  angles  are  a,  and  b,  and  »  the  given 
aide:  then ib. 7, giveft  iiii d  =^ ;  6r, «m a, a fiMOth 
piopottiooal  to  an  %  m  4      m  a. 

In  piebieiDs.  %  and  9;  if  the  circnmsfancea  o^t)ie<|imtion 
leave  any  doabt,  whether  the  aies  or  ^e  angles  soi^sht  are 
maler  or  less  than  a  (pisdrattty  or  than  a  right  angle,  the 
Sifficnlty  wjU  be  entirely  rsnoved  b¥  means  A  the  table  of 
Bwtatione  of  signs  of  trifonometncal  quantities,  in  different 
qysdrmsi  maiSed  vn  in  chap,  In  the  6th  and  7di  proi> 
bleo»t  the  ^prntioa  proposed  will  often  be  susceptible  of  two 
eolntions:  by  means  of  ^  sulijoined  table  the  student  may 
•IwiQni  tell  when  this  will  or  will  not  be  the  case. 


*  The  formala:  marked  n,  and  vu,  converted  iato  uudoriei,  by  uek* 
fog  the  denominator  of  the  leeoBd  member  the  flnt  term,  the  otbartwo 
iVct6r«  the  second  aiid  thh^  terms,  and  the  ftnt  tsember of  flheeqeatfoa 
tlie  icHirth  term  of  the  proposition,  as 


proposition. 

cos  :  cos  ^(o^) : :  cot     :  tan  iU-f  sjb 

sip  sin  i(a--6)  : :  cot  jo :  In  {(A— s^  Ae.  4be. 

•re  csllea  iht  A  nalogks  of  Napior,  being  invented  by'  that  cdbibrafed 


geometer.  He  Hkeivise  invented  other  rules  for  spherical  trigonometry, 
known  by  the  name  of  Napier' $  Rules  for  the  ciraUar  pard  :  but  these, 
■otirithfttaadio£  their  ingenuity,  are  not  inserted  here ;  because  they  are 
too  sitlAaitl  to  ot  applied  by  a  young  computist,  to  svwy  cats  tint  may 
ooBsr  wttboat  oonridsnble  danger  of  miimtpceheDrfoD  sad  snror* 

yo&.ii.  8 
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Qu^ioTU yor  Exercise  in  Spherical  Trigonometrj/. 

Ex.  1.  In  the  right-ongled  spherical  triangle  bac,  right- 
angled  at  a,  the  hypothenuse  a  =  78°20',  and  one  leg  c  =^ 
76^52:,  are  gifan ;  to  find  the  angles  b»  and  ci,  and  the  other 

IIe>e»  by  table  i  caee  It  u  o  « 

  Ian  c   -  cosa 

ooe  B  ^  : —  ;  •  •  •  coe  o     —  • 

tuM  a  con  c 

Or,  Jog  sin  c  =  log  sin  c  —  log  sin  a  +  10. 
log  cos  B  =  log  tan  c  —  log  Ian  a  10. 
log  cos  b  =-  log  cosa  —  log  cos c  -f-  10. 

Heoee,  10  +  log  sin  e  »  10  -f  log  sin  76  52'  -  19-9884894 
log  m  a  «         log  sin  78*20'  =  9  9909338 

Bemaiii^     kgemea        log m 88^' »  ^W75556 

Here  o  ia  acute,  because  the  given  leg  is  less  than  90^. 

Again,  10  +  log  tan  c  =  10  +  log  tan  76*^52'  =  20-6320468 
log  tan  a  =         log  lan  78  20'  =  10  6851149 

Remains,      log  cos  b  =         log  cos27'4o'  =  !l-9469dl9 

B  is  here  acute^  because  a  and  c  are  ofVike  afiection^l 

LM^f  10  +  kg  €0$m  »  10  +  log  cos  78  20  =  19  3058189 
logeoec»         log  cos  76*52' =  9-3564426 
Remainai     logooe^»        logeoeg?*  "9949iiii 
where  h  ia  feet  than  90^9  became  a  and  e  both  are  ao. 

Eg.  2.  In  a  right-angled  spherical  triangle,  denoted  as 
above,  are  given  a  »  78^90%  b  »  27^' ;  to  find  the  other 
aides  and  angle. 

Ans.  1^ »  S7<^8r,  e  »  70O52 ,  c  » 

Ex»  3.  In  a  spherical  triangle,  with  a  a  right  angle,  given 
117<^34',  c  =-  3F5r  ;  to  find  the  oiher  parts. 

Ans.  a  =  113-66',  c  =  28^51',  b  =  104^8r. 

Ex.  4.  Given  6  =  27  6',  c  ==  76  52  ;  to  find  the  other 
parU.  Ans.  a  =  78^20',  b  =  27"45',  c  =  83-56'. 

Ex.  5.  Given^  ^  42''12',  b  =  48  ;  to  find  the  other  parts. 

Ans.  a  =  (>4''40'|,  or  its  supplement, 
c  =  54*44',  or  its  supplement, 
o  =  64<»35',  or  its  supplement* 

Ex.  a.  Giten  b  =  48^,  c-  =  6'1*»35' ;  required  the  other 

Tob  IL  0 
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68  SPHSUCAL  TRXOOKOMBTAT. 

Ex,  7.  In  the  quadrantnl  triangle  abc,  given  the  qua* 
drantal  side  a  =  90^,  an  adjacent  angle  c  =  42^12',  and  the 
opposite  angle  a  =  04^40' ;  required  lUe  other  parts  of  the 
triangle  ? 

&. 8i»  In aniMiiM-ftQgled aplmicfll  trioigle  mgiv«a 
llie  thfee  lidea,  vis.  a  »  66^4ir,  b  »  Mn^,  e  »  IH^SOT} 
to  fiwliiMaQgles. 

Uare,  by  the  fifth  caae  of  table  2,  we  have 
«n  f  A  =   ^hTA .  sin  c    ■  • 


Or,  2  log  sin  ^A^^log  0iii(i«-  &)4-lof  aio  e)+ar* 
lof  sin  ^4-ar«  eomp.  log.  oni  c  :  wimno  o    «  4. 6  +  ^• 

leg  sin  (;«  —  6)  «  log  sin  43^58'}  «  9<€415749 
log  ain  (f «  —  e)  *  log  ain  19^41'^  »  9*34 1 8385 
A.o.kfaNi^sA. clog  Kin   83''13'  »  0-0030508 
A.o.logMAceA.o.logaiD  llA^'W  « 0^04^771 

SumoftlieroiirlQga  19*»y4418 

Hairaom     log  aio  {a  «-  log  m  ^  96ta7»oe 

CouequoQlly  tbo  angle  a  is  48'31'« 

TheOf  by  common  analogy^ 

As,  sin  a  .  .  .  sin   SOHO"  ...  log  =  9  0210401 

To,  sin  A  .  .  .  sin  48  31'  ...  log  9*8745679 
So  is,  ain  6 .  •  •  aia  88*18' ...  log  »  9*9909492 

To»  am  B  • .  .  do  WS&  ...  log  »  0  *9495  /  70 
Audio  ia,  ain o ...  Mn  114'80r ...  leg » 9-9590229 

Toi  ain  c  •  • .  ain  126*19' .  • .  log  s  9«91ie&97 
So  that  tho  ronMUDiDg  anglea  are,  b»09^56',  and  c»BlSMI^19^ 

2dly.  By  way  of  comparison  of  metHoda,  let  us  find  tlm 
aiiffle  A,  by  the  analogies  of  Napier,  accordiiig  to  eaao  5 
table  3.  In  order  to  which,  aappose  a  perpendicular  demitlod 
from  tlw  angle  c  on  tho  oppoake  aide  e»  Then  ahall  we 

This,  in  logarithms,  is 

log  tan  J(6+a)  =  log  tan  69  56'^  «=  10-4375601 
log  tan  iifi^a)  =  log  ton  13^16  ^  =  9  3727819 

Their  sum  =A  JU-8J08420 
fiubtnia  leg  ten     as  kg  tan  67^16'     10'1918894  « 
Rem.  log  coa  dtfl  aeg  B  log  ooe>98^84'  9*8187<M 
Hence,  the  aegmenta  of  tho  base  aro  79^49~and  34^41'. 
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Therefore,  mnca  m  a     tan  79  "^49'  X  Cf  t  b  : 
To  log  tan  adja.  seg.  =^  log  tan  79  49'  =  10  7456257 
Add  £f  taa  side  b    =  log  tan  8113  «  9*0753568 
The  fum,  rejeetuig  10  ffom  the  index  )  ^  TSSilHiil 

a=  log  C08  A  =  log  cos  48^32'    ^        ■  ■ 
The  other  two  angles  may  be  found  as  before.    The  pre- 
iutuea  it,  in  Ibii  cms,  maiiifefltly  due  to  the  former  mcifaoiU 


Ex,  9.  In  an  oblique-ang1e<l  spherical  trianghs  arc  given 
two  sides,  equal  to  114  30'  and  50  40'  respectively,  and  the 
angle  oppoeite  the  former  equnl  to  125-20' ;  to  find  the  other 
parta.  Ana.  Angles  48  30'  and  O^^'^dd' ;  aide>  83''i'i\ 


Est,  10.  Given,  in  a  spherical  triangle,  two  angles,  equal 
to  48^30  and  125^^  and  the  side  opposite  the  latter ;  to 
find  the  other  parts. 

Ans.  Side  opposite  first  anglOy  56^40' ;  ether  stde,  83^12' ; 
third  angle,  62'>54'. 

11.  Given  two  aides,  equal  114<^30  and  56-40  ;  and 
inokided  angle  62^64 :  to  find  the  rest. 

Em.  1ft.  QfveatiPO  angles,  and  40^,  and  the  slie 

compmhandad  batwayn  iheai         :  to  6ad  the  other  parta. 

JSr.  la.  In  n  anlmiaal  triangle,  the  nnglea  ara 
tt^,  aMl  lftS<^ ;  nqnirad  iheaidaal 

Em.  li.  Given  two  angles,  5D<'12',  and  56«8  ;  and  m  aide 

ite  the  former,  62  ^42* ;  to  find  the  other  parts. 
The  third  angle  is       either  lS0^^i'32  "ar  150^1632''. 
Side  hetw.  gi v.  aagiaa»  either  1  lO^'S 32'  or  1 52 ^1414'. 
Side  opp.  A3-8%       either  72^12 13^  or  100^47  87'. 

Ex,  15.  The  excess  of  the  three  angles  of  a  triangle, 
measured  on  the  earth's  surface,  above  two  right  angie»,  is 
1  second ;  what  is  ita  area,  taking  the  earth's  diameter  at 
79572  ^^^^ 

Ans.  76*75299,  or  nearly  70}  equate  miles. 

£a.  16.  Determine  the  aolid  andaa  of  n  regular  pyramid 
with  haaaipMiai  bnae,  the  altituoo  of  tiie  pyramid  being  to 
aaeli  «da  of  the  bnaey  aa  2  to  !• 

Am*  CIumi  angle  betveanaach  two  latocnt  faoaa  lt25«9Sr35% 

batwnan  the  baae  and  each  faee  66«85'12^. 
fiUid  aude  nitlw  vertex  8IHK)64B  (  The  may.  angle 
Bnek  ditto  at  the  baae     218-19367  j    being  1000. 
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ON  GEOBKSIC  OPERATIONS,  AND  THE  FIGDRE 

OF  THE  EARTH. 


SEtmON  L 

Gmmnd  Aeeomfi  rf  ikigkindrf  Smtegmg* 

Art.  1.  In  the  treatise  on  Land  Surveying  in  the  first 
volume  of  this  Course  of  Mathematics,  the  directions  wero 
restricted  to  the  necessary  operations  for  surveying  fields, 
farms,  lordships,  or  at  most  counties  ;  these  heing  the  only 
operations  in  which  the  generality  of  persons,  who  practise 
this  kind  of  measurement,  arc  likely  to  be  engaged  :  but  there 
are  especial  occasions  when  it  is  requisite  to  apply  the  prii|i> 
ciples  of  plane  and  spherical  geometry,  and  the  practices  of 
surveying,  to  much  more  extensive  portions  of  the  eiillh't 
surface  ;  and  when  of  c<»urse  much  care  and  jud^ineDt  ftre 
called  into  exercise,  both  with  regard  to  the  directinn  of  the 
MueteU  opeff«liM0»«iid  Am  aMmageineBC  of tiM  Obm^titaifftM. 
Tbe  oxteoflive  procoaiee  wliieli  we  on  bow  abmit  tooolMideri 
and  which  are  cbmcterieed  by  the  terms  Geodetic  OpertHiime 
ahd  IMgummmkeil  ^Weeyti^,  are  umUy  uadlefiikoa  for 
tbe  aceompllihmeiit  of  one  of  tbeeb  threo  objeML-  1.  Ite 
Uttfilig  the  dtfTereoce  of  toogitudo,  hotwoMi  two  nwderatalir 
dHMit  and  noted  moridians ;  ae  the  meiidiaiif  of  tho  obaannu 
tones  al  Gvaenwich  and  Oxibrd,  or  of  those  al  QtooBwieh 
and  Ptuia.  3.  The  accurate  determinatioo  of  the  googni* 
j^Hieal  poekions  ef  the  principal  phra«a,  wiMhof  oo  tho  ooaat 
or  Hdandt  ia  an  iaiaod  or  kingdom  \  whh  a  new  lo  gifH 
greater  aoouraey  to  maps,  and  to  nccommodalo  the  navigator 
with  the  actual  position,  as  to  latitude  and  longitude,  of  the 
principal  promontoHea^  havetis,  and  pofik  Theaa  have,  till 
lately,  been  desiderata,  even  in  this  country  :  the  position  of 
.  IMMs  hnpMant  points,  as  the  Lizard,  not  being  known  within 
ieven  minutes  m  a  degree  ;  and,  until  the  publication  of  thO 
Board  of  Ordnance  maps,  the  best  county  maps  being  no 
eltt>neod9|  as  in  some  cases  to  exhibit  hlundkte  of  tknt  tnUte 
m  dkktheee  Un  than  tweniy,  S.  The  measurement  of  a 
degree  in  various  aituations  ;  and  thence  tho  datOfUNflhiMm  of 
tho  figure  ifld  munihMto  of  tho  oniu 
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Wlieo  objeeto  wa  ImfMlmA  mt  time  are  to  be  itfUiiiied,  km 
wmmthti  that,  mm4mt  to  ensuiv  the  deewmMe  degree  of  cofb 
lertiUM  in  Ilio  wwite,  the  iiiUHiiMH  ewyioyed,  thtopn^* 
tioBt  pettbfM4»  Mid  the  con^iitaltoai  toured,  miiieMll 
km  the  greeteet  fwible  degree  ef  accuracy.  Of  iheaey  km 
inft  depeod  en  the  ertiat  $  tiM  aecond  on  tlie  surveyoiv  et 
engineer,  who  eondttdi  them ;  and  the  latter  on  the  Ihenrlil 
and  calculater  t  tliey  mm  these  laic  wliieli  vUi  ehieigr  wgiH 
eor  attention  in  the  present  chapter. 

2.  In  the  determination  of  diataocea  of  anany  OMles,  whether 
for  the  survey  of  a  kingdom,  or  for  the  measurement  of  a  de* 
^ree,  the  whole  line  intervening  between  two  extreme  points 
IS  not  absolutely  measured  ;  for  this,  on  account  of  the  in- 
equalities  of  the  earth's  surface,  would  be  alwaysvery  difficult, 
and  often  impossible.  But,  a  line  of  a  few  miles  in  length  is 
very  carefully  measured  on  some  plain,  heath,  or  marsh,  which 
is  so  nearly  level  as  to  facilitate  the  measurement  of  an  actually 
horizontal  line  ;  and  this  line  being  assumed  as  the  base  of  the 
operations,  a  variety  of  hills  and  elevated  spots  are  selected, 
at  which  signals  can  be  placed,  suitably  distant  and  visible  one 
from  another  :  the  straight  lines  joinini^  these  points  con- 
stitute n  double  series  of  trinntrles,  ol  which  the  assumed  base 
forms  the  first  side  ;  ihc  angles  of  these,  that  is,  the  angles 
made  at  each  station  or  signal  sta(T,  by  two  other  signal  staffs, 
are  carefully  meui«ured  by  a  theodolite,  which  is  earned  sue* 
eessiveFy  from  one  station  fo  another.  In  such  a  series  of  tri. 
angles,  care  being  always  taken  that  one  side  is  eonimon  (otwo 
of  them,  alt  the  angles  are  known  from  the  observations  at  the 
ieveral  stations ;  and  a  side  of  one  of  tlmn  being  given,  namely, 
«lMit  ofthe  base  meaanred,  the  aidea  ofall  Hw  fM^  aa  well  as 
tiie  diatance  Aom  the  (iiai  angle  «f  the  iM  triangle,  to  any 
l^nfAelait  triangle,  nray  he  ftivnd  by  tiM  tiriw  of  iHgo. 
MRMiry*  Ami  so,  again,  thm  bearing  of  any  em  of  the  «bh% 
wMiMipeec  to  tbe  meridiaa,  being  detanwined  by  ilaiino 
llMh  ibo  beorlnga  of  any  of  tbo  reat,  wMi  reapoct  laiho  aHoa 
toefidiaiif  wHI  bo  bnonw  by  eiNn|Artatieo*  lii  tbeaa  oimMb. 
IfoM^  ii  ia  aimya  admablo^  wben  uiitawrt— uuu  mWt  adHft 
of  ll»  to  amaoreoooiber  boae  (eolM  a  boaa  of  forilieoiiao) 
atorooar  HiaahorioreKtiomity  of  tboaeime  Ibr  the  taogUi 
of  <>iihaae»  MprnMrnM  ono  of  the  aidoaof  tbo  efanlnof  «tl* 
anglasb  oonipared  witb  ita  lengtb  detororiood  by  oBfMirf  adbMV* 
oill  be  a  «aat  of  tbo  ocoaraoy  of  oil  tbe  opeMliona 
ib  tbo  aeriba  botweaii  tbo  two  baaaa. 
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8.  Now,  in  every  series  of  triangles,  where 
tech  nngle  is  to  be  nsccrtoincd  with  the  same  in- 
8trunicnt,they  should,  as  nearly  as  cirrumstances 
will  permit,  he  equilateral.  For,  if  it  were  pos- 
sible to  choose  the  .stations  in  such  manner,  that 
each  angle  should  he  exactly  t>0  degrees  ;  then, 
the  half  number  of  triangles  in  the  scries,  muU 
tiplied  into  the  length  of  one  nidc  of  either  tri- 
angle, would,  as  in  the  annexed  figure,  give  nt 
once  the  total  distance  ;  and  then  also,  not  only 
the  sides  of  the  scale  or  ladder,  constituted  by 
this  series  of  triangles,  would  be  perfectly  paral- 
lel, but  the  diagonal  steps,  marking  the  progress 
from  one  extremity  to  the  other,  would  be  al- 
ternately parallel  throughout  the  whole  length. 
Here  too,  the  first  side  might  be  found  by  a  base  cromting  it 

{lerpendicularly  of  about  half  its  length,  as  at  ii  ;  and  ihe 
Mt  side  verified  by  another  auch  base,  m*  nt  the  opposilt 
txtremity.  If  tho  mpecrlive  tides  of  the  neriet  of  trimigles 
«m  12  or  18  mi  lea,  thcw  baneii  might^Advantageousl)  be. 
betwMn  6  aod  7,  or  between  0  and  10  milea  respectively  ; 
•eeoidiag  to  eireunslanees.  h  nmy  ahw  be  remurked  lend 
the  meen  ef  it  will  lie  seen  in  the  next  section^,  th»i  when* 
e?er  only  two  englee.of  a  triangle  can  be  aetually  obienred* 
efieh  of  them  ahould  be  as  nearly  as  p)Fsible  45';  or  the  sum 
•f  thm  ahout  90* :  for  the  lens  the  third  oonputed  angle 
Mhnfimk  UO*,  the  less  pmbahility  there  will  be  of  any  con* 
sidemble  error.   See  pmb.  1.  aaet,  2*  of  this  chapter. 

4k  Theettideot  may  obtain  a  general  notion  of  the  method 
employed  in  measuring  an  arc  of  the  a[ieridian«  from  the  Ibl* 
lowing  brief  sketch  and  intsoduelory  ilhist rations. 

The  earth,  it  is  well  known,  is  nearly  spherical.  It  may  be 
either  an  ellipaoid  of  revolution,  that  is,  a  body  formed  by 
the  relation  of  an  ellipse,  tlie  ratio  of  whoae  axea  ia  nearur 
Ihtt  of  equalityt  on  one  of  those  a.ti's  ;  or  it  may  appmscii 
nearly  to  tho  form  of  such  an  ellipsoid  or  spheroid,  while  its 
deriationfl  from  that  form,  though  small  re/a/tre/y,  may  still 
heauficiently  great  in  themselves,  to  prevent  its  being  called 
a  spheniid  with  much  more  propriety  than  it  is  called  a  sphere. 
One  of  the  methods  made  use  of  to  determine  this  point,  ia 
by  means  of  extensive  Geodesic  opemlioos. 

The  earth,  however,  bo  its  exact  form  what  it  may,  is  a 
planet,  which  not  only  revolves  in  an  orbit,  but  turns  upon 
an  axis.  Now,  if  we  conceive  a  plane  to  pass  through  the 
axis  of  rotation  of  the  earth,  and  through  the  zenith  of  any 
place  on  its  suiface,  this  plane,  if  prolonged  to  the  limits  of 
4he  apparent  celestial  sphere,  would  there  trace  the  circum* 
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ftfomof  a  n^rtat'eircle.  which  would  he  the  fRirtiiMof  that 
plate.  All  the  points  of  the  earthen  surface,  which  hilve  their 
mnkk  io  that  ciretimfnrence,  will  be  undur  tbo  same  ceteatiiil 
waiidiafi,  and  will  form  the  ^orrespfindinjnr  terrestrial  meri- 
dian. If  the  earth  be  an  irrcgulnr  sphcmid,  ihifl  meridian  will 
be  a  curve  of  double  curvature  ;  but  if  the  earth  be  a  solid  of 
levolution,  the  terrestrial  meridiai)  will  be  a  plnno  curve. 

5.  If  tbe  earth  were  a  sphere,  then  every  point  upon  a 
terrestrial  meridian  would  be  at  an  equal  distance  from  the 
centre,  and  of  consequence  every  degree  upon  that  meridian 
would  be  of  equal  len<]rtli.  But  if  the  earth  be  an  ellipsoid 
of  revolution  slijjhtly  flattened  at  its  poles,  and  protuberant 
at  the  equator  ;  then,  as  will  be  shown  soon,  the  degrees  of  • 
the  terrestrial  meridian,  in  receding  from  the  equator  towards 
the  poles,  will  be  increased  in  the  duplicate  nitio'of  the  right 
sine  of  the  latitude  ;  and  the  ratio  of  the  earth's  axes,  as  well 
as  their  actual  magnitude,  may  be  ascertained  by  comparing 
ttie  lengths  of  a  degree  on  the  meridian  in  different  latitudes. 
Uence  appears  the  great  unportance  of  measuring  a  degree. 

6.  Now,  instead  of  actually  tracing  a  meridian  on  the  sur- 
face of  the  earth, — a  measure  which  is  prevented  by  the  in- 
terposition of  mountains,  woods,  rivers,  and  seas, — a  con- 
fftniction  is  employed  which  furnishes  the  same  result.  It 
consists  in  this. 

Let  ABCDEF,  &tc,  be  a  pcriet  of  triangles,  carried  on,  at 
nearly  as  may  be,  in  the  directjoo  of  lha  montfiao,  according 


loteobaenratioiiaiD  artSb  Thaaa  triangkaare really  spherical 
or  apberaUlal  trianglea  ;  but  aa  their  curvature  ia  extremely 
Mall,  they  are  treated  the  tame  aa  rectiNiiear  triangles,  either 
|yy  rMhicing  them  to  the  rhards  of  the  respective  terrestrial 
area  ag,  AByBO,  &c.  or  by  deducting  a  Ihird  of  the  excess, 
of  the  sum  of  the  three  angles  of  each  triangle  above  two 
right  angles,  from  each  angle  of  that  triangle,  aod  workiog 
With  the  remaimlers,  and  the  three  sides,  as  the  dimensioiia 
of  a  pfane  triangle  ;  the  proper  reductions  to  the  centre  of 
the  station,  to  the  liorison,  aiid  to  the  level  of  the  sea,  havinc 
beeo  proviottaly  made.  .Theao  computaTiona  being  ma£ 
tbnrapHNit  the  aeries,  the  aidea  of  the  successive  triangfaw  are 
eentemi^tated  aa  area  of  the  terrestrial  apheioid.  Sappoae 
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llMiliPttkiww,  by  ohicmiiMii  wad  tkb mmp/mtkm  vrlMi 
will  h9  iS|ikuMd  in  tins  chapter*  the  autmfkj  or  the  hielhMi* 
tioa  of  the  tide  ao  to  the  fifit  portien  am  of  the  leeeiufei 

mndk^t  wid  thi||  we  find,  by  irigoaomeiry,  the  point  m 
where  thai  cnrre  will  cut  the  Me  bo.  The  poiote  a»  b»  C| 
^  h«ing  in  the  amae  beriaontal  plane,  the  line  am  wtU  ehN» 
'  he  in  that  plane :  butt  hecauae  of  the  ourmtHre  of  the  eaitlit 
tlm  piolonfation  mi'  of  that  line,  will  be  ibond  ofteet  the 
plane  of  the  aeeond  horiaootal  triangle  nc»  i  if,  therefiirey 
withoul  changing  the  angle  cmm',  the  line  mm'  be  brought  • 
down  to  coincide  with  the  plane  of  thie  second  triangle,  by 
being  torped  about  bc  os  an  alia,  the  point  m'  will  dMorihe 
no  arc  of  a  eircJe,  which  will  he  an  very  amalU  that  il  may  he 
regarded  as  a  tight  line  perpendicular  to  the  plane  bcd  : 
whence  it  follows,  that  the  operation  ia  reduced  to  liending 
down  the  side  um'  in  tho  plune  of  the  meridian,  nnd  caU 
cuiating  the  distance  amm',  to  find  the  poaition  of  the  point 
h'.  By  bending  down  tbua  in  inwginalion,  one  after  another, 
the  perta  of  the  OMridiao  on  the  corresponding  horizontal 
triangles,  we  may  obtain,  by  the  aid  of  the  computation, 
the  direction  and  the  length  of  such  meridian,  from  one  ex* 
tremity  of  the  series  of  triangles,  to  the  other. 

A  line  traced  in  the  manner  we  have  now  been  describing, 
or  deduced  from  trignnometricnl  measures,  by  the  means  wo 
I  have  indicated,  is  called  a  geodetic  or  geodefsic  line :  it  has  the 
property  of  being  the  shortest  whicli  din  be  drawn  between 
its  two  extremities  on  the  surface  of  ihe  earth  ;  and  it  is  there- 
fore the  proper  itinerary  measure  of  the  distance  between 
those  two  points.  Speaking  rigorously,  this  curve  differs  a 
liith  from  the  terrestrial  meridian,  when  tho  earth  is  not  a 
solid  of  revolution  :  yet,  in  the  real  state  of  things,  the  dif- 
ference between  tho  two  curves  is  so  extremely  minute,  that 
it  may  safely  be  disregarded. 

7.  If  now  we  conceive  a  circle  perpendicular  to  the  celes- 
tial meridian,  and  passing  through  the  vertical  of  the  place 
of  the  observer,  it  will  represent  the  prime  vertical  of  that 
place.  The  series  of  all  the  points  of  the  earth's  surface 
which  have  their  zenith  in  the  circumference  of  this  circle 
will  form  the  "perpendicular  to  the  meridian,  wiiich  may  be 
traced  in  like  manner  as  the  meridian  itself. 

In  the  sphere  the  perpendiculars  to  tlie  meridian  are  great 
circles  which  all  intersect  mutually,  on  the  equator,  in  two 
points  diametrically  opposite  :  but  in  the  ellipsoid  of  revolu- 
tion,  and  o  fortiori  in  tho  irregular  spheroid,  these  concurring 

Krpendiculars  are  curves  of  double  curvature.  WhateiFer 
the  nature  of  the  terrestrial  spheroid,  the  parallels  to  thn 
e^ualfff  are  curvea  of  which  all  tho  points  are  at  the  aaoM 
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on  an  e11ip«oid  of  fevohition,  tbeae  corves  are  plane 
and  circular. 

8.  The  situation  of  a  place  ie  determined,  when  we  know 
either  the  individual  perpendicular  ta  the  meridian,  orihe 
individual  parallel  to  the  equator,  on  which  it  ie  found, 
and  its  position  on  such  perpendicular,  or  on  sucK  paralleL 
Therefore,  when  all  the  triangles,  which  Constitute  such  a 
aeries  as  we  have  spoken  of,  have  boen  computed,  according  • 
tn  the  principles  just  sketched,  the  respective  positions  at 
their  angular  |>oints,  either  by  means  of  their  longitudes  and 
altitudes,  or  of  their  distances  from  the  first  meridian,  and 
Irom  the  perpendicutar  to  it.  T^e  following  is  }he  method 
of  computing  these  distances. 

Suppose  that  the  triangles  arc,  bcd,  Ac.  (see  the  fig.  to 
art.  6)  make  part  of  a  chain  of  triangles,  of  i^hich  the  sides 
are  arcs  of  great  circles  of  a  gpliere,  whoso  rndius  is  the  dis- 
tance from  the  level  or  surface  of  the  sea  to  llie  centre  of  Iho 
eurth  ;  and  that  we  know  hy  observation  the  angle  t  ax,  which 
measures  the  azimuth  of  the  side  ac,  or  its  inclination  to  the 
meridian  ax.    Tlien,  having  found  the  «;xcess  e,  of  the  three 
angles  of  the  triangle  acc  (cc  being  perpendicular  to  the  me- 
ridian) above  two  right  angles,  l)y  reason  of  a  theorem  which 
will  be  demonstrated  in  prob.  8  of  this  chapter,  subtract  a 
third  of  this  excess  from  each  angle  of  the  triangle,  and  thuf 
by  means  of  the  following  proportions  find  ac,  and  cc. 
sin  {90^  —  J")  •  cos  (oac  —  f k)  ; :  ac  :  ac ; 
si'n  (90^  —  Jb)  :  sin  (cac  —  ^k)  : ;  ac  :  cc* 
The  aaismith  ol*  ab  is  known  inunedialely,  because  eaX 
can— CAX ;  and  if  the  spherical  excess  proper  to  the  triangle 
MMML  be  computed,  we  shall  have 

AM'b  «  180'—  MAS  —  ABX'  +  R. 

To  determine  the  sides  ai^,  bm',  a  third  of  n  must  be  de. 
4uctedfrom  each  of  the  angles  ,  of  the  triangle  ABii';aBd 
then  these  proportions  will  obtain  :  viz. 

sin  (180^  — m'ab  — ABM'+|k)  :  sin  (abh'  —  {b)  ::  ABIAV', 
■in  {l08^  —  m'ab  —  abm'  -fiK) :  sin  (m'ab  —  ^e)  ::  ABraJi'. 

In  each  of  the  right- angled  triangles  a6b,  m  V/o,  are  known 
two  angles  and  the  hyputhenuse,  which  is  all  that  is  neces* 
sary  to  determine  the  sides  a6,  6b,  and  jt'cf,  d».  Therefore 
the  distances  of  the  points  b,  d,  from  the  meridian  and  froa| 
the  perpf^ndicular,  are  known. 

y.  Proceeding  in  the  same  manner  with  the  triangle  acv, 
or  m'd.x,  to  obtain  At  and  d\,  the  prolongation  of  cd  ;  and 
then  with  the  triangle  dnf  to  find  the  side  j^f  and  the  angles 
DNF,  DF>',  it  will  be  easy  to  calculate  the  rectangular  cvt* 
ardi nates  of  the  point  v. 
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we  shall  have  (th.  6  cor.  8.  Geom.) 

80  that,  iQ  the  right-angled  triangle  /ff,  tm  a^glee  and  oQH 
mde  are  known  ;  and  tnerofiwe  toe  appropriate  apherioaleft* 
cese  may  be  computed,  and  thenoe  the  an^  »f  and  the  eld«i 
^r,  rr.  Iteaolving  next  the  ri|[bUangled  tnaagweyr,  we  ahaU 
in  like  manner  obtain  the  poaition  of  the  pofalB,  mth  raipaat 
to  the  meridian  and  to  ita  perpendienlar  at  ;  that  la  In  a^, 
the  diatances  e«,  and  s  ap  —  ep.  And  thus  may  the  compntiit 
proceed  through  the  whole  of  the  aeriea.  It  ia  ra^iaite  how. 
ever,  previous  to  these  calculations,  tu  draw,  1^  anjr  euitabia 
Bcale,  the  chuin  of  triangles  observed,  inord^tofae  whether 
any  of  the  aubaidiary  triangles  aok,  vfp,  dsc*  formed  to  foei* 
litate  the  computation  of  the  diatances  from  (he  aMMtdinttf  Mid 
from  the  perpendicular  to  it,  are  too  obtuse  or  too  neqle* 

Such,  in  few  worda,  is  the  method  to  be  followed,  whtK  TO 
have  principally  in  view  the  finding  the  length  of  the  pMiaR 
of  the  meridian  comprised  between  any  two  points,  as  a  and 
X.  It  is  obvious  that,  in  the  course  of  the  computations,  the 
asimuths  of  a  great  number  of  the  sides  of  triangles  in  the 
series  is  determined  ;  it  will  be  easy  therefore  to  check  and 
verify  the  work  in  its  process,  by  comparing  the  azimuths 
found  by  obs(^rvation,  with  those  resulting  from  the  calcu- 
lations.  Tiin  amplitude  of  the  whole  arc  of  the  meridian 
measured,  is  found  by  ascertaining  the  latitude  at  each  of  its 
extremities  ;  that  is,  coninionly  by  finding  the  differences  of 
the  zenith  dist4nces  of  some  knowa  fixed  star,  at  both  tiMwe 
extremities. 

10.  Some  mathematicians,  employed  in  this  kind  of  opera- 
tions, have  adopted  diliercnt  means  from  the  above.  They 
draw  through  the  summits  of  all  the  triangles,  parallels  to  the 
meridian  and  to  its  perpendicular  ;  by  these  means,  the  sides 
of  the  triangles  become  the  hypothenuses  of  right-angled 
triangles,  which  they  compute  in  order,  proceeding  from 
some  known  azimuth,  and  without  regarding  the  spherical 
excess,  considerinrj  all  ihe  triangles  of  the  chain  as  described 
on  a  plain  surface.  Tina  nielhod,  howover,  is  manifestly 
defective  in  point  of  accuracy. 

Others  have  computed  the  sides  and  angles  of  all  the  tri- 
angles, by  the  rules  of  spherical  trigonometry.  Others,  again, 
reduce  the  observed  angles  to  angles  of  the  chords  of  the  re- 
spective arches ;  and  calculate  by  plane  trigonometry,  from 
such  reduced  angles  and  their  chords.  Either  of  these  two 
methods  is  equally  correct  as  that  by  means  of  the  spherical 
excess  :  so  that  the  principal  reason  for  preferring  one  nf 
these  to  the  other  must  be  derived  fmn  its  relative  facility* 
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J»l»t>#  Mtiiijb  winy<ii  the  ipfwl  tffitMplKW  eolini 
ptiltiai  spheioidal,  they  ueatetriMftiiddiffieuItt  and  may, 

MMteJtootattfsli  Chtm  det  Sekmetf  Phy8ique§  el 
mukmmHiwm  fJiutiM,  1806,  p.  130,  that  the  dif. 
ftnM  lialvMi  •pMeal  and  apheroidalt  anglea  mIms  thaa 
mm  warfrti  of  a  aacottd,  in  tli6  graateit  «?  the  trianglea 
ipttch  oeeunad  tha  lata  aMaaurement  of  an  are  of  a 
meridian  bahpeaa  Ibe  parallde  of  Dunkirk  and  Bareekma. 

11*  TkigOManetrical  surveys  for  the  purpose  of  moaaoriag 
a  degree  of  a  mondian  in  different  latitudea,  and  thence  in* 
ferring  the  figure  of  the  earth,  have  been  undertaken  by 
difiofOnt  philosophers,  under  the  patronage  of  different  go* 
▼emmenta.  As  by  M«  Maupertuia,  CJairaut,  dee*  in  Lapland, 
1786  \  by  M.  Boogoer  and  Condamine,  at  the  equator,  1736— 
1743  ;  by  Cassini,  in  lat.  45  ,  1739 — 40  ;  by  Boscovich  and 
Lemaire,  lat.  43",  1752;  by  Beccaria,  lat.  44=^44',  1768  ;  by 
Mason  and  Dixon  in  America,  1764 — 8  ;  by  Colonel  Lamb- 
ton,  in  the  East  Indies,  1803  ;  by  Mechain,  Delambre,  &c. 
France,  &c.,  1790 — 1805 ;  by  Swanberg,  Ofverbom,  Ate.  in 
Lapland,  1802  ;  and  by  General  Roy,  Colonel  Williams,  Mr. 
Dalby,  General  Mudge,  and  Colonel  Colby,  in  England, 
from  1784  to  the  present  time.  The  three  last  mentioned  of 
these  surveys  are  doubtless  the  most  accurate  and  important. 

The  trigonometrical  survey  in  England  was  Jirst  com- 
menced, in  conjunction  with  BimWar  Of)eralions  in  France,  in 
order  to  determine  the  difference  of  longitude  between  ihe 
meridians  of  the  Greenwich  and  Paris  observatories  ;  for  this 

Surpose,  three  of  the  French  Academicians,  MM.  Cassini, 
iaehaia,  and  Legendre,  mat  Creneral  Roy  and  Sir  Charles 
Blagdeft,  ai  Dontv^  to  ndjaal  their  nlana  nf  operation.  In 
%m  oaniaa  of  tfaa  aorvey,  howover,  too  English  philoaophoray 
aalnaiad  h&m  Um  Royal  ArfiHary  officora,  expanded  tbeir 
fievaif  nadimfaoed  their  e|iontlona»  rnider  the  patronage, 
tadnltennpenae  of  tbe  Ibmoiirable  Board  of  Ordoanea, 
in  Older  lo  pOTfod  the  geography  of  Bngland*  and  to  deter, 
mine  tbo  kngtha  of  aa  many  degreea  on  the  nertdian  aa  fell 
within  the  compaat  of  their  kboors; 

IS.  it  is  not  our  province  to  enter  into  the  hiatory  of  these 
surveys :  but  it  may  he  inlerettiag  and  instructive  to  speak  a 
lime  of  the  inrtiumenia  employed,  and  of  the  extreme  ae« 
onoMf  eC  aoine  of  the  results  obtained  by  them. 

Tbeae  intttnmenta  era,  heaidea  the  aignals,  those  for  raea- 
aaring  dtstanoea,  and  those  for  measaring  angles .  The  French 
philosophera  need  for  the  former  purpose,  in  their  measure- 
ment to  determine  the  length  of  tne  mc/re,  rulers  of  platina 
nndef  nepfeiv  (bmnnf  nMtaiUc  tharmonietera.   The  Swedish 
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mathertiiiticians,  Swnnberg  and  OfVerbom,  employed  ifdtf 
bars,  covered  towards  each  extromity  with  plates  of  mher* 
General  Roy  commeoced  his  meamirameot  of  the  base  at 
Hounslow-Heatll  with  deai  mds^  each  of  SO  fiiet  in  length. 
Though  they,  however,  wen  innd*  of  iho  beat  tmwomi  tinl* 
bar,  were  peHbctly  straight,  and  were  aeeuivd  Imn  bending 
in  the  inost  eliectoal  manner ;  yet  the  changes  in  their  lengths^ 
oecasioaed  by  the  variable  moisture  and  dryness  of  the  air, 
were  so  great,  as  to  take  away  all  oonfidenee  in  the  reaulta 
deduced  from  them.  Afterwards^  in  consequence  of  having 
found  by  experiments^  that  a  solid  bar  of  glass  is  more  dilata- 
ble than  a  lube  of  the  same  matter,  glass  tubes  were  subsli*^ 
tuted  for  the  deal  rods.  They  were  each  80  feet  long,  inclosed 
in  wooden  frames,  so  as  to  allow  only  of  expatision  or  con- 
traction in  length,  from  heat  or  cold,  according  to  a  law 
aecertaihed  by  experiments;  The  base  measured  with  these 
was  ^nd  to  be  37404*0(^  feot^  or  about  5*10  miles.  Several 
ye^re  afterwards  the  same  base  was  remeasared  by  General 
Madge,  with  n  steel-chaiu  of  100  feet  long,  constructed  by 
Rainsden-,  and  jointed  somewhat  like  a  watch-chain.  This 
chain  was  always  stretched  to  the  game  lensioQ»  supported 
On  troughs  laid  horizontally,  and  allowances  were  ilia!de  tor 
tbangesia  its  length  by  reason  of  variations  of  tefl[||peratu re, 
at  the  rate  of  *0075  of  an  inch  for  each  degree  of  beat  from 
62^  of  Fahrenheit :  the  result  of  the  measurement  by  this 
chain  was  fhuud  not  to  differ  more  than  2j  inches  fraill 
General  Roy^s  determination  by  means  of  the  glass  tubes  :  a 
minute  diti'ercnce  in  a  distance  of  more  ihnn  5  miles  ;  which. 
Considering  that  the  mensurerhcnts  were  effected  by  different 
pi^rsons,  and  with  different  inslriunents,  is  a  remnrkable  con- 
firmation of  the  accuracy  of  both  operations.  And  further, 
ias  stf^el  chains  can  be  used  with  more  facility  and  convenience 
than  glass  rods,  this  remertsurement  determines  the  question 
of  the  comparative  fitness  of  these  two  kinds  of  instruments. 
Still  greater  improvements,  however,  in  the  construction  of 
npparolus  for  the  mciisuremont  of  a  base,  are  now  ready  for 
introduction  ii^to  the  survey,  by  its  tfcientific  and  indefati- 
gable conductor  Colonel  Golby. 

13.  For  the  determination  of  angles,  the  French  and  Swe- 
dish philosophers  employed  repeating  eirHes  of  Horda's  con- 
fetructiim  :  instruments  which  are  extremely  portable,  and  with 
which,  though  they  are  hot  above  14  inches  in  diameter, 
the  t)bi!ervers  tan  take  angles  to  within  1  or  2"  of  the  truth. 
But  this  kind  of  instrument,  however  great  its  ingenuity  in 
thtSofy,  has  the  accuracy  of  its  observations  necessarily  limited 
by  the  Imperfections  of  the  TinaH  telescope  which  must  be 
fttithed  to  it.    Gcueralb  Koy  and  Mudge  made  use  of  4 
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very  excellent  theodolite  constructed  by  Ramsden,  which, 
having  both  an  nititude  nnd  an  azimuth  circle,  combines  the 
powers  of  a  theodolite,  a  quadmnt,  and  a  transit  instrument, 
and  is  capable  of  measuring  horizontal  angles  to  fractions  of 
a  second.  This  instrument,  besides,  has  a  telescope  of  a 
much  higher  magnifying  |iower  than  had  ever  before  been 
applied  to  observationa  purely  lerreatrial  ;  and  this  is  one  of 
tiie  wperiorttiea  in  its  construction,  lo  which  is  to  be  aacribeil 
Ike  ettrene  aceoimcy  in  the  leiulte  of  tliis  tngonometiical 
mummy. 

Aooilier  cireaiiitUilioe  #hieh  Ium  ttt||aMled  the  wsemnrnj 
of  tlie  Bngliah  iiiea8nna«  mnaifs  fiom  the  Mde  of  fisMg  mm 
using  tbie  theodolite.  In  the  method  putaned  hj  the  Coo- 
luieMal  imlbeiiMUicaaiM.  a  reduction  ia  neceMry  to  the  phne 
ef  the  horiuony  aud  another  to  bring  the  obeemd  oagleo  le 
the  true  auflee  at  the  centres  of  the  iigiNde  I  these  veduciiou% 
of  eourse,  raquire  Ibnnttlie  of  compotatioay  Che  eetusi  en* 
pbyyeot  of  Hrhich  suiy  lend  to  tetur.  But*  ia  the  tngooo- 
MriMlsuhrey  of  Bogbiid,  srcal  cara  has  alwayabeen  Cakea 
le  phMie  the  centia  of  the  theodolite  exaecly  in  the  ▼efttcal 
Kae*  previooaly  or  sobseqpently  occupied  by  the  centre  of  the 
sigiMil  t  the  theodolite  ia  also  placed  in  a  perfectly  horizontal 
positioiu  Indeed*  as  area  observed  by  professor  Playfair, 
^  In  no  other  survey  has  the  work  in  the  field  been  conducted 
an  Bsq^h  with  a  view  to  save  thai  in  the  cloael»  and  at  the 
same  tjuM  lo  avoid  all  those  causes  nC  error,  however  nwMts^ 
that  are  not  essentially  involved  in  the  nature  of  theprobfetBA 
Xhe  French  mafhematinians  trust  lo  the  eorrrction  of  those 
erirors  ;  the  Knglish  endeavour  fo  cut  them  off  entirely  ;  and 
it  can  hardly  be  diMibted  that  the  latter,  thr»ugh  perhaps  the 
alower  and  more  expensive,  is  by  far  the  safest  proceeding." 

14.  With  a  view  lo  facilitate  the  observntion  of  distant 
stations,  many  contrivances  have  been  adopted  ;  among 
which  those  recently  (182())  invented  by  Lientenant  Drum- 
mond,  R.  E.  deserve  peculiar  notice  :  of  these,  one  is  appli- 
cable bv  dav,  the  other  by  nijjht.  The  first,  which  consists 
in  emplo^in^  the  relleclioii  f»f  the  sun  from  a  plane  mirror 
as  a  point  of  observation,  was  first  suggested  by  Professor 
(fauss  ;  and  the  result  of  the  first  trials  made  in  the  survey 
of  Hanover  proved  very  successtul.  Recourse  was  had  to 
this  method  on  some  oceusions  tiial  occurred  in  the  'IVigo- 
nometrical  Survey  of  Encrland,  where,  from  peculiar  local 
circumstances,  mnch  difficulty  wa«  exporieoced in disceroing 
the  u^ual  signals. 

£ven  as  a  temporary  expedient,  and  under  a  rude  form^ 
viz.  that  of  placing  tin  plates  at  the  station  to  be  observed 
ia  such  a  manoer  that  tlie  sun's  reflection  should  be  thrown 
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towards  the  observer  at  a  particolaf  time,  the  moet  essentici 
service  was  derived  from  its  use  ;  and  the  consequence  wa% 
the  inventkm  «f  a  more  perfect  insiroflnent,  of  which  a  de* 
scripttoii  is  given,  accmnpanied  wilii  a  drawing* 

Tha  eecoiid  method  eonsists  in  the  eshibition  of  a  my 
brilliant  light  nt  night.  At  the  oomroeoceflMBt  of  the  Sumy 
of  EoglaiMl,  Qeneral  Roy  had  reconr8e>  on  Mvml  ocoanaii% 
and  etpecialiy  in  carrying  his  trtan|rles  acfosB  ^0  Gkannaif 
to  the  naa  of  Bengal  and  white  iigiits  ;  for  these,  puabolie 
reflectors  illuminated  by  Argond  lamps  were  afterwuidi 
subetttuted  as  more  convenient ;.  hot  from  want  of  power 
they  appear  in  turn  to  have  gradually  fallen  into  dieuea» 
With  a  view  to  inmedy  this  detect,  a  seriea  of  expert  wnta 
waa  imdertaken  by  Lieotenant  Drummond,  the  veeull  of 
which  waa  the  production  of  a  very  intense  lights  varjrnig 
between  60  and  90  times  that  of  the  brightest  part  of  tfaa 
flame  of  an  Argand  lamp. 

This  brilliant  light  is  obtained  ffom  a  small  baH  of  lime 
about  8^hs  of  an  inch  diameter,  placed  in  the  flMiui  of  the 
reflector,  and  exposed  to  a  very  intense  heat  by  means  of  a 
simple  apparatus,  of  which  a  deacription  is  given,  in  his  ac» 
count.  A  jet  of  oxy^^cn  gas  directed  through  the  flame  of 
alcohol  is  emplovd  as  the  source  of  heat.  Zirconia,  mag. 
nasiat  and  oxide  of  xinc  were  also  tried  ;  but  the  light 
emanating  from  them  was  much  inferior  to  that  from  lime. 
Besides  being  easily  procared,  the  lime  admits  of  being 
turned  in  the  Inthe,  so  that  any  number  of  the  small  focal 
balls  may  be  readily  obtained,  uniform  in  size,  and  perfect 
in  figure.  The  chemical  agency  of  this  light  is  remarkable, 
causing  the  combination  of  chlorine  and  hydro^ien,  ond 
blackening  chloride  silver.  lis  application  to  the  very 
important  purpose  of  illuniinalinj;  lirrht-honses  is  sutraested, 
especially  in  those  situations  where  the  lif^^hts  are  the  fint 
that  are  made  l)y  vessels  arriving  from  distant  voyages. 

Both  the  niethods  now  described,  for  accelerating  geodesic 
operations,  were  resorted  to  with  much  success  during  the 
season  of  1825  in  Ireland  ;  and  on  one  occasion,  where  every 
attempt  to  'liscern  a  disant  station  had  tailed,  the  observa- 
tions were  effected  by  iheir  means,  the  iieliostat  being  seen 
during  the  day,  when  the  otitliiic  of  the  hill  ceased  to  be 
visible,  nnd  light  at  night  being  seen  wi:li  the  naked  eye, 
and  appt^aring  much  brighter  nnd  birgorat  the  distance  of  06 
miles,  tlinn  a  parabolic  reflector,  of  equal  size,  illuminated 
by  an  Argand  lamp,  and  placed  nearly  in  the  same  direc- 
tion, as  on  object  of  reference,  nt  the  distance  of  15  miles. 

15.  In  proof  of  the  great  correctness  of  the  English  sur» 
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▼ey,  ve  shall  itate  a  verj  few  parttculan,  bendas  what  k 
already  menHooed  in  ait.  12. 

General  Roy,  who  firat  meaaared  the  baae  on  Hounslow. 
Heath,  meamired  another  on  the  flat  groond  of  Romoey* 
Marsh  in  Kent,  near  the  aouthem  extreautyof  the  first  seriea 
of  triangles,  aiid  at  the  distance  of  more  than  60  miles  from 
the  firat  baae*  The  length  of  this  base  of  verificatioD,  aa 
actnally  meainrad,  compared  with  that  remiUing  from  the 
eomputation  through  the  whole  series  of  triangM,  difiered 
ODly  by  28  inches. 

General  Mudge  measured  another  base  of  ▼erificatien  on 
Saliabury-Plain.  Its  length  was  36574*4  feet,  or  more  than 
7  miles ;  the  measurement  did  not  differ  i^re  than  one  meh 
from  the  computation  carried  ihrough  tiic  fifties  of  triangles 
from  Hounslou'-Heath  to  Salisbur} -Plain.  A  most  remark- 
able proof  of  the  accuracy  with  which  all  the  angles,  as  well 
as  the  two  bases,  were  measurrd  ! 

The  distance  between  Beachy.Hoad  in  Sussex,  and  Dun- 
nose  in  the  Isle  of  Wi^lit,  as  deduced  from  a  mean  of  four 
series  of  triangles,  is  339397  foel,  or  more  than  G4*  miles. 
The  extremes  of  the  foqadelenninalions  do  not  differ  more 
than  7  feel,  which  is  lessThan  1^  inches  in  a  mile  Instances 
of  this  kind  frequently  occur  in  the  Kncrlijjh  survey  *.  But 
w^e  have  not  room  to  specify  more.  W  e  mvisi  now  proceed 
to  discuss  the  most  important  problems  connected  with  this 
subject ;  and  refer  tfiose  who  are  desirous  to  consider  it  more 
minutely  to  Genera!  Mudge  and  Colonel  Colby 'a  "Account 
of  the  Trigonometrical  iSnrvcy  Mecliain  and  Delambre, 
"  Base  du  Systeme  Metrique  Drcimr^l  8wanberg,  "Ex- 
position des  Operations  faites  en  Lnpponie  and  Puissant's 
works  entitled  "  Geodesie,"  and  "  Traite  de  Topographic, 
d'Aipenlage,  ^c." 


•  Puissant,  in  his  "  Geodesic,"  «fier  (|iin!:n?  «!omP  of  tbrni,  fs^-r-,  "  N>- 
aomoins,  ju<«qu'd  pr^senl,  rien  n'o|jal»»  ».  fi  exuclilude  Ics  opi  latifins  o- 
deviques  qui  ontservi  de  fandcinent  u  noire  svnt^oie  mLtrique."  tJe, 
however,  gives  no  initaocef.  We  bava  no  wisb  lo  depreciate  the  la- 
boars  of  the  French  laeaiares ;  but  we  cannot  jleld  them  the  prefer* nee 
fla-aeia  aiNftioB. 


J 
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SECTION  II. 

JPrMenu  eounecied  vifh  the  detail  of  Operations  in  Extentiv^ 

Trigonometricul  JSurveys, 

PBOBbEM  u 

It  is  required  to  dotermine  the  most  advantageous 
couditions  of  triangles. 

1.  In  any  redninear  triangle  abc,  it  is,  from  the  propor* 
lionalit^  of  aidcVto  tha  sines  of  their  opposite  angles,  ab  $ 
ac : :  sin  c  :  sin  Ay  and  consequently  ab  •  sin 
A  BO  •  sin  €•  Let  ab  be  the  base,  which 
is  supposed  to  be  measuied  without  percep- 
tible error,  and  which  therefore  is  assumed    _ 

as  constant;  Iben  finding  the  extremely^  \ 

small  yariation  or  fhixioQ  of  the^^ountion  on  tbts  hypothesis, 

it  is  AB  .  cos  A  .  A  =  sin  c  .  BC  4-  BC  .  cos  c  .  0.  Here,  since 
we  are  ignorant  of  the  magnitude  of  the  erroni  or  variations 

expressed  by  a  and  c,  suppose  them  to  be  equal  (a  probable 
supposition,  as  they  are  both  takon  by  the  same  tostrument), 
imd  each  denoted  by  o  :  then  will 

BO      «  X 


Mil  C  * 
JIC    i.   1  AB 


AT,  substituting  ^""^  for  its  equal       (he  equation,  will  be. 

•  cot  A  Cii9(-. 

come  BC  =  e  X  (BC  .      —  ac .  ^^); 

or  finally,  »c  =  e  .  bc  (cot  a  —  cot  c). 

This  equation  (in  the  use  of  which  it  must  be  recollected 
that  V  taken  in  seconds  should  be  divided  by  h%  that  is,  by 
the  length  of  the  radius  expressed  in  seconds)  gives  the  error 

in  the  edUmation  of  bc  occasioned  by  the  erms  in  the 
angles  a  and  c.  Hence,  that  these  errors,  supposing  them 
to  be  equal,  may  have  no  influence  on  the  determimition  of 
BC,  we  must  have  a  =  o,  for  in  that  case  the  'aecond  member 
of  the  equation  will  aanisb. 

2.  But,  as  the  two  errors,  denoted  by  a,  and  c  which  wo 
have  supposed  to  be  of  the  same  kind,  or  in  ihe  same  direc- 
tion, may  be  committed  in  difl'urent  directions,  when  the 

equation  will  be  bc  ~  ±  w  .  bc  (cot  a  4-  cot  c)  ;  we  must 
inquire  what  magnitude  the  angles  a  and  o  pug^t  to  havci 
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to  that  the  sum  of  their  cotangents  shall  have  the  least  TtHie 

|X>88ibIe  ;  for  in  this  state  it  is  manifest  that  bc  will  have  its 
least  value.    But,  by  the  fonnuleb  in  chap.  3,  wo  have 

»in  (»  4-  r)   tin  (a-^c)  |  *^ 

 <f>in  m 

CM  (a  U>  C)        C<M  S*  * 

Sfin  B 

ConsequenUy,  bc  =  ±  »  .  bc  .  eo»  (a  ci?  c)  + 


And  hence,  whatever  be  the  magnitude  of  the  angle  b,  the 
error  in  the  Talue  of  bc  will  be  the  least  when  eoa  (a  «^  c)  ii 
the  greeteel  poMhle«  which  is,  when  a  ss  c. 

We  may  therefore  infer,  for  a  general  rule,  that  the  moat 
advtmtageou9  state  of  a  triangUy  when  we  jpouU  deienrim 
one  side  onl^p  is  when  the  base  is  equal  to  the  mle  sought. 

8.  Since,,  by  thia  ruJe^  the  beae  ahonld  be  equal  to  die  side 
Bought,  it  is  evideol  that  when  we  inndd  determine  two  sideSf 
the  most  adwanlqgftms  eonditim  of  a  triangle  is  thai  U  be 
equilateral. 

4.  It  rarefy  happenSy  however,  that  a  baae  can  be  commo- 
diously  measured  which  is  aa  jiiHg  ^  the  sadee  sought.  Sup. 
peeing,  therefore,  that  the  kHPE'cf  the  base  ia  ttmited,  bol 
thai  ila  directioi^  least  may  be  chosen  at  pleasure,  we  pro* 
ceed  to  ini|aire  what  that  direction  should  be,  in  the  case 
where  ooo  only  of 'the  other  two  sides  of  the  triangle  is  to 
be  determined. 

Let  it  be  imagined,  as  before,  that  ab  is  the  base  of  the 
triangle  abc,  and  bc  the  side  required.  It  is  proposed  to  find 
the  least  value  of  cot  a  :f  cot  c,  when  we  cannot  have  a  =  c. 

Now,  in  the  case  where  tlie  negative  sign  obtains,  we  have 

AK — lir  .  COS  B          Be — An- 009  B              AB^ —  BC* 
Ml    A  -MM  COC  C   ■■   —  "  '   SM  , 

BC  .  Sin  H  AB  .  Sin  H  AB  .  Bl  .  Sill  IT 

This  equation  again  manifestly  indicates  the  equality  of  ab 
and  BC,  in  circumstances  where  it  is  possible  :  but  if  ab  and 
BC  are  constant,  it  is  evident,  from  the  form  of  the  denomi- 
nator of  the  last  fraction,  that  the  fraction  itself  will  be  the 
least,  or  cot  a  —  cot  c  the  leajst,  when  sin  b  is  a  maximum, 
that  is,  when  b  =  90^. 

&  When  the  positive  sign  obtains,  we  have  cot  A4*cot  c=^ 

eeC  A  +  y  ■      ai  cot  A  -t-      (—  7^  —  1). 

Here,  the  least  value  of  the  expression  under  the  radical  sifrn, 
IS  obviously  when  a  =  90  \  And  in  that  case  the  first  term, 
cot  A,  would  disappear.  Therefore  the  least  value  of  cot  a  + 
cot  c,  obtains  when  a  =  90^  ;  conformably  to  the  rule  given 
by  M.  Bouguer  {Fig*  de  la  Terre^  p.  But  we  have 
Vol.  IL  11 
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tlretdy  aaen  that  in  tfao  case  of  eol  a  cot  c,  wo  hhmI  hato 
B  at  00  :  wbeneo  wci  eoocludo,  ainco  tho  eoodhioDt  a  «e  00", 
B  »  00^9  eaimot  obtain  aimnltanoonaly,  that  a  modiom  renilt 

H/OaU  gif  0  A  B. 

If  wo  apply  to  the  side  ac  the  same  reasoning  aa  to  ao^ 
mmilar  foaulta  will  ba  obtainod  :  therefore  in  general,  when 
th$  bate  cmmai  he  agaal  to  one  or  to  both  ike  sides  required^ 
the  most  admntageoui  eomdUim  of  the  triangle  is,  thtit  the 
base  be  the  longest  poaikUf  end  thai  the  two  angles  at  the 
btue  be  equal  These  equal  angloa,  howevor»  abould  nover, 
if  poMiblOt  bo  leaa  than  28  degrooa, 

A  FSOBLBM  iz. 

To  dodnooy  from  angloa  moaaorad  o«t  of  ono  of  tho  atations, 
but  noar  it,  tho  tnio  angloa  at  tho  station. 

When  tho  centre  of  tlie  instrument  cannot  be  placed  in  the 
vertical  hne  occupied  by  the  axis  of  a  signal,  the  angles  ob- 
aerved  must  undergo  a  reduction,  according  to  circumstancoa. 

1.  Let  c  be  tho  contra  oP^e  station, 
F  tho  placo  of  tho  centre  of  the  inatnu 
mont,  or  tho  summit  of  tho  observed  an^ 
gio  APB  :  it  is  required  to  find  c,  the 
measure  of  acb,  supposing  there  to  be 
known  apb  =  p,  sufc  «       CF  « 

HQ  =  L,  AC    =  R. 

Since  the  exterior  angle  of  a  triangle  is  equal  to  the  sum 
of  the  two  inienor  opposite  angles  (th.  16  Geom.)  we  have, 
with  respect  to  the  triangle  iap,  aib  =  p  +  iap  ;  and  with 
regard  to  the  triangle  hit,  aib  =  c  +  cbp.  Making  these 
two  values  of  aib  equul,  and  transposing  iaP|  there  results 

C  =  P  4-  IAP    CBF* 

But  the  triangles  cap,  cbp,  give 

m  <UF«»  Mil  UF  »  ^  am  AN  -  i^ii!!^' ; 

CP  d  ,»mm 

amCBVBS-.  .  MBBPO  » — 

BC  L 

And,  as  the  angles  cap,  cbp,  arc,  by  the  hypothesis  of  the 
problem,  always  very  small,  their  sines  may  be  substituted 
for  their  arcs  or  measures  :  therefore 

d  .  gin  (p ~^p)      d.  tinp 

Or,  to  have  the  reduction  in  seconds, 

d       .tin  (p4-|»)      wn  f  ^ 

o-»=-r..(—  j^). 
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The  use  of  this  formula  cannot  in  any  case  be  eoilmrrftMiiigi 
Mmded  the  signs  of  sin  p,  and  sin  (p  +  p)  be  attended  to. 
Thas,  the  first  term  of  the  correction  will  be  poettiTe*  if  the 
angle  (p  +  p)  is  com^ised  between  0  and  180^  ;  and  it  will 
become  negative,  if  that  angle  surpass  180^.  The  contrary 
will  obtain  in  the  same  cifcumtcances  with  r^rd  to  the  se- 
oond  teraiv  which  anawera  to  the  angle  of  dirMtion  p.  The 
latter  a  denotea  the  distance  of  the  dgect  ▲  to  the  right,  & 
the  distance  of  the  object  m  situated  to  the  left,  and  p  the 
aiiglo  at  the  place  of  observation,  between  the  centre  of  the 
otation  and  theobject  to  the  left. 

2.  An  approximnle  reduction  to  the  centre  may  indeed  be 
obtained  by  a  sintjle  tenn  ;  but  it  is  not  quite  so  correct  as 
the  form  above.  For,  by  reducing  the  two  fractions  in  the 
second  member  of  the  last  equation  but  one  to  a  oonuaoa 
deoomioalory  the  correction  becomes 

« 

c^rm  ^  >  

And  because  p  is  always  very  nearly  equal  to  c,  the  sine  of 
▲  +  p  will  differ  extremely  Utile  from  sin  (▲  +  c),  and  may 

thoiaibia  be  substitated  for  it,  making  l  »  _-_ . 
HoDca  tre  manilaatly  hare 

c  — 2P  «  j7;27j  ; 

Which  by  taking  the  aipanded  ezpreasions  for  sin  +p}, 
nad  ain  (a  +  p),  and  redocing  toaeoonds,  gtvaa 

4      gin  ».  »iw(A— f) 

3.  When  either  of  the  dislaocea  a,  becomea-  infinKo, 
with  respect  to  d,  the  oomspondiiig  term  in  the  expression 
art.  1  of  thia  piroblem,  vanishes,  and  we  hare  accordingly 

.  tin  9    rf .  rfii  (^4*fl) 

The  first  of  these  will  apply  when  the  object  a  ia  a  hemrenly 
body,  the  second  when  a  ia  one.  Whea  both  a  and  a  are 
such,  then  c  —  F  =  ©• 
fiut  without  snpposing  either  a  or  a  infinite,  we  may  have 
9»0,ofO8Brin  innnmendile  instances  :  that  is,  in 
«11  cases  in  which  the  centre  r  of  the  inatniment  is  placed  in 
tiia  circomference  of  the  circle  that  paasea  through  the  three 
pointa  A,  B,  G  ;  or  when  the  angle  ^  ia  equal  to  the  angle 
BAC,  or  to  BAC  +  ISO".  Whence  though  c  should  be  inac 
oonriMn,  thir  angle  aob  may  commonly  bo  obtainad  by  ob» 


/ 


i 

« 
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•erration,  without  any  computation.  Tt  may  further  be  ob- 
served, that  when  p  falls  in  the  circumference  of  the  circle 
passing  throijirh  the  three  points  a,  b,  c,  the  angles  a,  b,  c, 
may  be  determined  solely  by  measurincr  the  angles  apb  and 
BPC.  For  the  opposite  angles  abc,  apc,  of  the  quadrangle 
inscribed  in  a  circle,  are  (theor.  54  Cieom.)  =180^.  Conse-^ 
quentlv,  auc  =  180-*  —  apc,  and  bac  =  180°  —  (abc  +  acb) 
XB  180^—  (abc  +  apb). 

4.  If  one  of  the  ol)jects,  viewed  from  a  further  station,  be 
a  vane  or  statf  in  the  centre  of  a  sh  eple,  it  will  frequently 
happen  that  such  object,  when  the  observer  comes  near  it,  is 

♦  both  invisible  and  inaccessible.  Still  there  are  various  me. 
tbods  of  findin^y  the  exact  angle  at  c.  Suppose,  for  exarople« 
the  signaUstaii'  be  in  tlie  centre  of  a 
circular  tower,  and  that  the  angle  apb 
was  taken  at  p  near  its  base.  Let  the 
tangents  pt,  pt',  be  marked,  and  on 
them  two  equal  and  arbitrary  distances 
pm,  pm',  be  measured.  Bisect  mm'  at 
the  point  Ji :  and,  placing  there  a  signal 
•talTy  meaaim  the  angle  apb,  which  (since  pn  prolonged  ob« 
irimitly  paoMa  throng  e  the  aentre)  will  be  the  angle  p  of 
the  preceding  iavesti^ation.  Also,  the  diatance  v»  added  to 
the  raditta  ct  of  the  tower,  will  give  pc  =  il  in  tiie  fyrmat 
investigation* 

If  the  eircnn^renoe  of  the  tower  cannot  be  meaaared,  and 
the  radiua  thence  inferred,  proceed  thtia :  Meaiure  the  anglea 
BPTf  BPT^,  then  will  BFO  »  H-  bpt')  =p;  and  on  as 
BPT7-BP0  :  MeaaorePT,  fhenPo«FT.aeccprasd.  Willi 
the  wuea  of  p  and  d,  thua  obtained,  proceed  as  belbre* 

5.  If  the  base  of  the  tower  be  polygonal,  and  regular^  aa 
iBOfI  commonly  happena :  aasome  p  in  the  point  of  interaee- 
tioa  of  two  of  the  sidea  prolonged,  and  BPcTae  ^  (bpt  +  bpt'} 
aa  before,  pt  » the  diatance  from  p  to 

the  middle  of  one  of  the  sides  whose 
orolongation  passes  through  p ;  and  «  ^i^, , 
lieiioa  PC  ia  found,  as  above.  If  the 
li^re  be  a  regular  hexagon,  then  the  y 
tnangle  paiai'  ia  equilateral,  and  pc» 
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To  teAuce  angles  measured  in  a  plane  inclined  to  the  horizottt 
the  correspoadiag  angles  in  the  horizontal  plane. 

LetBCA  be  an  angle  meawwd  m  •  plw  "irfifed^ 
horizon,  and  let  b  oa  be  the  coTWipoiidnig  angit  m  the  Ij^ 
rizontal  plane.  Let  il  and  4-  be  the  MOllb  dlMaoes,  orthe 
complementa  of  the  anglee  of  ek^Mtieo  Aca  »  m  •  i«e« 
from  X  the  senhh  of  the  obeerver» 
or  of  the  angle  c,  draw  the  area  sa 
Mbf  of  vertical  cirelea,  roeaauriiig 
the  lenith  diatancea  df,  and  draw 
the  are  a6  of  another  great  circle  to 
flMaenre  the  angle  o.  It  followa  . 
ftomtii^  oOMtruction,  that  the  an- 
rie  j»  el*  the  spherical  triangle  2a6, 
»e<|Ml  to  the  horizontal  angle  acb  ;  and  that,  to  find  it, 
the  three  «det  =  d,  a*  « if,  c6  =  c,  are  given.  Call  the 
aum  of  these  « ;  then  the  rcsoking  formula  of  piob.  2,  ch.  iv, 
applied  to  the  pteoentinatance,  becomes 

Bin     =  sm « ^  ^u^dT^a-  * 

If  A  and  Jk' represent  the  angles  of  altitude  aoa'i  bob',  the 
piMediqg  expieaiton  will  become 

.  ,  liB  kc-hh-h') .  «n  |{c  4-  4'-*) 

sin  Jc  —   CO*  h .  cus.  h' 

Or,  in  logarithms, 
hwiin  \c  =  -1(20  +  log  sin  ■  (c  +  A  —  K)  4;  log  sin 
^(c+A  — — logcoaA  — logcos  A, 

Car.  1.  If     V,  then  ia  ain  }i» «         ;  tad 

log  sin  Ja'cb'  =  10  +  log  sin  Jacb  —  log  cos  h. 

Car.  2.  If  the  anglea  h  and  h'  be  very  small,  and  nearly 
equal ;  then,  since  the  cosines  of  small  angles  vary  extremely 
alowly,  we  may,  without  sensible  error,  lake 
log  ain  Jacb  »  10  +  log  sin  Jacb  —  log  cos  1(A+A'), 

Ott.  9.  Inthiacaae  the  correotioo  « «  a W  —  acb, 
he  Ibaad  hj  the  espffeosioB 

a  »  sin  1"  (tan  Jc.Ci  O  —         —  cot  ic  C^^)')- 

And  in  tUe  forarala,  as  weH  aa  the  firatgifOB  Ibr  4o,d 
and  d'  may  be  either  one  or  both  gieater  or  less  than  a  qua- 
drant ;  that  ia,  the  eqiiationa  will  obtain  whether  aoa  and 
wa^  be  eaidi  aa  etoTation  or  a  depression. 
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Scholium.  By  mtans  of  this  problem,  if  the  altitude  of  a 
bill  be  found  barometricallyy  accordiofi^  to  the  method  de- 
scribed ID  the  Ist  volume,  or  geometricallyy  according  to  some 
of  thotie  described  in  heights  and  distances,  or  that  given  in 
the  following  problem  ;  then,  finding  the  angles  formed  at 
the  place  of  observation,  by  any  objects  in  the  country  below, 
and  their  respective  angles  of  depression,  their  horizontal  an- 
gles, and  thence  their  distancos,  may  be  found,  and  their  re- 
lative places  fixed  in  a  map  of  the  country  ;  taking  care  to 
have  a  sufficient  number  of  aqgles  between  iateraecliog  lines, 
to  verify  the  operations. 


Given  the  angles  of  elevatioo  of  any  distant  object,  tnfcon 
m  three  places  in  a  horizontal  right  line,  which  does  not 
pass  through  the  point  directly  below  the  object ;  and  the 
respective  distances  between  the  stations  ;  to  Bod  the 
height  of  the  object,  and  its  distance  from  either  station* 

Let  A£D  be  the  horizontal  plane  :  fe  the  perpendicular 
height  of  the  object  f  above  that  plane  ;  a,  b,  c,  the  three 
places  of  observation  ;  fae,  fbe,  fob,  the  respective  angles 
of  elevation,  and  ab,  bc,  the 
given  distances*  Then,  sinco 
ttM  triangles >BF>  BE F,  cbf,  are 
nil  right  angled  at  b,  the  d»* 
tnnees  ab,  bb,  ce,  will  mani. 
festly  be  as  the  cotangents  of  the 
angles  of  elevation  at  a,  b,  and 
o:  and  we  have  to  determine 
the  point  b,  so  that  those  lines 
may  have  that  ratio.  To  efiect 
this  geometrically»  use  the  following 

CmulruUion*  Take  bu,  on  ac  produced,  equal  to  bc, 
BB  equal  to  ab  ;  and  make 

MO  :  bm  ( s=  bc)  : :  cot  A  :  cot  B, 
and  BN  (  =  ab]  :  ire  ::  cot  b  :  cot  o. 
With  the  lines  Mif,  vo,  no,  oonstitote  the  triangle  xno; 
and  join  bo.   Draw  ab  so,  that  the  angle  bab  may  be  equal 
to  XBB  $  dus  line  will  meet  bo  produced  in  a,  the  point  ia 
the  horizontal  plane  falling  perpendicularly  below  f. 

Demonstration.    By  the  similar  triangles  abb,  omb,  we 
have  AE  :  BE  : :  MG  :  MB  :  :,cot  a  :  cot  b, 
end  bb  :  BA  (  =  bk)  : :  bm  :  bg. 
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Thmfytm  the  trianglafl  nsc,  B99^  ere  similar  ;  coneeqnectly 
BE  :  ic : :  BN :  NO  : :  cot  B  :  cot  c.  Wheoee  it  ia  oliTioea 
tbat  AB,  BB»  0B»  are  reapesetively  as  cot  a,  cot  b,  cot 

Calculaiion.  Id  the  triangle  mon,  all  the  aidea  kre  giveo, 
to  fiml  the  angle  gmn  =-  angle  akb.  Then,  in  the  triangle 
MOBy  two  aidea  and  the  included  aojgle  are  given,  to  find  Uie 
angle  mob  sb  angle  eab:  Hence,  in  the  triangle  abb,  are 
known  ab  and  all  the  angles,  to  find  ab,  and  bb.   And  then 

Brs=AB*taQAsBB.tanB« 

OlftenriM,  MefuideM  qf  lAe  eoBifnfc(toii»  flbt • 

Bit  AB  asB^  w^d,  BP  as  ;  and  then  ezpresB  alge* 
braicalhr  the  follwing  tbeoren^  gtrea  at  p*  128  Simfiaoa'a 
Seleet  BBeieiaea ; 

AB*  .  BC  -f-  CE*  .  AB  =  BB»  .  AO  *1-  AO  .  AB  .  BC, 

the  line  bb  being  drawn  from  the  vertex  e  of  the  triangle 
ACB,  to  any  point  b  in  the  baae.   The  equation  thence  on* . 

ginating  is 

dx*  .  cot«  A-i-D3c«  .  cot*  cs=(D4-<i)x'  .  cots  B  +  (o+ci)Dcf. 
And  from  this,  by  transposing  nil  the  unknown  tenm  to  one 
aide,  and  extracting  the  root,  there  resuUa 

Whence  ef  is  iuowoj  and  the  distances  ab,  bb,  cb,  are 
readily  found. 

Cor.  When  d  =  rf,  or  d  +  li  =  2d  =  2J,^he  expression 
becomes  better  suited  for  logarithmic  computation,  being  then 

x  =  d  -f-  v/  (icot»  A  -f-  i  cot*  c  —  cot»  b). 
In  this  case,  therefore,  the  rule  is  as  follows  :  Double  the  log. 
cotangents  of  the  angles  of  elevation  of  the  extreme  stations, 
find  the  natural  numbers  answering  thereto,  and  take  half 
their  sum  ;  from  which  subtract  the  natural  number  answer- 
ing to  twice  the  log.  cotangent  of  the  middle  angle  of  eleva. 
tion  :  then  half  the  log.  of  this  remainder  subtracted  from 
the  log.  of  the  measured  distance  between  the  1st  and  2d,  or 
the  2d  and  3d  stations,  will  be  the  log.  of  the  height  of  the 
object* 
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'  III  any  ipherical  triangle,  knowing  twoaideaand  the  included 
angle ;  it  is  required  to  find  the  angle  eonpvaheaded  by 
the  ehonlaof  thoae  two  aidea. 
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Let  the  angles  of  the  spherical  tri- 
aogle  be  a,  b,  c,  llie  corresponding 
angles  included  by  the  chords  a',  b', 
c'  ;  the  spherical  sides  opposite  the 
former  a,  6,  c,  the  chords  respectively 
opposite  the  latter,  a,  7  ;  then,  there 
ftre  given     c,  and  a,  to  find  x. 

Here,  from  prob.  1,  equa.  i,  chap,  iv,  wc  have 

cos  a  =  sin  6  .  sin  .  c  .  cos  a  4-  cos  b  .  cos  c.  ^ 

But  cos  c  =  cos  ({c  4-  ic)  =  cos*    — sin*     (by  equa.  v,   /  Xv^ 
ch.  iii)  =  (1  —  sin^  Jc)— sin^  |c=l  — 2  sin*  ^c.    And  in  like 
manner  cos  a  =  1  —  2  sin^  ^a,  and  cos  6  ss  1  —  2  {6* 
Therefore  the  preceding  equation  becomes 
1— 2ifaiPia«4«a&.eo8^«M)c.CM^.cotA  + 

(1  — 3  mV  }6)  .  (1 — 2  iin«  jc). 
Bot  mi  j«  «  K  nn     —  ifit  sin     »ir :  wbieh  vtthMS 
■nlMlhiiledl  in  m  equation,  we  obtaiOt  after  « little  redactioov 

2  X  ttrlm*  = /3y  .  COS  i6  .  cos  Jc  .  cos  a  +  Il 
New,  (equa.  n,  ch.  iii),  cos  a'  «  ^^^iT**'  Therefore,  by 
aubstitution, 

^7  .  cos  a'  =s      .  cos     .  cos     .  gosa  +  ^jSy  ; 
whence,  dividing  by  py,  there  results 

cos  a'  =  cos     .  cos  ic  .  cos  A  +  i/3  .  47  ; 
or,  lastly,  by  restoring  the  values  of  ^♦'9,  57,  we  have 

cos  a'  =  cos  J6  .  cos  \c  .  cos  A  -f  sin  ^6  .  sin      .  .  .  (I.) 

Cor.  1.  It  follows  evidently  from  this  toremla,  that  when 
the  spherical  angle  is  right  or  obtuse,  it  is  always  j[r<a^ 
than  the  corresponding  angle  of  the  chords. 

Cor.  2.  The  spherical  angle,  if  acute,  is  lesg  than  the  cor- 
xesponding  angle  of  the  chords,  when  we  have  ooe  ▲  greater 


« 
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Knowing  two  sides  and  the  included  angle  of  a  rectilinear 
triangle,  it  is  required  to  find  the  spherical  angle  of  the 
two  arcs  of  which  those  two  sides  are  the  chords. 

Here  fit  7,  and  the  angle  a'  ere  givep,  to  find  a.  Now, 
since  in  all  cases,  ooe  ^     (1  —  sin^),  we  have 

eaa46.«OB^  =      [l-.8in'l6) .  (1  — sin'^c)]; 
wo  have  aln^  as  dbove,  sin  ^b  =      and  sin  ic 
Substituting  these  values  in  the  equatien  1  of  the  peeowJing 
problenif  t^Bie  will  leenlt,  by  reductioni 


I      •       .   ,  • 
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^  ^     v'C*-^;  •  •  (i-4y)  •  (I  +h)  •  •  •  •  ^'^'^ 

J  To  compute  by  this  formula,  the  values  of  the  sides  jS,  7, 

^  nuBt  be  reduced  to  the  corresponding  values  of  the  chords  of 
a  circle  whose  radius  is  unity.  This  is  easily  eflTected  by  di- 
viding the  values  of  the  sides  given  in  feet,  or  toises,  6ic,  by 
such  a  power  of  10,  that  neither  of  tlio  sides  shall  exceed  2, 
the  value  of  the  greatest  cliord,  ^vhen  radius  is  equal  to  unity. 

From  this  investigation,  and  that  of  tlie  preceding  problem^ 
the  following  corollaries  may  be  dratvn. 

CStw,  1.  If  c  —  6,  and  of  consequence  7  =  jS,  then  will 
cos  a'  =  cos  A  .  cos'  |c  4*  sin'  ~c  ;  and  thence 
1  —  2sin^iA'=(l— 2  8in4A)ca8=4c+  (1— corf'ic)? 
firom  which  may  be  deduced 

sin  I  a'  =  sin      .  cos  ^c.  .  .  .  (HI). 
Cor.  2  Also,  since  cos  j'c=  v/  (1 — aiu'^c)  =  y/  (1— 
equa.  ii^  will,  in  this  case,  reduce  to 

Cor.  3.  From  the  equation  iii,  it  appears  that  the  vertical 
angle  of  an  isosceles  spherical  triangle  is  always  greater  than 
the  oorresponduig  angle  ef  the  chords. 

Cor.  4.  If  A  =  90  ,  the  formulve  i,  11,  give 

cos  a'=  sin  {b  .  sin  {c  =  {jSy,  .  .  .  (V.) 

These  five  formuls  are  strict  and  rigorous,  whatever  be 
the  magnitude  of  the  triangle.  But  if  the  triangles  be  smalJ^^ 
the  am  may  be  pat  instead  of  the  suies  in  equa.  v,  then 

Cor.  5.  Aa  eoa  V»ain  {W  -  a'}*  inthiacaae,  ; 
^e  amall  excess  of  the  spherical  right  angle  over  the  corre- 
sponding rectilinear  angle,  will,  supposing  the  arcs  6,  c,  taken 
in  seconds,  be  given  in  seconds  by  the  fdlowing  expression, 

00«-A'  =  *t'  =  ,^....(VI.)  ^ 

K  4h  ^  ' 

The  error  in  this  formula  will  not  amount  to  a  second, 
when  6-f  c  is  less  than  10^,  or  than  700  miles  measured  on 
the  earth's  surlacc. 

Cor.  6.  If  the  hypothenviso  does  not  exceed  1^",  we  may 
substitute  a  sin  c  instead  of  r,  and  a  cos  c  instead  of  b  ;  this 
will  give  be  =  .  sin  c  .  cos  c  =  ^a^  •  sin  2(90  —  B)=la', 
sin  2b  :  whence 

(90-- A')  -'-m'^-"^'.',^. . . .  (VIL) 

If  a=  Ifo,  and  b— c^^^f)"  nearly  :  then  will  90  — A'=ir7. 

Car.  7.  Retaining  the  same  hypothesis  of  ▲  =  90^,  and 
a  =  or  <  1^%  we  have 

B-rf«ti!^=^„....(vin.) 

Vol.  n.  12 
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Alwo— </  =  ^  (IX.) 

Car*  8.  Comparing  formule  vm,  ix,  with  vi,  we  have 
B-^=c  —  c'  =  4  (90^  -  A  ).  Whence  it  appears  that  the 
mm  of  the  t^o  excesses  of  the  oblique  spherical  angles,  over 
the  corresponding  angles  of  the  chords,  in  a  small  right-an. 
/  gled  triangle,  is  equal  to  the  excess  of  the  right  angle  over 
the  corresponding  angle  of  the  chords.  So  that  either  of  the 
tovomln  VI,  VII,  viii,  ix,  will  suffice  to  determine  the  dif- 
ference of  each  of  the  three  angles  of  a  sniall  right-angled 
•pherical  triangle,  from  the  corresponding  angles  of  the 
chords.  And  hence  this  method  may  be  applied  to  the  mea- 
suring an  arc  of  the  meridian  by  means  of  a  series  of  tri« 
angles.   See  arts.  8, 9,  sect.  1  of  this  chapter 


PROBLEM  VU. 


1  » 


In  a  spherical  triangle  abc,  right  angled  at  Ay  knownijg 
the  hypotheouse  Bc  (Zest  tkm  4°)  and  the  angle  b*  it  » 
required  to  find  the  error  e  eonmutted  through  finding  by 
plane  trigonometry,  the  opposite  side  ao. 

Referring  still  (o  the  diagram  of  prob.  5,  where  we  now 
suppose  the  spherical  angle  a  to  be  right,  we  have  (theor.  10 
chap,  iv)  sin  6  =  siu  a  .  sin  b.  But  it  has  been  remarked  at 
pa.  382  vol.  i,  that  the  sine  of  any  arc  a  is  equal  to  the  sum 
of  the  following  series  ; 

or.  sm  A  «  A— -g- +        35^^  +  dec. 

And,  in  the  present  inquiry,  all  the  terms  after  the  second 
may  be  neglected,  because  the  5th  power  of  an  arc  of  4*  di- 
vided by  120,  gives  a  quotient  not  exceeding  0"-01.  Con- 
sequently, we  may  assume  sin  ft  =  6  —  J  ft',  sin  a=a — Ja'  ; 
and  thus  the  preceding  equation  will  become, 

ft  —  =  sin  B  (a  —  la^) 
or,  6  =  a  ;  sin  B  —  }  {a^  .  sin  b  —  ft'). 
Now,  if  the  triangle  were  considered  <is  rectilinear,  we  should 
have  6  =  a  .  sin  B :  a  theorem  which  manifestly  gives  the 
side  6  or  ac  too  great  by  j  (a'  .  sin  b — 6').  But,  neglecting 
quantities  of  the  fifth  order,  for  the  reason  already  aasignedy 
the  last  equation  but  one  gives  b^=a^  .  sin'  b.  ThereforOf 


•  On  this  •abject  some  elegant  invesUntioDs  by  Captain  Everett,  of 
Ibe  Beoctl  AftUlenr,  art  iDMrtsd  in  the  MuMin  of  tim  AHnmrnM  is* 
CMt^  i/ £sMiM»  Toi.  U,  ffti  37,  lie. 
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so  aluiU  e  «*    a  •  tUB  •  -^J^ 

Our.  1.  If  a  =  4°,  and  b  =  35°16\  in  which  case  the 
▼alue  of  sin  b  .  cos*  b  is  a  maximum,  we  shall  find  e  =  —4^". 

Cor.  2.  If,  with  the  same  data,  the  correction  be  applied, 
to  find  the  side  c  adja<:eat  to  the  given  angie,  we  should  have 

e  &s  a  •  COS  B  •  — o  ,  ■„  • 

So  that  this  error  exists  in  a  contrary  sense  to  the  other ;  the 
one  being  subtractive,  the  other  additive. 

Cor,  3.  The  data  being  the  same,  if  we  lutve  to  find  the 
cb  the  anor  to  be  conrected  will  be 

Aa  to  the  excess  of  the  arc  over  Hs  chord,  it  is  easy  to  find  il 
eoRBOtly  from  the  ejqpmiioiis  in  prob.  5  :  but  fikr  arcs  thai 
are  very  anudU  compared  with  the  radiaSy  a  near  appnoinMU 

tion  to  that  excess  will  be  found  in  the  same  measures  as  the 
radius  of  the  earth,  by  taking  ^f  ^he  quotient  of  the  cube 
of  the  length  of  the  arc  divided  by  the  square  of  the  radius. 

raoBLEX  vm. 

It  is  required  to  investigate  a  theorem,  by  means  of  which, 
spherical  triangles,  whose  sides  are  small  compared  with 
the  radius,  may  be  solved  by  the  rules  for  plane  trigono- 
metry, without  consideriDg  the  chords  of  the  respective 
arcs  or  sides. 

% 

Let  Of  h,  c,  be  the  sides,  and  a,  b,  c,  the  angles  of  a  spbe* 
rical  triangle,  on  the  surface  of  a  sphere  whose  radius  is  r : 
tlien  a  sinaalar  triangle  on  the  surface  of  a  sphere  whose  radiua 

SB  I,  will  have  for  its  sides-—,  ;  which,  for  the  sake 

^  kmntjf  we  wpreeent  by  «,  /3»  ^»  reapecttvely :  then  ky 

^qua.  i, chap,  iv,  we.  have  cos  a  =  — tnfi.w^uy  * 

Now,  r  hfXDf  very^  great  with  respect  to  the  aidee  Ot  e» 
we  mayt  as  m  the  investigation  of  the  last  problem,  omit  aR 
ihe  terms  containing  higher  than  4th  powm^  in  the  series 
the  sine  and  consine  of  an  arc,  given  at  pa.  38%  voL  i  i 
m  abatt  w*e  have,  witheut  peroeptible  error*  • 
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Audi  mmikx  ezpresmM  may  be  a(lot>ted  for  ooa  /3,  ooe  tin 
y.   Tkm^  tke  preoedtiig  equation  will  boeone 

Multiplying  both  terms  ot  this  fraction  by  1  +  ii^^  +7^)» 
simplify  the  denominator,  and  reducing,  there  will  result, 

COS  A  —  i 

HerOf  restoring  the  values  of  a,  j3,  7,  the  second  member  of 
the  equation  will  be  entirely  constituted  of  like  combinations 
of  the  letters,  and  thmfore  the  whole  inny  be  represented  by 

^  =  ^+  tsss-  C^O  3 

Let,  noWy  a  represent  the  angle  opposiie  to  the  side  n»  hi 
the  rectilinear  triangle  whose  sides  are  eqiud  in  length  to  the 
arcs  Ofb^e;  and  we  shall  have 

ftjttarinp;  this,  and  sobstitnting  for  cosP  a'  its  ▼ehra  1  — sia^.  a*i 
there  wfll  result 

-4Wsin»V  =  <^  +    +  c«  -       — -  m 
So^that,  eqna.  t  reduces  to  the  ibrm 

>         be     •    ^  , 
COS  A  =  cos  A  —  2-=  SIQ' A  • 


Let  k     a'+^  then,  as  x  is  necessarily  very  small,  its  seeond 
t)ower  may  be  rejected,  and  we  may  assume  cos  a  »  cos  a'  *  ^ 
X  •  sin  a'  ;  whence,  substituting  for  cos  a  this  vahie  of  it|  we 

shall  have  x  =  ^  sin  a'. 

'  It  ^nce  appears  that  x  is  of  the  second  order,  with  respect 

to  -^and     ;  and  of  course  that  the  result  is  exeot  to  <|Mn* 

tities  within  the  fourth  order.  Therefore,  because  a  «  a'  +  x, 

,  .   be      .  , 
A  =  A  +  ^  •  e«n  a'. 

But,  by  prob.  2  rule  2,  IMensurution  of  Planes,  \bc  sin  a'  is 
the  area  of  the  rectilinear  triangle,  whose  sides  are  a,  andck 

Therefore  A  s  a  + 
or  A      A  — 


In  like^^ 

tnanneric'BC--  ^ 
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Ana  A*  +  b' +  c' =a  ISOo  «  A  +  fi  +  c  —  ~: 

or,~  =  A  +  B  +  c.—  180^* 

Whence,  since     ipherical  eioen  is  •  laeesuss  «f  Mft 

(th.  5»  clu  iT)9  we  have  this  theoiem :  ra. 

1.  fpJhsneal  tnon^  Mn^g  propoiedy  of  wkM  lie  «iiiBt  m 
wry  sNMiIZy  eoMfMPSfl  idM  Ss  nidmsof  lis  ipiere;  tf  ^im 
€aekrf  fir  ang7e«  one  lltrii  ^  tie  exeeu  of  the  nan  of  tit  llrss 
m§fe»  olooe  1100  rigkl  ungleM  he  suhiraeudt  lie  tm§^  es 
<mtmtle<lfMgf  Is  fdben  for  the anglesofa  rectUmear  trianglef 
whose  tides  are  eqwd  ts  te»gih  to  thoee  ef  lie  propoeed  ep&ru 
etdUitmgU^. 

Sehoiuau 

We  have,  already  given,  at  tb.  5,  chap.  iv»  ci|iiesiittns  Ihr 

finding  the  spherical  excess,  in  the  two  c&seSy  wheve  two  sides 
and  the  included  angle  of  a  triangle  are  known,  and  where 
the  three  sides  are  known.  A  few  additional  rules  may  with 
propriety  be  presented  here. 

1.  The  spherical  excess  ^  may  he  feimd  in  seconds,  hy  the 

expression  ■  s  ^ ;  where  s  is  the  sorface  of  the  trisng^  » 

^he •  flin A »      . sin  o  =  {ae  .  sin b  » fa" .  4!°)' 

the  radius  of  the  earth,  in  the  same  measures  as  a,  6,  and  c, 
and  r''  c=2062tl4"*8^  the  seconds  in  an  arc  equal  in  length  to 

the  radiu<7. 

if  this  formula  be  applied  logarithmically  ;  then  log  n"  » 
log  -1.  s  5'S14^1. 

^  arc  1 

2.  From  the  logarithm  of  the  area  of  the  triangle,  taken 
as  a  plane  one,  in  feet,  subtract  the  constant  log  9*3267737, 
then  tlie  remainder  is  the  logarithm  of  the  excess  above  180^^ 
in  seconds  neariyf. 


•Thta  curious  theornm  was  first  announced  by  M.  Legendre,  in  the 
Memoirs  of  the  Paris  Academy,  for  1787.  Legendre's  invetti^tion  is 
nearly  the  same  as  the  above:  a  shorter  inTestigation  is  given  by 
Sveanberg,  at  p.  40,  of  bis  "  Exposition  des  Op^ttons  faites  en  Lappo- 
aie     but  it  is  defective  In  point  of  perspicuity. 

t  This  Is  commonly  called  *•  General  Roy's  rule/*  and  given  by  him 
in  the  Philosophical  Transactions,  for  1790,  p,  171 ;  it  is,  however,  dne 
to  the  late  Mr.  Isaac  Dal  by,  who  was  then  General  Roy's  ai^sistaat  In 
the  TkfgoQoeMtrieil  Sorvey,  and  fiir  teveral  fteit  the  eettweeaiieler 
ef  the  wetheaMlfael  dapifUiieet. 
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8.  Since  s         •  na  a»  we  ahall  manifettly  km  a 

•in  A.   HencBi  if  from  the  vertical  angle  b  we  demit 

the  perpendicular  bd  upon  the  baee  ac,  dinding  it  imo  the 
l!ireaegnMBli«»/8»wealiallhave6ssft4*  A  3 

and  thence  »  =       (*+^)  sin  a  =  ~  ac. 

en  A  +  ^  |3c  •  ain  A.  But  the  two  right    Z      j  \ 

angled  triangles  abd,  cbd,  being  nearly  rcc-^K^    /  J^JC 
tilinear,  ^ivo  a=A  •  COS  Cy  and /3=C  •  COS  a;  30 
whence  we  havo 

B  =  r>T  oc  •  sin  A  .  cos  0  +r-J^  .  ein  A  .  coa  A. 

In  like  manner,  the  triangle  abc,  which  itself  ia  so  anall  as  to 
differ  hot  little  from  a  plane  triangle,  gives  c  •  sin  Aasa  •  sin  c.  . 
AhOf  ain  a  .  cos  a     ^sin  2a,  and  sin  o  •  eoe  o  ==  |sia  2o  X  « 
(eqoa*  xv,  ch.  iii)«    Therefoie»  finally^ 


E  =  ^  o* .  sin  2c+^  c' .  sin  2a* 

From  this  theorem  a  table  may  he  formedi  from  wUeh  the 
epherical  eseesa  may  be  Ibuiid ;  entering  the  table  with  each 
cf  •  the  sides  aboTo  the  baae  and  its  adjaeeot  angle»  as  argu. 
menta. 

4«  If  the  base  b,  and  height  A,  of  the  triangle  are  given» 

then  we  have  evidently  b  =  ibh^   Hence  resulta  the  fol* 

lowing  simple  logarithmic  rule  :  Add  the  logarithm  of  the 
base  of  the  triangle,  taken  in  feet,  to  the  logarithm  of  the 
perpendicular,  taken  in  the  Rame  measure ;  aeduct  from  the 
sum  the  logarithm  9-6278037  ;  the  remainder  will  be  the 
common  logarithm  of  the  spherical  excess  in  seconds  and  de* 
cimals. 

5.  Lastly,  when  the  three  sides  of  the  triangle  are  given 
in  feet ;  add  to  the  logarithm  of  half  their  sum,  the  logs,  of 
the  three  ditierences  of  those  sides  and  that  half  sum,  divide 
the  total  of  these  4  logs,  by  2,  and  from  the  quotient  subtract 
the  k)g.  9-3267737  ;  the  remainder  will  be  the  logarithm  of 
the  spherical  excess  in  seconds,  <kc.  as  before. 

One  or  other  of  these  rules  will  apply  to  all  cases  in  whioh 
Ihe  spherical  excess  will  be  required! 
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die  aMMure  of  a  base  on  any  elefited  kral  i  to  ted 
in  meaaure  wliea  redaead  to  the  lefel  of  tbe  aaa« 

Let  r  represent  the  radius  of  the  earth,  or  the  distance 
from  its  centre  to  the  surface  of  the  sea,  r     h  the  radius  re. 
ferred  to  the  level  of  the  base  measured,  the  altitude  h  bo-» 
ing  determined  by  the  rule  for  the  measurement  of  such  al- 
titudes by  the  barometer  and  thermometer,  (lu  this  volume)  ; 
let  B  be  the  length  of  the  base  measured  at  tbe  eieva« 
tion  h,  and  b  that  of  the  base  referred  to  the 
level  of  tjie  sea.    Then  because  the  measured 
base  is  all  along  reduced  to  the  horizontal  plane, 
the  two,  B  and  'j,  will  be  concentric  and  siniiiar 
area,  to  the  respective  radii  r-\-h  and  r.  There- 
fore, since  similar  arcs,  whether  of  spheres  or 
spheroids,  are  as  their  radii  of  curvature,  we  have 

r  +    ;  r  : :  B  : 

Benoe,  alflOB  —  or»by  aictually  divid* 

ing  Bh  by  r  +  )^  we  shall  taaTe 

Which  is  an  accurate  expression  for  the  excess  of  b  above  bm 

But  the  mean  radius  of  tbe  earths  being  more  than  21  mil«  - 
lion  feet,  if  h  the  ditference  of  level  were  50  feet,  the  second 
and  all  succeeding  tonus  of  the  series  could  never  exceed 
the  fraction  ttttttVtttitt  ?        "^''^y  therefore  safely  be  negr. 
'    lected ;  so  that  for  all  practical  purposes  we  may  aasume 

B  —  6  =  ^«    Or,  in  logarithms,  add  the  logarithm  of  the 

measured  base  in  feet,  to  the  logarithm  of  its  height  above 
Y  the  level  of  the  sea,  aabtract  from  the  sum  the  logarithm 
^7*3223947,  the  remainder  will  be  the  logarithm  of  a  number, 

wbicb  token  from  the  meaaured  baae,  will  leave  the  redueed 

baae  rai|iiifed« 

»0BLBX  X, 

To  determine  the  horizontal  refraction. 

1.  Particles  of  light,  in  passinjr  from  any  object  through 
the  atmosphere,  or  part  of  it,  to  the  eye,  do  not  proceed  in  a 
right  line  ;  but  the  atmosphere  being  composed  of  an  infini. 
tudeof  strato  (if  we  may  so  call  tliem)  whose  density  increases 
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M  ik&f  are  posited  nearer  the  earth,  the  lumiiKNia  raya  which 
pass  through  it  are  acted  on  as  if  they  passed  successively 
through  media  of  ioereaaing  density,  and  are  therefore  in*. 
flMed  moire  atid  bmm  towards  the  earth  aa  the  denaty  migt 
ments.  In  consequeace  of  this  it  is»  that  raya  from  objectai 
whether  celestial  or  terrestrial,  proceed  in  cunrea  which  are 
COfieaee  towards  the  earth  ;  and  thus  it  happens,  since  the  eye 
always  refers  the  place  of  objects  to  the  direction  in  which  the 
rays  teach  the  eye,  that  is,  to  the  direction  of  the  tangent  to 
the  curve  at  that  pointi  that  the  apparent,  or  observed  eleva«^ 
tions  of  objects,  are  always  greater  than  the  true  ones.  The 
difierence  of  these  elevations,  which  is,  in  fact,  the  eJfeeioS 
refraction,  is,  for  the  sake  of  brevity,  called  refraction  :  and 
it  is  distinguished  into  two  kinds,  horizmUal  or  terrestrial 
lefiactioo,  being  that  which  affects  the  altitudes  of  hilla^ 
towers,  and  other  olyects  on  the  earth's  surface  ;  and  astro- 
*  nomicid  refraction,  or  that  which  is  observed  with  regard  to 
the  altitudes  of  heavenly  bodies*  Refraction  is  found  to  vary 
with  the  state  of  the  atmosphere,  in  regard  to  heat  or  cold, 
humidity  or  dryness,  d^c.  :  so  that,  determinataona  obtained 
for  one  state  of  the  atmospherCi  will  not  answer  correctly  for 
another,  without  modification.  Tables  commonly  eahibit 
the  refraction  at  different  altitudes^  for  aome  aammed  mean 
state. 

2.  With  regard  to  the  horizontal  refraction,  the  following 
method  of  determining  it  has  been  successfully  practised  in 

the  English  Trigonometrical  Survey. 

Let  A,  A,  be  two  elevated  stations  on 
the  surface  of  the  earth,  bd  the  inter- 
cepted arc  of  the  earth's  surface,  c  the 
earth's  centre,  ah',  a'u,  the  horizontal 
lines  at  a,  a',  produced  to  meet  the  oppo- 
site vertical  lines  en',  ch.  Let  a,  a\  re- 
present the  apparent  places  of  the  objects 
A,  a',  then  is  a  aa'  the  refraction  observed 
at  A,  and  oa'a  the  refraction  observed  at  a  :  and  half  the 
sum  of  those  angles  will  be  the  horizontal  reiiactioni  if  we 
assume  it  equal  at  each  station. 

Now,  an  instrument  being  placed  at  each  of  the  stations 
A,  a',  the  reciprocal  observations  are  made  at  the  same  in- 
stant of  time,  which  is  determined  by  means  of  signals  or 
watches  previously  regulated  for  that  purpose  :  that  is,  the 
observer  at  a  takes  the  apj^arent  depression  of  a',  at  the 
same  moment  that  the  other  observer  takes  the  apparent 
depression  of  a. 

In  the  quadrilateral  aca'i,  the  two  Jingies  a,  a'  are  right 
angles,  ana  therefore  the  angles  i  and  c  are  together  equal  to 
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two  right  angles  :  but  the  three  anj^lcs  of  the  triaDgle  iaa' 
are  together  equal  to  two  right  angh-s  ;  and  consequently  the 
angles  a  and  a'  are  together  equal  to  the  angle  c,  which  is 
measured  by  the  arc  bd.  If  thcrefuio  the  sum  of  the  two 
depressions  ha'o,  hao',  be  taken  from  the  sum  of  the  angles 
HA  A,  u'aa',  or,  which  is  equivalent,  fruni  tlie  angle  c,  (which 
is  known,  because  its  measure  bd  is  known)  ;  the  remainder 
is  the  sum  of  both  refractions,  or  angles  aa'a,  c'a  a'.  Hence 
this  rule,  take  the  sum  of  the  two  depressions  from  the  mea- 
sure of  the  iniercegUd  Urrcstrud  arc^  half  ih^  reummder  tf 
the  refraction. 

3.  If,  by  reason  of  the  minutenaiiof  the  cootained  bo» 
one  of  the  objects,  instead  of  being  depressed,  appears  ele* 
Tated,  as  suppose  a'  to  a" :  then  the  sam  of  the  angles  oaa' 
and  will  be  greater  than  the  sum  iaa',  +  iaa,  or  than 
c,  by  the  angle  of  elevation  a''AA' ;  hut  if  from  the  former 
sum  there  be  taken  the  depression  ha'a,  there  will  remain 
the  sum  of  the  two  refractions.  So  that  in  this  case  the  rule 
becomes  as  follows  :  take  iike  depression  from  the  sum  cf  iJbe 
contained  ore  md  detationf  half  the  renuuuder  iM  the  re» 
fraction, 

4.  The  quantity  of  this  terrestrial  rcfradioo  is  estimated 
by  Dr.  Maakelyiie  at  one-tenth  of  the  diatance  of  the  object 
obaerfed,  expressed  in  degrees  of  a  great  •  .rc!c.  So,  if  the 
distance  be  10000  fathoms,  its  1 0th  part,  ILGO  fathoms,  it 
^e  60th  part  of  a  degree  of  a  great  circJe  on  the  earth,  or  l\ 
which  therefore  is  the  refraction  in  the  altitude  of  the  object 
mt  that  distance* 

But  M.  Legendre  is  induced,  he  says,  by  several  experi- 
meillt,  to  allow  only  j\x\\  part  of  the  distance  for  the  rcfrac* 
tion  in  altitude.  So  that,  on  the  distance  of  lOOCK)  faflioms, 
the  14th  part  of  which  ia  714  lathoms,  he  allows  only  44"  of 
terrestrial  refraction,  ao  many  being  contained  in  the  714 
fathoms.  See  his  MeouNr  conceniiog  the  Trigonometrical 
Operations,  dec. 

Again,  M.  Delambre,  an  eminent  French  astronomer, 
■lakes  the  quantity  of  the  terrestrial  retraction  to  be  the  11th 
part  of  the  arch  of  distance.  But  the  English  measurers, 
especially  Gen.  Mudge,  from  a  multitude  of  exact  obsenra- 
tions,  determine  the  quantity  of  the  medium  refraction  to  he 
the  12th  part  of  the  said  distance. 

The  quantity  of  this  refraction,  however,  is  found  to  vary 
considerably,  with  the  ditrerent  states  x)f  the  weather  and  at- 
mosphere, from  the  4th  to  the  j'jlh  of  iho  cnntained  arc. 
See  Trigonometrical  Survey,  vol.  1.  pa.  ItK),  355. 

Vol.  U.  13 
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Schdium* 


Having  given  the  mean  results  of  observations  on  the  ter» 
restrial  refraction,  it  may  not  be  amiss,  though  wc  oaanot 
enter  at  large  into  the  investigation,  to  present  here  a  oomct 
table  of  mean  astronomical  refractions.  The  table  which  has 
been  most  commonly  given  in  books  of  astronomy  is  Df« 
Bradley's,  computed  from  the  rule  r  «  5T'  X  cot  (a  +  3r), 
where  a  is  the  altitude,  r  the  refraction,  and  r=s  SJ^S^  when 
a  =  20^.  But  it  has  been  found  by  numerous  observations, 
that  the  refractions  thus  computed  are  father  too  swgW. 
Laplace,  in  his  Mecanique  Celeste  (tome  iv.  pa*  27)  deduces 
a  formula  which  is  strictly  similar  to  Bradley's;  for  km 
|.  s=  m  X  tan  (x  — •  nr),  where  s  is  the  zenith  distance,  ^ndm 
and  fi  are  two  constant  quantities  to  be  detennined  from  ob- 
servation. The  only  advantage  of  the  (wmula  given  by  tiie 
French  philosopher^  over  that  given  by  the  English  astrooo* 
mer,  is,  that  Laplace  and  his  coueagues  have  found  more  cor* 
rect  coefficients  than  Bradley  had* 

Now,  if  B  3s  57^*2957705,  the  arc  equal  to  the  radius,  if 


we  make  m  ==  — ,  (where  Ip  is  a  constant  coefficient  which,  ae 

well  as  n,  is  an  abstract  number),  the  preceding  equation  will 

become     ss  ifc  x  tan  (s  —  nr).  Here,  as  the  refraction  r  is 

always  very  small,  as  well  as  the  correction  nr,  the  trigono- 

metrical  tangent  of  the  arc  nr  may  be  substituted  for  ~;  thus 

we  shall  have  tan  nr  =  Ac  .  tan  (z —  nr). 

But  fir  =4«  —  (fa;  —  nr)  . . .  .  2  —  nr  —  4*  +  (4»  —  nr)  ; 

•■n  (-S-—— s  )  ,      «  V 

tan  nr  %  S  sin  s  —  sin  (z  —  Cnr) 

Coimq.  tao  (x-nr)  ^'ZTl'  ,       «»2;.^sinT+  tin  (a  —  in?)™  *• 

HeUce,  ain  (s  — 3«r)  »        .  sin  «• 

This  formula  is  easy  to  use,  when  the  coefficients  n  and  j-^^-^ 

are  known  :  and  it  has  been  ascertained,  by  a  mean  of  many 
observations,  that  these  are  4  and  '99765175  respectively* 
Thus  Laplace's  equation  becomes 

sin  (r  —  Sr)  =  -99765175  sin  z  : 
and  from  this  the  following  table  has  been  computed.  Hesides 
the  refractions,  the  differences  of  refraction,  for  every  10 
minutes  of  altitude,  are  given  ;  an  addition  which  will  render 
the  table  more  extensively  useful  in  all  cases  where  great 
accuracy  is  required. 
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Table  of  Refractions. 
Banmu  29*93  me.  Fah.  Thermom.  54°. 


Ait 


Did. 
loo  W 


D.IL  M.  S 

10  31  54-3! 
ao  30  9-31 
30,28  32-1' 
4t>27  2« 
50'-2S  3H-6 

10  <3  9'6 

SO'SS  3-4 

3021  !'9| 

40  20  4  81 


i  Alt. 
•pp. 


2 


50 

0 


19  11*5 

18  22-2 
10  17  3G-3| 
20  1 6  53-2 


30 
40 
50 
0 


16  13-4 
15  36  0 
15  0*9 
14  Ml 


10  13  57-3 
20  13  28-5 


301 1 3 
40 
50 


1-3 
12  35-6 
i2  11-3 
0  1 1  48-d 
10  It 


20 


61 


II 

30  lO  4fr7 
40  10  28-3 

8o;io 

0  9 
9 


'0, 
(0 

.^0 

40 

50. 

lol 

80 

3o; 

40 

50 
0 


10-9 
54-3 
38-4 
9  83-4 
9  90 
8  55  3 
8  42-3 
t 

8  18 
8  66 
7  55H$ 
7  450 
7  34  7 
7  24-8 


105-0 
97-3 
89-8 
83  6 
77-4 
71-6 
662 
61-5 
5M 
53-3 
4y3 
45  9 
43M 
39-8 
37-4 
351 
32  8 
308 
28-8 
27-2 
25-7 
24-3 
23  0 
«|-7 
901S 
194 
18-4 
17-4 
16-6 
15  9 
15-0 
14-4 
13-7 
13-0 
124 
1I*S 
11-5 
ll-O 
10.f, 

10  r> 
99 


O.  M. 


10 

20 
306 


iUfr. 


Off  S4'8 

15-3 
6-3 


40 

50 
06 

!.! 


57-7 
49-6 
41-9: 
34-4 
10.6  ST*! 
SO  6  20-0 


30,6 
406 

50' 5 

0  5 

io;5 

2o;5 

3<l  5 
40  5 
505 


|3-| 
6.4 
599 

53-6 
47-4 
41-5 

35-8 
303 
25-0 


to  0^5  19-8 


U-7 
9-7 


10'5 
20,5 
30  5  4-9 

0  3 

55-9 


40,5 

50  4 


II  0,4  51-7 
lo!4  47-6 

20  4  43-6 


30  4 
40  4 
504 
12  0  4 


r>9i3 

35  7 
31 '8 

28-;  i 


10,4  24  3 
90'4  90-7 


3)4 
404 
50  4 
19  0'4 

104 
20  4 
30  3 
4*3  3 
50  3 
14  03 


17iZ 
13-8 
10-6 
7-S 
44 
1-4 
58-4 
55'5 

52- r, 
49-8 


IC. 

8. 

95 

90 

86 

81 

7-7 

7-5 

7-3 

7-1 

69 

67 

6-5 

63 

6-2 

5  9 

57 

5-5 

5-3 

5-2 

51 

5-0 

4-8 

4-6 

4-4 

42 

41 

4-0 

40 

3-9 

3-9 

3-8 

3-7 

3-6 

3-5 

34 

3-2 

31 

31 

30 

30 

2-9 

2-9 

2-8 


Alt. 
upp. 


o. 
14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

'^8 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 


Refr. 


.  8. 

49  8 

34  3 
20-6 

8*5 
57-6 
47*7 
38-8 
30-6 
23-2 
16-5 
10-2 

4-.'5 
58S 


D.rr. 

10. 

s 

8*58 

228 
2-02 
1'82 
I  (■;) 
1-48 
«-37 
1-24 
111 
I  05 
0-98 
090 
0-83 
53-9  0  78 
49-2  0-73 
1  44  8  0  70 
I  40  6l  0-65 
I  36-7  0-60 


i 


42  U 
43 
W 
45 
46 
47 
48 
49 
50 
51 
52 
53 
64 
55 
56 


S3-I  0*58 

29  6  0-56 
26  2,0  53 
23'1  0-50  I 
20  1 1 0-48 
17-2' 0  47  I 
l4-4i0  43| 
11-8  0  42 
9-3' 0-40 
fi-9|  0-38 ; 
4-6'  0-37 
8-4  0-35  I 
0-5  0  34; 
58-2  0-33 
Se-S  0-98 


0  54-3 
0  52-4 


0-31  i! 
0-30 


0  50-6  029 
0  48-9!  0-28 

)  47  '2  0-'27 


All 
app 

o 

56 

57 
58 
59 
60 
1  61 
C2 
69 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 


9  45  5 
0  43-9 
0  4'2'3 
0  40  8  0-25 
0.39*31 


026 
026 
0-25 


Refr 


8. 

39-3 

37-8 
36-4 
35  H) 
33-6 
.32  3 
3 10 
29  7 
28-4 
27  2 
25-9 
24-7 
23  5 
224 
21.2 
20O 
18  9 
17-8 
167 
15-6 
14-5 
13  5 
12-4 
11-3 
10-3 
9-8 
82 
7-2 
6  1 
51 
41 
31 
80 
1-0 
(HI 


Ui 
10*. 


s. 
0*98 

0-24 
0-24 
0-23 
098 
02i 
0  21 
0-21 
020 
0-20 

0  20 
0-80 
020 

,  0  20 
0^0 
019 
018 
0-18 

iO*18 
018 
017 

\  0-17 
017 
017 

1  0  17 
i017 

017 
017 
017 
0-17 
017 
017 
0-17 
017 


For  fofiroction  vador  difllrrtfit  to  i4)eraiora^ 

o  ^_     _  400 


Brf.— X  loo  (« — sf )  X  sr  X 


350  4.A' 
600 


■coordini^  to  Dr.  MoikoljrM. 


"sue         X  ton  («~3  8r)  X^^^'X  According  to  Dr,  Brioklojr. 

Whrr*^  a  =sn\i.  barometer  in  inches,  z~  zrnith  distance,  r  =-s57"  (nn.  r,  Acs 
height  of  if'tthreabeit^s  tbennoineler,  »iid  ^  6  u  auttmed  for  tho  nieaa  beight  of 
Ihe  boromotor. 

JoiMfot  oobjoetof  OMrononiical  oad  terrestrial  refrtctkms,  the  reador 
idvantageooily  (  nn*n1t  nn  claborKle  papor  b/  Mr.  ti.  AtUaaoo  ol  No«M 
io  Moid.  Astroo.  boc.  Loudoo,  rol.  it. 
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■ 

To  find  the  angle  made  by  a  ghneii  One  with  the 


1*  The  easiest  method  of  finding  the  angular  distance  of  a 
given  tine  fiom  the  meridian,  is  to  measnre  the  greatest  md 
the  least  angular  distance  of  the  Teitical  plane  in  which  is  the 
star  marked  « in  Ursa  minor  f  commonhr  called  the  pole  star), 
firom  the  said  line :  Ibr  half  tne  sum  of  these  two  meaauree 
will  manifestly  be  the  angle  required. 

2.  Another  method  is  to  ohserve  when  the  sun  is  on  the 
given  hue  ;  to  measure  the  altitude  of  his  centre  at  that  time, 
and  correct  it  for  refraction  and  parallax.  Then,  in  the  sphe- 
rical triangle  zps,  where  z  is  the  zenith 
of  the  place  of  ohservation,  p  the  ele- 
vated pole,  urnl  s  tlie  centre  of  the 
sun,  there  are  supposed  *iiven  zs  the 
zenith  distance,  or  co-altitudc  of  the 
sun,  PS  the  co-declination  of  that  lu- 
minary^  pz  the  co-latitude  of  the  place  of  observation,  and 
ZP8  the  hour  anjile,  measured  at  the  rate  of  15^  to  an  hour, 
to  find  the  anfjlo  s/p  between  the  meridian  pz  and  the  ver- 
tical zs,  on  which  the  sun  is  at  the  given  time.  And  here, 
as  three  sides  and  one  angle  are  known,  the  required  angle  is 
readily  found,  by  saying,  as  sine  zs  :  sine  zps  : :  3ine  PS  : 
sine  pzs  ;  that  is,  as  the  consine  of  the  sun's  altitude,  is  to  the 
sine  of  the  hour  angle  from  noon  ;  so  is  the  consine  of  the 
sun's  declination,  to  the  sine  of  the  angle  made  by  the  given 
vertical  and  the  meridian. 

iVbCs.  Blany  other  methods  are  given  in  hooka  of  Aatro*^ 
nomy  ;  hut  the  above  are  aufficient  fat  our  preaent  purpoaa* 
The  fifat  w  iode|)endent  of  the  latitude  of  the  place  $  the 
aeeond  requirea  it 

# 

tmOBLBM  ZII.  ' 


To  find  the  latitude  of  a  place. 

The  latitude  of  a  place  may  be  found  by  obaeTving  the 
greatest  and  least  altitude  of  a  circuropolar  atar,  and  then 
applying  to  each  the  correction  for  refraction  ;  so  shall  half 
the  sum  of  the  altitudes,  thua  corrected*  be  the  tftft^fr  of 
the  pole»  or  the  latitude^ 


For,  if  p  be  the  elevatdl  jpoloi  «C 
Am  eirde  described  by  the  atari  n 
B  BE  the  latitude :  then  ainoe  vt  a 
Hf  rm  nmat  be  =  |(bI  +  bj). 

lUa  method  is  obviously  inde* 
pendant  of  the  dedination  of  the 
alar :  ft  ta  therefore  most  comnMily 
~  »pted  in  trigononietncal  aurveya, 
in  wliick  the  teleaeopea  employed 
are  of  aneli  power  aa  to  enable  the 
abaarvef  to  see  stars  in  the  dny-timo  t  the  peleote  haing 
hem  nlao  made  uae  of. 

Numerous  other  methoda  of  aolving  thia  prablem  likewiae 
arc  given  ia  hooka  of  Aatronomy ;  hut  they  need  not  be  de» 
tailed  here. 

Coral,  If  the  raean  altitude  of  a  circompolar  atar  be  thus 
meaanred)  at  the  two  extremities  of  any  arc  of  a  meridian,  the 
O  difierence  of  the  altitudea  will  be  the  measure  of  that  are  : 
and  if  it  be  a  small  arc,  one  for  example  not  exceeding  a 
degree  of  the  terrestrial  meridian,  since  such  small  arcs  differ 
extremely  little  from  area  of  the  circle  of  eufvature  at  their 
middle  points,  we  may*  by  a  simple  proportion,  infer  the 
length  of  a  degree  whoee  middle  pofaii  b  the  middle  of  that 


are. 


Though  it  ia  not  consistent  with  the  ptirpoae  of  this  chap, 
ter  to  enter  largely  into  the  doctrine  of  astronomical  spherical 
problems ;  yet  it  may  be  here  added,  for  tiie  sake  of  the  young 
student,  that  if  a  =  right  aacension,  d  =  declinatioOf  2  = 
latitude,  X  =  longitude,  p  =  angle  of  poaition  (or,  the  angle 
at  a  heavenly  body  formed  by  two  great  circles,  one  paaaiog 
through  the  pole  of  the  equator  and  the  other  through  the 
pole  of  the  ecliptic),  i  inclination  or  obliquity  of  theeclip« 
tic,  then  the  following  equations,  most  of  which  are  naWf 
obtain  generally,  for  aU  the  atars  and  beaTenly  hodiea. 

1.  tan  a  »tanX  .  coat— tani «  aeoX^ain  t» 

2.  sin  (2  ss  sin  X  •  coa  I .  ain  t     no  f  •  coe  L 

3.  tauXsaint.tanil*  aee  a  +  tan  a  •  coa  {• 

4.  ain Zasainil* eoat*— *aina  .  coa i2 .  sint. 

5.  cotan  p  »  coa  d  •  aec  a  .  cot  t     aini2  .  tan.  e. 

6.  cotan  p  =  cos  I  •  aec  X  •  cot  t  — >  ain  2  •  tan  X. 

7.  coa  e  •  coa  d  3=  coal  •  €08  X. 

8.  sin  p  •  coa  d  =  sin  i  •  coa  X. 

9.  sin  p  •  cos  X  =3  ain  i  •  cos  a, 

10.  tan  a  tao  X  .  cos  t.  )  whan  i  s=  0,  as  is  alwaya  the 
*  II.  coaXs^coaa.coad.  ^        caae  within  the  auo« 


Digitized  by  Go 


The  mveitigaUon  of  these  eqaations,  which  it  omittad  fee 
tfia  take  of  bre?iCy»  depends  on  the  resolatioa  of  the  ephe- 
ricel  Iriaogle  whooe  aogles  are  the  poles  of  the  eeliptie  and 
equatoTy  aod  the  given  star,  or  luminary. 


novuM  mi» 

To  determine  the  ratio  of  the  earth's  axes,  and  their  actual 
magnitude,  from  the  measure  of  a  degree  or  smaller  por- 
tion of  a  meridian  in  two  given  latitudes  ;  the  earth  heing 
supposed  a  spheroid  generated  by  the  rotation  of  an  ellipae 
upon  its  minor  axis. 

Let  ADBB  represent  a  meridian 
of  the  earth,  pb  its  minor  axis, 
AB  a  diameter  of  the  equator, 
v,  jA,  arcs  of  the  same  number 
of  degrees,  or  the  same  parts  of  ^ 
a  degree,  of  which  the  lengths 
are  measured,  and  which  are  so 
small,  compared  with  the  mag* 
nitude  of  the  earth,  that  they 
may  be  comsidered  as  coinciding  with  arcs  of  the  osculator^ 
circles  at  their  respective  middle  points ;  let  mo,  mo,  the  radii 
of  curvature  of  those  middle  points,  be  =  R  and  r  respec- 
tively ;  MP,  mpy  ordinates  perpendicular  to  am  i  suppose  fur- 
ther CD  =  c  ;  cH  =  d  ;  (P  —  f ^  =  ;  cp  =  «  ;  cp  =  u  ;  tlie 
radius  or  sine  total  —  1  ;  the  known  angle  bsm,  or  the  lati. 
tude  of  the  middle  point  m,  =  l  ;  the  known  angle  B*m,  or 
the  latitude  of  the  point  m,  -—  / ;  ihe  measured  lengths  of  the 
arcs  M  and  m  being  denoted  by  those  letters  respectively. 

Now  the  similar  sectors  whose  arcs  are  m,  w,  and  radii  of 
curvature  r,  r,  give  r  :  r  :  :  m  :  7n ;  and  consequently  lun  = 
rM.    The  central  equation  to  tlie  ellipse  investigated  at  p.  536 

of  the  1st  vol.  gives  n^^y/i'^—       F»  =  ^  v/(<P— ii^ ;) 


ttlsosp 


la 


;  jyp=  -j^  (by  th.  17  Ellipse).    And  the  method 


of  finding  the  radius  of  .curvature  (Flux.  art.  74,  76),  ap«> 
plied  to  the  central  equations  above,  gives 

u  —  ^        ■    ;  and  r  =  ^  


3 

')2 


On  the  other  hand. 


the  triangle  spm  gives  sp  :  pm  : :  cos  l  ;  sin  l  ;  that  is, 

^  •  d  v(^^r)  ::  cos  £  :  sm  L ;  whence    =  ^Z^SSi* 
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And  from  a  like  process  there  results,      =  ^^1*  #  "j^iT* 

Buhetitiiltiig  in  the  equation  ra  »  m,  for  and  r  their 
▼ahies,  finr  a*  and  their  Taluee  jnat  foandf  and  observing 
that     &  + cos*  L  » 1 ,  and  sinU  +  eos"  I » 1 ,  we  shall  find 


(i9~«9  fint  (cfs^a  lint  i)t* 


1 


or  m' 


—  ^  sin*  I)  «  M*(il»-c>  sin"  l). 
From  this  there  arises       ^^{?  (by  hyp.)» 


and  consequeotly  the  reciprocal  of  tills  fraction,  or 
 m3^»h»l  —  mfsingj      (m^  rin  l         •in  /)  .  (m3  tint — witittQ 

Whence,  by  extracting  the  root,  there  results  finally 
d  ^^"^  «'n  l4»  «ti  «ii>Q  »  jtA  wn  l — lio  i) 

This  expresinon,  which  Is  simple  ond  symmetrical,  has  been 
obtained  without  any  developememt  into  series,  without  aay 
omission  of  terms  on  the  supposition  that  they  are  indefinitely 
small,  or  any  possible  deviation  from  correomesa^  ezeept  what 
may  arise  from  the  want  of  coincidence  of  the  circles  of  cur* 
falure  at  the  middle  points  of  the  arcs  measured,  with  the  arcs 
themselves ;  and  this  source  of  error  may  be  diminished  at 
pleasure,  by  dinunisbiDg  the  magnitude  of  the  arcs  measured : 
though  it  must  be  acknovrled^d  that  such  a  procedure  may 
give  rise  to  errors  in  the  practice,  which  may  more  than  couq* 
terbalance  the  small  one  to  which  we  have  just  adverted. 

Cor.  Knowing  the  number  of  degrees,  or  the  parts  of  de« 
grees,  in  the  measured  ares  m ,  m,  and  their  lengths,  which 
are  here  regarded  as  the  lengths  of  ares  to  the  circles  which 
have  B,  r,  ror  radii,  those  nulU  evidently  become  kuown  in 
magnitude.  At  the  same  time  there  are  given  the  algebraic 
values  of  R  and  r:  thus,  taking  r  for  example,  and  extermi* 

nating  «*  and  x\  there  results  a  =  v.  There* 

fore,  by  putting  in  this  equation  the  known  ratio  of  d  to  r , 
there  will  remain  only  one  unknown  quantity  d  or  c,  which 
may  of  course  be  easily  determined  by  the  reduction  of  the 
last  equation ;  and  thus  all  the  dimensions  of  the  terrestrial 
^eroid  will  beeome  known. 
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96  TXIGONOMETEICAL  8UEV£¥lNO. 

General  Scholium  and  Remarks. 

1.  The  value-  1,  =»^-^»  is  called  the  compression  of 

Aft  l0fMlml  spheroidt  and  it  manifestly  becomes  known 
when  the  ratio  ^  is  detenniiied.   But  the  measuranenta  of 

philosophew,  however  carefully  conducted,  furnish  resulting 
compressions,  in  which  the  discrepancies  are  much  greater 
than  might  be  wished.  General  Roy  has  recorded  several 
of  these  in  the  Phil.  Trans,  vol.  77,  and  later  measureis  hava 
deduced  others.  Thus,  the  degree  measured  at  the  equator 
by  Bouguer,  compared  with  that  of  France  measured  by 
Machain  and  Dalambra,  givaa  for  the  compression  also 

d  s  8871208  toises,  c  s  8261443 toises,  d—e  »  9766  tmses. 
General  Roy's  sixth  spheroid,  from  the  dc:rrees  at  the  equa- 
tor and  in  latitude  45°,  gives  gJ-.  Mr.  Dalby  makes  d  = 
8489932  fathoms,  c  =  3473656,  Gen.  Mudge  d  =  3491420, 
C  =  8468007,  or  7985  and  7882  miles.  The  degree  mea- 
•med  al  (tnito^  compared  with  that  measured  in  Lapland  by 
Swanberg,  gives  compression  =         Swanberg*s  observa- 

tioDs,  compared  with  Bouguer's,  givegg^*  Swanberg's 

compared  with  the  degree  of  Delambre  and  Mechain 

Compared  with  Major  Lunbton's  degree  Amtnimum 

of  errors  in  Lapland,  France,  and  Peru  gives  g^^*  Laplace» 

from  the  lunar  motions,  finds  compression  =  From  the 
theory  of  gravity  as  applied  to  the  latest  observations  of  Burg* 
Maskelyne,  &c.  3^^*    From  the  variation  of  the  pendolnm 

in  dillhrent  latitudes  I>r.  Robison,  assuming  the  va- 

natien  of  gravity  at  |^  makes  the  compression  The 
most  aeeorately  compnted  results  from  Capt*  Sabine's  expe* 

^  riments  on  the  pendulum  in  different  latitudes,  give 

Others  give  results  varying  frofn  fT^  ^to^^  :  but  far  the 
greatef  number  of  observations  differ  but  little  from  ^ 
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which  the  computation  from  the  phenomena  of  the  pre. 
cession  of  the  equinoxes  and  the  nutation  of  the  earth's  axil, 
gives  for  the  maximum  limit  of  tlie  coni^ircssiun. 

S.  From  the  various  results  of  careful  adnieasurcmeoU  it 
happens,  as  Greo.  Roy  has  remarked,  that  philosophers  are 
not  yet  agreed  in  opinion  with  regard  to  the  exact  figure  of 
the  earth  ;  some  contending  that  it  has  no  regular  figure,  that 
is,  not  such  as  would  he  generated  by  the  revolution  of  a 
curve  around  its  axis.  Oihere  have  supposed  it  to  be  an 
ellipsoid  ;  regular,  if  both  polar  sides  should  liave  the  same 
degree  of  flatness  ;  but  irregular  if  one  should  be  flatter  than 
(ho  other.  And  lastly,  some  suppose  it  to  be  a  spheroid  dif- 
fering from  the  ellipsoid,  but  yet  such  as  would  be  formed 
by  the  revolution  of  a  curve  around  its  axis."  According  to 
ihe  theory  of  gravity,  however,  the  earth  must  of  necessity 
have  its  axes  approaching  nearly  to  either  the  ratio  of  J  to 
680  or  of  303  to  304  ;  and  as  the  former  ratio  obviously 
does  not  obtain,  the  figure  of  the  earth  must  be  such  as  to 
cerreapond  nearly  with  the  latter  ratio* 

8.  fiesides'tha  method  above  deecribedy  othen  have  been 
impoeed  for  determiDtng  the  figure  of  the  earth,  by  meaaure* 
meiit.  Thus,  that  figure  might  be  ascertained  by  the  mea« 
mirement  of  a  degree  an  two  parallels  of  latitude ;  but 
BO  accurately  aa  by  meridional  arc8»  lal.  Because,  vb^n  the 
diaCaoce  of  the  two  stations,  in  the  same  paraflel,  is  measnredy 
the  coletftial  arc  is  not  that  of  a  parallel  circle,  but  is  nearly 
the  arc  of  a  great  circlet  and  always  exceeds  the  arc  that  cor- 
responds  truly  with  the  terrestrial  arc.  2dly.  The  interval 
of  the  meridian's  passing  through  the  two  atations  must  be 
determined  by  a  time-keeper,  a  very  small  error  in  the  going 
#f  which  will  produce  a  very  considerable  error  in  the  com- 
|Nitatioo«  Other  methods  which  have  been  proposed,  are,  by 
comparing  a  degree  of  the  meridian  in  any  latitude,  with  a 
de^e  of  the  curve  perpendicalar  to  the  meridian  in  the  aonie 
latitude ;  by  comparing  the  measures  of  degrees  of  the  curves 
perpendicular  to  the  meridian  in  difierent  latitudes ;  and  by 
comparing  an  arc  of  a  meridian  with  an  are  of  the  parallel  of 
latitude  that  crosaea  it.  The  theorems  connected  with  theaa 
and  some  other  methods  are  inveatigated  by  Professor  Play* 
fair  in  the  Edinburgh  Transactions,  vol.  v.  to  which»  together 
with  the  hooka  mentioned  at  the  end  of  the  1st  section  of  thia 
chapter,  the  reader  ia  referred  for  much  useful  inibrmatiofi 
on  this  highly  interesting  subject. 

Hafing  thus  solved  the  chief  problema  connected  with 
Trigonometrical  8arveying,  the  student  is  now  praaented 
frith  the  ftllowiag  exawplea  by  way  of  ezeiciae* 
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Ex,  1.  The  angle  subtended  by  two  distnnt  ohjects  at  a 
fK  Ihifd  object  is  66^30*39"  ;  one  of  those  objects  appeared  under 
V   an  elevation  of  25'47'',  the  other  under  a  depression  *>f' 
Required  the  reduced  borisfcontal  angle.      Ans.  66  30  36  J". 

Ex,  2.  Going  alone  a  straight  and  horizontal  rofid  which 
paned  by  a  tower,  I  wished  to  tind  its  height^  ami  for  this 
purpose  measured  two  equal  distances  each  of  81  iVct,  and  at 
tbe  extremities  of  those  distances  took  three  angles  of  eleva- 
tion of  the  top  of  the  tower,  viz.  36^60',  21  24',  and 
What  is  the  height  of  the  tower  ?  Ans.  53-96  lect. 

£k.  3.  Investigate  General  Roy's  rule  for  the  spherical 
•Kcess,  given  in  the  scholium  to  prob.  8. 

Ex,  i.  The  three  sides  of  a  triangle  measured  on^  the 
earth's  surface  (and  reduced  to  the  level  of  the  sea)  are  17,18, 
and  10  miles  :  what  is  the  spherical  excess  ?    Ans.  1"*096. 

£br*  5.  Tlie  base  and  perpendicular  of  another  triangle  are 
24  and  15  miles.   Required  the  spherical  excess. 

Ans.  2'ar'52iK 

Ex,  6.  In  a  triangle  two  sides  are  18  and  28  milest  and 
they  include  an  angle  of  S<F24'S0".  What  is  the  spherical 
exeem  1  Ans.  2"-8ie». 

Ex,  7,  The  length  of  a  base  measured  at  an  elevation  of 
38  feet  above  the  level  of  the  sea  is  34280  feet :  required  the 
lenrrth  when  reduced  to  that  level  t  Ans.  84285-9379. 

Ex.  8.  Given  the  latitude  of  a  place  48  5rN,  the  sun's  de« 
clination  18^  30'n,  and  the  sun's  apparent  altitude  at  10!?  II* 
26'A3f ,  52  35'  ;  to  Bnd  the  angle  that  the  vertical  on  which 
the  sum  is,  makes  with  the  mendian.  Ans.  45^28'2rf . 

A  Ex.  9.  When  the  sun's  lonjritude  is  29  13'43",  what  rs 
his  rif^lit  ascension?  The  obliquity  of  the  ecliptic  being 
23  27  40'.  Ans.  27  10'13  'f . 

Ex,  10.  Required  the  longitude  of  the  sun,  when  his  right 
ascension  and  declination  are  32  4(>  r)2'  ^,  and  13^13'*27"n  res- 
pectively.   See  the  theorems  in  the  scholium  to  prob.  12. 

Ex.  11.  The  right  asrmsion  of  the  star  a  Ursao  majoris 
is  162-50'31",  and  the  decimation  02  50'n  :  what  are  the 
longitude  and  latitude  ?  The  obliquity  of  the  ecliptic  being 
as  above. 

Et,  12.  Given  the  meastire  of  a  decree  on  the  meridian 
in  N.  lat.  49  3',  6083:Uathonis  and  of  another  in  x.  lat.  12^32', 
'  60494  tat  horns  :  to  find  the  ratio  of  the  carth^s  axes. 

Ex,  13.  Demonstrate  thatt  if  the  earth's  figure  he  that 
of  an  oblate  spheroid,  a  degree  of  the  earth's  equator  is  the 
first  of  two  mean  proportionalfi  between  the  last  and  first 
degrees  of  latitude. 
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Es.  i4»  Dciftonstrate  that  the  degrees  of  the  terrestrial 
meridian*  io  veoeduig  from  the  equator  towards  the  poles,  are 
increased  vBiy  oearl/  io  the  dtt|iUoate  ratio  of  liie  aine  of  tlio 
ktilttde. 

Er.  15.  If  jvbelhe  meeaareof  adegneof  agrett  circle 
fMTpendieular  to  a  meridiaii  at  a  certain  point,  m  that  ot^the 
correspondiog  degree  on  tlw  meridiaii  itaeify  and  d  the  length 
ef  a  disgfoe  on  an  oblique  arc,  that  arc  makiog  an  angle  m 

with  the  meridian,  then  is  d  =  — r — .  .  ^  .    Required  a 

demonairation  of  thia  theorem. 


ON  Tii£  NATURE  AND  SOLUTION  OF  EQUA- 
TIONS IN  GENERAL. 

1.  I.v  order  to  investijrato  tlio  general  properties  of  the 
higher  equations,  let  iIumc  be  assumed  between  an  unknown 
quantity  x,  and  g^iven  rpiantiiies  a,  h,  r,  an  equation  con* 
stituted  of  the  continued  product  oi'  uniform  factors  :  thua 

(x  —  a)  X  (x  —  b)  X  (x  —  c)  X      —  rf)  =  0. 
This,  by  performing  the  multiplications,  and  arranging  the 
finni  product  according  to  the  poivcr«  or  diaiGaaioaa  of 
becomes 

x'^+ab^  x'-ahc^x+abcd  :=z  0.  .  .  .  (A) 
4-  ac  I    — abd 


ad  [    — acd 
+  6c  I    — bed 
+  bd 
+  cd) 

Now  it  is  obvious  that  the  assemblage  of  terms  which  compose 
the  first  side  of  this  equation  may  become  equal  to  nothing  m 
four  diti'erenl  ways  ;  namely,  by  supposing  either  x  =  a,  or 
T  »  ft,  or  af  s*  c,  or  X  =  ;  for  in  either  case  one  or  other 
ofthe  factors  x  —  a,  x  —  6,  z  —  c,  x  — rf,  will  be  equal  to  no- 
thing, and  nothing  multiplied  by  any  quantity  w  hatever  will 
give  nothing  for  the  prodiict.  If  any  other  value  e  be  put 
for  X,  then  none  ofthe  factors  e — a,  c — b,  e — c,  e — dy  bemg 
equal  to  nothing,  their  continued  product  cannot  be  equal  to 
nothing.  There  are  therefore,  in  the  proposed  equation,  four 
roots  or  values  of  x  ;  and  that  which  characterises  these  roots 
is,  that  on  substituting  each  of  them  successively  instead  ofx, 
the  aggregate  of  the  terms  of  the  equation  vanishes,  by  the 
opposition  of  the  signs  +  end  — . 
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1  lie  preceding  equation  is  only  of  the  fourth  power  or  de- 
grete ;  but  it  is  manifest  tlmt  the  above  remark  applies  to 
equations  of  higher  or  lower  dimensions  :  viz.  that  in  general 
an  equation  of  any  degree  \\hatover  has  as  many  roots  as 
there  are  units  in  the  exponent  of  the  highest  power  of  the 
unknown  quantity,  and  that  each  root  has  the  property  of 
rendering)  by  its  substitution  in  place  of  the  unknown  quan- ' 
tity,  the  aggregate  of  all  the  ierina  of  the  equation  equal  U> 
nothing. 

It  must  be  observed  that  we  cannot  have  all  at  once  x  =  , 
«  =  6,  X  =  r,  <^c.  for  the  roots  of  the  equation  ;  but  that  the 
particular  equations  x  —  a  =  0,  x—  6  =  0,  x  —  c  =  0,  6:c, 
obtain  only  in  a  disjunctive  sense.  They  exist  as  factors  in 
the  same  equation,  because  algebra  gives,  by  one  and  the 
aftine  formula,  not  only  the  solution  of  the  particular  problem 
from  which  that  foranila  may  have  originated,  but  also  the 
solutioA  of  all  problems  whidi  have  similar  coiiditioiis«  The 
difibfent  roots  of  the  equation  satisfy  the  respective  condi* 
tions;  and  those  roots  may  differ  from  one  another,  by  their 
0Hmfify,  and  by  their  mode  of  existence. 

It  is  true,  we  say  frequently  that  the  roots  of  an  eqnatioor 
are  X  «s  a,  X  =  ^,  x  =  c,  &c.  as  though  those  values  of  x 
existed  conjunctively ;  but  this  manner  of  speaking  is  an  ab* 
breviation,  which  it  is  necessary  to  understand  in  the,  sense 
explained  above. 

2.  In  tho  equatiin  a,  all  the  roots  are  positive  ;  but  if  the 
factors  w  hich  consMtute  the  equation  had  been  x  -\-  a,  x  b, 
X  +  c,  X  d,  the  roots  would  have  boen  negiitive  or  sub* 
tractive.  Thus 


^  X  +  abed  =  0.  .  .  .  (B) 

-{-abd 
-i-acd 


-fci  -^-dd 
A-d)    T  be  (  -{-bed 

has  negative  roots,  those  roots  being  x  =  —  a,  x  =  — 
ap  ass  —  c,  X  =  —  d:  and  here  again  we  are  apt  to  apply  them 
disjunctively.  * 

3.  Some  equations  have  their  roots  in  part  positive,  in  part 
negative.    Such  is  the  following : 


1  ^+ab  '^x  +  cbe  »0.  (C) 

Here  are.the  two  positive  ffoots»  vis*  m^Ofm^b;  and 
negttive  root»  vis.  s  ^  -  e :  the  eqpatioD  being  constituted 
of  the  eontiiMied  product  of  the  ItiTOe  ftetora»s— e^^^ 
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From  an  inspection  of  the  equations  a,  b,  c,  it  may  be 
inferred,  that  a  complete  equation  consists  of  a  number  of 
terms  exceeding  by  luiUy  the  number  of  its  roots. 

4.  The  preceding  equations  have  been  considered  as  formed 
firom  equatlooa  of  the  first  degree,  and  then  each  of  theoi 
oontaiDS  so  many  of  those  cooalitueot  equatioiia  as  there  are 
VAits  in  the  exponent  of  its  degree*  But  an  equation  which 
exceeds  the  second  dimension  may  be  considered  as  gooh 
posed  of  one  or  more  equations  of  the  second  degree,  or  of 
the  third,  dec,  combined,  if  it  be  necessary,  with  equations  of 
the  first  degree,  in  such  manner,  that  the  product  of  all 
those  constituent  equations  shall  form  the  proposed  equation. 
Indeed,  when  an  equation  is  formed  by  the  successive  raul. 
tiplication  of  several  simple  equations,  quadratic  equations, 
cubic  equations,  Sec,  are  formed  ;  which  of  course  may  be 
regarded  as  factors  of  the  resulting  equation. 

5.  It  sometimes  happens  that  an  equation  contains  imagi* 
naiy  roots  ;  and  then  they  will  be  found  also  in  its  consti* 
tuent  equations.  This  class  of  roots  always  enters  an  equation 
by  pairs ;  because  they  may  be  considered  as  containing,  in 
their  expression  at  least,  one  eseti  radical  placed  before  a  ne. 
giative  quantity,  and  because  an  even  radical  is  necessarily 
preceded  by  the  double  sign  ± .  Let,  for  example,  the  equa* 
tion  be  a:'  —  (2o  —  2r)r^i-(a^-l-6^  -  4ac+c^4-«i->'-f-(2a*c+ 
2b^e  -  2ac'  —  2<wr)  x  -f-  +  .  (c»  +  rf')=0.  This  may 
be  regarded  as  constituted  of  the  two  subjoined  quadratic 
equations,  ar=—  2ar  +  a*  +  6»  =  0,  a:^  +  2m:  + c»  +  ii^  =s  0: 
and  each  of  these  quadratics  contains  two  imaginary  roots; 
the  first  givng  x  =  a  ±  6     —  1^  and  the  second  xss^c  ± 

In  the  equation  resulting  from  the  product  of  these  two 
quadratics,  the  coefficients  of  the  powers  of  the  unknown 
quantity,  and  of  the  last  term  of  the  equation,  are  real  quan* 
tities,  though  the  constituent  equations  contain  imaginary 
quantities  ;  the  reason  is,  that  these  latter  disappear  by  means 
of  addition  and  multiplication. 

The  same  will  take  place  in  the  equation  (x  —  a)  ,  , 
(x*  -f-  2cx  c*  +  d^)  =  0,  which  is  formed  of  two  equations 
of  the  first  degree,  and  one  equation  of  the  second  wiiose 
xoots  are  imaginary. 

These  remarks  being  premised,  the  fluhscqneol  genefal 
theorems  will  be  easily  ertablished. 


Digitized  by  Go. 


TumuaM  I. 

Whatever  be  the  species  cf  the  mots  of  an  equation,  when  * 
the  equation  is  arranged  according  to  the  powers  of  the 
unknown  quantity,  if  the  first  term  be  positiver  and  have 
unity  for  its  coefficienti  the  following  properties  may  be 
traced  : 

I.  The  first  term  of  the  equation  is  the  unknown  quantity 
raised  to  the  power  denoted  by  the  number  of  roots. 

U.  The  second  term  contains  the  unknown  quantity  raised 
to  a  power  less  than  the  former  by  unity,  with  a  coeflTicienl 
equal  to  the  sum  of  the  roots  taken  with  contrary  signs. 

III.  The  third  term  contains  the  unknown  quantity  raised 
to  a  power  less  by  2  than  that  of  the  first  term,  with  a  co- 
efficient equal  to  the  sum  of  all  the  products  which  can  be 
formed  by  multiplyiiit^  all  the  roots  two  and  two. 

IV.  Tlie  fourth  term  contains  the  unknown  quantify  raised 
to  a  power  less  by  3  than  tliat  of  the  lirst  term,  witli  a  coef- 
ficient equal  to  tlie  sum  of  all  the  products  w  hich  can  be  made 
by  multiplying  any  three  of  the  roots  with  contrary  sinrns. 

V.  And  so  on  to  the  last  term,  which  is  the  coulmued 
product  of  all  the  roots  taken  with  contrary  signs. 

All  this  is  evident  from  iospectioa  of  the  equations  ex- 
hibited in  arts.  1  >  2,  3,  5. 

Cor.  1.  Therefore  an  equation  having  all  its  roots  real, 
but  some  positive,  the  others  negative,  will  want  its  second 
term  when  tlie  sum  of  the  positive  roots  is  equal  to  the  sum 
of  the  negative  roots.  Thus,  for  exanopie,  the  equation  o 
will  want  its  second  term,  if  a  +  ^  = 

Cor.  2.  An  equation  whose  roots  are  all  imaginary  will 
want  the  second  t6rm»  if  the  sum  of  the  real  quantities  which 
enter  into  the  expression  of  the  roots,  is  partly  poeitiTe^ 
pfftly  negative,  and  has  the  result  reduced  to  nothings  the 
imngiaftiy  parts  mutually  destroying  each  other  by  addition 
Uk  each  pair  of  roots.  Thus,  the  first  equation  of  art*  5  wall 
want  the  second  term  if  —  2a -f- '^<*  =  0,  or  a  =  c.  The 
second  equation  of  the  same  article,  which  has  its  roots  partly 
seal,  partly  imaginary,  will  want  the  second  term  if  ^  —  a  + 
%     SckO,  om  —  6ss*2c. 

Cor.  8.  An  equation  will  want  its  t|iird  term,  if  the  som 
of  the  prodnte  of  the  roots  taken  two  and  two,  is  partly  po- 
sitive, i^utly  negativOi  and  these  mutuaUy  destroy  each  other. 

Remark*  An  i$ieampUie  equation  may  be  thrown  Into  the 
torn  of  oofliplefe  equatiods,  by  introducing,  with  Uie  coefficient 
a  cwktr^  the  absent  powers  of  the  unkm>wn  quantity  :  ^bm 
for  me  equation  +  r  O,  may  be  written  -f  0  +  <^ 
X  +  r  «  0.  This  m  some  cases  will  be  useful.^ 
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Cor,  4.  An  equation  with  positive  roots  may  be  trans- 
fbrmed  into  another  which  shall  have  ner^ntivc  roots  of  the  ' 
8an>e  value,  and  reciprocally.  In  order  to  this,  it  is  only  ne- 
cessary to  change  the  signs  of  the  alternate  terms,  beginning 
with  the  second.  Thus,  for  example,  if  instead  of  the  equa-  , 
tion  —  8c-  -r  17x  —  10x=0,  which  has  three  positive  roots 
1,  2,  and  5,  wo  write  r»  -f  8r»  +  17a:  +  10  s=  0,  this  latter 
•quatioD  will  have  thiee  negative  roots  1,  «3s«.§^ 

IT  at  ->  5.   In  like  manner,  if  imlMd  of  the  eqoatioii  aE*  ^ 
Si^—  18x  +  lOssO,  wKtcb  has  two  posltm  roois  sssl,  x«8, 
and  one  negative  root «  »  — *  5,  tbere  be  token  ^ 
13x  —  10  s  0,  this  latter  equation  will  have  two  negative 
roots,  JT  =s     ly  X  »     2,  and  one  positive  root  x  «  5* 

In  geneml,  if  there  be  taken  the  two  equations,  (x— a)  X 
f        X  («— c)  X  (x--rf)  X  dtc.  =0,  and  X  (s+n  X 

^c+c)  X  {x-^d)  X  dec.  =  0,  of  which  the  rods  are  the  same 
in  magnitude,  but  with  different  signs  :  if  these  equations  bo 
developed  by  actual  multiplication,  and  the  terms  arrangod 
according  to  the  powers  of  x,  as  in  arts.  1»  2  ;  it  will  be  seen 
that  the  second  terms  of  the  two  equations  will  be  afibctad 
with  different  signs,  the  third  terns  with  like  signs,  tbo 
fourth  terms  with  different  signs,  &c. 

When  an  equation  has  not  all  its  terms,  the  deficient  terms 
must  bo  supplied  by  cyphers,  before  the  preceding  rule  can 
be  applied, 

Cor,  5.  The  sum  of  the  roots  of  an  equation,  the  sum  ef 
their  squares,  the  sum  of  their  cubes,  6ic.  may  be  found  with- 
out knowing  th(j  roots  themselves.  For,  let  an  equation  of 
any  degree  or  dimension,  m,  be  x'"  4-^^^"'*"'  +  gx'*"^  -J* 
hx'-'-^  4-  &c.  =  0,  its  roots  being  a,  6,  c,  d,  d&c.  Then  wo 
shall  have, 

1st.  The  sum  of  the  first  powers  of  the  roots,  that  is,  of 
the  roots  themselves,  or  a  +  ^  4-  c  +  dec.  •=  —  ;  since  the 
coefficient  of  the  unknown  quantity  in  the  second  term,  is 
equal  to  ilic  .sum  of  the  roots  taken  with  different  signs. 

2dly.  The  sum  of  the  squares  of  the  roots,  is  eq«ial  to  the 
square  of  the  coefficient  of  the  second  term  made  less  yy 
twice  the  coefficient  of  the  third  term  ;  viz.  a=  +  6^  -f  c--{- 
dtc.  =  /' — %.  For,  if  the  polynomial  a  -|-  6  -|-  c  -{-  d:c.  be 
•  squared,  it  will  be  found  that  the  square  contains  the  sum  of  " 
the  squares  of  the  terms,  a,  c,  dec.  plus  twice  the  sum  of 
the  products  formed  by  multiplying  two  and  two  all  the  roots 
«,  6,  c,  &c.  That  is,  (if  +  6  +  c  +  dtc.)*  ==  a^-f-t^+c^'  +  &c. 
Hh  2  (a6  +  ac  +  6c  +  &c).  But  it  is  obvious,  from  equa.  a,  b, 
thtt  (a  +  6  4-  c  +  &C.)'-/',  and  (a6  +  oc  -f  6c  +  d:c)==^. 
Thus  wo  have/*  at  (o^  +  +  &c.)  +  2^  ;  and  con- 
oeqoeotly  o"  +  M  +  «■  +  dpc;  =  /» - 
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Sdly.  The  sum  of  the  cubes  of  the  roots,  is  equal  to  3  times 
the  rectangle  of  the  coefficient  of  the  second  and  third  terms, 
made  less  by  the  cube  of  the  coefBcicnt  of  the  second  term, 
and  3  times  the  coefficient  of  the  fourth  term  :  viz.  a'  4-  ^* 
+  c"*  &c.  =  —  +  ^fg  —  3A.  For  we" shall  by  actual  in- 
volutioni  have  (a  4-  6  4-  c  4-  6ic.y  =  a'  +  -f  r*  -H  Ate.  -f- 
S(o+6-|-c)  X  ^ab  +  ac-{-bc)—Sabc.  But  (a-f  6+c  +  &c.)" 
(a+6+c+ dec.)  X  (a6H-ac+6c-f  <kc.)  ^ -—fg, 
abc  =  —  A.  Hence  therefore,  --/^  =  -f  6^  -f  c'  4-Acc. — 
Sfg  +  3A  ;  and  consequently,  a**  4-  6^  +  c**  4-  dec.  =  — 
3/^  —  3A«    And  so  on,  for  other  powers  of  the  roots*  * 

THBOBBX  II. 

In  every  equation,  which  contains  only  real  roots  : 

I.  If  all  the  roots  are  positive,  the  terms  of  the  equation 
will  be  4-  and  —  alternately. 

II.  If  all  the  roots  are  negative,  all  the  terms  will  have  the 
•ign  4-. 

III.  If  the  roots  are  partly  positive,  partly  negative,  there 
will  be  as  many  positive  roots  as  there  arc  variations  of 
signs,  and  as  many  negative  roots  as  there  are  permanencies 
of  signs  ;  these  variations  and  permanencies  being  observed 
from  one  term  to  the  following  through  the  whole  extent  of 
ihe  equation. 

In  all  these,  either  the  equations  are  complete  in  their 
lerms,  or  they  are  made  so. 

The  first  part  of  this  theorem  is  evident  from  the  exa- 
mination of  equation  a  ;  and  the  second  from  equation  b. 

To  demonstrate  the  third,  we  revert  to  the  equation  c 
(art.  3),  which  has  two  positive  roots,  and  one  negative.  It 
may  happen  that  either  c  >  «  4  ^,  or  c  <a  +  6. 

In  the  first  case,  the  second  term  is  positive,  and  the  third 
is  negative  ;  because,  having  c  >  a  -j-  6,  we  shall  have  ac  4- 
ftc  >  («  4-  fc)*  >  ob.  And,  as  the  last  term  is  positive,  we  see 
that  from  the  first  to  the  second  there  is  a  permanence  of 
signs  ;  from  the  second  to  the  third  a  variation  of  signs  ;  and 
from  the  third  to  the  fourth  another  variation  of  signs.  Thus 
there  are  two  variations  and  one  permanence  of  signs  ;  that 
is,  as  many  variations  as  there  are  positive  roots,  and  as  many 
permanencies  as  there  are  n('gative  roots. 

In  the  second  case,  the  second  term  of  the  equation  is  ne- 
gative, and  the  third  may  be  either  positive  or  negative.  If 
that  terra  is  positive,  there  will  be  from  the  first  to  the  second 
a  variation  of  signs ;  from  the  second  to  the  third  another 
variation  ;  from  the  third  to  the  fourth  a  permanence  ;  making 
in  all  two  variations  and  one  permanence  of  signs.  If  the 
third  term  be  negative,  there  will  be  one  variation  of  sjgna 
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from  the  first  to  the  ■eeood ;  one  permanence  from  the  second 
to  the  third;  and  one  rariatibn  from  die  third  to  the  fimrth: 
thus  maki  ng  again  two  variations  and  one  permanence.  The 
number  of  variations  of  signs  therefore,  in  this  case  aa  well 
as  in  the  former,  is  the  same  as  that  of  the  positive  roots  5 
and  the  number  of  peimaiieDcies,  the  aame  as  that  of  the 
negative  roots. 

Carol.  Whence  it  follows,  that  if  it  be  known  by  any 
means  whatever,  that  an  equation  contains  only  real  roots,  it 
is  also  known  how  many  of  them  are  positive,  and  how  many 
negative.  Suppose,  for  example,  it  bo  known  that,  in  the 
equation  x»  4-  Sx*  -  23r»—  27r'  4-  l^Gx  — 120  =  0,  all  the 
roots  are  real :  it  may  immediately  be  concluded  that  there 
are  three  positive  and  two  negative  roots.  In  fact  this  equa. 
tion  has  the  three  positive  roots  x  =  l,x=s2|X»3y  aod 
two  negative  roots,  x  =  —  4y  x  =  —  5, 

If  the  equation  were  incomplete,  the  absent  terms  must  be 
supplied  by  adopting  cyphers  for  coefficients,  and  those  terms 
must  be  marked  with  the  ambiguous  sign  ±  •  Thus,  if  the 
equation  were 

-  SOx' +  30x>  +  10»  —  80  e  0, 

all  tile  vooli  benig  m1»  end  Uie  second  tem  wentiiif,  it 
BUiei  be  written  thoa : 

±  Qi^  -  20:^  +  8QsF+ 10s  -  aO»0. 
Then  it  wiO  be  aeen  that,  whether  the  aeoond  term  be  poai* 
tlve  or  negatiye,  there  will  be  3  variations  and  2  permaneneiea 
ofsigQa :  and  consequently  the  equation  has  3  positive  and  9 
negative  roots.   The  roots  hi  fact  are,  1^    8^ «—  1,  —  6. 

This  rule  only  obtains  with  regard  to  equations  whose  roots 
are  real.  If,  for  example,  it  were  inferred  that,  because  die 
equation  ^  +  5  —0  had  two  permanencies  of  aignS|  it 
had  two  negative  roots,  the  conclusion  would  be  enoneooa  i 
for  both  the  roots  of  this  equation  are  imaginaiy, 

TBBORKM  ni. 

Eveiy  equation  may  be  transformed  into  another  whose  looli 
shall  be  greater  or  less  by  a  given  quanti^. 


In  any  equation  whatever,  of  which  x  is  unknown,  (the 
equations  a,  b,  c,  for  example)  make  x  =  z  m,  z  being  a 
new  unknown  quantity,  m  any  given  quantity,  positive  or 
negative  :  then  substituting,  instead  of  ar  and  its  powere,  their 
values  resulting  from  the  hypothesis  that  x  =  2  m ;  so  shall 
there  arise  an  equation,  whose  roots  shall  be  greater  or  less 
than  the  roots  of  the  primitive  equatiooj  by  the 
quantity  nu 

Vol.  IL  15 
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Carol,  Tbe  principal  lue  cHhm  «riMonM|liwi  i%%oMp 
away  any  tem  out  of  an  equation.   TNl*i  ^  mM||(Mil  i»  . 
equation  into  one  whioh  ihiai  wani  tba  momI  lonn,  III « 

•so  aMnmed  that  tiai  —  a      0,  or  »     p  fiboini^  th^  index 

of  the  highest  power  of  the  unknown  quaotity»  and  a  Ilia 
coefficient  of  the  second  term  of  the  equation,  wiii  Ha  lign 
changed  :  then  if  the  roota  of  the  transformed  equpjtion  pan 
be  fou^di  the  roots  of  tho  original  equation  paay  al«i»  ha  fiamd* 

foecauaa  s  + 

THEOKMM  IT. 

ETory  equation  may  be  tranafonned  into  another,  whoM 
loots  ahall  be  equal  to  the  roota  of  the  fin^  multipliad  or 
divided  by  a  given  quantity. 

1.  Let  the  equation  be    +  or*  +     +  c  =  0 :  if  we  put 

fz  =  X,  or  z        the  tranaTofOMd  eqoalioft  wiU  )ie  ^  + 

fw^  +f*bx  »  0,  of  which  the  loota  are  the  respecdva 
piodttcta  of  tbe  roota  of  the  primitive  equation  multiplied  into 
the  quantity/. 

By  means  of  this  transformation,  an  equation  with  frac- 
tional quantitiesy  may  be  changed  into  another  which  ahfdl 

be  free  from  them.   Suppose  the  equation  were  ir>  +  -jr 

~  mO:  multiplying  the  whole  by  the  product  of  the 

denorainatony  theva  would  ame  ghh^ -¥  Aftaei^  -f'  gUs  ^ 

gjid  B  0 :  then  aaauming  gkkx  a  or,  or  x  »  ^  tbp  Urana- 

formed  equa.  would  be  r»  +  hkas^  +  g^k'hbx  +  g'k'K'd  =  0. 

The  same  transformation  may  be  adopted,  to  exterminate  ~ 
the  radical  quantities  which  atfect  certain  terms  of  an  equa- 
tion. Thus,  let  there  be  given  the  equation  +  az^  y/  k  + 
hz  +  c  ^  k  :  make  z  ^  k  =^  x  ;  then  will  the  transformed 
equation  be  4*  akx^  +  iibf  +  cifc*  =  0,  in  which  there  are 
no  radical  quantities. 

2.  Take,  for  one  more  example,  the  equation    +  + 

£,4.ea0.  Makej»«;  than  wUl  tho  ayiatiow  ha 
transformed  to     +  ^+Jr+j^  ■•^i*  'iW^k  ^ 
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eqaa!  to  tiM  qyotkolt  of  dKM  of  th«  piiflMtavo  eqnatioDt 
dhridedbj/* 

&  it  obfiouf  that,  by  aoalogoiu  methods,  ao  eqaation  may 
be  tnuMfefnad  iolo  another,  Sie  roote  of  whidi  shall  be  to 
those  of  the  pio^  eqa^,  l9  aoy  foqidied  nitio.  km 
<he  subject  need  not  be  enlarged  on  here.  The  preceding 
sneeinet  Tiew  will  suAce  the  nsna!  mirposes,  so  fiir  as  re- 
Istea  to  the  nature  aild  dnef  properties  of  eqnatiens.  Wo' 
shall  ttieielbfe  eondode  this  chapter  with  a  saromary  of  the 
BMMt  useftd  rules  Ibr  the  solution  of  equations  of  different 
degrees^  besides  dwsa  akeady  given  in  the  fimt  volunie. 

L  £Mie$/m-U^SeluUono^Quadraii^ 

1.  If  the  equntionbe  of  the  lbnn«'+]Krs:^: 

Make  tan  a  »  -  Vf »  ^®      J^oots  be, 

aU^-Hatt  ^M,y/q  saa  «  eot  y^g. 

2.  For  quadcmtics  of  the  form  x'— jpx^:). 

Make,  as  beibfe,  tan  a  « :  then  will 

saB—  tan  ^      •  •  •  •  •  sss-fcot  ^A^g^ 
t»  For  quadratics  of  the  fefm 

MafceatdA       ^a:  then  will 

3f=s  ^tan  iA^q  x=— col  jAy/q* 

4.  For  quadratics  of  the  form 
Make  sia  a     y^i ' 
:^«ftii&  iAy/'y  .  •  • .  .apas+cot  iAv/</. 
In  the  last  two  oasas^if     V  f  exceed  unity,  sin  a  is  ima- 

ginary,  and  consequently  the  values  of  x. 

The  logarithmic  application  of  these  formuls  is  very  sioipJew 
Thus,  in  case  Ist.    Find  a  by  making 

10+log  2+ J  log  9— logp=log  tan  A* 

*  Twu--,«  i  +  i^+i  ^^g^'-^^- 

Aneniag  V     (-.(log cot  iA+i  logj-10). 

Mils.  This  method  of  solving  quadratics,  is  chiefly  of  use 
when  the  quantities  j»  and  q  are  large  integers,  or  censpleai 
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IL  BmUs  fw  the  Solution  of  Cubic  Equations  by  Tables  of 

Sines f  Tangents,  and  Secants. 

1.  For  cubid  of tho  foim  ^+pr±q^O. 

Make  tan  b  =  ^  .  2^iP  .....  tan  a  «  ^  tan  ^b. 

Then  s  «  :f  col  2a  •  2^p. 
fL  ForeiibiC0i^thefi>ioii'---]Mrd:9sO. 

Make  sin  b  =  22- .  2^Jp  ton  a  =  ^  i"* 

Tbrntm^  qp  coaee 2a •  2^^ 
BoTOf  if  tlie  value  of  am  b  should  exceed  tmity,  b  would 
he  hnaginary,  and  the  equation  would  fidl  In  what  it  called 
ikB  imdmMU  ease  of  cuhics.  In  that  caae  we  mutt  make 

cotec  3a  =  ^  •         •       ^^^^^  ^®  thieo  roota  would  be 

2b  tin  A  •  2^^. 
s  »  ±  tin  (60'>  — a)  .  2^ip. 
«  «  ±  tin  (60*^  +  a)  .  2^1p. 
IffhevahieaftinBweie  lywethould  have  b^90^,  tan 
A  »  1  s  therefoie  a  =  459,  and  x      =f  2  ^ip.   But  thit 
would  not  he  the  only  root*  The  tecond  aolution  would  give 

90* 

cotec  dA=l  t  therefore  a  =     ;  and  then 

x«  ±  tin80<>.2v^|ps:t  ^/Ip* 
• «  »  ±  tin  80«> .  2^lp  «  ±  y/lp. 
«  a  7  tin  80"" .  2v/|p  =  T  Vfr- 
Heie  it  it  obvious  that  the  first  two  loott  aie  equal,  that  their 
turn  it  equal  to  the  third  with  a  contrary  sisn,  and  that  thit 
tfatid  it  the  one  which  it  produced  from  the  first  tolution*. 


♦  The  tables  of  sines,  tangents,  iic.  besides  their  use  in  trigonometry, 
ind  In  the  solution  of  the  equations,  are  also  vcnf  useful  io  findiog  Ui« 
value  of  algebraic  expressions  where  extraetSon  ofrooli  would  ha  OtbM^ 
wtierequired.  Thiittf«and6beaiiy twoqttaiititiM,ofwh1ohaiitha 

greatar.  Find  x,  t,  dtc.  so,  that  tan  «  =  vi,  alu  z  =  V  ~,  sec    =  * , 

tan  H  s=  L.  and  fin  /  =      then  will 
a  • 

lofV(l<«— *•)=  Io?  a -f  log  sin  y=log  64-log  tifirfi" 

logv^(a'— 6')=i[lop:  (a  f  6)  -f  log  («—*)]• 

logv '(aa-|-62)  =  log  ar'og  sec  «=^log  6  flog  cosec  u. 

logV(<H-*)=i>^S  fl-flogsec  aS3s|loga4-ilog  2-flog  cos  iy. 

m 

The  first  three  of  these  formulB  will  oAan  be  uafel,  whtnUieildai. 
of  a  rigbt^gied  tiiit|jto  aie  gltea,  to  Atdthathiid. 
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In  tkoie  solutions,  the  double  signs  in  the  value  ef  art  lelM 
lo  the  double  signs  in  the  value  of  9. 

N.  B.  Cafdee's  Rule  ibr  the  aolutioB  of  CoUee  ie  given  in 
the  tol  vokmie  of  tbie  oonrae. 


in.  86IMm  (f  BfqmOtt^  Ejmtkm. 

Let  the  proposed  biquadratic  be  a:*  +  Spx*  =  qs^  +  rx  -f-*- 
Now  (««  4.  px  4.  n)*  =  X*  +  2pr^+  (p'  +2n)  x»  -f  2pfix  +n» : 
if  therefore  ( 4-  2n)  -f-  2piix  -f  be  added  to  both  sides 
of  the  proposed  biquadratic,  the  first  will  become  a  complete 
square  (x*  -f  px  +  n)-',  and  the  latter  part  [p^  4-  2n  4-  x* 
+  (2pn  +  r)  X  4-  +  is  a  complete  square  if  4  (p*  4-  2n 
+j)  .  (n^  4*  *)  =  2pn4-r*;  that  is,  multiplying  and  arranging 
tbe  terms  according  to  the  dimensions,  of  n,  if  8n^  -\-4qn^  4* 

er  —  4rp)  n  +  4qs  +  4p**  —  r*  =  0.  From  this  equation 
a  valoe  of  n  be  obtained,  and  substituted  in  the  equation 
bf+px  +  ny=:(jp^+2n  +  qy+(2pn^r)x  +  n'  +  si 
men,  eadieeting  the  squaie  root  on  both  sidee 

or  *«4-l«+n=  ±  }  v^C?+2iiT«) W(«Hs)  {  J^^J 

And  ftom-theae  two  quadfeitiee,  the  four  roote  of  the  given 

biquadratic  may  be  determined*. 

Note.  Wheneveri  by  taking  away  the  second  term  of  a 
biqaadjmtioy  after  the  manner  deeenbed  In  eor.  th.  B,  that 
feurth  term  also  vaoishes»  tbe  roots  may  immediately  be  ob* 

tained  by  the  solution  of  a  quadratic  only. 
A  biquadratic  may  also  be  solved  independently  of  cubici^ 

in  tbe  following  cases  : 

1.  When  the  difference  between  the  coefficient  of  the 
third  term,  and  the  square  of  half  that  of  the  second  term,  is 
equal  lo  the  coefficient  of  the  fourth  term,  divided  by  half 
that  of  the  second.  Then  if  p  be  the  coefficient  of  the  second 
term,  the  equation  will  be  reduced  to  a  quadratic  by  dividing 
it  by  X*  ±  ^px. 

2.  When  the  last  term  is  negative,  and  equal  to  the  square 
of  the  coefficient  of  the  fourth  term  divided  by  4  times  that 
of  the  third  term,  minus  the  square  of  that  of  the  second  : 
then  to  complete  the  square,  subtract  the  terms  of  the  pro- 
posed biquadratic  from  (x^jb  ||)x)%  and  add  the  remainder 
to  both  its  sides. 

*  This  rale  for  solving  biquadratics,  by  conceiving  each  to  be  tbe  dif- 
Smnce  of  two  sqaaret,  is  frequently  ascribed  to  Dr.  IVaring ;  but  lis  on- 
IMmI  iaveotor  was  Mr.  Thomtu  Simpton,  formsrly  Professor  of  Malhe- 
aMtiflsia  thaBqyal  MiUlary  Aeadeny. 
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3;  When  die  ooeffioient  of  tbo  ibuitk  torn  divided  by' « 
that  of  the  tecood  term,  gives  tof  a  qujsCieiit  tho  square  rod 
of  tho  last  term  :  then  to  complete  the  sqaare,  add  the  equare 
of  half  the  coefficieot  of  the  second  term,  totwioe  theai|aaMr 
root  of  the  last  term,  multiply  the  sum  by  from  the  pro- 
duct take  the  third  teno,  and  add  the  remainder  to  both  sides 
of  the  biquadratic. 

4»  The  fourth  term  will  be  made  to  go  out  by  the  usual 
operation  for  taking  away  the  second  term,  when  the  di^ 
ierence  between  the  cube  of  half  the  coefiicientof  the  second 
term  and  half  the  product  of  the  coefficients  of  the  second 
and  third  term»  is  equal  to  the  coefficient  of  the  fourth  term. 

l\,  Euhr^s  Rule  for  the  Solution  of  Biquadratics, 

Let  —  ax^  6s  —  c  =  0,  be  the  given  biquadratic  equa- 
tion wanting  the  second  term.  Takc/=^a,  g  =  i-ja' 
and  A  =  tV^^  or  \/  ^  =  1^  i  with  which  values  of  f,  g,  \ 
form  the  cubic  equation  — fz^  +  /T^  —  =  I'in^  ^ho 
roots  of  this  cubic  equation,  and  let  them  be  called  p,  r, 
then  shall  tho  four  roots  of  the  proposed  biquadratic  be 
these  following :  viz. 

When  \h  is  positive  :      |       When  \h  is  negative  : 

1.  X  =    y/p     >/q-\r  y/r.  \  Jo  ~      y/p  +       —  -y/r. 

2.  ar  =     y/p  —  y/q  —  \/r,    x  =     y/p  —  y/q  -¥  \/r. 

3.  X  =  —  v^P  +  \/q  —  y/r-    X  =  —  y/p  +  y/q  +  y/r, 

4.  X  =  — \/p  4-  v/?  +  v^r.    X  =  — y/p —  ^q  —  v^r. 
Note.  1.  In  any  biquudraiic  equation  having  all  its  terms, 

if  J  of  the  square  of  the  coefficient  of  the  2d  term  be  greater 
than  the  product,  of  the  coefficients  of  the  Ist  and  3d  terms, 
or  }  of  the  square  of  the  coefficient  of  the  4th  term  be  greater 
'  than  the  product  of  the  coefficients  of  the  3d  and  5th  terms, 
or  f  of  the  square  of  the  coefficient  of  the  Sd  term  greater 
than  the  product  of  the  coefficients  of  the  2d  and  4th  terms ; 
JIhen  all  uie  roots  of  that  equation  will  be  real  and  unequal ; 
but  if  either  of  the  said  parts  of  those  squares  be  less  than 
either  of  those  products,  the  equation,  will  have  imaginary 
roots. 

2.  In  a  biquadratic  x^  +  ax^+^-fca:+<i*»0^  of 
which  two  roots  are  impossible,  and  d  an  affirmative  quantity, 
then  the  two  possible  roots  will  l)e  both  negative,  or  both 
effinnative,  according  as  a '  —  4ah  +  8c,  is  an  affirmative  or 
m  negative  quantity,  if  the  signs  of  the  coefficients,  a,  5,  c,^ 
are  neither  all  affirmative,  nor  alternately  —  and  +  *- 


•  Vnrion'!  genernl  rules  for  the  solution  of  equntions  have  been  given 
by  Dcmoivre,  Brzout,  Legrangp,  Atkinson,  Horner,  Holdred,  &c.;  hut 
Xht  luost  universal  io  their  application  are  approiimatiog  rulei|Of  wbteh 
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Ex.  1.   Find  the  roots  of  the  equation  ^  +  jj^x^  Imi* 
by  tables  of  siaes  and  taogeots. 
Here  p     '^>9^]^^»  equatkm  egiees  with  the  • 

lit  form.   Also  tan  A  =  y     i,77^,  and  x^Xm  i^^^V^^' 

In  logarithms  thuf! : 

Log  1G95=  3'229ir)97 
Arith.  com.  lo^  12710=  5- 895(3495 

sum  +  10  =  191248192 

half  sum  =  ~9-5'(]24096 
log  88  =    1  -9444827 
Arith.  com.  log  7  =   9  1549020 

-  10  «  log  tan  A  *  iO'tk>A7&43     log  tan  77^4X91"^ ; 

log  tan  }A  »  9  00G1 1 1 5  =  log  Un  BSm'l5"i ; 
log  v^},  as  above  =  9  5f>24096 

f  — 10«log«  =  —  1-4685211  a  log  •S041176. 

Thia  value  of    viz.  *2041170,  ia  nearly  equal  to       To  find 

wbedier  that  ta  the  exact  root,  take  the  arithmetical  comple. 
meat  of  the  last  logarithm,  viz.  0*5814979,  and  coniider  it  aa 
the  logarithM  of  the  denominator  of  a  fracu'on  whose  nume-  . 

vator  is  unity :  thus  is  the  fraction  ibund  to  be  ^  ezaetly, 

5 

and  this  is  manifestly  equal  to         As  lo  ihc  other  rout  of 


the  equation,  it  is  equal  to  — 19716"^  l7~'"fi8' 
JSs.  2.   Find  the  roots  of  the  cubic  equation 

x^  —  S*"^  ^  ^^^^  of  sines. 

Herbp  =  second  term  is  negative,  and 

>  27^:  so  that  the  example  falls  under  the  irreducible  case. 

„  o        3x46  ^  441  1  414  t 

Hence,  aiu  3a  =        X  ^^^3  X  Z— 403=  Us'—Jm 

^  3-441  vm' 
The  three  values  of  2  therefore,  are 

^1618 

smAv/i3^- 

•TMj  tioials  aad  niefal  one  U  given  io  cat  fint vdanit.  Bea  also  /.  it 
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x--dii(80°+AVi|p. 

Tho  logarithmic  computation  is  subjoined. 
Log  1612  =  8*2078650 
Arith.  com.  log  1828  «  6*8784402 
sum  —  10  ....  =  0  0858052 

half  sum  =  0  0429026  const,  log. 

Arilh.  com.  const,  log  =  9-9570974 
log  414  ...  =  2-6170003 
Alith.  com.  log  403  .  =  7-3946950 

log  sin  3a  ...  =s  9-9687927  =  log  sin  68^  32'  18"J. 
Log  sin  A  =  9-5891206 
const,  log  0-0429026 
1.  mm— lOs'log  X     —  1-6380282  « log  •4285714=log  f. 
Log  sin  (60O- a)  «  9-7810061 

const  log  as  0*0429026 

lUiD— 10»log  •        1-8289087  «lpg •6666666»log| ; 
Logsin(60''+A}  »  9-9066060 
const,  log  ....  »  0'6429026 

8.  sum-lO  =  log— X  =  (H)395086«log  l-08IS888»logtf- 
So  that  the  three  roots  are  ^,  |,  and  —  |f  ;  of  which  tM 
first  two  are  together  equal  to  the  third  with  iti  agn  changedf 
as  they  ought  to  be. 

EshS.  Find  the  roots  of  the  biqiiadnitic     — 26s^  + 
6(b-*86- 0,  by  Euler^inile. 
Um  a»35,  &aB-.60,  and  e^W ;  therefore 

/= -g-,  ^=  3^+9=^,  and  A  =  ^. 

Consequently  the  cubie  equation  will  be 

The  three  roots  of  which  are 

»        =J^«nds»4  «f,  and«  =  5.  sr; 

the  square  roots  of  these  are  y/p  =»|,  =  2  or  |,  =  |. 
Hence,  as  the  value  of  j6  is  negative,  the  four  roots  are 

1st  X  a=      I  +  A  -  J  a  1, 

2d.  «  asi      f  —  J  +  I  s=  2, 

3d.  X— —  |        +  8, 

Ex.  4.  Produce  a  quadratic  equation  whose  roots  shall  be 
I  and  |.  Ana.  x'  —  jjx  +  J  =»  0. 
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Ex,  5.  Produce  a  cubic  equation  whose  roots  shall  he  2, 
5,  and  —  3.  Ans.  r'-4x2- llz-f  30=0. 

Er,  6.  Produce  a  biquadratic  whicli  ihali  bave  far  lh» 
mis  1»  4»  —     and  0  roHpectivelv. 

Ans.  x'  —  Ox*  —  2la^  -f  146x  -  120  =  0. 

JBr.7.  FiiMix,whea«'  + 347x^:221 10. 

Ans.  X  =  66,  *  «  —  402L 

5S 

JSx.  8.   Fiad  the  roots  of  the  quadratic    —  is  '  "~ 

Ana.  X    10, «  as  — 

„  .as 


Solve  the  eqaatiiNis'—^jr  as— 


Ana. «  a  1^  «  g.. 

10.   Given    —  2411dx  »  —  481 860,  to  fiml  ?. 

Ads.  X -20,  x=24093. 

&.  lU   Fiod  the  roots  of  the  equatloa  r^— 3x  - 1  »0. 

Ana.  Tba  veoU  an  aioe  70'',  -  sin  50^  and  -  sin  10^,  4o  a 
radius  s  2 ;  or  the  roota  are  twice  tlie  ainea  of  thoee  aiea  as 
^vea  in  the  tables. 

IS»   Find  the  veal  foot  of  x*^x-6»0. 

Amu  |v/«xate  M'^'M'. 

JBIr.  li.  PM      teal  root  or8&rH-75x«.46:=rO. 

Ana.  2  eot  74^46^. 

£r.  14.  Givee  x«  — 8x>-.  l2x*  +  84x-63  »0,  to 
fti4  X  by  quadratics.  Ana  xte2+ db     1 1  +  y/^)^. 

Ex.  15.  Given  x*+36r»-400x»--3168x  4-7744  =  0, 
to  find  X  by  quadratics.  Ans.  xx=b|  1  -f  v^20U. 

Ex.  10.    Given  xH24x'-114r'-24r-fl=0,  to  find  X. 

Ans.  x=dbv/l97-14,  x=2±^^ 

£x.  17.   Fiadx,  when  x*— 12x-5=0. 

Ans.  x=l  ±  v^2,  x=— 1  ±2y/ 

J&,  18.   Fiad  x,  whea  x*-  12x=»+47x«-72x+36  =  0. 

Ans.  x  ~.  1 ,  or  2,  or  3,  or  0. 

JBr.  19.  Giveftx* -tev«  — OOa'x'  — 68«'x'  +  7tf•x  + 
4ip808^tofilMl«. 

Ani.  Xs-»«,  x»KWidb«  ^87,  xas^av^lO-^ 


Toil.  IL  .16 
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ON  THE  NATURE  AND  PROPERTIES  OF  CURVES, 
AND  THE  CONSTRUCTION  OF  EQUATIONS. 


SECTION  L 

Nature  and  Properties  of  Curves* 

Dkf.  1.  A  curve  is  a  line  whbee  several  parts  proceed  in 
difiereot  directions^  and  are  successively  posited  towards  dif« 
ferMi  poiau  io  qmce.  which  aim  may  be  cut  by  oac  right 

line  in  two  or  more  points. 

If  all  the  points  in  the  curve  may  be  included  in  one  plane, 
the  curve  is  called  a  plane  curve  ;  but  if  they  cnnnot  alf  be 
eomprised  in  one  plane,  then  is  the  curve  one  of  double  cur* 
mature. 

Since  the  word  direction  implies  straight  lines,  and  in  strict* 
ness  no  part  of  a  curve  is  a  right  line,  some  geometers  prefer 
defining  curves  otherwise  :  thus,  in  a  straight  line,  to  be  called 
the  line  of  the  ahscissas,  from  a  certain  point  let  a  line  arbi* 
trarily  taken  be  called  the  abscissa,  and  denoted  (coitmionlv) 
by  X  :  at  the  several  points  corresponding  to  the  ditlcrent 
values  ofz,  let  straight  lines  he  conlinuallv  drawn,  makinfra 
certain  angle  with  the  line  of  the  ahscissas :  these  straight 
lines  being  regulated  in  lenglli  according  to  a  certain  law  or 
equation,  are  called  ordinatcs;  and  the  line  or  figure  in  which 
their  extremities  are  continually  found  is,  in  general,  a  curve 
line.  This  definition,  however,  is  not  free  from  objection  ; 
for  a  right  line  may  be  denoted  by  an  equation  between  its 
abscissas  and  ordinales,  such  as  y=ax'\'b. 

Curves  are  distinguished  into  algebraical  or  geometrieal, 
and  transcendental  or  mechanical* 

Def.  2.  Algebraical  Of  geomtncal  curves,  are  those  in 
which  the  relations  of  the  abscissas  to  the  ordinates  can  be 
denoted  by  a  common  algebraical  expression :  such,  (or  ex* 
ample,  as  the  equations  to  the  conic  sections,  given  at  page 

636,  dec.  vol.  i. 

Def.  3.  Transcendental  or  mechanical  curves,  are  sueh  as 
cannot  b(»  so  defined  or  expressed  by  a  pure  algebraical  equa- 
tion ;  or  wbeB  they  are  expressed  by  an  equation^  having  one 
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iif  iltlenw  a  rariaUe  qosntity,  or  a  onm  lioe.   That,  y  » 
^  ^  A  •  sin  X,  jf  =  A  •  cos  7,  ^  =  a'  are  equatioat  to 
traowendentiil  eurvM ;  and  tbe  latter  ia  particular  ia  an 
equfttion  to  an  exponentUd  curve. 

Def.  4.  Curves  that  turn  round  a  fixed  point  or  centre, 
gradually  receding  from  it,  are  called  spirid  or  radial  curves. 

Defm  5.  Family  or  tribe  of  carves,  is  an  assemblage  of 
aeveral  curves  of  different  kinds,  all  defined  by  the  aame 
equation  of  an  indeterminate  de^^rcc  ;  but  differently  accord* 
ing  to  the  diversity  of  tiieir  kind.  For  example,  suppose  an 
equation  of  an  indeterminate  degree,  a*""*  z=y'* :  if  m  =  2, 
then  will  ax  =  ;  if  m  =  3,  then  will  a*x  =  ;  if  m  =  4, 
tiMo  is  s  y4 ;  &c. :  all  which  curvesare  said  to  be  of  the 
same  family  or  tribe, 

Def.  6.  The  am  ofa  figure  is  aright  linepassingthRMigli 
the  centre  of  a  curve,  when  it  has  one  :  it  it  bisects  me 
oidinates,  it  is  called  a  diameler* 

7.  An  asymptote  is  a  right  line  which  continually 
approaches  towards  a  curve,  but  never  can  touch  it,  unless 
the  curve  could  be  extended  to  an  infinite  distance. 

Def'  8.  An  abscissa  and  an  ordinate,  whether  right  or 
obliqvu:,  are,  when  spoken  of  together,  freq^uently  termed 
cO'Ordinntes. 

Art*  1*  The  most  convenient  mode  of  classing  algebraical 
curves,  is  according  to  the  order.<^  or  dimensions  of  the  equa* 
tions  which  eipress  the  relation  between  the  co-ordinates* 
For  then  the  equation  (or  the  same  curve,  remaining  always 
of  the  same  order  so  long  as  each  of  the  assumed  systenis  of 
co-ordinates  is  supposed  to  retain  constantly  the  same  inclina- 
tion of  ordinate  to  abscissa,  while  referred  to  difl^ercnt  points 
of  the  curve,  however  the  axis  and  the  origin  of  the  abscissas, 
or  even  the  inclination  of  the  co-ordinates  in  different  systems, 
may  vary  ;  the  same  curve  will  never  be  ranked  under  dif- 
ferent orders,  according  to  this  method.  If  therefore  we 
take,  for  a  distinctive  character,  the  number  of  dimensions 
which  the  co-ordinates,  whether  rectangular  or  oblique,  form 
in  the  equation,  we  shall  not  disturb  the  ordtT  of  the  classes, 
by  changing  the  axis  and  ilie  origin  ot'  the  abscissas,  or  by 
varying  the  inclination  of  the  co-ordinates. 

2.  As  algebraists  call  orders  of  different  kinds  of  equations, 
those  which  constitute  the  greater  oir  less  number  of  dimen* 
sions,  they  distinguish  by  the  same  name  the  differeol  kinds 
of  resulting  lines.  Consequently  the  general  ,e(|piatioo  of  the 
first  order  being  0  »  «  +  i9«  +  7y ;  we  may  irefer  to  the 
first  order  all  the  lines  which,  by  taiting  x  and  y  for  the  eo- 


« 


uiiHimWi  wlwiiiT  wMtiai^Mkr  or  tMiye^  fjm  fto  to  (Hi 
•qoalioii.  But  this  eqtmUon  eoroprifei  the  right  Itiia  iAom^ 
which  19  tb«  nio9t  liinple  of  all  linea  |  and  mom,  Ibr  tbia  m- 
aon,  tha  nama  of  curve  doaa  not  properly  apply  to  the  ital 
ord^r,  we  do  not  uaaally  diatioguish  the  diflereat  ordera  hj 
^  .  the  name  of  curve  Itaes,  but  simply  by  the  generic  term  of 
linea ;  hence  the  first  order  of  linea  doea  not  comprehend  any 
aurvas,  but  solely  the  right  Kno. 

Aa  for  the  rest,  it  ia  indifferent  whether  the  co^ordiaatcw 
are  perpendicular  or  not ;  for  if  the  erdtnatea  make  with  tha 
axis  an  angle  ^  whose  sine  is  ^  and  conaine    we  can  ralbr  tha 
'  aquation  to  that  of  the  rectangular  eo.erdinates,  by  msking 

y  9e  end  a  «  +  < »  which  will  giva  foi  an  aq^ialina 
between  the  pcrpendieulars  I  and  a, 


Thus  it  followg  evidently,  that  the  signification  of  tho 
equation  is  not  limited  by  supposing  tho  ordinntesto  be  rightly 
applied  :  and  it  w  ill  be  the  same  with  equations  of  superior 
orders,  which  will  not  be  less  general  thotigh  the  co-ordinates 
ire  perpendicular.  Hence,  since  the  determination  of  the  in- 
clination of  the  ordinates  applied  to  the  axis,  takes  nothing 
from  the  generality  of  a  general  equation  of  any  order  what* 
ever,  wc  put  no  restriction  on  its  signification  by  supposing 
the  co-ordinates  rectangular  ;  and  the  equation  will  be  of 
the  same  order  whether  the  co-ordinates  be  rectangular  o^ 
oblique. 

3*  All  the  lines  of  the  second  order  will  be  comprised  ia 
the  general  equation 

0  =  a  +  i^x  +  +  (Jr*  +  erjf  -f^v^. 
that  is  to  say,  we  may  class  among  lines  of  the  second  order 
all  the  curve  lines  which  this  equation  expresses,  x  ond  y  de« 
noting  the  rectangular  co*ordinateB«  These  curve  lines  are 
therefore  the  most  simple  of  all,  since  there  are  no  curves  in 
Ihe  first  order  of  lines ;  it  is  for  this  reason  that  some  writers 
call  them  curves  of  the  first  order.  But  thu  curves  included 
in  this  equation  are  better  known  under  the  name  of  comc 
aROiioNs,  because  they  all  result  from  sections  of  tho  cone. 
The  different  kinds  of  these  lines  are  tha  ellipse,  the  circle, 
or  ellipse  with  equal  axes,  the  parabola,  and  the  hyperbola  ; 
dba  propertiea  of  nil  which  may  be  deduced  with  facility  from 
tiM  preceding  general  equatioii.  Or  thia  equation  may  be 
tMWMWMd  into  the  subjoined  one : 


0«a  +  /3<  +  (£l4-^ 
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md  this  again  mav  be  redoo«d  to  the  itiU  mora  siii^le  form 

Iloro,  when  the  first  term/x^  is  affirmaiive,  the  curve  ex. 
pressed  by  the  equation  is  a  liyperbola  ;  when/x^  isnrgativet 
the  curve  is  un  ellipse  :  when  that  term  in  absent,  the  curve 
is  n  parabola.  When  r  is  taken  upon  a  diameter,  the  equa» 
(ions  reduce  to  those  already  given  in  sect.  4,  ch.  1. 

The  mode  of  effecting  these  transformations  is  omitted 
for  the  sake  of  brevity.  This  section  contaimi  a  summary^ 
QOl  an  umaligalioa  of  properties  i  Ihfi,  latter  wonkl  iaq|aui 
asany  ▼olumes,  iostead  of  a  seettoo. 

4.  Under  lines  of  the  third  ordert  or  curves  of  the  seeond| 
•re  classed  all  those  which  may  be  expressed  by  the  equatioa 

0  a  «+ jS*  +  7y  +  ^jr«  +  f    +      +  Vf*  +  Ar'y +'^y'-*-»y**  • 
And  in  like  manner  we  regard  as  lines  of  the  fourth  ordei^ 
those  curves  which  are  furnished  by  tbo  general  elation 
0  »  «  +  jS*  +  yy  +  « 1^  +  «xy  +  f y«  4-  ^  i:'  +       + 1»  /  + 

taking  always  x  and  y  for  rectangular  co-ordinates*  In  the 
most  general  equation  of  the  third  order,  there  are  10  con* 
etaot  quantities,  and  in  that  of  the  fourth  order  15,  which 
may  be  determined  at  pleasure  ;  whence  it  results  tliat  the 
l(ind.s  of  lines  of  the  third  order,  and  much  more  those  of 
the  fourth  order,  are  consideraUy  more  numerous  than  those 
of  the  second. 

5.  It  will  not  be  easy  to  conceive,  from  what  has  gone 
before,  what  are  the  curve  lines  that  appertain  to  the  fifth, 
sixth,  seventh,  or  any  hi;j;lier  order  ;  but  as  it  is  necessairy  Ux 
add  to  the  general  equation  of  the  fourth  order,  the  terms 

With  their  respective  constant  coefRcients,  to  have  the  general 
equation  comprising  all  the  lines  of  the  fifth  order,  this  latter 
will  be  composed  of  21  terms  :  and  the  general  equation  com« 
prehending  ail  the  lines  of  the  sixth  order,  will  have  tiS  terms ; 
and  so  on,  conformably  to  the  law  of  the  triangular  numbers. 
Thus,  the  most  general  equation  for  linos  of  the  order  n,  will 

contain  ^""j"'^  (^'-rg)  ^^^^^^       ^  muxf  constant  letters, 

which  may  be  determined  at  pleasure. 

6.  Since  the  order  of  the  proposed  equation  between  the 
co  ordinates  makes  known  that  of  the  curve  line  ;  whenever 
we  have  given  an  algebraic  equation  between  the  co  ordinatee 
X.  and  y,  or  I  and  a,  we  know  at  once  to  what  order  it  is  ne* 
eessary  to  refer  the  carvo  represented  by  that  equation.  If 
Ihe  equation  be  irrational,  it  must  be  freed  from  radicals,  and 
if  Ihve  be  ftaelieDib  they  must  be' amde  to  disappear^  thie 

the  gianlp<  rnimiini  ef  djmenswmi  ft—ad  by  the  wa# 
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liable  quantities  x  and  will  indicate  the  order  to  wtridi  tk^ 
line  belongs.  Thus,  the  curve  which  ie ilenoted  by  thia  equa* 
tion  —  av  =  0,  will  be  of  the  second  order  of  lines,  or  of 
the  fint  order  of  curves  ;  while  the  curve  represented  by  the 
equation  y'  =  x  y/  (a'  —  x^),  will  be  of  the  third  order  (that 
is,  the  fourth  order  of  lines),  because  the  equation  is  of  the 
fourth  order  when  freed  from  radicals  |  and  the  line  which  ie 

indicated  by  the  equation  y  =  5^r]^»         ^®  ®f  third 

order,  or  of  the  second  order  of  curves,  because  the  equation, 
when  the  fraction  is  made  to  disappear,  becomes  +  ^  ™ 
^  —  Od^,  where  the  term  s^y  contains  three  dimensions. 

7.  It  is  possible  that  one  and  the  same  equation  may  give 
different  curves,  according  as  the  applicates  or  ordinates  fall 
upon  the  axis  perpendicularly  or  under  a  given  obliquitj* 
For  instance,  this  equation,  f^^ax  —  or*,  gives  a.circle,  when 
the  co-ordinates  are  supposed  perpendicular ;  but  when  the 
co-ordinates  are  oblique,  the  curve  represented  by  the  same 
equation  will  be  an  ellipse.  Yet  all  these  different  curves  ap. 
pertain  to  the  same  order,  because  the  translbrmation  of  rect* 
angular  into  obKque  co-ordinates  and  the  contrary,  does  not  ' 
.affect  the  order  of  the  curve,  or  of  its  equation.  Hence, 
though  the  magnitude  of  the  angles  wliich  the  ordinates  form 
with  the  axis,  neither  augments  nor  diminishes  the  generality 
of  the  equation,  which  expresses  the  lines  of  each  order  ;  yet, 
a  particular  equation  being  given,  tlie  curve  which  it  ez« 
presses  can  only  be  determined  when  the  angle  between  the 
co-ordinates  is  determined  also, 

8.  That  a  curve  line  may  relate  properly  to  the  order  in. 
dicated  by  the  equation,  it  is  requisite  that  this  equation  be 
not  decomposable  into  rational  factors  ;  for  if  it  could  be  com* 
posed  of  two  or  more  such  factors,  it  would  then  compre- 
hend as  many  equations,  each  of  wliich  would  generate  a 
particular  hne,  and  the  re-union  of  these  lines  would  be  all 
that  the  equation  proposed  could  represent.  Those  equa- 
tions, then,  which  may  be  decomposed  into  such  factors,  do 
not  comprise  one  continued  curve,  but  several  at  once,  each 
of  which  may  he  expressed  by  a  particular  equation  ;  and 
such  combinations  of  separate  curves  are  denoted  by  the 
term  complex  curves. 

Thus,  the  equation  =  +  —  at,  which  seems  to 
appertain  to  a  line  of  tiie  second  order,  if  it  be  reduced  to 
lero  by  making  y^  —  ay — jy  ax=-  0,  will  he  composed 
of  the  factors  (y  —  ar)  {y  —  a)  =0;  it  therefore  comprises 
the  two  equations  y  —  x  =  0,  and  y  —  a  =  0,  both  of  which 
belong  to  the  right  line :  the  first  forms  with  the  axis  at  the 
oiigin  of  the  absciasaa  an  angle  equal  to  half  a  right  angle ; 
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tad  tbe  second  is  parallel  to  the  axis,  and  drawn  el  a  dktanee 
a.   These  two  lineii  considered  tcgetbefy  are  compriMd 

in  the  proposed  equatioD  jf^  =  ay-h  — ox.  In  like  man- 
ner we  may  regard  as  complex  this  equation,  y*  —  xy^  — 
fl^x^  —  ay^  ax^y  a'ly  =  0  ;  for  its  factnra  being  (y  — x) 
(y-a)  {y^  —  ax)  —  0,  instead  of  denoting  one  continued  line 
of  the  fourth  order,  it  comprises  three  dislmct  lines,  viz.  two 
right  lines,  and  one  curve  denoted  by  the  equa.  y^  — «zx=0. 

9.  We  may  theretbre  form  at  pleasure  any  complex  lines 
whatever,  which  shall  contain  2  or  more  ri^ht  lines  or  curves. 
For,  if  the  nature  of  each  line  is  expressed  by  anequationie* 
ferred  to  the  same  axis,  and  to  the 
same  origin  of  the  abscissas,  and  after 
having  reduced  each  equation  to  zero, 
we  multiply  them  one  by  another,  there 
will  result  a  complex  equation  which  Brg4-p 
al  once  comprises  all  the  lines  assum- 
ed. ^  For  example,  if  from  the  centre 
c»  with  a  radius  cash,  a  circle  be 
deecribed ;  and  furthier,  if  a  right  line  ln  be  drawn  through 
the  centre  c ;  then  we  may*  for  any  assumed  axis,  find  an 
equation  which  will  at  once  include  the  circle  and  the  right 
line,  as  though  these  two  lines  formed  only  one. 

Suppose  there  be  taken  for  an  axis  the  diameter  ab,  that 
forms  with  the  right  line  ln  an  angle  equal  to  half  a  right 
angle :  having  placed  the  origin  of  the  abscissae  in  Af  mSkM 
the  abscissa  ap  =     and  the  applicate  or  ordinate  n^fi 
we  shall  have  for  the  right  line,      •=  cp  =  a  —  or ;  and  since 
the  point  m  of  the  right  line  falls  on  the  side  of  those  ordi- 
nates  whi<  h  nre  reckoned  negative,  we  have     =  —  a  +  x*, 
or  7/ — x+fl- 0  :  but,  for  the  circle,  we  have  pm-=ap  .  pb, 
and  BP  ==  2a  —  x,  which  gives  y^  —  2ax  -  x^,  or  y^  +  x'  — 
2ar  =  0.    Multiplyinfr  these  two  equations  together  we  ob- 
tain the  complex  equation  of  the  third  order, 
y-*  _  y-^-x  +  yr"  —  x^  -f  ay^  -  2axy  +  3ax^  —  2a^x  =  0, 
•which  represents,  at  once,  the  circle  and  the  right  line.  Hence, 
we  shall  find  that  to  the  abscissa  ap  =  x,  correspond  three 
ordinates,  namely,  two  for  the  circle,  and  one  for  the  right 
line.    Let,  for  example,  x  =  f«,  the  equation  will  become 
4-  loy^—        —  frt'— 0  ;  whe.ice  we  first  find  y-h^a=0, 
and  by  dividing  by  this  root,  we  obtain  3/^  — Ja^=0,  the  two 
roots  of  which  being  taken  and  ranked  with  the  former,  give 
the  three  following  values  of  2^ : 

n.  y-^  +  ia^s. 

We  see*  therefore,  that,  the  wfaete  is  rapmeoled  bgr  mm 
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equation,  as  if  the  circle  together  with  the  right  line  formed 
ooly  one  continued  curve* 

10.  Iliis  difference  between  simple  and  complex  curres 
being  once  OBtabliehedy  it  is  manifest  that  the  lines  of  the 
seoond  order  are  cither  continued  curves,  or  complex  lines 
Ibrmed  of  two  right  lines;  for  if  the  general  equation  hare 
fational  factors,  they  must  be  of  the  first  order,  und  conse. 
quently  will  denote  right  lines.  Lines  of  the  third  order  will 
be  either  simple,  or  complex,  formed  either  of  a  right  line 
and  a  line  of  the  second  order,  or  of  three  right  lines.  In 
like  manner,  line  of  the  fourth  order  will  be  continued  and 
simple,  or  complex,  comprising  a  right  line  and  a  line  of  the 
third  order,  or  two  lines  of  the  second  order,  or  lastly,  four 
right  lines.  Complex  lines  of  the  fifth  and  superior  orders 
will  be  susceptible  of  an  analogous  combination,  and  of  a 
similar  enumeration.  Hence  it  follows,  that  any  order  what- 
ever of  linos  may  comprise,  at  once,  all  the  lines  of  inferior 
order,  that  is  to  say,  that  they  may  contain  a  complex  line  of 
any  inferior  orders  with  one  or  more  right  lines,  or  with  lines 
of  the  8ecr)nd,  third,  dec.  order  ;  so  that  if  we  sum  the  num- 
bers of  each  order,  appertaining  to  the  simple  lines,  there  will 
result  the  nufnber  indicating  the  order  of  the  complex  line. 

Ikf*  9.  That  is  called  an  hifperboUc  leg,  or  branch  of  a 
curve»  which  approaches  constantly  to  some  asymptote ;  aoi 
that  a  paruboUe  one  which  has  oo  asymptote* 

AfTT.  11.  All  tho  Isfs  ofcarvesof theseeoDdMHlliil^ 
kiads,  as  well  as  of  the  first,  infimtalydfawa  airt,  will  Im^ 
oitkor  tlie  hyperibolic  or  tlie  paraboKe  kind :  and  those  legs 
are  -btit  known  from  the  taogonta*  For  if  tko  point  of  oqq. 
taet  bent  nil  infinite  dtstanco,  the  tangent  of  a  hypefMio  leg 
win  coinnido  with  the  nsymptolOy  and  the  tangent  of  a  pam. 
boUc  leg  will  recede  tii  v^nkmrn^  arill  vaoiah  and  be  nowham 
found.  Therefore  the  asysnpioco  of  any  le^  is  Ibnnd  by  aaek» 
ing  the  tangent  lo  that  le^  at  a  point  infinitely  distant :  and 
tlw  oonrsot  <Hr  way  of  an  infinite  legi  is  found  by  seeking  tkn 
position  of  any  right  line  which  is  parallel  to  the  tangent 
wkore  the  point  of  oentact  goes  ofi*  m  mjmilum ;  for  tkia  ligtal 
line  is  directed  the  ssnm  way  with  the  infinito  lag* 

Sir  ^nos  NmOim's  r$AuUm  ^  aU  Um$      ike  Mf4 

tj — 

wnss* 

CASS  I* 

12.  All  the  lines  of  the  first,  third,  fifth,  and  seventh  order, 
or  of  any  odd  order,  have  at  least  two  legs  or  sides  proceed- 
ing on  od  tfi/Sfitttem,  and  towards  contrary  parts.    And  all  lines 
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of  the  tJiird  order  have  two  such  legs  or  branches  running  out 
contrary  ways,  and  towards  which  no  other  of  their  inHoitft 
legs  (except  in  the  Cartesian  parabola)  tend.  If  the  leffs  are 
q(  Uie  hi^parbdic  kind,  let  gas  be  their  asymptote ;  and  to  i$ 

G!IE  ' 


let  the  parallel  cb^  be  drawn,  terminated  (if  possible)  at  both 
ends  at  the  curve.  Let  this  pa'-.  '^ul  be  bisected  in  x,  and 
then  will  the  locus  of  that  point  x  he  the  conical  or  common 
hyperbola  xq,  one  of  whose  asymptotes  is  as.  Let  its  other 
asymptote  be  ab.  Then  the  equation  by  which  the  relatioa 
between  the  ordinate  bc  =  ^,  and  the  abscissa  ab  =  ie  de* 
tMrnuBed,  will  always  be  of  this  form  :  viz* 

«^  +  «y  =  +  ix*  +  C2?  -h  d  •  •  •  (L) 
Hero  the  coefficients  e,  a,  c,  denote  given  quantitiei^ 
Affected  with  their  wigns  +  and  ef  which  terms  any  one 
Yoay  be  waiitiiig»  provided  the  figure  through  their  defect  doee 
not  becoiQe  transformed  into  a  conic  section.  The  conical 
hyperbola  xq  may  coincide  ^vitl»  its  asymptotes,  that  is,  the 
point  X  may  come  to  be  in  the  Uae  ab  ;  aud  then  the  tem 
+^  Urill  be  waatiog. 

CASE  n. 

18.  Bet  if  the  right  line  tae  cannot  be  terminated  both 
weye  el  the  cwrre,  but  will  come  to  it  only  in  one  point ;  (hen 
inw  Uky  Kne  in  e  gifen  position  which  shall  cot  the  asymp. 
mieiAe  in  A ;  ae  aw  any  other  right  line,  as  bc,  paraliel  to 
the  asymptote,  and  meeting  the  curve  in  the  point  c  ;  then  , 
tihe  equation,  by  which  the  relation  between  the  ordinate  bo 
end  tlM  nhsBiia  ab  is  determined,  will  always  assume  this 
Cbnn:  viz.  s3raB«i^-f;^^+^  +  ^  •  •  •  •  (II.) 
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CASE  in. 

14.  If  the  oppoMto  legs  be  of  the  parabolic  kind,  draw  the 
right  line  use,  temtiuited  at  bolb  eoda  (if  possible)  at  the 

curve,  and  running  Hccurding  to  theeouree  of  the  legs  ;  which 
line  bisect  ins:  then  ehall  &e  locua  of  B  be  a  right  Tine.  Let 
that  right  line  he  ab,  terminated  at  any  given  point,  m§Ai 
then  the  equation,  by  which  the  relation  l>etween  the  ordi« 
natc  Bc  and  the  abscissa  ab  is  determinedt  will  alwaye  be  of 
thia,fonn:  j^^ojr'  +  dx'  +  cx+rf  .  .  •  •  (iU.) 

CAan  IV. 

15.  If  the  right  line  cbc  meet  the  curve  only  in  one  point, 
and  therefore  cannot  be  terminated  at  the  curve  at  both  ends: 
let  the  point  where  it  comes  to  the  curve  be  c,  and  let  that  • 
right  Tne  ut  the  point  b,  fall  on  any  oilier  right  line  given  in 
position,  as  ab,  and  terminated  at  any  given  point,  as  a.  Then 
will  the  equation  expressing  the  relation  between  bc  and  AJt, 
assu.nc  this  t'orm  :  « 

p  =  ax^  -f-  tar*  +  cx  +  d  .  .  .  .  (IV.) 

16.  In  the  first  case,  or  that  of  equation  I,  if  the  term  as^ 
be  aliirmative,  the  figure  will  be  a  triple  hyperbola  with  six 
hyperbolic  legs,  which  will  run  on  infinitely  by  the  three 
asyr.ptotes,  of  which  none  are  parallel,  two  legs  towards  each 
asyinpt<4o,  and  towards  contrary  parts  ;  and  these  asymp. 
totes,  it'ihe  term  bz^  be  not  wanting  in  the  equation,  will  mutu- 
ally intersect  each  other  in  3  points,  forming  thereby  the  tri- 
angle vd6.  But  if  the  term  bi^  be  wanting,  they  will  all  con- 
verge to  the  same  point.  This  kind  of  hyperbola  is  called 
redundant^  because  it  exceeds  llie  conic  hyperbola  in  the 
number  of  its  hyperbolic  legs. 

In  every  redundant  hyperbola,  if  neither  the  term  ey  be 
wanting,  nor  6^  —  4ac  =^ae  y/  the  curve  will  have  no  dia- 
meter :  but  if  either  of  those  occur  separately,  it  will  have 
only  one  diameter  ;  and  Mrcc,  if  they  both  happen.  Such 
diameter  will  always  pass  through  the  intersection  of  two  of 
the  asymptotes,  and  bisect  all  right  lines  which  are  terminat- 
ed each  way  by  those  asymptotes,  and  which  are  paraUei  to 
the  third  asymptote. 

17.  If  the  redundant  hyperbola  have  no  diameter,  let  the 
four  roots  or  values  of  x  in  the  equation  aa:*  +  4-  H- 
(ix  + 1^*  =  0,  be  sought ;  and  suppose  them  to  be  ap,  a-st, 
A**,  and  Ap  (see  the  preceding  figure).  Let  the  ordinates 
PT,  -GSr,  pt^  be  erected  ;  they  shall  touch  the  curve  in  the 
points,  T,  r,  7,  /,  and  by  that  contact  shall  give  the  limita  of 
the  ciurve,  by  which  its  species  will  be  discovered. 
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•  Thus,  if  all  the  roota  af,  ast,  a**,  Ap,  be  real,  and  bnvc  the 
«aine  sign,  and  are  unequal,  the  curve  will  consist  of  three 
hyperbolas  and  an  oval :  viz.  an  inscribed  hyjierbola^  as  kc  ; 
«  ciramscribed  hyperbola^  as  t6c  ;  an  ambigeneal  ht/perltolaf 
(i.  e.  lyin^  within  one  asymptote  and  beyond  another)  as  pf  ; 
and  an  oval  t7.  This  is  reckoned  the  first  species.  Other 
relations  of  the  roots  of  the  equation,  j^ive  8  more  different 
species  of  redundant  hyperbolas  withour  diatr.oters;  VZ  each 
with  but  one  diameter  ;  2  each  with  three  diameiers  ;  and  9 
each  with  three  asymptotes  convertjing  to  a  t  on-.nion  point. 
Some  of  ihcso  have  ovals,  some  points  of  decussatioD»  aad  ia 
lonne  the  ovals  degenerate  into  nodes  or  knots. 

18.  When  the  term  cu?'  in  equa.  i,  is  ncorutive,  the  figure 
expressed  by  that  equation  will  be  a  deiicient  or  defective 
hyperbola;  that  is,  it  will  have  fewer  legs  than  the  complete 
conic  hyperbola.  Such  is  the  marginal 
figure,  representing  Newton's  33d  spe- 
cies  ;  which  is  constituted  of  an  angui' 
neal  or  serpentine  hyperbola  (both  legs 
approoching  a  common  asymptote  by 
means  of  a  contrary  flexure),  and  a  con- 
jugate oval.  There  ara  0  species  of  de- 
fective hyperbolas,  each  having  but  one 
asymptote,  and  only  two  hy^icrbolic 
legs,  running  out  contrary  ways,  ad 

v^niium;  the  asymptote  being  the  first  and  principal  or- 
dinate. When  the  term  ep  is  not  absent,  the  tignra  will 
have  no  dtarmeter ;  when  it  is  absent,  the  figure  will  have 
one  diameter.  Of  this  latter  class  there  are  7  different  spe- 
eies,  one  of  whrch,  namely,  Newton's  40th  species,  is  exhibit- 
ed in  the  margin. 

19.  If,  in  equation  i,  the  term  ar^  be 
wanting,  but  hx^  not,  the  figure  express- 
ed by  the  equation  remaining,  w^ll  be  a 
parabolic  hyperbola,  having  two  hyper- 
bolic legs  to  one  asymptote,  and  two  pa- 
rabolic  legs  converging  one  and  the 
same  way.  When  the  term  ey  is  not 
wanting,  the  figure  will  have  no  dianie- 
meter  ;  if  that  term  be  wanting,  the  fi- 
gure will  have  one  diameter.  There 

are  7  species  appertaining  to  the  former  case  ;  and  4  to  the 
letter. 

20.  When,  in  equa.  i,  the  terms  ar^  br*,  are  wanting,  or 
.when  that  equation  becomes  xy"^     ey  ^  cx  +  d,  it  expresses 
•  figure  consisting  of  three  hyperbolas  opposite  to  one  an* 
eUwr,  one  lying  between  the  j>araUol  asyo^totea,  and  Um 
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two  without :  each  of  these  cunwiMMra^  Aie6 

one  of  which  is  the  first  and 
principal  ordinate,  the  other  two  pa- 
rallel to  the  abscissa,  and  equally 
diatanl  from  it ;  as  in  the  annexed 
figure  of  Newton's  60th  species. 
OUiannie  the  said  equation  ex- 
teMses  two  opposite  circumscribed 
hyperbolas,  and  an  anguineal  hyper, 
boia  between  the  asymptotes.  Under 
this  class  there  are  4  species,  called 

by  Newton  Hyp€rboltsm<B  of  an  hyperbola.  By  hyperbolismte 
of  a  figure  he  means  to  signity  when  the  ordinate  comes  out| 
by  dividing  the  rectangle  under  the  ordinate  of  a  given  cooii^ 
iection  and  a  given  right  hne,  by  the  common  abscissa. 

21.  When  tlie  term  cx^  is  negative,  the  figure  expressed 
by  the  equation  xy^  +  ey  =  —  cj^  +  is  either  a  serpentine 
hyperbola,  having  only  one  asymptote,  being  the  principal 
ordinate  ;  or  else  it  is  a  conchoidal  figure.  Under  this  clasi 
there  are  three  species,  called  HyperbolisnuB  of  on  ellipie. 

22.  When  the  term  cjp  is  absent,  the  equa.  xy*  +  ey  =  d, 
expresses  two  hyperbolas,  lying,  not  in  the  opposite  angles  of 
the  asymptotes  (as  in  the  conic  hyperbola),  but  in  the  ad- 
jacent angles.  Here  there  are  only  2  species,  one  consisting 
of  an  inscribed  and  an  ambignneal  hyperbola,  the  other  of 
two  inscribed  hyperbolas.  These  two  s|»ecie8  are  called  the 
JipptrbolismcE  of  a  parabola. 

23.  In  the  second  case  of  equations,  or  that  of  equation 
there  is  but  one  figure  ;  which  has  four  infinite  legs.  Of 
these,  two  are  hyperbolic  about  one  asymptote,  tending  to- 
wards contrary  parts,  and  two  converging  parabolic  legs, 
tnaking  with  the  former  nearly  the  figure  of  a  trident,  tho 
familiar  hame  given  to  this  species.  This  is  the  Cartesian 
parabola,  by  which  equations  of  0  dimensions  are  sometimes 
constructed  :  it  is  the  OGtli  species  of  Newton's  enumeration* 

24.  The  third  case  of  equations,  or 
feqr.a.  iii,  expresses  a  figure  having 
two  parabolic  legs  runningout  contra, 
ry  ways  :  of  these  there  are  5  di  He- 
rent  species,  called  diverging  or  belU 
form  parabolas  ;  of  w  hich  2  have  ovals, 
I  is  nodate,  1  punctate,  and  1  cuspi-  ^ 

date.  The  figure  shows  Newton's  67th  specie*;  mwhicli 
the  oval  must  always  be  so  small  that  no  right  lino  which 
tuts  it  twice  can  cut  the  parabolic  curve  c<  more  than  once* 
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nryTsfi.  This  eium  My  aatUy  b« 
dwioribod  MclMmctlly  by  meant  of 
mmfmm  ud  an  eqailaiaral  hypeibata. 
Ifti  mail  dnpla  property  is,  thai  aoc 
(paralial  to  j^)  aiwaya  vaiiai  aa  qm*— 

26.  Thus  according  to  Newton  there  are  72  species  nf  litses 
of  the  third  order.  But  Mr.  Stirling  discovered  four  more 
species  of  redundant  hyperbolas ;  and  Mr.  Stone  two  more 
apecies  of  deficient  hyperbolas,  expressed  by  the  equation 
Ty*  =^  bx"*  cx  -i-  d :  i.  e.  in  the  case  when  bx^-^-  cx-^d  =  0, 
has  two  unequal  negative  roots,  and  in  that  where  the  equa- 
tion has  two  equal  negative  roots.  So  that  there  are  at  leaH 
78  different  species  of  lines  of  the  third  order.  Indeed  Euler, 
who  classes  all  the  varieties  of  lines  of  the  third  order  under 
16  general  species,  affirms  that  they  comprehend  more  than 
80  varieties  ;  of  which  the  preceding  enumeration  naceasarily 
comprises  nearly  the  whole.  ^ 

27.  Lines  of  the  fourth  order  are  divided  by  Euler  into 
146  classes  ;  and  these  comprise  more  than  5000  varieties : 
they  all  flow  from  the  different  relations  of  the  quantitiaa  in 
the  10  genera!  equations  subjoined. 

6.  jp  "fi^-gt^r-h  \ 

6.  f T  --fty'^—gry-fhy  ) 

7.  y»  ~-tx^y  -  fiy^^-grf-rh' -\riTy^k3f  \ 

« jr  +/f*  Tgarf  4^  •  .  .  .  y 
j|8b  li^aa  of  the  fifth  and  higher  ordera  of  neceaiitjr  Im^ 
tAt  il^  QMre  numerooa ;  and  present  loo  many  wietiea  to 
^dmk€f  ^  claanficatkm,  at  least  in  moderate  coropaaa. 
UMMI  liewfote,  of  dwelling  upoo.llieaep  wa  afaall  give  a 
oooeiae  aketch  of  the  moat  curioua  and  important  propertieB 
of  ourve  linea  in  general,  aa  they  havo  been  deduced  from  a 
coolamplation  of  the  nature  and  mutual  relation  of  the  foota 
of  the  eoaatiooa  repreaanting  tlioaa  curfoa.  Thua  a  curva 
Wing  eallad  of  n  dimonaiooa,  or  a  line  of  the  alh  oidar  wim 
fta  reptaaaatativa  e<piatioa  rieea  to  a  dimaaaiona ;  tbanaiaea 
far  aiaffjr  diffiiraat  value  of  9  there  are  n  valuaaof  it  viU 
ooeunonly  happen  that  the  ordinate  ariil  eat  |ha  ounre  in  a  or 
Ip  u^Ut         ><u»  foiaiM,  awHdim  u  Um  equatlQii  lam 


8. 
9. 
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«,  or  n  —  2,  n  —  4,  ditc.,  possible  roots.  It  is  not  howevefto 
be  inferred,  that  a  right  line  will  cut  a  curve  of  n  dimensions, 
in  n,  or  It  —  2,  n  -  4,  <&c.,  points,  only  ;  for  if  this  were  the 
case,  a  line  of  the  2d  order,  a  conic  section  for  instance,  could 
only  be  cut  by  a  right  line  in  two  points  :  — but  this  is  mani- 
festly incorrect,  for  though  a  conic  parabola  will  be  cut  in  two 
points  by  a  ri^ht  line  oblique  to  the  axis,  yet  a  right  line 
parallel  to  the  axis  can  only  cut  the  curve  in  one  point* 

29.  It  is  true  in  genenU,  that  liaes  of  the  n  order  eunol 
be  cut  by  a  right  line  in  more  than  it  points  ;  but  it  does  not 
hence  follow,  that  any  right  line  whatever  will  cut  in  n  points 
every  line  of  that  order  ;  it  may  happen  that  the  number  of 
intersections  is  n  —  1,  n  ^  2,  n  —  3,  &c.,  to  n  —  it.  The 
number  of  intersections  that  any  right  line  whatever  makes 
with  a  given  curve  line,  cannot  therefore  determine  the  order 
to  which  a  curve  line  appertains.  For,  as  Euler  remarks,  if 
the  number  of  intersections  be  =  n,  it  does  not  follow  that 
the  curve  belongs  to  the  n  order,  hut  it  may  be  referred  to 
some  superior  order;  indeed  it  may  liappen  that  the  curve  is 
,  not  algebraic,  but  transcendental.  This  case  excepted,  how* 
ever,  Euler  contends  thai  we  may  always  affirm  positively 
that  a  curve  line  which  is  cut  by  a  right  line  in  n  points,  can- 
not belong  to  an  order  of  lines  inferior  to  n.  Thus,  when  a 
right  line  cuts  a  curve  in  4  points,  it  is  certain  that  the  curve 
does  not  belong  to  either  the  second  or  third  order  of  lines  ; 
but  whether  it  be  referred  to  the  fourth,  or  a  superior  order, 
or  whether  it  be  transcendental^  is  not  to  be  decided  by 
Analysis. 

80.  Dr.  Waring  has  carried  this  inquiry  a  step  further 
than  Euler*  and  has  demonstrated  that  there  are  curves  of 
any  number  of  odd  ordeva*  that  out  a  right  line  in  2,  4«  6^ 
^c,  points  only ;  and  of  any  number  of  even  orders,  that  cut 
a  right  line  in  3,  5,  7,  d^c.  points  only ;  whence  this  author 
likewise  infers,  that  the  order  of  the  curve  cannot  be  an- 
nounced  from  the  number  of  points  in  which  it  cuts  a  right 
line*   See  his  Proprietates  AlgebraicarUin  Curvarunl. 

81.  Every  ffeometrical  curve  being  continued,  either  re** 
tuma  into  itseifi  or  goes  oa  to  an  infinite  distance.   And  if 
*any  plane  curve  has  two  infinite  branches  or  le^  they  join 
twe  another  either  at  a  finite,  or  at  an  infinite  distance. 

82.  In  any  curve,  if  tangents  be  drawn  to  all  points  of  the 
wirve  ;  and  if  they  always  cut  the  abscissa  at  a  finite  distance 
ftom  its  origin  ;  that  curve  has  an  asymptote,  otherwise  not. 

33.  A  line  of  any  order  may  havo  as  many  asymptotes  as 
ilhas  dimensions,  and  no  more. 

M.  Aa  asymptote  may  intersect  tho  curve  ia  ao  muaf 
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points  abating  two,  as  the  equation  of  the  curve  has  dinten- 
sions.  Thus,  in  a  conic  section,  which  is  the  second  order 
of  hnes,  the  asymptote  does  not  cut  the  curve  at  all  ;  in  the 
third  order  it  can  only  cut  it  iq  one  point ;  in  the  iourlh 
order,  in  two  points  ;  and  so  on. 

35.  If  a  curve  have  as  niimy  asymptotes  as  it  has  dimen- 
sions, and  a  right  line  be  drawn  to  cut  ihcni  all,  the  parts  of 
that  measured  trom  the  asymptotes  to  tiie  curve,  will  together 
be  equal  to  the  parts  mrnsured  in  the  same  direction^  (torn 
the  curve  to  the  asymptotes. 

86.  If  a  curve  of  n  dimensions  have  n  aajmptotes,  then  the 
content  of  the  ii  abscissas  will  be  to  the  content  of  the  n  or* 
filiates,  in  the  snme  ratio  in  the  curve  and  asymptotes  ;  the 
•am  of  their  n  subnormals,  to  ordinates  perpendicular  to  their 
abscissas,  will  be  equal  to  the  curve  and  the  asymptotes ;  and 
they  will  have  the  same  central  and  diametral  curves* 

87.  If  two  curves  of  n  and  m  dimensions  hare  a  eommoa 
asymptote ;  or  the  terms  of  the  equations  to  the  cunrea  of  the 
greatest  dimensions  have  a  common  divisor  ;  then  the  curves 
cannot  intersect  each  other  in  n  X  s»  points,  possible  or  im- 
possible. If  the  two  curves  have  a  common  general  centre, 
and  intersect  each  other  in  n  X  »  points,  then  the  sum  of 
the  affirmative  abscissas,  Ice,  to  those  points,  will  be  equal  to 
the  sum  of  the  negative  :  and  the  sum  of  the  n  subnormals 
to  a  curve  which  has  a  general  centre,  will  be  profKurtional 
to  the  distance  from  that  centre. 

38.  liinea  of  the  third,  fifth,  seventh,  dsc.  mder,  or  aajr 
odd  number,  have,  as  belbie  remarked,  at  least  two  infinite 
lege  or  branclue,  running  contrary  ways ;  while  in  lines  of 
^e  second,  fourth,  sixth,  or  any  even  number  of  dimensions^ 
the  figure  may  return  into  itself  and  be  eootained  within 
certain  Ihnits. 

89.  If  the  right  lines  ap,  fm,  forming  a  given  angle  apm, 
eal  a  geometrical  line  of  any  order  in  as  bmdv  poinfa  as  it 
hie  dimensions,  the  product  of  the  eegments  of  the  fiiat  ter« 
minated  by  p  and  the  curve,  will  always  be  to  the  product  of 
the  asgments  of  the  latter,  terminated  by  the  same  point  and 
the  eorve,  in  an  invariable  ratio. 

40.  With  respect  to  double,  triple,  quadrnnle,  and  other 
multiple  points,  or  the  points  of  intersection  2,  3,  4,  or 
more  branches  of  a  curve,  their  nature  and  number  may  be 
estimated  by  means  of  the  following  principles.  1.  A  curve  of 
the  n  order  is  determinate  when  it  is  subjected  to  pass  through 

the  number  ^-^^j^^^^ points.  ^  A  curve  of  the  a 
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~  HmomktaX^mm  dMU  «  earve  of  the  m%9»d  order,  for  ex* 
ifyle»  on  aIimijv  pM  Ifaroagh  5  gmn  pomte  (not  m  the 
MM  righl  line),  tad  eennot  meet  a  curve  ot  the  m  miier  ia 
attiaetbaBK«apaiatii;  andkieimpoeeabletl^  curve  of  the 
m  oidar  hImmm  have  pobtt  urboea  degrees  of  laakiplicity 
aaika  togethor  aMwo  tlian  9ai  points.  Thus,  a  liao  of  tha 
fbnrHi  ordar  oaanol  lia?a  lour  dooUe  poiata ;  booaoaa  tha 
lino  of  the  second  order  which  would  pass  through  thesa 
ftttf  dotthle  points,  and  through  a  fifth  simple  poial  of  the 
curve  of  the  fourth  dimension,  would  meet  9  times  ;  which 
is  impoanbloi  since  tfaeia  can  only  be  anintaisectioa  2X4ov 

6  times. 

For  thesame  reaioaiacurvelineoftbe  5th  order  cannot  with 
one  triple  pointy  have  more  than  three  double  points :  and  in 
a  similar  manner  we  may  reason  for  corves  of  higher  oidaak 

Again»  from  the  known  propoaition,  that  we  can  always 
make  a  line  of  the  third  order  pass  through  nine  poinls*  and 
that  a  carve  of  that  order  cannot  meet  a  curve  of  the  si  order 
in  mora  than  dsi  points^  we  may  conclude  that  a  curve  of  the 
SI  order  cannot  have  nine  points,  the  degrees  of  multiplicity 
of  which  make  together  a  number  greater  than  dm.  Thus, 
a  lino  of  the  fifth  order  cannot  have  more  than  6  double 
points  ;  a  line  of  the  6th  order,  which  cnnnot  have  more  than 
one  quadruple  point,  cannot  have  with  that  quadruple  point 
HMNPe  than  6  double  points  ;  nor  with  two  triple  points  more 
than  5  double  points  ;  nor  even  with  one  triple  point  more 
than  7  double  points.  Analogous  conclusions  obtain  with 
respect  to  a  line  of  the  fourth  order,  wljich  we  may  cause  to 
pass  through  14  points,  and  which  can  only  meet  a  curve  of 
the  m  order  in  4m  points,  and  so  on. 

4,1.  The  properties  of  curves  of  a  superior  order  agree, 
under  certain  modifications,  with  those  ot'  all  inferior  orders. 
For  though  some  line  or  lines  become  evanescent,  and  others 
become  infinUe,  some  coincide,  others  become  equal  ;  some 
points  coincide,  and  others  are  removed  to  an  infinite 
distance  ;  yet,  under  these  circumstances,  the  general  pro- 
perties still  hold  good  with  regard  to  the  remaining  quan- 
tities ;  so  that  whatever  is  demonstrated  generally  of  any 
order,  holds  true  in  the  inferior  orders  :  and,  on  the  con- 
trary, there  is  hardly  any  property  of  the  inferior  orders*  but 
there  is  some  similar  to  it,  in  the  superior  ones. 

For  as  in  the  conic  sections,  if  two  parallel  lines  are  drawn 
to  terminate  at  the  section,  the  right  line  that  bisects  these 
will  bisect  all  other  lines  parallel  to  them  ;  and  is  therefore 
.  called  a  dtosi^r  of  the  figure^  and  the  bisected  hues  snfir 
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Micv,  and  the  intersections  of  the  diameter  wMi  the  curve 
Mntibflt;  the  common  intersection  of  all  the  diameters  the 
mUre;  and  that  diameter  which  is  perpendicular  to  the  or* 
dfnafes^  the  vertex.  So  likewise  in  other  ctmres,  if  two 
peiillal  liiiee  be  drawn,  each  to  cut  the  eurre  in  the  number 
Af  points  that  indicate  the  erder  af  the  tmtt ;  the  right  line 
tittt  cats  tiiase  parallels  so,  that  the  sum  of  tha  parts  on  one 
aide  of  tiie  line,  estiwated  to  the  onr? e,  is  eqaal  to  the  sum 
of  the  parts  on  the  other  side,  it  will  out  in  tha  same  manner 
all  other  Unas  parallel  to  them  that  meet  the  curve  In  the 
flame  nomber  of  points;  in  this  case  also  the  divided  fines  ate 
called  ordmalier,  the  line  so  dividing  <hem  a  Hamde^t  tha 
fnteraection  of  the  diameter  and  the  corve  aerftot ;  the 
mon  tnteneetion  of  two  or  more  diaaieters  the  eaiire ;  the 
diameter  perpendienlar  to  the  ordmates,  tf  there  be  any  such, 
the  oarir;  and  when  all  the  ditmatara  concur  in  one  point, 
that  is  the  genend  eaUre, 

Again,  the  conic  hyperbola,  having  a  line  of  the  seooiid 
order,  has  two  asymptotes ;  so  likewise^  that  of  the  third 
order  may  have  three ;  that  of  the  fourth,  four ;  and  so  on : 
and  they  can  have  no  more.  And  as  the  parts  of  any  right  line 
between  the  hyperbola  and  its  asytnptoles  are  equal ;  ao  like« 
wise  in  the  third  order  of  lines,  if  any  line  be  drawn  cutting 
0ie  curve  and  its  asymptotes  in  three  pottMs ;  tiie  sum  of  twe 
parts  of  it  ^ng  the  same  way  from  the  asymptotealu  tka 
eurve  will  be  equal  to  the  part  faJiio^  the  contrary  way  fiem 
the  iMrd  asymptote  to  the  curve ;  add  so  of  higher  curves. 

Also  in  the  conic  sections  which  are  not  parabolic :  as  the 
square  of  the  ordinate,  or  the  rectangle  of  the  parts  of  it  on 
each  side  of  the  diameter,  is  to  the  rectangle  of  the  parts  of 
the  diameter,  terminating  at  the  vertices,  in  a  constant  ratio, 
viz.  that  of  the  latos  rectum,  to  the  transverse  diameter.  So 
la  non-parabolic  curves  of  the  next  superior  order,  the  solid 
under  the  three  ordinates,  is  to  the  solid  under  the  three  ab- 
scissas, or  the  distances  to  the  three  vertices,  in  a  certain  given 
ratio.  In  which  ratio  if  there  be  taken  thiee  liaes  propof- 
tional  to  die  three  diameten*,  each  to  each ;  then  each  of  these 
three  lines  may  he  called  a  lotus  recHm^  and  each  of  the  cor« 
responding  diameters  a  iranxcerst  diameter.  And,  in  the 
common,  or  Apollonian  parabola,  which  has  but  one  vertex 
ftirone  diameter,  the  rectangle  of  the  ordinatos  ia  equal  to 
the  rectangle  of  the  abscissa  and  latus  rectum :  s(^  in  those 
curves  of  the  second  kind,  or  lines  of  the  third  kind,  which 
have  only  two  vertices  to  the  same  diameter,  the  solid  under 
the  three  ofdinates  is  equal  to  the  solid  under  the  two  ab« 
seiBsai,  and  a  given  line,  which  may  be  zackonad  the  latua 
pactum* 

ToL.  n.  18 
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Jjumfyf  nooe  w  Um  oonic  aectioM  where  two  pumllel  liMS 

terminating  at  the  curve  both  way%  are  cut  by  two  other  pa- 
itllels  likewiee  termiMted  by  the  curve  ;  we  have  the  rect- 
aiigle  of  the  parts  of  one  of  the  first,  to  the  rectangle  of  the 
parts  of  one  of  the  second  lines,  as  the  rectangle  of  the  parts 
of  the  second  of  the  former,  to  the  rectangle  of  the  parts  of 
the  second  of  the  latter  pair,  passinp^  also  through  the  com- 
mon point  of  their  division.  So,  when  four  such  lines  are 
drawn  in  a  curve  of  the  second  kind,  and  each  meeting  it  in 
three  points  ;  the  solid  under  the  parts  of  the  first  line,  will 
he  to  that  under  the  parts  of  the  third,  as  the  solid  under  the 
parts  of  the  second,  to  that  under  the  parts  of  the  fourth. 
And  the  analogy-  between  curves  of  different  orders  may  be 
carried  much  further :  but  as  enough  is  given  for  the  objects 
of  this  work,  we  shall  now  present  a  few  of  the  most  useful 
problems. 

VBOBMXI. 


Knowing  the  ohanoteriitie  propertjTy  or  tiio  nMiner  of 
deieriptioa  olf  a  corvOf  to  find  its  o^ualioo. 


itt  molt  cam  will  be  a  matter  ofgieatamplioily  |  bo. 
oaiiae  the  nanner  of  deaeriptioa  suggcsia  tne  relation  botweea 
the  oidinates  and  their  correspoodin^  abaciam ;  andthia 
relation,  when  exinessed  algebraically,  m  no  other  than  the 
Ofnofioii  to  the  curve.  Examples  of  this  problem  have  already 
occurred  at  p.  686,  d^c.  vol.  i. :  to  which  the  foUowii^  are 
now  added  to  ozorciae  the  student. 

JEb.  1.  Find  the  eqnatioQ  lo  the  daeoid  of  Diocles ;  whose 
manner  of  description  is  as  below* 

From  any  two  points  p,  s,  at  equal 
distances  from  the  extremities  a,  b,  of 
the  diameterof  a  semicircle,  draw  st, 
FM,  perpendicular  to  ab.  From  the 
point  T  where  st  cuts  the  semicircle, 
draw  a  right  line  at,  it  will  cut  px  in 
Kf  a  point  of  the  curve  required. 

Now,  by  theor.  87  Geom.  as  .  sb  =  ;  and  by  the  con- 
itructioo,  AS  •  SB  =  AT  .  PB«   Also  the  similar  triangles  apm, 

me  AM  :  PK : :  AS  •  ar  : :  n  :  ar  «  VLUt^  Conee> 

^  AP 

qmOj  tl»  »  2tji2fmAP  •  ni ;  and  lasU^Sf^eA* .  ap». 
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va'  a:  jPB  .  PM*.   Hence,  if  the  diaiiMCtr     «  aw 
wm^y;  tiieeqiiataoDi««'GBy'(|{^  a-). 

The  complete  cinoid  will  have  tmilher  Inranch  equal  and 
■iimlar  to  amq,  but  turned  contrary  ways ;  being  drawn  by 
means  of  points  t'  falling  in  the  other  half  of  the  circle.  But 
the  same  equation  will  comprehend  both  branches  of  th« 
curve  ;  becauae  tke  aquare  of  —  aa  well  aa  tluilof  4-  ia 
positive. 

Cor.  All  cissoids  are  similar  figures  ;  because  the  abscisioa 
and  ordinates  of  several  cissoids  will  be  in  the  same  ratio, 
when  either  of  them  ia  in  a  given  ratio  to  the  diameter  of  ita 
generating  circle. 

Ex.  2.  Find  the  equation  to  the  logarithmic  curve,  whose 
foP^amcntal  property  is,  that  when  the  abscissas  increase  or 
^i^^nmte  in  arithmetical  progression,  the  corresponding  or- 
dinfllea  iocreaae  or  decrease  in  geometrical  progression. 

Ana.  y  as  a  being  the  number  whose  logarithm  ia  1,  in 
wijaiMii  of  logarithma  represented  by  the  curve. 

iBa.  8.  Find  the  eqinlioa  to  the  curve  called  the  Witch, 
whoae  oonatmctUNi  ia  thia :  a  aemieircie  whose  diameter  ia 
AM  being  given ;  dtrnw,  from  any  point  f  in  the  diameter,  a 
perpendicular  ovfinate,  entting  the  aemleifele  in  i>,  and  ter. 
ninatmi;  m  m,  ao  that  A»  :  n> :  s  ab  :  rat  1 4heo  ia  ■  alwaya 
a  point  Mi  the  com.  <t-« 

ea  «he  nqnatien  to  a  carve,  to  deaeribe  it,  end  tnM  im 

chief  propertiea* 

The  method  of  effecting  this  is  obvious  ;  for  any  abscissas 
being  assumed,  the  corresponding  values  of  the  ordinates 
become  known  from  thu  equation  ;  and  thus  the  curve  may 
be  traced,  and  its  limits  and  properties  developed. 

Ex.  1 .  Let  the  equati^Mi  s  a'x,  or  y  ^  a^x,  to  a  line 
of  the  third  order,  be  proposed. 

First,  drawing  the  two  indefinite  lines  ]g 
BH,  DC,  to  make  an  angle  bac  equal  to 
the  assumed  angle  of  the  co-ordinates; 
let  the  values  of  x  be  taken  upon  ac, 
and  those  of  y  upon  ab,  or  upon  lines  ST 
parallel  to  ab.  Then,  let  it  be  inquired 
whether  the  curve  passes  through  the 
point  Ay  or  not.  In  order  to  this,  we 
leeettain  what  y  will  be  when 
4  nadlB  tbnteaae  y=^(a'XO),  that  ia, ^yaO.  Hmko- 
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fore  the  dunrc  passes  through  a.    Let  it  next  be  ascertained 

whether  the  curve  cuts  the  axis  ac  in  any  other  point ;  in 
order  to  which,  find  the  value  ofx  when  y  =  0  ;  this  will  be 
^d^x  =  0,  or  Jf  ~  0.  Consequently  the  curve  does  not  cut 
the  axis  in  any  other  point  than  a.  Make  x  =  ap  =  j^a, 
and  the  given  equa.  will  become  y  ==  =  a  Vs*  There- 
fore draw  rx  parallel  to  ab,  and  equal  to  a  so  will  m  be 
a  point  in  the  curve.  Again,  make  x  =  ac  =  a ;  then  the 
equation  will  give  y=^\/d^=a.  Hence,  drawing  ci9  parallel 
to  AB,  and  equal  to  ac  or  a,  N  will  be  another  point  in  the 
burve.  And  by  assuming  other  values  of  5/,  other  ordinates, 
and  consequently  other  points  of  the  curve,  may  be  obtained; 
Once  more,  making  r  infinite,  or  x  =  qd,  we  shall  have  y  = 
^(o^X  od)  ;  that  is,  y  is  intinite  when  x  is  so;  and  therefore 
the  curve  passes  on  to  infmity.  And  further,  since  when  x 
is  taken  =  0,  it  is  also  y  =i  0,  and  wlien  x  •=  qd,  it  is  also 
y  =  OD  ;  the  curve  will  have  no  asymptutes  tliat  are  parallel 
to  the  co>ordinates. 

Let  the  right  line  an  be  drawn  to  cut  m  (produced  if 
necessery)  in  s.  Then  because  cn  =  ac,  it  will  be  ps  = 
AP  =  ia.  But  PM  =  fl^iJ  =  \d\/\y  which  is  manifestly 
greater  thad  ;  so  that  pm  is  greater  than  Ps,  and  conse- 
quently the  curve  is  concave  to  the  axis  ac. 

Now,  because  in  the  given  equation  ^  =  a*x  the  exponent 
of  X  is  odd.,  when  x  is  taken  negatively  or  on  the  other  side 
of  A,  its  sign  should  i>e  changed,  and  the  reduced  equation 
will  then  be  y  =  \/  -\^x.  Hero  it  is  evident  that,  when  the 
values  ofx  are  taken  in  the  negative  way  from  a  towards  d, 
but  equal  to  those  already  taken  the  positive  way,  there  will 
result  as  many  negative  values  of  y,  to  fall  below  ad,  and  each 
equal  to  the  corresponding  values  of  y,  taken  above  ac. 
Hence  it  follows  that  the  branch  amV  will  be  similar  and 
equal  to  the  branch  amn  ;  but  contrarily  posited. 

iJx.  2.  Let  the  lemniscate  be  proposed,  which  is  a  line  of 
the  fourth  order,  denoted  by  the  equation       =  o^x*  —  i*. 

In  this  equation  we  have  y=±^^(a'^ — x") ; 

where,  when  x  =  0,  y  =  0,  therefore  the  curve 
passes  through  a,  ihc  point  from  which  the  va- 
lues of  X  arc  measured.  When  x=  ±  t7, then 
y  =  0  ;  therefore  the  cur\  e  passes  through  b 
and  r,  supposing  ab  and  ac  each  =  db  a.  If  x 
were  assumed  greater  than  fl,  the  value  of  y 
Would  become  imaginary  :  therefore  no  part  of 
the  curve  lies  beyond  b  or  c.    When  x  =  ^<z, 


Ill 

KiBM  offtme  VK  wtai  AFSi^ABt  lad  ihm^  by  apnBMM 
^Ifcer  ijiueg^f  rt  fltfw  ▼•toei  rf  y  may  ba  Mnwitined,  aiii 
ikm  «ir?0  dotocHied.  It  bwobvknilijr  Iwo  cq^iJ  and  ateilaf 
}MrCs,  and  a  double  point  at  A  rigbt  fine  nay  out  tbia 
WHrro  in  either  2  points,  or  in  4:  even  tbe  ritfbt  nne  nao  la 
eoocaifed  to  cnt  it  in  4pointa ;  becanae  the  mble  point  4 
ia  that  in  which  tvo  brandiea  of  the  carye>  via.  iu|»  and 
lULi^  9n  interaected. 

Ex.  3.  Let  there  be  proposed  the  Conchoid  of  the  aocientay 
which  ia  a  line  of  the  fourth  order  defined  by  the  equation 

ta«-x»)  .  (z  —  by  =  xy,  or  y  =  ± 


^  if  jr  =  0»  then  y  becomea  in* 
finite ;  and  therefore  the  evdinate  at 
A  (the  ongin  of  the  abscissae)  ia  an 
asymptote  to  the  curve.  If  ab  ==  bf 
and  p  be  taken  between  a  and  b,  then 
ahall  PM  and  pm  be  equal,  and  lie  on 
different  sides  of  the  abscissa  ap.  If 
then  the  two  values  of  9  vaniahy 
becanaes  —  6ssO,andcopaaqueiyly 
the  curve  passes  through  having 
there  a  dpuble  point.  If  ap  be  taken 
greater  than  ab,  then  wtil  there  be 
two  vahiea  of  aa  before,  harii^  eomrary  signs ;  that  fabM 
which  was  positive  before  being  now  negative,  and  mee  vermk 
But  if  AD  be  taken  »  and  p  comes  to  d,  then  the  two 
Mues  of  y  vanish,  because  in  that  case  (a* — z^)  =0.  If 
AF  be  taken  greater  than  An  or  a,  then  a'  heeoniea 
negative,  and  the  value  of  y  inposstble  :  40  that  the  onrve 
does  not  go  beyond  n« 
Now  Idt  :ip  be  considered  as  negative,  or  aa  lying  09  Aa 

aideofAtowardat%   llien  y  »  d:  -t^  ^  (o'^s*).  Beiw 

if  X  vanish,  both  these  values  of  y  become  infinite  ;  and  con* 
sequently  the  curve  has  tw  *  indefinite  arcs  on  each  side  the 
asymptote  or  directrix  ay.  If  x  increase,  y  manifestly  dimi^ 
nishes  ;  and  when  x=ay  then  y  vanishes  :  that  is,  if  ac=aD| 
then  one  branch  of  the  curve  passes  through  c,  while  the 
other  passes  throu^rh  d.  Here  also,  if  z  be  taken  greater 
than  a,  y  becomes  imagiaury  j  &o  lliat  no  part  of  the  curve 
can  be  found  l)cynnd  c. 

If  a =6,  the  curve  will  have  a  cusp  in  b,  the  node  between 
B  and  D  vanishing  in  that  case.  If  ^  b^  lers  ^xAwS^  P 
will  become  a  coqjugate  point. 
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XlUATIONt  TO  CCmVEg 


In  the  figure,  m'cw'  represents  what  is  termed  the  superiof 
eonchoidj  and  GRmuMsm  the  inferior  conchoid.  The  point 
A  is  called  the  pole  of  the  conchoid  :  and  the  curve  may  be 
readily  construcled  by  radial  liaes  from  this  potot,  by  meaos 

•f  the  polar  eqiMtion  »  =       ±  a.   It  will  merely  be  re* 

quisite  to  set  off  from  any  assumed  point  a,  the  distance 
AB=6;  then  to  draw  through  B  a  right  line  mi.M'  making 
any  angle  9  with  cb,  and  from  l,  the  point  where  this  line 
cuts  the  directrix  ay  (drawn  perpendicular  to  cb)  set  off  upon 
it  lm'  >=  L7/1  =  ^  ;  so  shall  m'  and  m  be  points  in  the  auperior 
and  inferior  conchoids  respectively* 

Ex.  4.  Let  the  principal  properties  of  the  conre  whoea 
equation  is  yx»  s  a**«>  \  be  eought ;  when  •  ie  en  odd  ouin* 
ber,  end  when  n  is  en  even  nonSen 

Ex»  5.  Describe  the  line  which  is  defined  by  the  equation 
xy  +  atf     cy  =  be  +  bi, 

Ex.  6.  Let  the  Cardioide,  whose  equation  is  3^  —  Gay*  + 
+  ISa")  y*  —  (to' +  8a')  y  +  (jr>  +  8a*) »  0,  be 
pffopoeed* 

Ex,  7.    Let  the  Trident,  whose  equation  is  ly  =  ox*  + 
+  cx  +     be  proposed. 

Ex.  8.  Ascertain  whether  the  CitsM  end  the  Witek^ 
whose  equations  ere  ibund  in  the  proceeding  problen^  have 
eynytotes. 

PR0BLE3f  III. 

To  detennina  the  equelion  to  any  proposed  cunre  enrfece. 

Here  the  required  eqeation  most  be  dedueed  from  the  law 
or  manner  of  construction  of  the  proposed  surface,  the  re- 
Terence  beili|^  to  three  co-ordinates,  commonly  rectangular 
ones,  the  variable  quantities  being  7,  y,  and  Of  these,  two, 
namely  x  and  y,  will  be  found  in  one  plane,  and  the  third  f 
will  always  marie  the  distance  from  that  plane. 

Exm  1.   Let  the  proposed  surface  be  that  of^Lsphete,  fm» 

The  position  of  the  fixed  point  a, 
which  is  the  origin  of  the  co-ordinates 
AP9  m,  MN,  being  ari>itrary ;  let  it  be 
supposed,  for  the  greater  conveoience, 
that  it  is  at  the  centre  of  the  sphere. 
Let  MA,  NA,  be  drawn,  of  which  the 
latter  is  manifestly  equal  to  the  radius 
of  the  sphere,  and  niay  be  denoted  by 
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r.  Then,  if  ap  =  j,  pm  =  mn  =  z  ;  the  right-angled  tri- 
angle APM  Hill  give  am'  =  AP*  +  pm'  =  ac'  -f-  y"*.  Jn  like 
manner,  the  right-angled  triangle  amn,  posited  in  a  plane  per- 
pcodicular  to  the  former,  will  give  an-  =am^  4-  mn^  that  is, 
r*  ==  -f-  y-  -|-  ;  or  =  r'  —  —  y*,  the  equatioa  to  the 
spherical  surface^  as  required. 

SpkoUunu  Curve  Mirftc6t»  as  well  as  plane  curvei,  m 
aifwiged  in  orders  aecoidiog  to  the  dimensions  of  the  equa* 
tioM,  by  whieh  they  ere  repreaentedr  And,  iiiorder  le^. 
tomiine  the  propeftiee  of  curre  surfaces,  processes  must  he 
empWyyed,  similar  to  thoee  adopted  when  investigating  the 
properties  of  plane  canres.  Thus,  in  like  manner  as  in  the 
theory  of  curve  lines,  the  supposition  that  the  ordinate  y  is 
ei|imi  to  Of  gives  the  point  or  points  where  the  curve  cats  its 
ezie;  so,  with  regard  to  curve  surfacesi  the  supposition  of 
s  a  0,  will  give  ue  equation  of  the  curve  made  by  the  in* 
tersecttaa  of  the  surface  and  its  base,  or  the  plane  of  the  eo. 
Ofdinates  ar,  jr.  Hence,  in  the  equation  to  the  spherical  sur- 
face, when  «  8=  0,  we  have  +  y*  =  V>  which  is  that  of  a 
ciide  whose  radius  is  equal  to  that  of  the  sphere.  See  p.  3L 

Ex.  %  Let  the  ciifve  auHace  proposed  be  tbal  produced 
by  a  parabola  turning  about  its  axis. 

Here  the  abscissas  x  being  reckoned  from  the  vertex  or 
summit  of  the  axis,  and  on  a  plane  passing  through  that  axis: 
the  two  other  co-ordinates  bein/r,  as  he/ore,  p  and  z  ;  and 
the  parameter  of  the  generating  parabola  being  p  :  the  equa- 
tion of  the  parabolic  surface  will  be  found  to  be  2^  +  y  *-* 
px  =  0. 

Now,  in  this  equation,  if  2  be  supposed  =  0,  we  shall  have 
y*=pj,  which  (p.  538,  vol.  i.)  is  the  equation  to  the  generat- 
ing parabola,  as  it  ought  to  be.  If  we  wished  to  know  what 
would  be  the  curve  resulting  from  a  section  parallel  to  that 
which  coincides  with  the  axis,  and  at  the  distance  a  from  it, 
we  must  put  z  =  a  ;  this  would  give  =  px  —  a%  which  is 
still  an  equation  to  a  parabola,  but  in  which  the  origin  of  the 
abscissas  is  distant,  from  the  vertex  before  assumed  by  the 

^  Jhr.  8k  Suppose  die  eurve  surface  of  a  right  cone  weie 
pioposed* 

doffe  wemny  most  conveniently  retbrte  equation  of  the 
sw^oetothepianeof  thecureubirbaseof  thecone.  In  this 
cas^  the  perpendicular  distance  of  any  point  in  the  surface 
fion  the  base,  will  be  to  the  axis  of  the  coMi  as  the  distenee 
of  the  fool  of  that  perpendicnlar  horn  the  ctfemnibimae 
(aetsufedoparaduis)»totbemdhieof  thebnse;  iimim^it 
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tiM  t«lM  of  «  MiaiMedl  Am  th« 'aeiiM  of 
t  b0  fbo  nimMt  f  will  wymt  f  —  y  (o^  +  S^)*  0mm9» 
quently,  Mftplen  eqmlwa  of  the  eonki  mmuM,  tKil  to 
f  «  — (4^  +  Of  f*  — 3r«  + 1^  «  JT. 
Now,  from  this,  the  nature  of  curves  formed  1)y  pltiies  cuIt 
•  ling  the  cone  in  different  directions,  may  readily  be  inferred* 
Iiet  it  be  supposed,  first,  that  the  cmting  plane  ie  indifted  to 
the  base  of  angbt.angM  oooe  in  the  ancle  ef  45^9  and  pasiBi 
through  its  oentie :  then  will  s  »  and- this  Taloe  of  s  eab* 
a^tmed  for  it  hi  the  emwHon  of  the  rnrfoee,  will  giver*-* 
9r9  a  lAUk  m  wm  equation  of  the  projection'  of  the 
•nrfo  en  the  f^a  of  the  oone's  base  :  and  this  (art.  8  of  this 
oh&p*)  i»  HMnifestljr  an  eqiiatioii  to  a  parMla, 

Or,  taking  the  thing  more  generally,  let  it  be  supposed  that 
the  cutting  plane  is  so  situated,  that  the  ratio  of  j:  to  z  shall 
be  that  of  1  torn  :  then  will  mr  =  z,  andm^i^  =  t'.  These 
substituted  for  z  and  in  the  equation  ot*  the  surface,  will 
give,  for  the  equation  of  the  projection  of  the  section  on  the 
plane  of  the  base,  —  2mx  -f-  (wi'  —  1)  =  y^.  Now  this 
equation,  if  m  be  greater  than  unity,  or  if  the  cutting  plane 
pass  between  the  vertex  of  the  cone  and  the  parabolic  sec. 
tion,  will  be  that  of  an  hyperbola  :  and  if,  on  the  contrary, 
the  cutting  plane  pass  between  the  parabola  and  the  base,  i.  e. 
if  m  be  less  than  unity,  the  term  (//i^  —  1)  will  Uv  uegative^ 
when  the  equation  will  obviously  designate  an  ellipse, 

ScktL  It  might  here  be  demonstrated,  in  a  nearly  similar 
asanoer,  that  evoiy  surface  formed  by  the  rotation  of  any 
eobio  section  on  one  of  its  axes,  being  cat  by  any  plane  what, 
ever,  will  always  give  a  conic  section*  For  the  equation  of 
such  surfaoe  will  not  contain  any  power  of  x,  y,  or  s,  gioalnr 
than  the  seoond ;  and  therefore  the  subsiiiution  of  any  vakes 
of  i;  in  teraM  of  «  or  of  y,  will  never  produce  any  powara  of 
«(»rof  y  exceeding  the  square.  The  seotion  therefore  must 
be  a  hne  of  the  second  order.  Seoy  on  tins  siib|ect»  Hntton'n 
MenioMient  part  iii*  aect«  4. 

Ex.  4.  Let  the  equation  to  the  curve  surface  be  xyz  a*. 

Then  will  the  curve  surface  bear  the  same  relation  to  the 
mM  right  angle,  which  the  curve  line  whaso  equation  is 
sjf  ss  a'  bears  to  the  plane  right  angle.  That  is,  the  curve 
stirfoce  will  be  posited  between  the  three  rectangular  faces 
.  bounding  such  solid  right  angle,  in  the  same  manner  as  the 
■  equilateral  hyperbola  is  posited  between  its  rectangular  asymp. 
totes.  And  in  like  manner  as  there  may  be  4  equal  equila- 
teral hyperbolas  comprehended  beween  the  same  rectangular 
asyinpUitosy  when  produc^sd  both  w&ys  fron)  the  angul^  point ; 


Digitized  by  Go. 


I 


eo  there  may  be  6  equal  hyperboloids  jfomlMd  within  the  6 
solid  right  angles  which  meet  at  the  same  suromity  and  ail 
|ilacod  between  tbeaamethvee  aaynptotic  planet* 


SECTION  n. 

On  the  Cmuttruclion  of  Equaliona* 


To  construct  simple  equations,  geometrically. 

« 

Hna  the  aole  art  dbnaiaCs  in  reeolTing  the  firaedooay  to 
which  the  unknown  quantity  is  equal,  into  |MoporCional  teiiie ; 
and  then  censtnicting  the  reepectivo  proportions*  hy  means  of 
piobe.  8,  9t  10,  and 27  Ueonietiy.  A  iewsiinpla  ezanplee 
will  renderthe  method  ohvious. 

1.  Let  X  =="^1  ^hen  c  :  a  : :  6  :       Whence  x  may  be 


found  by  constructing  according  to  prob.  0  Geometry. 

2.  Let '  =  ^«  Pint  construct  the  proportion  dia;:bt 

which  4th  term  call  ^ ;  then«  » or  e  :c :  :^ :  x. 

3.  Let «  =  Then,  since  a»— 6=*=(a+6)  X(a— 6)  ; 
it  will  merely  be  neceasaiy  to  construct  the  proportion  e : 

4.  Let  s  «  ^  .  Find,  as  in  the  first  case,  ^  =  -y  as 
2,and*  =  -^,eothat^may  =        Then  find  by  the 

first  case  i  =  ~ .  So  shall  x  ^  ^  - 1,  the  difference  of  those 
Knee>  feimd  by  constmction. 

5*  Let  X  =  f^irst  find        tlie  fourth  propor. 

tional  to     a  and /,  which  make  =  h.    Then  x  =  » 

d^hycomtnictbn  it  win  beA  +e  :  a— d: :  a  : 
Vol..  n.  19 


19B 


6.  Letx  = 


«2  4  61 


.  Make  the  right-angled  (rtaogle  ^bc  such 
£1,  BO  »  6  ;  then  ac      ^/  (ab* 


that  the  leg  AB - 

^  nc*)  as  ^  (a>  ^  6'),  by  th.  34  Geom.  Hence 

X  ==■  — .     Construct  therefore  the  prepoHum 

c  :  AC  : :  AC  :  X,  and  the  unknown  quantity  will 
be  found  its  required. 

7.  Let  X  =s  First,  find  cd  a 

mean  proportionnl  between  ac  =  c,  nnd 
OB  »  dt  that  ia,  lind  cd  ^  cd.  Then 
make  te  =  a,  and  join  dk,  which  will 

evidently  be  ~  >/  (a'  +  ^^^^ ^  j 
any  line  ro  set  off  ef  =  /i  4- c,  ^  ed;  nnd  draw  git 
parallel  to  fd,  to  meet  di:  (produced  if  need  be)  m  h.  So 
shall  KH  be  =  r,  ilie  third  proportional  to  A  +  c,  and 
^{a^  4-  cd),  as  required. 

Neie.  Other  methods  suitable  to  different  caecs  which 
mBT  arise  are  lea  to  the  student's  invention.  And  m  all 
conrtructions  the  accuracy  of  the  results  will  increase  witb 
the  aise  of  the  diagrams ;  within  convenient  limits  for  ope- 
ration* 

PROBL£H  II« 

To  find  the  roots  of  quadratic  equatiooe  by  oouMetioa. 

In  most  of  the  methods  commonly  E  G 

given  for  the  construction  of  quadratics, 
it  is  required  to  set  ofi*  the  square  root 
of  the  Inst  term ;  an  operation  which 
can  only  be  performed  accurately  when 
that  term  is  a  rational  square.  Wc  shall 
bere  describe  n  method  which,  at  the 
same  time  that  it  is  vcr>^  simple  m  prac- 
tico,  has  the  advantnjre  ofahowingclear.  . 
Iv  the  relations  ofthe  roots,  and  of  dividmg  the  tbtstf  Wfini'tBHr 
iWo  factors,  one  of  which  at  least  may  be  a  wHole  numbet. 

In  order  to  this  construction,  all  quadratocs  may  be  tlannm 

under  4  forms  ;  viz. 

1,  2- ax -^bcosQ. 

2.  x'  —  ax  — 

•    8.  •  3^     ax  +  he 

1   One  general  mode  of  construction  will  ^ 
two  of  these  forms.  Let     ^  ax  -  be  ^  0,  anff  »b©  greB«» 
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Ifaan  c.  Describe  any  circle  abd  having  its  diameter  not  less 
than  the  given  quantities  a  and  b  —  c,  and  within  ihis  circle 
inscribe  two  chords,  ab  =  a,  ad  =  6  —  c,  both  I'mm  any 
common  aBsumed  point  a.  ^Ihen,  produce  ai>  to  f  so  that 
PF  =  c,  and  about  the  centre  c  of  the  former  circle,  with  the 
ipdius  CTf  describe  another  circh;,  cutting  the  chords  ad.  ah, 
produced,  in  f,  e,  o,  h  :  so  sliall  ao  be  the  ujjlnnalirr,  and 
ah  the  negative  root  of  the  equation  3''^  +  ax  ^  Ifc  =  0  ;  and 
matnmmwe  ao  will  bo  the  nrgative  nod  ah  the  affirmaiive 
wM  of  the  eqoatiea     —  ox    Ir  »  0. 

Fcur,  AF  or  aa  +  bf  ^  4,  and  dp  or  a*=c  ;  and,  making 
M or  M  »4r,  «•  ^lall  km^  ah  «=«•♦"«  :  and  by  the  pro. 
ffuty  of  ibtt  ciide  mfr  (theoF.  01  ileom.)  tbe  reoiaiiflo 
ML.  AF  JOB  0A  •  Afl,  or  s  (a  +  .r)z,  or  again  by  tranapciai. 
lioii  «'4*ar— ill«otfAHbe=  —  j,  we  slwll  havo 
mofAM— -ABK-- X  —  a:  and  eonseq.  «a  .  ah  » 
«*  4-  ar,  as  balbro.  So  tbat,  wliether  ao  be  »  j^,  or 
AR  ss  .;r,  we  shall  always  have  t'  +  ax  ^be^ik  And 
by  OB  exactly  similar  pocees  it  may  he  ptor ed  that  ao  is  the 
negative,  and  AS  Ibe  positife  Tool  of  a^— -oc-— ^aeO. 

€SBr.  Jm  ydietirs  of  iIm  fotm  4-  oar-  »  0,  the  pest* 
tnm  root  b  aUirays  lets  than  the  nei^tive  root ;  and  in  th^se 
of  tlM  iarm  o*  -  «v«*4«»0;  the  poeitive  loot  is  always  grea$€r 
fkm  the  aegathie  one. 

2.  The  third  and  fourth  cases  nhn  arc  A 
comprehended  under  one  inediofl  of  con- 
struction, with  two  concentric  circles.  Let 
-h  be  =  0,  Here  describe  nny 
circle  abd, whose  diameter  is  not  less  than 
either  of  the  given  quantitien  o  and  />-fc  ; 
and  within  thiit  circle  inscribe  two  chords 
AB=«,  ad  =  6  4-  c,  both  from  the  siime 
point  A.  Then  in  ad  assume  df  =  c,  and  about the  centre  - 
of  the  circle  abd,  with  the  radius  cf  describe  a  circle,  culling 
the  chords  ad,  ab,  in  the  points  f,  k,  a,  u  :  so  slvali  AO,  ah, 
be  the  two  posifhe  roots  of  the  equation  x-  —  ax  be  0^ 
and  the  two  vegalivf  roots  of  the  equation  x'-f-  ar  4-  fcc  =  0. 
The  deniunstration  ol  this  also  js  similar  to  that  of  the  first 
case. 

Cor.  1«  If  tbe  eircle  whose  radios  is  cf  just  touches  the 
ehoffd  AB,  the  qoadralio  will  have  two  equal  roots ;  which  can 
only  happen  when  {1^  ss  (e. 

Cot.  %  V  that  eircle  neither  cut  nor  touch  the  chord  ab, 
Hm  iMli  of  the  equation  will  be  iraaginaiy ;  and  this  will 
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always  happeOf  in  these  two  forms,  when  be  is  greater  thaa 

PBO&LBM  m. 

To  fii|d  the  roots  ofcabic  and  biquadratic  equations,  by  coo* 

struction. 

1.  In  finding  the  roots  ot'  any  equation,  containing  only 
one  unknown  quantity,  by  construction,  the  contrivance  con* 
sists  chiefly  in  bringing  a  new  unknown  quantity  into  that 
equation  :  so  that  various  equations  may  be  had,  each  con- 
taining the  "two  unknown  quantities  ;  and  further,  such  that 
any  two  of  them  contain  toi^ether  all  the  known  quantities  of 
the  proposed  equation.  Then  from  among  these  equations 
two  of  the  most  simple  are  selected,  and  their  corresponding 
loci  constructed  ;  the  intersection  of  those  loci  will  give  the 
roots  sought. 

Thus  it  will  be  found  that  cubics  may  be  constructed  by 
two  parabolas,  or  by  a  circle  and  a  parabola,  or  by  a  circle 
and  an  equilateral  hyperbola,  or  by  a  circle  and  an  ellipse, 
^p. :  and  biquadraties  by  a  circle  and  a  parabola,  or  by  a 
circle  and  an  clKpse,  or  by  a  circle  and  an  hyperbola,  <kc. 
Now,  since  a  parabola  of  given  parameter  may  be  easily  con- 
structed by  the  rule  in  cor.  2  th.  4  Parabola,  we  select  the 
circle  and  the  parabola,  for  the  construction  of  both  biqua- 
dratic and  cubic  equations.  The  general  method  applicable 
to  both,  will  be  evident  from  the  following  descriptioib 

2.  Let  M"A3i'>f  be  a  parabola  whose 
axis  is  AP,  m'  m'om  a  circle  whose  cen- 
tre is  c  and  radius  cm,  cutting  the  pa- 
rabola in  the  points  m,  m',  m",  m"  : 
from  these  points  draw  the  ordinates 
to  the  axis  mp,  m 'p',  m"p",  m  "p  "  ;  and 
from  c  let  fall  cd  perpendicularly  to 
the  axis  ;  also  draw  cn  parallel  to  the 
axis,  meetiujj  pm  in  Let  ad  =  a, 
DC  =■  CM  =^  w,  the  parameter  of  the 
parabola  =  p,  \p  =  x,  pm=7/  Then  (p.  538,  vol.  i.)  pr=y'  : 
also  CM^  =  c.\-  +  NM^  or  ir  =  (x  :f  af  +  (y  4-  b)* ;  that 
is,         2ax  +  a-  -I-  y2  +  26y  +  6^  =  fi^.   Substituting  in 

ibis  equntioD  for  x,'  its  value  ~,  and  arranging  tb«  tems  ao- 

p 

cording  to  the  dimensions  of  y,  there  will  arise 

*•  +        +  f)t±^ihfy  +  (i^  +  ^-nV  «  0, 
a  biquadratic  eqimtton»  whose  roots  will  bo  OKpioisod  by  tho 
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■fciilfiii  FX,  p'x',  fY,  p'^x'^,  at  the  pointa  of  intenectioa 
of  the  given  parabola  and  circlet 

3.  To  make  this  coincide  with  any  proposed  biquadratic 
whose  second  term  is  taken  away  by  (cor.  theor.  3) ;  assume 
Jf*  —  ^+ry  —  *  =  0.  Assume  also  p  =  1  ;  then  com- 
paring the  terms  of  the  two  equations,  it  will  be,  2a  —  1  =  q, 

ora  =  ^^,— 26«r,orJ=»^;  o'H-^y— f^«^«^  or 

fi^  ==  cr*  4-  4-  and  consequently  n  =  v/  (a*  +  6*  +  t). 
Therefore  describe  a  parabola  whose  parameter  is  1,  and  ia 

Um  aiif  take  AO  a      •  «i        anglet  to  it  dim  bo  aad 

=  —  ^r;  from  the  centre  c,  with  the  radius  y/  (a'  +  6'  4"  *), 
describe  the  circle  «"'m'gm,  cutting  the  parabola  in  the  points 
X,'  m',  m",  m'"  ;  then  the  ordinates  fm,  f'm',  f"m    f'"x'",  - 
will  be  the  roots  required. 

Note.   Thm  metbod,  of  maluDg  p  =  1,  hao  tbe  obvioiit 

advantage  of  requiring  only  one  parabola  for  any  number  of 
biquadratics,  the  necessary  Tariatlon  being  naade  in  the  tmiim 
of  the  circle. 

Cor.  1.  THieti  i>o  reprefentt  a  negatm  quuitity,  the 
ordinates  on  the  same  side  of  the  axis  with  c  represent  tlio 
negative  roots  of  the  equation ;  and  the  contrary. 

Cor*  2«  If  the  circle  touch  the  parabola,  two  roots  of  the 
equation  are  equal ;  if  it  cut  it  only  in  two  points,  or  touch 
it  in  one,  two  roots  ar,e  impossible ;  and  if  the  circle  fall 
wholly  within  the  parabola,  all  the  roots  are  impossible. 

Cor.  3.  If  a'  4-  =  w^  or  the  circle  pass  through  the 
point  A,  the  last  term  of  the  equation,  i.  e.  (a^-f-^*— n'j|i'=0; 
and  ihernfore  i/  ±  (2pa  p^)  if  ±  ''^hq''y  =  0»  or 
y*  ^  {'2pa  p')  y  ±  2bq^  =  0.  This  cubic  equation  may 
be  made  to  coincide  with  any  proposed  cubic,  wanting  its 
second  term,  and  the  ordinates  pm,  i'"m",  p'V,  are  its  roots. 

Thus,  if  the  ciihic  be  expresse^^enerally  hyy  ^±qy±s^O, 
By  comparing  the  terms  of  tiiis  and  the  preceding  equation, 
we  shall  have  ±  '2pa  +     =  4:      and  ±  2bq^ »  db  or 

^  It  s     :b      and  6  as  db        So  that,  to  ooiutfiiet  a 

cubic  equation,  with  i\T\y  given  parabola,  whose  half  parameter 
is  AB  (see  tlie  prccedinj^  figure)  :  from  the  point  b  take,  in 
the  axis,  (forward  if  the  equation  have  — but  backward  if 

f  be  poiitivo)  the  lino  an  » ;  thentaise  the  perpondicolar 

DC  =  ^  and  from  c  describe  a  circle  passing  through  the 
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veftid[  A  of  the  paidbola ;  tlit ofdlinttM  ni, dw.  4nmt$mm 
the  points  of  interiectioD  of  the  oirole  and  pmbila,  bt 

the  wM  ft^fim4* 

FBOBLBM  IT. 


To  construct  an  equation  of  any  order  by  means  of  a  locut 
of  the  same  degree  as  the  equatioa  proposed,  and  a  right 
line. 

As  the  general  method  is 
the  8ume  in  all  equations,  let 
it  be  one  of  the  5lh  det^rcc,  as 

—  bx^-^-MX^ —  a'-dr'-{-a'ex 
^a'f—  0.  Let  the  l:ist  term 
a^fhe  transposod ;  and,  taking 
one  of  the  linear  divisors,  fj 
of  the  last  term,  muke  it  cquiil 
to  2,  for  example,  and  divide  the  equation  by  a*;  theo  will 

.  «•»  ^^—T>  

On  the  indefinite  line  bq  describe  the  curve  of  this  equa- 
tion, BMDRLFi',  by  the  method  taught  in  prob.  2,  sect.  1,  of 
-  this  chapter,  taking  the  values  of  x  from  the  fixed  point  b. 
The  ordinates  pm,  sr,  6iQ,  will  be  equal  to  :  ;  and  therefore, 
from  the  point  b  draw  the  right  line  ba  =  /,  parallel  to  the 
ordinates  pm,  sr,  and  through  the  point  a  draw  the  inde* 
finite  right  line  xo  both  ways,  and  parallel  to  «a.  From  tho 
iiolnts  in  «rhieh  k  cuts  the  cdnre,  let  fall  the  perpendicnlani 
MP|  Ks,  ca;  they  willdetermioo  the  abscissas,  bp,  bs*  bq» 
which  are  the  roots  of  the  equation  proposed,  lliose  from 
A  towards  a  are  positive,  and  thoae  lying  the  contrary  way 
are  oegatire* 

If  the  right  line  ac  touch  the  curve  in  any  point,  the  cor. 
Yesponding  abscissa  x  will  denote  two  equal  roots ;  and  if  il 
"do  not  meet  the  curve  at  all,  all  the  roots  will  be  imaginary* 

If  the  sign  of  the  last  term,  a%  had  been  positive,  then 
we  must  have  made  z  =  — /,  and  therefore  must  have  taken 
*a.  =  -^Z,  that  is,  below  the  point  p,  or  on  the  negative  mde. 

SZSBCISBS. 

Ex.  1.  Let  it  he  proposed  to  divide  a  given  arc  of  a  circle 
Into  three  equal  parts. 

•  8l»^pQSe  the  rad  ius  of  the  circle  to  be  represented  by  r, 
im^nne  of  the  given  arc  by  a,  the  unknown  sine  of  its  third 
fin  by  X,  and  let  the  known  arc  be  3u,  and  of  course  the 
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required  are  be  u.   Tim,  by  eqiuu  vuif  n«,  cbapir  iik 
«b«ll  have 

•iQ8iism  (3^  +  ii)«s  7^  — » 

Hn2ii9nn(  »  +   

COS  2^  =  COS  (  u  +  ii)  « '  ^     '  ■ 

MtMi§  in  the  first  of  these  e<)uation8,  for  sin  3fi  its  gkfM 
▼alue  a«  and  for  sin  2u,  cos  2ii,  their  values  givett  ia  ttae  two 
olher  eqnatioiiSy  there  will  arise 

3  sin  u  .  co*^  u  .  i>in3  u 

a  =  • 

r 

Then  substituting  for  sin  u  its  value  x,  and  for  cos''  u  its  value 
r'~x^  and  arranging  all  the  terms  according  to  the  powers 
of  X,  we  shall  have 

a  cubic  equation  of  the  form  r'  —  px  -\-  q  =  Oy  with  tftc^' 
condition  that  ^\p^>iq^  ;  that  is  to  say,  it  is  a  cubic  equa- 
tion falling  under  the  irreducible  case,  and  its  three  roots  are 
represented  by  the  sines  of  tlie  three  arct»  u,  u  120^9  and 
u  -I-  240°. 

Now,  this  cubic  may  evidently  be  constructed  by  the  rule 
in  prob.  3,  cor.  3.  But  the  trisection  of  an  arc  may  also  be 
efiected  by  means  of  an  equilateral  hyperbola,  in  the  follow- 
inff  manner. 

Let  the  aiclo be triseeled  be  ab« 
In  the  circle  awo  draw  the  semi* 
diamaler  ab*  and  toaB  as  a  diame- 
far,  aad  to  the  mtex  a>  draw  the 
oqellaleral  hypeibela  am  to  whieh 
the  fighi  line  ab  (the  cherdof  the 
aet  to  be  triseeled)  shall  be  a  tan- 
gem  in  the  pemt  a  ;  then  the  are 

AWt  Included  within  this  hyperbola^  is  one  third  of  the  are  Aft* 
For,  draw  the  chord  of  the  arc  af,  bisect  ad  at  o,  so  that 
G  will  he  the  centra  of  the  hyperbola*  join  of*  and  draw  gb 
parallel  to  it,  catting  the  chords  ab,  av,  io  i  and  K«  Then, 
the  hyperbola  being  equilateral,  or  having  its  transverse  and 
eeajt^^ate  equal  to  one  another,  it  follows  from  Def.  16  Conic 
l^ections,  that  every  di<ameter  is  equal  to  its  parameter,  and 
from  cor.  theor.  2  Hyperbola,  that  gk  .  ki  =  ak^,  or  that 
OK  :  AK  :  :  AK  :  Ki ;  therefore  the  triangles  gka,  aki  are 
similar,  and  the  angle  kai  •=  agk,  which  is  manifestly  =adf. 
Now  the  angle  adf  at  the  centre  of  the  circle  being  equal  to 
XAi  or  FAB  i  and  the  former  angle  at  the  centre  being  ^ea- 
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sured  by  the  arc  af,  while  the  latter  al  the  circomferenee  ie 
measured  by  half  fb  ;  it  followe thiit  af  «  |rBi  or  «=  Jab,  ee 

it  ought  to  be.  .      -    i.  •* 

Mr.  Lardner.  io  hie  Aml^ML  Geometry,  gives  the  follpw- 
ing  elegant aoliitioo  ePthie  pfobleaiu 

Let  ▲  be  the  given  angle.   By  trigonometiy 

.  cos' ^A- fees  JA-  1  co«A«0; 
which,  by  supplying  the  radius  r,  and  reprefientiog  cos  Ja 
by  «9  beoomes 

4i='-3r«4p-r*co8  A-0; 
whieh,  mollified  by  s,  givei 

4r*--8fV-i'  coe  A*s»(K 
Let  the  equalion  of  one  of  the  curves  be^ 

-and     other  by  substitution  will  be» 

j^y^-^Sry— 9cosA*fl;==0.  -   . .  . 

The  ftnner  is  the  equation  of  a  parabola,  the  axis  of  which 
is  the  axis  of  y,  the  migin  in  the  vertei,  and  the  principal 

panuneter  equal  to  ^.  .      ^ .  . 

The  latter  is  also  a  parabobi,  the  equation  of  ur  axis 
ii  y  »  }r ;  the  co^>idinates  of  its  vertex  are  i^^^i^  x=— 

Or* 

U^jj^,  and  iu  principal  parameter  la  cos  a. 

« These  parabolas  being  desciibed,  their  points  of  inter- 
aeetion  give  the  roots  of  the  equation.  The  intersection  at 
the  oripn  i^ives  the  root «  cs  0,  which  was  introduced  by  the 
multiplication  by  x.  •  u 

"The  equation  having  more  than  one  real  root,  it  might 
appear  thai  there  were  more  values  than  one  lor  the  third  of 
the  given  angle.  But  upon  examining. the  process,  it  will  be 
seen  that  the  question  reallv  solved  was  not  to  find  nn  angle 
equal  to  the  third  of  a  given  angle,  but  to  find  the  cosine  of  an  . 
angle  which  is  the  third  of  an  angle  whose  cosine  is  given. 
SincOy  then,  the  arcs 

▲ 

2<r  —  A,  2<  -f  A, 

4«'  —  A,  4flr  -f-  A, 

O'T  —  A,  6<  4-  A  ; 

and  in  general  all  arcs  which  come  under  the  general  for-  • 
mula,  2m<  ±  a  have  the  same  cosine,  the  question  really 
solved  is  to  find  the  cosine  of  the  third  of  any  of  these 
arcs.  And  here  ajrain  another  apparent  difficulty  arises.  If 
the  number  of  arcs  involved  in  the  question  be  """'"JJ**®"' 
shall  there  not  be  an  unlimited  number  of  values  vot  m 
cosine  of  the  third  parts  of  thesa  I   To  account  for  ftif  it 
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« 

ihoold  be  considered  thai  io  geaeral  the  arc  «r  ^  muit  * 
have  the  nine  cosine  as  some  one  of  the  three  arcs, 

for  the  number  ^  must  be  either  of  tbeae  forms  n,  n  +  ^,  or 

s  * 

n  +  I,  where  si  is  an  integer*  If  it  have  the  form    that  is, 
if  8  measures  si,  then 

^4r±iA=2»«'±jA;  therefore  . 

COS  (-|-  €±  ^a)=cos  (2ii«'d:  ^▲)=go8  ^a. 
^'If  it  have  the  form  n+i  ; 
^s'^i^asdn  tf+fdis'lA ;  therefoie 

COS       ±iA)seo8  (9af+|<:biA)eeosi(24r±A). 

"  If  it  havo  the  form  \ 

**fL  •^«d:}A»2ii«d:|tf±|A;  therefore 

cos  (-^  ^±  |a)scos  (2»  c+l^i  iA)«C0S  J  (4*±  a). 

''And  hence  it  follows  that  the  cos       ±  a),  whatefer  be 

the  value  of  sh  must  be  equal  to  one  or  other  of  the  quaati* 
lies. 

cos.  Ja, 

COS.  ^  (S-r—A), 
COS.  i  (4'r — a), 
which  correspond  to  the  three  roots  of  the  cubic  equation 
ahready  found." 

Ex.  2.  Given  the  side  of  a  cube,  to  tind  the  (tide  of  an- 
other of  double  capacity. 

Let  the  side  of  the  given  cube  be  a,  and  that  of  a  double 
-  one  y,  then  2a'==?/',  or,  by  putting  2a=6,  it  will  be  a-6=y*  : 
tiiere  are  thcretore  lo  be  found  two  mean  proporliunals  be- 
tween the  side  of  the  cube  and  twice  that  side,  and  the  first 
of  those  mean  proportionals  will  be  the  side  of  the  double 
cube.  Now  these  may  be  readily  found  by  means  of  two 
parabolas  :  thus  : 

Let  the  right  lines  ar,  as^  be  joined  at  right  angles ;  and  a 
parabola  amu  be  described  about  the  axis  ak,  with  the  pa- 
raaoster  a ;  and  another  parabola  ami  about  the  axis  As,wilh  the 
ptTaineter^?  cutting  the  former  in  k.  Thta  m^sss^vm^y, 
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are  the  two  mean  proportionals,  of 
vhich  y  is  the  side  of  the  double  cube 
required. 

For,  in  the  parabola  amh  the  equa- 
tion'is  y'=ax,  and  in  the  parabola  ami 
it  is      =by.    Consequently  a  :  y  :  :  y  -^l 
:  X,  and  y  :  x  :  :  x  :  b.    Whence  yx  =  • 
ab  ;  or,  by  substitution,  y^by  =  ah,  or,  by  squaring,  y^b  = 
;  or  lastly,  y^s=^'h  =  2a',  as  it  ought  to  be. 


GMCSAL  SCHOUCM. 


On  Me  CofMtructtoft  ^  Geometrical  Prohlem* 


PlroUeme  ia  Plane  Geometry  ere  eolved  eidier  by  meeos  of 
Ae  modern  or  alg^braieal  analysis,  or  of  the  ancient  or  ^eo. 
metrieal  analyaia.  Of  the  fomer,  aonie  epedmene  are  ama 

in  the  Application  of  Algebra  to  Geometry,  in  the  first  VMiuae 
of  thia  Course.  Of  the  latter,  we  here  present  a  few  ei« 
amples,  premising  a  brief  account  of  this  kind  of  analysis. 

Geometrical  analysis  is  the  way  by  which  we  proceed  from 
the  thing  demafideid,  granted  for  the  moment,  till  wo  have 
eonnected  it  hy  a  series  of  consequences  with  something  an* 
leriorly,  knownyw  placed  it  among  the  number  of  principles 
known  to  be  true. 

Analysis  may  be  distinguidied  into  two  kinds.  In  the  one, 
wldch  is  named  hy  Pappus  contemplative^  it  is  proposed  to 
ascertain  the  truth  or  the  falsehood  of  a  proposition  advanced ; 
tiie  oUier  is  referred  to  the  solution  of  problems,  or  to  the 
investigation  of  unknown  truths.  In  the  first  we  assume  as 
true,  or  as  previously  existing,  the  subject  of  the  proposition 
advanced,  and  proceed  by  the  consequences  of  the  hypothesis 
to  aomething  known  \  and  if  the  result  be  thus  found  true, 
die  proposition  advanced  is  likewise  true.  The  direct  de- 
OMNistration  is  afterwards  formed,  by  taking  up  again,  in  an 
inverted  order,  the  several  parts  of  the  analysis.  If  the  con- 
iequence  at  which  we  arrive  in  the  last  place  is  found  false, 
we  thence  conclude  that  the  proposition  analysed  is  also  false. 
When  a  problem  is  under  consideration,  we  first  suppose  it 
resolved,  and  then  pursue  the  consequences  thence  derived 
till  we  come  to  something  known.  If  the  ultimate  result 
thus  obtained  be  comprised  in  what  the  geometers  call  data, 
Ihe  question  proposed  may  be  resolved :  the  demonstration 
(or  rather  the  construction}  is  also  constituted  by  taking  the 
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parts  of  tho  analysis  in  an  inverted  order.  The  impossibility 
of  the  last  result  of  the  analysis  wilt  prove  evidently,  in  thw 
case  as  well  as  in  the  former,  that  of  the  thing  required. 

In  iilitstratifta  of  those  remarks  take  the  SoUowiag  ei* 
ampies. 

Ex.  1.  It  is  raqnired  to  draw,  in  a  given  mgfMi  of  m 
eifele«  from  the  extreme4pf  the  bate  ▲  and  two  lines  AO9 
Be,  meeting  at  a  poiot  o  t^^ie.  circumference,  sueh  that  tbi^ 
shall  have  to  each  other  a  ^l|Biratio»  m.  that  ef  m  to  ir. 

Analysis.  Suppose  that  the  thing  is  af- 
fected, that  is  to  say,  that  ac  :  cb  : :  m  :  n, 
aud  let  the  base  ab  of  the  segment  be  cut 
in  the  same  ratio  in  the  point  £.  Then  ec, 
being  drawn,  will  bisect  the  angle  acb  (by 
th.  83  Geom.) ;  consequently,  if  the  cir- 
cle be  completed,  and  ck  be  produced  to 
meet  it  in  f,  the  remaining  circumference  will  also  be  bisected 
hi  T,  or  have  fa  =  fb,  because  those  arcs  arc  the  double 
measures  of  equal  angles  ;  therefore  tho  poiot  f,  as  well  as 
a,  being  given,  the  point  c  is  also  given. 

Construction.  Let  the  given  base  of  the  segment  ab  be  cut 
HI  the  point  e  in  tlic  assigned  ratio  of  m  to  and  complete 
the  circle  ;  bisect  the  remaining  circumference  in  f  ;  join  fe, 
and  produce  it  till  it  meet  the  circumference  in  c :  then  draw* 
ing  CAy  CB»  the  thing  is  done. 

HoMNMfMMMi*  Sincetbe  arerA»thoaiefB|thoaiiglo 
aof  s  angle  bof,  by  theor*  49  Geom.  \  thefefore  ao  :  ca : : 
AB :  SB,  by  th.  88.  But  ab  :  bb  : :  m  :  n,  by  conitnictioft; 
theiefore  ao  :  ob  : :  m  :  iv«    a-  b.  d. 

JBk.  2.  From  a  given  circle  to  cut  off  an  arc,  sach  that  the 
sum  of  m  times  the  sine,  and  n  times  the  Yoned  sine,  may  be 
equal  to  a  given  line. 

Analyns*  Suppose  it  done,  and  that  aee'b 
is  the  given  circle,  bf/e  the  required  arc,  ed 
its  sine,  bd  its  versed  sine  ;  in  da  (produced 
if  necessary)  take  bp  and  nth  part  of  the  given 
sum  ;  join  pe,  and  produce  it  to  meet  bf  _L  to 
ab  or  II  to  ED,  in  the  point  p.  Then,  since 
m  .  ED  4" »  .  bd  =  n  .  BP  =  n  .  vvi  n  .  bd  ; 
consequently  m  .  ed  =  n  .  pd  ;  hence  pd  :  ed  ^  M 
: :  IB  :  II*  But  pd  :  ed  : :  (by  sim.  tri.)  pb  :  bf  ;  therefore 
PB  :  BF  : :  m  :  n.  Now  pb  is  given,  therefore  bf  is  given  in 
ma^itude,  and,  being  at  right  angles  to  pc,  is  also  given  in 
position ;  therefore  the  point  f  is  given  and  consequently  pf 
given  in  position  ;  and  therefore  the  point  b,  its  intersectioa 
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with  the  circumference  of  the  aide  ame'b,  or  the  arc  bb  im 
given.   Uence  the  foliowiog 

CmutrucUM*  'From  b,  the  extremity  of  eny  diameter  ab 
of  the  given  circle,  draw  bm  at  right  angles  to  ab  ;  in  ab  (pro- 
daced  if  neceaaary)  take  bp  an  nth  part  of  the  given  sum ;  and 
'  on  bh  lake  bf8o  that  bf  :  bp  : :  n  :  m.  Join  pp,  meeting  the 
circumference  of  the  circle  in  b  and  x',  and  bb  or  bx'  is  the 
arc  required. 

Demonstration,    From  i\\f^  points  r.  and  e',  draw  ed  and 
b'i>'  at  right  angles  to  ai:.    Then,  since  bf  :  bp  : :  n  :  m,  and  ' 
(hy  aim.  tri.)  bf  :  b^^  db  :  bp  ;  therefore  db  :  dp  : :  n  :  m. 
Hence  m  .  db  =sn      ;  add  to  each  n  •  bh,  then  will  m  •  vm 
«f  fi .  BD  ss  n  .  BD  +  a  .  DP  a  fi  •  PB,  or  the  given  aum. 

F4X,  3.  In  the  given  triangle  Aim,  to  inscribe  another  tri- 
angle ahcy  similar  to  a  gi\cn  one,  having  one  of  its  si(ies  pa- 
rallel to  a  line  mm  given  by  position,  and  the  anguhir  points 
a,  hy  c,  situate  in  the  sides  ab,  bu,  au,  of  the  triangle  aw 
res{)eciively. 

Analysis,  Suppose  the  thing  done,  R 
ond  that  aftc  is  inscribed  aa  required. 
Through  any  point  c  in  bh  draw  cd 
parallel  to  man  or  to  aby  and  rutting 
AB  in  D  ;  draw  ck  parallel  to  be,  and 
DE  to  af,  intersecting  each  other  in  k. 
The  triangles  dec,  or6,  arc  similar, 

and  DC  :  ab  :  :  (  r  :  he  ;  also  unc,  uab^  arc  similar,  and  DC  : 
ab  :  :  bc  :  nb.  Therefore  i\c  :  ck  :  :  hb  :  be  ;  and  they  are 
about  equal  angles,  consequently  b,  e,  c,  are  in  a  right  line. 

Construction,  From  any  point  c  in  bb,  draw  cd  parallel 
to  nm ;  on  cd  constitute  a  triangle  cdb  similar  to  the  given 
one ;  and  through  its  angles  s  draw  bk,  which  produce  till  It 
cuts  AH  in  c  :  through  e  draw  ea  parallel  to  bd  and  cb  paral- 
lei  to  T.c  ;  join  ah,  then  abe  is  the  triangle  required,  havii^ 
its  side  ab  parallel  to  mn,  and  bemg  similar  to  the  given  tn* 
angle. 

Demoiuiratkm.  For,  because  of  the  parallel  lines  oc,  de, 
and  c6,  sc,  the  quadrilaterals bdbo  and  naeb,  are  similar;  and 
therefore  the  proportional  lines  dc,  a6,  cutting  off  equal  angles 
bdc,  bo^  ;  BCD,  iba ;  must  make  the  anglea  bdc,  bcd,  reapee- 
tively  equal  to  the  angles  ca6,  eba ;  while  ab  is  parallel  to  do, 
which  is  parallel  to  sibii,  by  construction. 

Ex.  4.  Given,  in  a  plane  triangle,  the  vertical  angle,  the 
perpendicular,  and  the  rectangle  of  the  segments  of  the  base 
made  by  that  [)erpendicular  ;  to  constnict  the  triangle. 
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Analysis,  Suppose  abc  the  triangle 
required,  bp  the  given  perpendicular  to 
the  base  ac,  produce  it  to  meet  the  pe- 
ripherv  of  the  circumscribing  circle 
ABCH,  whose  centre  is  o,  in  h  ;  then,  by 
th.  61  Geom.  the  rectangle  bd  .  dii  — ad 
.  DC,  the  given  rectangle  :  hence,  since 
ED  is  given,  dii  and  Bii  are  given ;  there- 
fore HI  =  HI  is  given  :  as  also  id  =  oe  :  and  the  angle  eoc 
is  =  ABC  the  given  one,  because  eoc  is  measured  by  the  arc 
Kc,  and  ABC  by  half  the  arc  akc  or  by  kc.  Coa^^equeDtly 
BC  and  AC  =  2eq  are  given.    Whence  tiiis 

Cfmutnieiion.    Find  Dtf  8ttcb»  that  db  •  dh  » the  gtrai 

rectanglcy  or  find  dh  =         ;  then  on  any  right  line  of 

take  n  »  the  given  perpendiealart  and  no  ra;  biiect 
fo  in  o,  and  make  xoo.  s  the  nven  Tertical  anele ;  then 
will  00  cat  EC,  drawn  perpendicuur  to  ob,  in  c  With  centre 
0  and  radius  oo,  describe  a  circle*  cottinff  OB  produced  in  ▲ : 
through  F  parallel  to  ac  draw  fb,  to  cut  £e  circle  in  b  ;  join 
AB,  CB,  and  ABO  is  the  triangle  required. 

Remark,  In  a  similar  manner  we  may  proceed,  when  it  ia 
required  to  divide  u  given  angle  into  twu  piirts,  the  rectangle 
of  whose  tangents  may  be  oi  a  given  raaguiladc.  iSco  prob. 
40,  Simpson's  Select  Exercises. 

Note,  For  other  exercises,  the  student  may  coosCruct  all 
the  problems  except  the  24th,  in  the  Application  of  Algebra 
to  Geometry,  at  page  371,  vol*  i.  And  that  he  may  be  the 
better  able  to  trace  the  relative  advantages  of  the  ancient  and 
the  modern  analysis,  it  will  be  advisable  that  he  solve  those 
proUems  both  geometrically  and  algebraically* 


MECHANICS. 
JMfmUkm  and  frtUmkiary  NcOonM, 

1.  Mechanics  is  the  science  of  equilibrium  and  of  motion. 

2.  Every  cause  which  moves,  or  lends  to  move  a  body,  is 
called  9L force. 

8.  When  the  forces  that  are  applied  simultaneoudy  to  n 
body,  destroy  or  annihilate  each  other's  efiects,  then  tiisre  is 
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4.  SUtiet  hat  for  iu  ol^aetthe  equiUMnnof  lamety- 
plied  to  mad  bodies. 

5.  By  Dynamics  we  investigate  the  circumstances  of  the 

motion  of  solid  bodies. 

6.  Hydrostnlics  is  the  science  in  which  the  equilibrium  of 
fluids  is  considered. 

7.  Hydrodynamics  is  that  in  which  the  circumstances 
their  motion  is  investinrated. 

According  to  this  division,  PneummticSj  which  relates  toihe 
properties  iSelatlie  fmdt^  'w  a  branch  of  Hydrotlaliei. 

For  farther  elucidation  the  fdlowing  definitions,  alsOf  may 
advantageously  find  a  place  here,  vis. 

8.  Body  is  the  mass,  or  quantity  of  matter,  in  any  mate- 
rial substance  ;  and  it  is  always  proportional  to  its  weight  or 
gravity,  whatever  its  figure  may  be. 

Body  is  either  Hard,  Soft,  or  Elastic.  A  Hard  Body  is 
that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retains  its  figure  unaltered.  A  Soft  Body  is  that  whose 
parts  yield^to  any  stroke  or  impression,  without  restoring 
themselves  again  ;  the  figure  of  the  body  remaining  altered. 
And  an  Elastic  Body  is  that  whose  parts  yield  to  any  stroke, 
but  which  presently  restore  themselves  again,  and  the  body 
regains  the  same  figure  as  before  the  stroke. 

We  know  of  no  bodies  that  are  absolutely,  or  perfectly, 
either  hard,  soft,  or  elastic ;  but  all  partaking  these  proper* 
ties,  more  or  less,  in  some  intermediate  degree. 

9.  Bodies  are  also  either  Solid  or  Fluid.  A  Solid  Body 
is  that  whose  parts  are  not  easily  moved  among  one  another, 
and  which  retains  any  figure  given  to  it.  But  a  Fluid  Body^ 
is  that  whose  parts  yield  to  the  slightest  impression,  being 
easily  moved  among  one  another;  and  its  surface,  when  left 
to  itself)  is  always  observed  to  settle  in  a  smooth  plane  at  the 
top. 

10.  Density  is  the  proportional  weight  or  quantity  of  matter 
in  any  body.  So,  in  two  spheres,  or  cubes,  tSic.  of  equal 
size  or  magnitude  ;  if  the  one  weigh  only  one  pound,  but  the 
other  two  pounds  ;  then  the  density  of  tiie  latter  is  double  the 
density  of  the  former ;  if  it  weigh  three  pounds,  its  density  is 
triple  ;  and  so  on. 

11.  Motion  is  a  continual  and  successive  change  of  place. 
•-If  the  body  move  eqiially,  or  pass  over  equal  spaces  in 
equal  timet,  it  is  called  Equable  or  rniform  Motion.  But  if 
it  increase  or  decrease,  it  is  Variable  Motion  ;  and  it  is  called 
Accelerated  Motion  in  the  former  case,  and  Retarded  Motion 
ill  the  lalter«--*A]ao,  when  the  moving  body  is  conaidered  with 
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retpect  to  some  otlm  body  at  rest,  it  is  taid  to  be  Absolute 
Motion.  But  when  compared  with  others  ia  fDoCioo,  it  is 
called  Relative  Motion. 

I2#  Velocity,  or  Celerity,  is  an  afibctioo  of  motioD»  by 
wbicli  a  body  passes  o?er  a  certaiD  spftce  in  a  isertain  time. 
Thnsy  if  a  body  in  motion  pass  uniformly  over  40  feet  in 
4  seconds  of  timci  it  is  said  to  move  with  the  velocity  of  10 
6et  per  second;  and  so  on. 

18*  Momentum,  or  Quantity  of  Motion,  is  the  pover  «r 
fime  in  moving  bodies,  by  which  they  continually  tend  froib 
their  present  places,  or  with  which  they  strike  any  obstacle 
that  opposes  Uieir  motion. 

14.  Forces  are  distinguished  into  Motive,  and  Accelera- 
tive  or  Retarding.  A  Motive  or  Moving  Force,  is  the  power 
of  an  agent  to  produce  motion  ;  and  it  is  equal  or  propor* 
tional  to  the  momentum  it  will  generate  in  any  body,  when  . 
acting,  either  by  percussion,  or  for  a  certain  time  aa  a  per- 
manent force. 

15.  Accclerative,  or  Retnrdivc  Force,  is  commonly  on- 
derstood  to  be  that  which  atFects  the  velocity  only  :  or  it  is 
that  by  which  the  velocity  is  accelerated  or  retarded  ;  and  it 
is  equal  or  proportional  to  the  motive  force  directly,  and  to 
the  mass  or  body  moved  inversely.  So,  if  a  body  of  2  pounds 
weight,  be  acted  on  by  a  motive  force  of  40  ;  then  the 
accelerating  force  is  20.  But  if  the  same  force  of  40  act  on 
another  body  of  4  pounds  weight  ;  then  the  accelerating 
force  in  this  latter  case  is  only  10  ;  and  so  is  but  half  the 
former,  and  will  produce  only  half  the  velocity. 

10.  Gravity  or  Weight,  is  that  force  by  which  a  body 
endeavours  to  fall  downwards.  It  is  called  Absolute  Gravity, 
when  the  body  is  in  empty  space ;  and  Relative  Gravityi 
when  immersed  in  a  fluid* 

17.  Specific  Gravity  is  the  relation  of  the  weights  of  dtC* 
ferent  bodies  of  equal  magnitude  ;  and  so  is  proportiooal  to 
the  densi^  of  the  body. 

SiSWTOMlAN  AXIOMS. 

18w  EvsKT  body  naturally  bndeavours  to  coatiaue  m  its 
present  state,  whether  it  be  at  rest,  or  moving  uniformly  in 
a  right  line. 

19.  The  change  or  Alteration  of  Motion,  by  any  external 
force,  is  always  proportional  to  that  force,  and  in  the  direc- 
tion of  the  right  lino  in  which  it  acts. 

20.  Action  and  Re-action,  between  any  two  bodies,  are 
e<|ual  and  contrary.    That  is,  by  Action  and  Ue-action,  equal 
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cbugM  of  motion  are  produced  in  bodies  acting  on  each 
other  ;  and  thes^  changes  are  directed  towards  oppoaite  or 
contnury  parta. 


STATICS. 

21.  The  relative  magnitudes  and  directions  of  any  two 
forces  may  be  represented  by  two  right  lines,  which  shall 
bear  to  each  other  t  he  relations  of  the  forces,  and  which  shall 
be  inclined  to  each  other  in  an  angle  equal  to  that  made  by 
the  directions  of  the  forces. 

22.  the  name  resultant  is  given  to  a  force  which  is  equi- 
valent (o  two  or  more  forces  acting  at  once  upon  a  point,  or 
open  a  body  ;  these  separate  forces  beiog  named  coa^UuenU 
or  composanU* 

28.  The  operatioD  by  which  the  resultant  of  two  or  more 
forces  applied  to  the  same  point,  or  line,  or  body,  is  de- 
termined, is  called  the  campoiitum  if  fareef;  the  inverse 
problem  is  called  the  itecon^ponltoii,  or  the  renhiiiom  of 
ybfocf* 

34.  The  resultant  of  two  or  more  forces  which  act  upon 
the  same  line,  in  the  same  direction,  is  equal  to  their  sum ; 
••Dd  if  some  forces  act  in  one  direction,  and  others  in  a  di* 
lection  immediately  opposite,  the  resultant  wiU  be  equal  to 
the  excess  of  the  sum  of  the  forces  which  actio  one  direction 
dbove  the  sum  of  those  which  act  m  tho  opposite  direction. 

CmnpodUon  and  Resduiion  of  ParaUel  Forcu, 

25.  Prop.  If  to  the  extremities  of  an  inflexible  nglit  Ime 
AB,  are  applied  two  forces,  p  and  q,  whose  directions  are 
parallel  and  whose  actions  concur  : — I  st,  The  direclion  of 
the  resultant,  r,  of  those  two  forces  is  parallel  to  the  ria:ht 
lines  AF,  BQ,  and  is  equal  to  their  sum.  2dly,  That  re- 
sultant divides  the  line  AU  into  two  parts  reciprocally  pro- 
portional to  the  two  forces. 

1.  it  is  manifest  that 
if  two  new  forces,  p  and  y  '  M  ^  m 
^,  equal  and  in  opposite 
directions  are  applied  to 
the  line  ab,  they  will 
make  no  change  in  the 
state  of  the  system  :  so 
that  the  resultant  of  the 
four  forces  p,  g,  v,  q, 
will  be  the  same  as  that 


Digitized  by  Go. 


FASAUbSLOOBAX  OF  lOBCM.    .  lift 

of  the  iwdtaot  of  the  two  ongioal  force*  a.  Soppoee, 
now,  that  8  is  the  resultant  ot  the  two  (brcesp^  r,  while  t 
is  thai  of  the  two  forces  a.  These  resaltants,  lytog  in  the 
same  places  will,  if  prolonged,  necessarily  meet  in  some  point 
c;  to  which,  therefore,  we  may  suppose  the  forces  s  and  t 
applied. 

Through  this  point  let  pg  he  drawn  parallel  to  ab,  and 
nppoee  each  of  the  forces  s  and  t  resolved  into  two  forces 
directed  respectively  in  fo  and  or.  The  foices, 'according 
is  FO,  heing  eqoal  to  p  and  q  respectively,  and  applied  in 
oppoiite  directions,  destroy  each  other's  efiects :  the  remain- 
ing forces,  therefore,  lying  the  same  way  on  ca,  must  be  add- 
ed  together  for  the  resultant,  which  thus  is  eqoal  to  f  a; 
heing  the  first  part  of  the  proposition. 

d.  In  order  Co  establbh  the  second  part  of  the  proposition, 
lei  Mc,  cTf,  be  lines  in  proportion  to  each  other  as  the  forces 
Pf  F ;  and  in  o,  gh,  respectively  proportional  as  ^,  a :  and 
draw  Nf,  nv,  parallel  to  ab* 

Then,  by  the  ^m.  triangles  >  f  :  p  : :  cif  :     : :  co :  oa 
our,  ooA ;  cue,  oob  ;  {9:q::fte:fic:;OB:oc. 
Consequently,  p  .  9  :  p  •  a  : :  co  •  ob  :  co  •  oa, 
or,  since  p       it  is  r  :  a : :  on  :  oa.  o*  b.  d« 

Corol.  1 .  If  p  =  Q,  BO  =  OA. 

CoroL  2.  When  n  single  force  r  is  applied  to  a  point  n,  of 
an  inflexible  straight  ]ine  ab,  we  may  aIwa>H  resolve  it,  or 
conceive  it  resolved,  into  two  others,  which  [)cin^  applied  to 
the  two  points  a  and  b,  in  directions  parallel  to  b,  ahoii  p{o« 
duce  the  same  eifect. 

26.  Prop.  Any  number  of  parallel  forces,  p,  q,  n,  s,  <kc. 
acting  in  the  same  sense,  and  their  points  of  application  be- 
ing connected  in  an  invariable  manner ;  to  determine  their 
fosttltanl. 

Determining  first,  by  the 
pieeeding  prop,  the  resultant 
T  of  two  of  the  forces  p  and  q, 
wo  shall  have  T  »F +  a; 

p+a  :  a  : :  ab  :  ab. 
Tbos,  we  may  substitute 
for  the  forces  f  and  09  the 
single  force  t  whose  value 
and  point  of  application  are 
known.    Draw  bc  from  thai  point  of  application  to  the  points 
Of  at  which  another  force,  r,  is  applied.    Compounding  the 
forces  T  and  b,  their  resultant  v  will  bc  =  t+js  =  F+ft+n; 
and  its  point  <^  application,  p,  such  that 

F +^+n  :  2^  —  BCi :  BP.  * 
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A  similnr  method  may,  obviously^  be  pursued  for  way 
cumber  of  parallel  forces. 

27.  If  parallel  forces  act  in  opposite  directions  ;  some,  for 
fexnmpln,  upwards,  others  downwards  ;  find  the  resultants 
of  the  first  and  of  the  second  class  s(3parately,  the  general 
resultant  will  be  expreasod  by  the  difiereace  of  the  two  for* 
mer. 

28.  The  point  through  which  the  resultant  of  parallel  fofOQi 
paaaesy  is  called  the  centre  of  parallel  forces.  If  the  forcesy 
without  ceasing  to  be  respectively  parallel,  and  withoql 
changing  either  their  magnitudes  or  their  pointa  of  applies, 
tioni  assume  another  general  direction,  the  centre  of  thont 
forces  will  still  be  the  same,  because  the  magnitndct  and  rn» 
lations,  on  which  its  poeiHon  depends,  remain  the  same* 

Ckmeurring  Foma. 

29.  Prop.  l*ho  resuhant  of  two  forces  f  and  a  nfltii^ 
in  ore  plane,  will  be  represented  in  direction  and  In  magni- 
tude, by  the  diagonal  of  the  pmndlelognoi  constntctedonthm 
directions  of  those  forces. 

1.  Indirection,  Take,  on  the  direc. 
tions  AP,  AQ,  of  the  forces,  r,  a,  'dis- 
tances AB,  AC,  proportional  to  those 
forces,  respectively.  Suppose  that  the 
force  u  is  applied  at  the  point  c,  and 
that  at  the  same  pomt  two  other  forces 
p,  q,  equal  to  each  other,  act  in  oppoeUe 
directums,  each  of  those  fi»rees  being,  P  pD  ^ 
also,  equal  to  a*  Q 

The  effect  of  the  fbnr  forces  p,  o,  p,  q,  will  evidently  be 
the  same  aa  thai  of  the  primiHve  form  p,  u  ;  sinca  theodwr 
two  annihilate  each  other's  efiSicts* 

The  forces  a,  9,  will  have  a  resultant  s,  whose  direc^lMNi, 
08,  will  bisect  the  angle  ac^,  made  by  the  direction  of  tbe 
other  two :  since  no  reason  can  be  assigned  why  it  should 
lean'to«one  rather  than  toward  the  other. 

The  forcea  p,  p,  acting  in  parallel  directions,  would  Imvia 
a  resultant,  t,  whose  direction  th  (art.  25.)  would  be  oft* 
rallel  to  them,  and  pass  through  a  point,  h,  snch  as  that 
F  :  p : :  HO  :  ba. 

-    Now,  the  point  x,  where  the  directions  cs,  th,  of  these  two 
resultants  intersect,  will  evidently  be  a  point  in  the  dhMtkm 
ef  the  resultant  of  the  four  forces  p,  p,k,q;  and,  consequent- 
ly, of  the  original  ford^s  p,  a* 
But  the  triangle  en  is  isosceles :  for,  since  n,  cr,  are 
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parallel,  t)ie  alternate  angles  dck,  hkc,  are  equal,  and  dck, 
HCK,  are  equal,  because  sc  basecU  the  angle  ocq:  heace 
mcK  =  HKC,  and  iiK  =  lie. 

But,  from  what  has  precedeed,  p;<i:;fic:HA;  aad 
therefore  p  :  p  or  q  :  :  hk  :  ha. 

FtQOk  B  drawing  bd  parallel  to  ac,  we  shall  have 
p  :  a  :  :  AD  :  AC  :  :  CD  :  ac, 
whence  cd  :  ac  :  :  iik  :  ha  ; 
a  proportion  which  indicates  that  the  three  points,  Af  Ep^  1^ 
ali  fall  on  the  diagonal  of  a  parallelogram  abcd« 

2.  In  magniiude.  For,  with  ~ 
regard  to  the  forces  p,  q,  repre. 
■ented  in  magnitude  and  direction  ^ 
by  AB  and  af,  let  t  be  opposed  to 
those  two  forces  so  as  to  keep  the 
whole  system  in  equilibrio  :  then 
it  will,  of  necessity,  be  equal  and 
opposite  to  tlieir  resultant,  r,  whose 
direction  is  ag.  Now,  if  we  sup. 
pose  that  the  force  o,  is  in  equilihrro 
with  the  two  forces  p  and  t  (which 
is  consistent  with  our  first  hypothe. 
lis)  the  resultant  of  these  latter  will  fall  in  the  prolongation  of 
aA.,  and  will  be  represented  by  ah  =  kf.  Also,  if  no  be 
drawn  parallel  to  ab,  and  hr  be  joined^it  will  be  equal  and 
parikllel  to  ag  ;  aod  we  shall  have 

p  :  T  :  :  AB  ;  ad. 
Consequently,  since  ab  represents,  or  measures,  the  force 
f»,  AD  will  represent  or  measure  the  force  t  ;  and  as  that 
force  is  in  equilibrio  with  the  two  forces  p  and  q,  or  with 
•  their  resultant,  r,  this  bitter  will  be  represented  or  measured 
by  AO  >=•  AD  ;  that  is,  by  the  diagonal  of  the  parallelogram 

ABGF.  Q.  E.  D. 

30.  Cord.  1.  If  three  forces,  as  a,  b,  c,  acting  simul- 
taneously in  the  same  plane,  keep  one  another  in  equilibrio^ 
they  will  be  respectively  proportional  to  the  three  sides, 
DE,  EC,  CP,  of  a  triangle  which  are  drawn  parallel  to  the  dK 
lections  of  the  forces  aiudr,  cd. 

For,  producing  ad,  and 
drawing  cf,  ce,  parallel '  to 
them,  then  the  force  in  cd  is 
equivalent  to  the  two  ad,  bd, 
by  the  supposition ;  but  the 
force  CD  is  also  equivalent  to 
the  two  ED  and  ce  or  fd  ;  there*  • 
fore,  if  CD  represent  the  force  c, 
then  ED  will  represent  its  op- 
^oaite  force  a,  and  cs.  or  hd^ 

4* 
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ttf  cppoiito  Am  ft.  CoDfe^ntly  tlie  Am  ftroM,  a»  b»  Cf 
•re  proportioiMl  to  dii  cs,  cd,  the  three  lines  parillel  Id  tbiB 
direetions  in  which  they  set. 

31.  CoroL  2.  Because  the  three  sides  cd,  cf,  de,  are  pro- 
portional to  the  sines  of  their  opposite  angles  k,  d,  c  ;  there- 
fore the  three  forces,  when  in  equilibrio,  are  proportional  to 
the  sines  of  the  angles  of  the  triangle  made  of  their  lines  of 
direction  ;  namely,  each  force  proportional  to  the  sine  of  the 
angle  made  by  the  direction  of  the  other  two. 

32*  CoroL  3.  The  three  forr.rs,  acting  against,  and  keep- 
ing one  another  in  equilihrio,  are  also  proportional  to  the 
sides  of  any  other  triangle  made  by  drawing  lines  either  per- 
pendicular  to  the  directions  of  the  forces,  or  forming  any  giv- 
en angle  with  those  directions.  For  such  a  triangle  is  always 
similar  to  the  lormer,  which  is  made  by  drawing  lines  paral- 
lel to  tho  directions ;  and  therefore  their  sides  are  in  the 
8€ime  proportion  to  one  another. 

33.  CoroJ.  4.  If  any  number  of  forces  be  kept  in  equilibrio 
by  their  actions  against  one  another  ;  they  may  be  all  reduced 
to  two  equal  and  opposite  ones. — For,  any  two  of  the  forces 
may  be  reduced  to  one  force  acting  in  the  same  plane  ;  then 
this  last  force  and  another  may  likewise  be  reduced  to  an- 
other force  acting  in  their  plane  :  and  so  on,  till  at  last  they 
be  all  reduced  to  the  action  of  only  two  opposite  forces  ; 
which  will  he  equal,  as  well  as  opposite^  because  the  whole 
are  in  equilibrio  by  the  supposition. 

84i  CoroL  6.  If  one  of  the  foroee, 
as  c,  be  a  weighty  which  is  sustained 
by  two  strings  drawing  in  th  -  diree* 
tions  DA,  DB :  then  the  force  or 
tension  of  the  string  ad,  is  to  the* 
weight  O9  or  tension  of  the  string 
DCf  as  DB  to  DC ;  and  the  force  or 
tension  of  the  other  string  bd,  is  to 
the  weight  c,  or  tension  of  cDi  as  cb 

to  CD. 


85»  Corol.  6.  Since  in  any  triauMe  cdb  we  have,  hf 
j^iiaeiples  of  trigonometry, 


thft 


Dc'  =  DE^  +  mtf     2db  •  ID  cos.  dbg. 


it  follows,  that  if  f,/,  be  two  forces  that  act  eiannltaBeoMif 
in  directions,  which  make  an  angle  a,  then  vm  may  fimi  m 
tnagnitude  of  the  resultant,  x,  by  tho  equation 
E«  v^(r«+/»=fc  2^cob,a). 

M.  jfoiiorA;.<^The  properties,  in  this  proposition  and  fUm 
cofoHaries,  hold  true  of  all.  similar  fbrces  whatever,  whether 
they  be  instantaneous  or  continual,  or  whether  they  act  by 
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l^ociMnoo,  drawing,  puahbu^  iMnng,  or  woigbtng ;  wmi  m 
c^tiia  atmoU  impottaiiee  m  meehaiiici  and  the  doeUiiM  of 

37.  If  three  forces,  whose  directions  concur  in  one  point, 

are  represented  by  the  three  contiguous  edges  of  a  parallelo- 
piped,  their  resultant  will  be  represented,  both  in  magnitude 
and  direction,  by  the  diagonal  drawn  from  the  point  of  con* 
'course,  to  the  opposite  an^le  of  the  pnrallelopiped. 

The  demonstration  of  tins  is  left  for  the  exercise  of  the 
itudcnt. 

88.  Prop.  To  find  the  resultant  of  several  forces  concur- 
ring in  one  point,  and  acting  in  one  plane. 

1st.  GrapMcaJJy, — hei,  for  example,  four  forces,  a*  B,  c, 
act  upon  the  point  r,  in  magnitudes  anid  directions  repfosent* 
ed  by  the  lines  fa,  pb,  pc,  po. 

Fran  the  point  a  draw 
jJk  parallel  and  equal  to 
PB ;  firom  b  draw  be  paral* 
lei  and  equal  to  pc ;  from 
e  draw  ed  parallel  and  equal 
to  PB  ;  and  so  on,  till  all 
the  forces  have  thus  been 
brought  into  the  construe-  E 
tion.    Then  join  p<;,  which  D /3       y  f 

will  represent  both  the  magnitude  and  the  <lirsctioB  of  the  le* 
quired  resultanL 

This  is,  in  effect,  the  same  thing  as  finding  the  resultant 
of  two  of  the  forces  ▲  and  b  ;  then  blending  that  resnltanl 
with  a  third  force  o ;  their  resultant  with  a  fourth  foroe  9 1 
and  so  on* 

Sd  By  eomyuMtum.   IHawing  the  lines  aa,  kV^  te. 
spectipely  parallel  and  perpendicular  to  the  lasl  ftroe  m  \  M 
hape 

dj»Aa-fU'H-ce^==Asin.  apd 4- b sio. bpd+o aio. 
P<«spa4-aj9-h^r+r^'=^A  COS.APD+B  oos#sPD+eaoe.im-|*» 

'do 

^  tandpiS  ^  ^  rd  as  «|/(p^  +  d^)  ^  p^sec*  drJ« 

.  The  numerical  computation  is  best  effected  by  means  of  a 
table  of  natural  sines,  <kc. 

39.  Remark,  Connected  witli  this  subject  is  the  doctrine 
ofmaments;  for  an  elucidation  of  which,  however,  the  stu- 
dent should  consult  some  of  the  books  written  expressly  on 
mechaoics,  as  those  by  Marratf  Gregory ^  or  Poisson* 


IM  MBaBAmoAi.  rowsMU 

THE  MECHANICAL  POWERS,  j&c.  • 

40.  Weight  and  Power,  when  opposed  to  each  other,  ai^* 
nify  the  body  to  be  moved,  and  the  body  that  movea  it ;  or 
the  patient  and  agent.  The  power  is  the  agent,  whicbmoveei 
or  endeavours  to  move,  the  patient  or  weight. 

41.  Machine,  or  Engine,  is  any  mechanical  ioetmilie&t 
contrived  to  move  bodies.  And  it  is  composed  of  the  me* 
chanicat  powers. 

42.  Mechanical  powers,  are  certain  simple  iafltnuiieai% 
commonly  employed  for  raising  greater  weights,  or  overoom* 
ing  greater  resistances,  than  could  be  effected  by  the  naluial 
strength  without  them.  These  are  usually  accouiited  eiz  m 
number,  viz.  the  Lever,  the  Wheel  and  Axle,  the  PuMey,  the 
Inclined  Plane,  the  Wedge,  and  the  Screw. 

43.  Centre  of  Motion,  is  the  fixed  point  about  which  a 
body  moves.  And  the  Axis  of  Motion,  is  the  fixed  line  abool 
which  it  moves. 

44.  Centre  of  Gravity,  is  a  certain  point,  on  which  a  bodj 
being  freely  suspended,  it  will  reat  in  any  position* 


OF  T&lB  LEVER. 

45.  A  Lbvbr  is  any  inflexible  rod,  bar,  or  beanit  which 
•enrea  to  raiso  weights,  while  it  is  supported  at  a  point  by  a 
ftllcnnn  or  prop,  which  ia  the  centre  of  motion*  The  lever 
is  supposed  to  be  void  of  gravity  or  weight,  to  render  the 
demonstrations  eaaier  and  simpler.  There  are  three  kindi 
of  levenu 

...»  m  *     wm       w       C       1       £  3 

46.  ALeverof  theFiril  ^\ — j — «  '  "  r 

kind  baa  tfie  prop  o  be- 
tween the  weight  w  and 
the  powor  r.  And  of  thia 
kina  are  balancea,  acaleiy 
tc!roWa,hand-8pike8,sciaaoiBt  ^ 
]^ncers,  dte. 

47.  A  Lever  of  the  Se^ 
wad  kind  haa  the  weight 
tietween  the  power  and  ^®  ^  ^ 

prop.   Such  aa  oarsirud-  £ — yi- — ^  *- 

tea,  cutting  knivea  thai  ^     '     ^  ^ 
iite  fixed  at  one  end,  dw. 
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48.  A  Lever  of  (he 
Third  kind  hns  the  power 
between  the  weight  aod 
the  prop.  Such  as  tongs, 
the  bones  and  moscles  of 
aniraalfl,  a  man  reaiiog  % 
Jadder,  dec. 


3  i  'i 
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49.  A  Fourth  kind  is  some, 
limes  added,  called  the  Bended  ^ 
Lever.   As  a  hanuner  drawbg 
a  nail. 

60.  In  all  lhe«e  instruments  the  power  may  be  repre- 
iented  by  a  weight,  which  is  its  most  natural  measure,  acting 
downwafd;  but  having  its  direction  changed,  when  neoea- 
■ary,  by  means  of  a  fixed  pulley. 

51.  Pbop.  When  the  weight  and  power  keep  the  levdr 
mequihbrio,  they  are  to  each  other  reciproeally  aa  the  die- 
tances  of  their  lines  of  direction  from  the  prop.  That  in, 
F  :  w  :  :  CD  :  CE  ;  where  cd  and  ce  are  perpendicuhir  to  wo 
and  AO,  the  directions  of  the  two  weights,  or  the  weight  and 
power  w  and  a« 

For,  draw  op  pamlJel  to  a o,  and 
CB  parallel  to  wo :  Also,  join  co, 
which  will  be  the  diiection  of  the 
pressure  on  the  prop  c;  Ibr  thete 
cannot  be  an  equilibrium  unless  the 
directions  of  the  three  forces  all  meet 
in,  or  tend  to,  the  same  point,  as  o« 
Then,  because  these  three  forces 
keep  each  other  in  equilibrio,  they 
are  proportional  to  the  sides  of  the 
triangle  cbo  or  cfo,  drawn  in  the 
direction  of  those  forces  ;  ,  there- 
fore      .      .      .      .     ' .  J 

But,  because  of  the  parallels,  the 
two  triangles  cdf,  cib  an  equiaii. 
ffular,  therefore     -       •       •  OD 
Hence,  by  equality,       .       .        p  ^  , 

That  IS,  each  force  is  reciprocally  piDportieiial  to  the 
distance  of  its  direction  from  the  fulcrum* 

Another  proof  might  easily  be  made  out  from  ait  85^  on 
paraliei  forces ;  hut  it  will  he  Ibund  that  this  dimftnitniticn 


r :  w  c :  oy  s  voor  oBt 
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will  aem  for  ill  the  other  kinds  of  la? on,  by  drawing  (ho 
linos  OS  directod. 

£2.  Carol,  1 .  When  the  angle  a  is  =  the  angle  w,  then 
18  CD  :  cs  : :  cw  ;  ca  : :  p  :  w.  Or  when  the  two  forces  act 
perpendicularly  on  the  lever,  as  two  weights,  &;c.  ;  then,  in 
caae  of  an  equilibrium,  d  coincides  with  w,  and  £  with  r  ; 
consequently  then  the  above  proportion  becomes  also  p  :  w  : : 
cw  :  CA,  or  the  distances  of  the  two  forces  from  the  fulcrum, 
taken  on  the  lever,  are  reciprocally  proportional  to  those 
forces. 

53.  ConiL,  2.  If  any  ibtco  pbo  applied  to  a  lever  at  a  ;  its 
effect  on  the  lever,  to  turn  h  about  thn  centre  of  motion  c, 
is  as  the  length  of  the  lever  ca,  and  the  sine  of  the  angle  of 
direoCion  cai«   For  the  perp.  en  is  as  ca  X  sin.  C  a. 

54.  Corel,  3.  Because  the  product  of  the  extremes  is 
equal  to  the  product  of  the  means,  therefore  the  product  of 
the  power  into  the  distance  of  its  direction,  is  equal  to  the 
product  of  the  weight  into  the  distance  of  its  direction. 

That  is,  p  X  CE  ==  w  X  cd. 

5N.  Coroh  4.  If  the  lever,  with  the  weight  and  power 
fixed  to  it,  be  made  to  move  about  the  centre  c  ;  the  mo- 
mentum  of  the  power  will,  be  equal  to  the  momentum  of  the 
weight ;  and  their  velocities  will  be  in  reciprocal  proportion 
to  each  other.  For  the  weight  and  power  will  describe 
circles  whose  radii  are  the  distances  rn,  ce  ;  and  sinc  e  the 
circumferences  or  spaces  described  are  as  the  radii,  and  also 
as  the  velocities,  therefore  the  velocities  arc  ae  the  radii  ro, 
CE  ;  and  the  momenta,  which  are  as  the  masses  and  velocities, 
are  as  the  masses  and  radii ;  thai  is,  as  p  X  cs  and  w  X  cd» 
which  are  equal  by  cor.  d« 

60»  Cufol.  5.  In  a  straight  lever,  kept  in  equilibrio  by  a 
weight  and  power  aetiog  perpendicularly ;  then*  of  thess 
tbreoy  the  power^  weight,  and  pressure  on  the  prop,  any  ofie 
is  as  the  distanee  of  the  other  two. 

57.  CoTol.  0.    If    A       B    ♦   C      1>,  E 

several  weights  p,  q,                         ^  i 

R,  s,  act  on  a  straight  \ 

lever,  and  keep  it  in  I 

•  equilibrio ;  then  •he     . .  I 

sum  of  the  products               •Q.  •<g 
on  one  side  of  the 

prop,  will  be  equal  to  the  sum  on  tiie  other  side»  made  by 
multiplying  each  weight  by  its  distance  ;  namely, 
(p  X  AC)  +     X  BC)  =  (a  X  ik;)  +  (8  X  fccj. 
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For,  the  effect  of  each  weight  to  turn  the  level,  is  as  the 
weight  multiphed  into  its  distance  ;  and  in  the  case  of  an  equi* 
librium,  the  sums  of  the  etlects,  or  of  the  products  on  both 
sides,  are  equal.    The  same  would  also  follow  from  art.  26. 

581.  CoroL  7.  Because,  when    r        n  l) 

two  weights  q  and  b  are  in  

«quililirio,  d  :  H  ::  cd  ;  cb  ; 


4 


thereCorey  by  compoettiony  a  +  b  :  a  ::  bd  : ob, 

aody  a  4*  B  :  B  ::  Bi> :  OB. 
That  is,  the  sum  of  the  weights  is  to  either  of  theiD»  as 
the  Sam  of  their  distances  is  to  the  d&rtance  of  the  other. 


SCHOUVM. 

59.  On  the  foregoinf^  prin- 
ciples  depends  the  nature  of 
scales  and  beams,  for  weigh- 
ing all  sorts  of  goods.  For, 
if  the  weights  be  equal,  then 
will  the  distances  be  equal 
also,  which  gives  the  construe- 
tion  of  the  common  scales, 
which  ought  to  have  these 
properties : 

Igt.  That  the  points  of  suspension  of  the  scales  and  the 
centre  of  motion  of  the  beam,  a,  b,  c,  should  be  in  a  straight 
line  :  2d,  That  the  arms  au,  no,  be  of  an  equal  length  :  3d, 
That  the  centre  of  gravity  be  in  the  centre  of  motion  b, 
or  a  little  below  it :  That  they  be  io  equilibrio  when 
empty  :  5^,  That  there  be  as  little  friction  as  possible  at  the 
oeotre  b*  A  defect  in  any  of  these  propeities  makes  the 
scales  either  imperfect  or  (alse.  Bat  it  ofton  happens  that 
the  one  side  of  the  beam  is  made  shorter  than  the  cAher,  and 
die  4jBf6ct  covered  by  making  that  scale  the  heavier,  by 
which  means  the  scales  hang  in  equilibrio  when  empty  :  but 
when  they  «re  charged  with  any  weights^  so  as  to  be  still  in 
equilibrio,  those  weights  are  not  equal ;  but  the  deceit  wiU 
be  detected  by  changing  the  weights  to  the  contrary  side% 
for  then  the  equilibrium  will  be  immediately  destn^ed. 

60.  To  find  the  true  sreight  of  any  body  by  snch  a  laise 
balance  ^-—Piist  weigh  the  body  in  one  scale,  and  aftenhuds 
weigh  it  in  the  other ;  then  the  mean  proportional  between 
these  two  weights,  will  be  the  true  weight  requirsd.  For,  if 
any  body  h  weigh  w  pounds  or  ounces  in  the  scale  and 
onhr «  pounds  or  ounces  in  the  scale  b  :  then  we  have  these 

Yoii.  IL  S3 

■ 
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XW9  equatioiUy  namely,  ab  .  6  =  bc  .  w« 

and  Bc  .  &  =  AB  .  U7 ; 
the  product  of  the  two  is  ab  .  bc  .  6^  =  ab  •  bc  •  WW  % 
Ueace  then       -        -        -      6'  =  wir, 

and        -        -        .      b  =  ^wtr, 
the  mean  proportioaal,  which  is  the  true  weight  of  the  l^o4y  ^ 

61.  The  Roman  Statera,  or  Steelyard,  is  also  a  lever,  but 
of -bnequal  bradiia  or  arroa,  ao  eontriyed,  that  one  weight 
only  rotty  8erve%  to  weigh  a  great  many,  by  sliding  it  back* 
ward  and  forward,  to  different  fBetaneeai  oft  tlie  leiiger  ana 
of  ijie lever;  i(nd it ia tbiia conaHocted : 


4  J 


B 


Let  AB  be  the  ateelyard,  and  c  its  centre  of  motion,  whence 
the  divisions  must  commence  if  the  two  arms  juat  balance 
each  other :  if  not,  slide  the  constant  moveable  weight  i 
along  from  b  towards  c,  tillitjust  balance  the  other  end 
without  a  weighty  and  there  make  a  notch  in  the  beam, 
marking  it  with  a  cipher  0.  Then  hang  on  at  a  a  weight  w 
equal  to  i,  and  slide  i  back  towarda  b  till  they  balance  ea^ 
other  ;  there  notch  the  beam»  and  mark  it  with  !•  Theii 
make  the  weight  w  double  of  i,  and  sliding  i  back  to  balance 
it,  there  mark  it  with  2.  Do  the  aame  at  3,  4,  5,  6ic,  by 
making  W  equal  to  3,  4,  5,  &c.  times  1  ;  and  the  beam  ia 
finished.  Then,  to  find  the  weight  of  any  body  6  by  the 
ateelyard  :  take  off  the  weight  w,  and  hang  on  the  body  b 
at  A ;  then  slide  the  weight  i  backward  and  forward  till  it 
just  balance  the  body  by  which  suppose  to  be  at  the  number 
6  ;  then  is  b  equal  to  5  times  the  weight  of  i«  So,  if  i  be  one 
pound,  then  6  is  5  pounda  \  but  if  i  be  2  poimdai  then  h  is 
10  poiinda  ;  and  ao  en* 
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68*  PwbT.  In  tlia  wheel  and-ftxle ;  the  weight  and  power 
will  be  in  equilibriot  when  the  power  f  is  to  the  weigiit  w 
reciprocelly  ws  the  mdii  of  the  circlet  where  they  act ;  that 
ii^  as  the  radiua  of  the  axle  ca,  where  the  WKight  linngs,  to 
the  raditia  of  the  wheel  on,  where  the  power  acta.  That  la, 
p  :  w  : :  CA  :  CB. 

Here  the  cord,  by  which  the  power  p  acta|  goes  about  ihe 
circumference  of  the  wheel,  while  that 
of  the  weight  w  goes  round  its  axle, 
or  another  smaller  wheel,  attached  to 
the  larger,  and  having  the  same  axis 
or  centre  c.  So  that  ra  is  a  lever 
moveable  about  the  point  c,  the  power 
p  acting  always  at  ihe  distance  bc,  and 
the  weight  w  at  the  distance  CA  i  there* 
fore  p  :  w  :  :  CA  :  cb. 

63.  CoroL  1.    If  the  wheel  bc  put  ikp  ^||W 

in  motion  ;    then,  the  spaces  moved 

being  as  the  circumferences,  or  as  the  radii,  the  velocity  ot^  w 
will  be  to  the  velocity  of  p,  as  ca  to  cb  ;  that  is,  the  weight 
is  moved  as  much  slower,  as  it  is  heavier  than  the  power ;  so 
that  what  is  gained  in  power,  is  lost  in  time.  And  this  ia  the 
univeraai  property  of  ail  machioea  and  enginea.  - 

04.  CtroL  3.  If  the  power  do  not  act  at  right  anglea  to 
the  radiwa  but  obliquely ;  draw  cm  perpendicular  to  the 
direeticB  of  Ihe  pewer;  then»  by  the  nature  of  the  lever, 
r :  w  i:  OA  s 

acHouuv. 

65.  To  Ai*  mechanical 
power  belong  all  turning 
or  wheel  machines,  of  dif- 
ferent radii.  Thus,  in  the  S 
roller  turning  on  the  nxisor 
apindte  cb,  by  the  handle 
CBD  ;  the  power  applied  at 
B  is  to  the  weight  w  on  the 
poller  as  the  radius  of  the 
roller  is  to  the  radiua  cb  of 
Ihe  handle. 
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■ncMIke  $  Um  power  being  to  the  weight,  always  aa  the  nu 
*diiil  or  lever  at  which  the  weight  acta,  to  that  at  which  the 
^ower  acts ;  so  that  they  are  always  in  the  reciprocal  ratio 
of  their  velocities.  And  to  the  same  principle  may  be  refer* 
fed  the  gimblel  and  augur  for  boring  holes. 

67.  But  all  thi^  however,  is  on  supposition  that  the  topes 
dk  corda,  sustaining  the  weights,  are  of  no  sensible  tinckMssw 
For,  if  the  thickness  be  considerable,  or  if  there  be  several 
Mds  of  them,  over  one  another,  on  the  roller  or  barrel ;  then 
we  must  measure  to  the  middle  of  the  outermost  rope,  Ibr 
the  radius  of  the  roller ;  or,  to  the  radios  of  the  rotter,  we 
most  add  half  the  thickness  of  the  chord,  when  there  ia  but 
one  Ibid. 

08.  The  wheel-and-axic  lias  n  pront  advanta»;e  over  the 
simple  lever,  in  point  of  convenience.  For  a  weight  can  be 
raised  but  a  little  way  by  the  lever  ;  whereas,  by  the  continu. 
aJ  turning  of  the  wheel  and  roller,  the  weight  may  he  raised 
to  any  height,  or  from  any  depth. 

69,  By  increasing  the  number  of  wheels,  toof  the  power 
may  be  multiplied  to  any  extent,  making  always  the  less 
wheels  to  turn  greater  ones,  as  far  as  we  please  :  and  this  is 
commonly  called  Tooth  and  Pinion  Work,  the  teeth  of  one 
circumference  working  in  tlie  rounds  or  pinions  of  another, 
to  turn  the  wheel.  And  then,  m  msf!  of  an  equilibrium,  the 
power  is  to  the  weight,  as  the  continual  product  of  the  radii 


of  all  the  axles,  to  that  of  all  the  wheels.  So,  if  the  power  p 
turn  the  wheel  q,  and  this  turn  the  small  wheel  or  axle  r, 
and  this  turn  the  wheel  s,  and  this  turn  the  axle  t,  and  this 
turn  the  wheel  v  ;  and  this  turathe  axle  x,  which  xaisea  the 
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vtUht  w  ;  then  f  :*W  :  t  ob  •  ni  •  ve  :  ao  •  an  •  nr.  And 
in  ne  ttme  propostion  le  the  velocity  of  w  dower  thnn  that 
of  p.  TkoM^  it  each  wheel  he  to  its  ajile»  aa  10  to  1 ;  then 
w::  1*:  lO^or  aa  1  to  1000.  So  thata  power  of  erne 
pound  w^  balance  a  weight  of  1000  pounoa ;  but  then, 
when  put  tii  motiooy  the  power  will  moTo  1000  timea  feater 
than  tie  .weight. 


« 


OF  THE  PULLEY. 


70.  A  PoUiBT  ia  a  small  wheel,  commonly  made  of  wood 
or  braant  which  tnma  about  an  iron  azia  paasiiu^  through  the 
eentroy  and  fixed  in  a  block,  by  meana  of  a  eoia  paawd  round 
Ua  circumference,  which  aervea  to  draw  up  any  weight.  The 
pulley  is  either  single,  or  combined  together,  to  increaae  the 
power.  It  is  also  either  fixed  or  rooveablei  according  aa  It  la 
fixed  to  one  place,  or  moves  up  and  down  with  the  weight 
and  power. 

71.  Prop.  If  a  power  sustain  a  weight  by  meauii  of  a 
fixed  pulley  :  the  power  and  weight  are  equal. 

For  through  the  centre  c  of  (he  pulley 
draw  the  horizontal  (Jianieter  ah  ;  then 
will  AB  represent  a  lever  of  the  first  kind, 
its  prop  being  the  fixed  centre  c  ;  from 
which  the  points  a  and  h,  wlioro  the  power 
and  weight  act,  bein»:  e(jually  distant, 
the  power  p  is  consequently  equal  to  the 
weight  w. 

72.  Carol.  Hence,  if  the  pulley  be  put 
in  motion,  the  power  p  will  descend  as 
fast  as  the  weight  w  ascends.  So  that 
the  power  is  not  increased  by  the  use  of 
the  fixed  pulley,  even  though  the  rope  go 

over  several  of  them.  It  is,  however,  of  great  service  in  the 
raising  of  weights,  both  by  changing  the  direction  of  the 
force,  for  the  convenience  of  acting,  and  by  enabling  a  per- 
son to  raise  a  weight  to  rniv  height  without  moving  from  his 
place,  and  alsf>  by  perniitling  a  great  many  pel-sons  at  once 
to  exert  their  lurce  on  the  ro[)e  at  p,  which  they  could  not  do 
to  the  weight  itself ;  as  is  evident  in  raising  the  hammer  or 
Weight  of  a  pile-driver,  as  well  as  on  many  other  occasions. 

78*  Paop.  If  a  power  austain  a  weight  by  means  of  one 
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iwtoihio  pulley;  the  fom&i  it  but  half  the  Might,  if  tW 
ywftioa>#f  the  emitiiinmg  coid  aie  pmllai  to  each  eihor. 

For,  here  AB  may  be  con- 
sidered as  a  lever  of  the 
second  kind,  the  power  act- 
ing at  A,  the  weights  at  c, 
and  the  prop  or  fixed  point 
at  B ;  and  because  f  i  w  :  s 
CB  :  ABt  and  cb  »  ^ab, 
therefore  v  »  ^w,  or>  w 

74.  CanLl.  Heneeitb 
erident,  that,  when  the  put* 
ley  is  put  In  motion,  the  ve- 
faei^  of  die  power  wilt  be 

doable  the  Telocity  of  tfie  weight,  as  tlie  point  p  moves  twieif 
as  ihst  as  tfie  pofant  c  and  weight  w  rises.  It  is  also  erident, 
lhat  the  fixed  pulley  f  makes  no  difference  in  the  power  f» 
but  Is  only  used  to  change  the  direotiott  of  it,  fiosro  upward! 
to  downwards* 

75.  Cord.  2.  Hence  we  may  estimate  the  effect  of  a  com- 
bination of  nny  number  of  fixed  and  moveable  pulleys  ;  by 
which  we  shall  find  tliat  every  rord  going  over  a  moveable 
pulley  always  adds  2  to  the  power  ;  since  each  moveable  pul- 
ley's rope  bears  an  equal  share  of  iho  weight :  while  each  rope 
that  is  fixed  to  a  pulley,  only  increases  the  power  by  unity. 


MA«-^f  ^e  poitiofis  of  the  sustaining  cords  between  tho 
jmlleys  are  not  parallel,  the  forces  will  be  reduced  upon  tho 
l^ciplo  of  OIL  di« 
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OF  THE  INCUNED  PLANE.  "  >• 

76.  Tm  IiicuzfSD  Plakb,  k  a  plane  inclined  to  the  hori-  ^  - 
or  Biaktiig  an  angle  with  it.   It  ia  oAen  reckoned  one 

of  the  Inmi^le  mecfaanic  powers ;  aad  the  double  inclined  plane 
mkea  the  wedge.  It  ia  employed  to  advantage  in  raising 
heavy  bodies  in  certain  aituationSy  diminishing  their  weights 
by  laying  then  on  the  inclined  planes. 

77.  Prop.  The  power  gained  by  the  inclined  plane,  is  in 
proportion  as  the  length  of  the  plane  is  to  its  height.  That 
is,  when  a  weight  w  is  sustained  on  an  inclined  plane  bc,  bf 
a  power  p  acting  in  the  direction  dw,  parallel  to  the  plane ; 
then  the  weight  w,  is  in  [>roportion  to  the  power  p,  as  the 
length  of  the  plane  is  to  its  height ;  thai  is»  w  ;  r  ; ;  an  s  Alk 

For,  dimw  as  perp.  to  the 
fbuie  Bc»  or  to  dw.  Then 
we  nre  to  consider  that  the 
body  w  is  sualained  by  three 
ferooe»  Yiz.  Ist,  its  own  « 
wo^t  or  the  Ibree  of  gra-  ^ 
nty*  acting  perp.  to  ac,  or  parallel  to  aa  ;      by  tbe  power 
r,  acting  in  the  direction  wo,  paiaUel  to  bc,  or  bb  ;  and  8dly, 
1^  the  redaction  of  the  plane,  perp.  to  its  free*  or  parallel 
lo  the  line  ba.   But  when  a  body  is  kept  in  equilibrio  by  the 
action  of  three  forces,  it  hsa  been  proTed,  (art.  30.)  thai 
the  intensities  of  these  forces  are  proportional  to  the  sides 
of  the  triangle  abe,  made  by  lines  drawn  in  the  directions 
of  their  actions  ;  therefore  those  forces  are  to  one  another 
aa  the  three  lines    ....     ab,  bb,  ab  ;  that  Is^ 
ibo  weight  of  tbe  body  w  is  aa  the  line  ab, 
the  power  p  ia  aa  the  line        -  - 
and  the  pressure  on  the  plana  aa  the  line  ab. 
But  the  two  triangles  abb,  abc»  are  equiangular,  and  hufo 
therefore  their  like  sides  proportienal ;  that  is, 

Ike  three  linea  ab,bb,ab, 

•fo  to  each  other  raapectiFoly  as  the  three  bc,  Aa»  ao, 
or  alao  as  the  three    -    /  .  •    ac,  ab,  ob, 

which  therefore  are  as  the  three  forces,    w,  p,  p, 
which  ji  denotes  the  pressure  on  the  plane.   That  is,  w  :  p 
: :  BO  :  AB,  or  the  weightia  to  the  power,  as  the  length  of  tho 
plane  ia  to  ita  height. 

See  ame  on  tlM  Inclined  Plane  in  ihe  DyaaniiOBi 
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;  "^JS.  Scholium,  The  Inclined  Plane  comes  into  use  in  some 
•Bituationsin  which  the  other  mechanical  powers  cannot  be 
*^<conveniently  applied,  or  ii»  combination  with  them.    As,  in 
sliding  heavy  weights  either  up  or  down  a  plank  or  other 
plane  laid  sloping :  or  letting  large  casks  down  into  a  cellar, 
or  drawing  them  out  of  it.    Also,  in  removing  earth  from  a 
,  lower  situation  to  a  higher  by  means  uf  wheelbarrows,  or 
otherwise,  as  in  making  fortifications,  &c.  ;  inclined  planes, 
made  of  boards  are  employed.     Rail-roads,  or  inclined 
planes,  serve  often  to  convey  coals  frpm  the  mouth  of  a 
mine. 

Of  all  the  various  directions  of  drawing  bodies  up  an  in- 
clined plane,  or  sustaining  them  on  it,  the  most  favourable 
is  where  it  is  parallel  to  the  plane  nc,  and  passing  through 
the  centre  of  the  weight ;  a  direction  which  is  easily  given 
to  it,  by  fixing  a  pulley  at  d,  so  that  a  chord  passing  over  it, 
and  fixed  to  the  weight,  may  act  or  draw  parallel  to  the  plane. 
In  every  other  position,  it  would  require  a  greater  power  to 
support  the  body  on  the  plane,  or  to  draw  it  up.  For  if  one 
end  of  the  line  be  fixed  at  w,  and  the  other  end  inclined 
down  towards  b,  below  the  direction  wd,  the  body  would  be 
'  drawn  down  against  the  plane,  and  the  power  must  be  in* 
creased  in  proportion  to  the  greater  difficulty  of  the  tracttoo. 
And,  on  the  other  hand,  if  ttie  line  were  carried  above  the 
direction  of  the  plane,  the  power  must  be  also  increased  ;  but 
here  only  in  proportum  as  it  endetvonrs  to  lift  the  body  oflT 
the  plane* 

If  the  length  bo  of  the  plane  be  eqaal  to  any  number  of 
tunes  its  perp.  height  ab,  as  suppoise  8  times  ;  then  a  power 
p  of  1  poandy  hanging  freely,  will  balance  a  weight  w  of  3 
pounds,  laid  on  the  plane ;  and  a  power  »  of  2  pounds,  will 
•  Dalance  a  weight  w  of  6  pounds ;  and  so  on,  always  8  timen 
as  much.  But  then  if  they  be  set  moving,  the  perp.  deseent 
of  the  power  p,  will  be  equal  to  8  times  as  much  as  the  perp« 
ascent  of  the  weight  w*  For,  though  the  weight  w  aacendi 
up  the  direction  of  the  oblique  plane,  bc,  just  as  &sl  as  the 
power  p  descends  perpendicularly,  yet  the  wewht  rises  only 
die  perp.  height  ab,  while  it  ascends  up  the  whole  length  it 
the  plane  bc,  which  is  three  times  as  much ;  that  is,  for  every 
Ibol  of  the  perp.  rise  of  the  weight,  it  ascends  8  feet  up  in  tM 
direction  of  the  (danot  and  the  power  p  descends  just  as  mndi^ 
orBieet. 
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79.  The  Wedge  is  a  piece  of 
wood  or  metal,  in  form  of  half  a  rect- 
angular I'HisM.  AF  or  BO  is  the 
breadth  of  its  back  ;  ce  its  height ; 
oc,  BC  its  sides  :  and  its  end  OBC  is 
eomposed  of  two  equal  inoluied 
planes  oce,  bcb. 

C 

80.  Prop.  When  a  wedge  is  in  equilibrio  ;  the  power 
acting  against  the  back,  is  to  the  force  acting  perpendicularly 
against  either  side,  as  the  breadth  of  the  back  ab  is  to  the 
wngth  of  the  side  ac  or  b(  . 

For,  any  three  forces,  which  sustain  one  A  T)  B 
another  in  equilibrio,  are  as  the  correspond- 
ing sides  of  a  triangle  drawn  perpendicular 
to  the  directions  in  which  they  act.  But 
AB  is  perp.  to  the  force  acting  on  the  back, 
to  urge  the  wedge  forward  ;  and  the  sides 
AC,  BC  are  perp.  to  the  forces  acting  on 
them  ;  therefore  the  three  forces  are  as  ab, 

AC,  BC. 

81.  Cktrci,  The  force  on  the  back  C  ab, 
Its  effect  in  direct,  perp.  to  ac,  1  ac, 
And  its  effect  parallel  to  ab  ;     \  do, 

are  as  the  three  lines  \  which  are  per.  to  them* 

And  therefore  the  thinner  a  wedge  is,  the  greater  is  iti 
eflEbcty  in  splitttog  any  body,  or  in  oyereomiiig  aoj  leewtmce 
agaiul  the  flideeof  the  wedge. 

SOHOUUV. 

82*  Bat  it  must  be  observedi  that  the  redstancei  or  the 

forces  above-mentioned,  respect  one  side  of  the  wedge  only. 
For  if  thoee  against  both  sides  be  taken  in,  then,  in  the  Aire*  > 
going  proportions,  we  must  take  only  half  the  back  ad,  or 
else  we  must  take  double  the  line  ac  or  dc.  Variona  other 
theories  of  the  wedge  are  given  by  different  authors^  but 
they  need  not  here  be  detailed,  on  accoant  of  the  inegnlari* 
ties  introduced  by  friction. 
Vol.  VL  d8  ' 
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In  the  wedge,  the  friction  against  the  sides  is  very  great, 
at  least  eqiifil  to  the  force  to  be  overcorae,  because  the  wedge 
retains  any  position  to  which  it  is  driven  ;  and  therefore  the 
resistance  is  doubled  by  the  friction.  But  then  the  wedge 
has  a  great  advantage  over  all  the  other  powers,  arising  from 
the  force  of  percussion  or  blow  with  which  the  back  is  struck, 
which  is  a  force  incomparably  greater  than  any  dead  weight 
or  pressure,  such  as  is  employed  in  other  machines.  And  ac 
cordingly  we  find  it  produces  effects  vastly  superior  to  those 
of  any  other  power  :  such  as  the  splitting  and  raising  the 
largest  and  hardest  rocks,  the  raising  and  lifting  the  largest 
ship,  by  driving  a  wedge  below  it,  which  a  man  can  do  by 
the  blow  of  a  mallet :  and  thus  it  appears  that  the  small  blow 
of  a  hammer,  on  the  back  of  a  wedge  is  incomparably  great* 
er  than  any  mere  pressure,  and  will  overcome  it* 


OF  THE  SCREW. 

83.  The  Screw  is  one  of  the  six  mechanical  powers,  chief- 
ly used  in  pressing  or  squeezing  bodies  cloMy  though  floma* 

times  also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  groove  cut  round  a  cylin- 
der,  and  every  where  making  the  same  angle  with  the  length 
of  it.  So  that  if  the  surface  of  the  cylinder,  with  this  spiral 
thread  on  it,  where  unfolded  and  stretched  into  a  plane,  the 
spiral  thread  would  form  a  straight  inclined  plane,  whose 
length  viould  be  to  its  height,  as  the  circumference  of  the 
cylinder,  is  to  the  distance  between  two  threads  of  the  screw  : 
as  is  evident  by  considering  that,  in  making  one  round,  the 
spiral  rises  along  iho  cylinder  the  distance  between  the  two 
threads. 

84.  Prop.  The  energy  of  a  power  applied  to  turn  a  screw 
round,  is  to  the  force  with  which  it  presses  upward  or  down- 
ward, setting  aside  the  friction,  as  the  distance  between  two 
threads,  is  to  the  circumference  where  the  power  is  applied. 

The  screw  being  an  inclined  plane,  or  half  wedge,  whose 
height  is  the  distance  between  two  threads,  and  its  base  the 
circumference  of  the  screw  ;  and  the  force  in  the  horizontal 
direction,  being  to  that  in  the  vertical  one,  as  the  hues  per- 
pendicular to  them,  namely,  as  the  height  of  the  plane,  or 
distance  of  the  two  threads,  is  to  the  base  of  the  plane,  or 
circumference  of  the  screw  ;  therefore  the  power  is  to  the 
pressure,  as  the  distance  of  two  threads  is  to  that  circum- 
ference.  But,  by  meaos  of  a  handle  or  leveTf  the  gain  in 
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fvmm  k  incTMsed  in  the  propotUuu  of  the  nuKiM  of  tbe  •b0t#v,«^ 
to  the  radius  of  the  power,  or  length  of  the  handlo,  or  |P 
tbiir  cuemnfereDces.   Ibttrefore,  finally,  the  power  isio  Htm 
pwwii  II,  as  the  distaaeo  of  the  thfeidi,>M|  to  the  ctrojuiifc* 
lOModemibed  by  the  powor*  '  - 

fiSw  Coroi.  When  the  oeraw  is  put  in  motioo  ;  then  the 
power  k  to  the  weight  whbh  wooki  keep  it  io  equilibrio,  as 
the  Teloohy  of  the  lattor  ie  16  that  of  the  former ;  and  hence 
their  two  momenta  are  aqoa!,  which  are  prddoced  tiy  multi* 
plying  each  weight  or  power  by  its  own  Yelocitjr*  •  €othat 
thia  is  a  general  pfopef^r  iH  all  the  mechanical  powers, 
namely,  that  the  momentum  of  a  power  is  equal  to  that  of  the 
weight  which  would  balance  it  in  equilibrio ;  or  that  each  of 
them  ia  ledprocaUy  proportional  to  its  velociiy. 


aOBOLflTM* 


86.  Hence  we  can  easily 
eompute  the  force  of  any  ma- 
ehine  tuned  by  a  aerew.  Lei 
tiM  aaneied  figure  repreaeni  a 
pteoa  dffifenbynaerew,  whoae 
tlmide  aio  each  a  quarter  of 
an  inoh  aoonder :  and  let  the 
anew  be  tnmod  by  a  handle 
of  4  foot  long»  ftom  a  to  a  ; 
tlmnt  if  the  natural  iforce  of 
n  wmt,  by  which  he  can  lift» 
pull,  or  draw,  be  150  pounds ;  and  it  be  required  to  deter* 
■ine  with  what  fime  the  screw  will  presg  on  the  board  at  n* 
when  the  man  turns  the  handle  at  a  and  b,  with  his  whole 
(brcc.  Then  the  diameter  ab  of  the  power  being  4  feet,  or 
48 inches,  its  circumference  is  48  X  3*1416 or  150|  nearly; 
and  the  distance  of  the  threads  being  j  ol*  an  inch ;  therefore 
the  power  is  to  the  pressure,  as  1  to  G03^;  but  tlie  power  is 
mpial  to  1501b;  theref.  as  1  :  603}  : :  150  :  90480;  and 
consequently  the  pressure  at  d  is  equal  to  a  weight  of  90480 
pounds,  independent  of  friction* 

87.  Again,  if  the  endless  screw  ab  be  turned  by  a  handle 
AC  of  20  inches,  the  threade  of  the  aerew  being  distant 
half  an  inch  each;  and  the  screw  turns  a  toothed  wheel  n, 
whoee  pinion  l  turns  another  wheel  f,  and  the  pinion  m  of 
Ihia  another  wheel  e,  to  the  pinion  or  barrel  of  which  is  hung 
n  weight  w ;  it  is  required  to  determine  what  weight  the  man 
win  be  able  to  raise,  workiog  at  the  handle  o;  supposing 
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the  diameters  of  the  wheels 
to  be  16  inches,  and  those 
of  the  pinions  and  barrel  2 
inches ;  the  teeth  and  pi. 
nions  being  all  of  a  size. 

Here  20  X  31416  X  2 
=  125*664,  is  the  circum- 
ference  of  the  power. 

And  125-664  to  or 
251*328  to  1,  is  the  force 
of  the  screw  alone. 

Also,  18  to  2,  or  9  to  1, 
being  the  proportion  of  (he 
wheels  to  the  pinions  ;  and 
as  there  are  three  of  them, 
therefore  9'  to  1%  or  729 
to  1,  is  the  power  gained  by 
the  wheels. 

Consequently  251 -328  X 
729  to  1,  or  183218i  to 
1  nearly,  is  the  ratio  of 
the  power  to  the  weight, 
arising  from  the  advantage 
both  of  the  screw  and  the 
wheels. 

But  the  power  is  1501b  ;  therefore  150  X  183218J,  or 
27482716  pounds,  is  the  weight  the  man  can  sustain,  which  is 
equal  to  12269  tons  weight. 

But  the  power  has  to  overcome,  not  only  the  weight,  but 
also  the  friction  of  the  screw,  which  is  very  great,  in  some 
cases  equal  to  the  weight  itself,  since  it  is  sometimes  sufficient 
to  sustain  the  weight,  when  the  power  is  taken  off. 

88.  Upon  the  same  principle  the  advantage  of  any  other 
combination  of  the  mechanical  powers  may  be  computed : 
allowance,  however,  being  always  to  be  made  for  stiffness  of 
cords,  friction,  and  other  causes  of  resistance. 


ON  THE  CENTRE  OF  GRAVITY. 

89.  The  Centbb  op  Gravity  of  a  body,  or  of  a  system 
of  bodies,  is  a  certain  point  within  it,  or  connected  with  it* 
OQ  which  the  body  being  freely  suspended,  it  will  rest  in  any 


Mitioot  and  that  centre  will  alwayi  tend  to  dejoand  to  the 
lovait  iriace  to  whieh  ti  can  get,  irbenitia  not  the  poinlof 


90.  Prop.  If  a  perpendicular  to  the  horizon,  from  the 
eentre  of  gravity  of  any  body,  fall  within  the  base  of  the 
body,  it  will  rest  in  that  position ;  but  if  the  perpendicular 
fidl  oat  of  the  base,  the  body  will  not  rest  in  that  poeitioD, 
tet  will  fall  down. 

For,  if  cB  bo  the  perp. 
from  the  centre  of  gravity  c, 
within  the  base  ;  then  the 
body  cannot  fall  over  to- 
wards A  ;  because,  in  turn- 
ing on  the  point  a,  the  cen- 
tre of  gravity  c  would  des- 
cribe an  arc  which  would 
rise  from  c  to  e  ;  contrary  to  the  nature  of  that  centre,  which 
i  only  rests  permanently  when  in  the  lowest  place.  For  the 
^^same  reason,  the  body  will  not  fall  towards  n«  And  tbere- 
(bre  it  will  stand  in  that  position. 

But  if  the  perpendicular  fall  out  of  the  base,  as  cb  ;  then 
the  body  will  fall  over  on  that  side  :  because,  in  turning  on 
the  point  a,  the  centre  c  descends  by  describing  the  descend- 
ing arc  ce. 

91.  Chrol.  1.  If  a  peipendtcular,  drawn  from  the  centre 
of  gravity,  fall  just  on  the  extremity  of  the  base,  the  bod|7 
may  atand  ;  but  any  the  least  ibrce  will  cause  it  to  (all  that 
way.  And  the  nearer  the  perpendicular  is  to  any  side,  or 
the  narrower  the  base  1%  the  easier  it  will  be  made  to  fdl,  at 
be  pushed  over  that  way ;  because  the  eentre  of  gravity  has 
the  less  height  to  rise  :  which  is  the  reason  that  a  globe  is 
made  to  roll  on  a  smooth  plane  by  any  the  least  force.  BttI 
the  nearer  the  perpendicular  is  to  the  middle  of  the  basOy  or 
the  broader  the  base  is,  the  firmer  the  body  stands* 

92.  Corel.  2.  Hence  if  the  centre  of  gravity  of  a  body  be 
supported,  the  whole  body  is  supported.  And  the  place  of 
the  centre  of  {jravity  may,  in  many  inquiries,  be  accounted 
the  place  of  the  body ;  for  into  that  point  the  whole  matter 
of  the  body  may  bo  supposed  to  be  cf)llected,  and  therefore 
ail  the  force  also  with  which  it  endeavours  to  descend. 

93.  CiiroL  3.  From  the  property  which  the  oentro  of 
gravity  has,  of  tending  to  descend  to  the  lowest  point,  is  de« 
rived  an  easy  mechanical  method  of  finding  that  centve* 
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ThuMf  if  the  body  be  hung  up  by 
any  point  a,  and  a  plumb  line  ab  be  hung 
by  the  same  point,  it  will  pass  through 
the  centte  of  gravity ;  because  thut  cen- 
tre is  not  in  the  lowest  point  till  it  full 
in  the  plumb  line.  Mark  the  line  ar  on 
it.  Then  hang  the  body  up  by  any  other 
point  D,  with  a  plumb  line  dk,  which  will 
also  pass  threugli  the  centre  of  gravity, 
for  the  same  reason  as  before ;  and 
therefore  that  centre  must  be  nt  c  where 
the  two  plumb  liaeti  cross  each  other. 


94.  Or,  if  the  body  be  suspended  by 
two  or  more  cords,  uf,  gh,  &c.  then  a 
plumb  line  from  the  point  g,  will  cut  the 
body  ia  its  centre  of  gravity  o*  ; 


95.  Likewise,  because  a  body  rests  when  its  centre  of 
gravity  is  supported,  but  not  else  ;  we  hence  derive  another 
easy  method  of  finding  that  centre  mechanically.  For,  if 
the  body  be  laid  on  the  edge  of  a  prism,  or  over  one  side 
of  a  table,  and  moved  backward  and  forward  till  it  rest,  or 
balance  itself;  then  is  the  centre  of  gravity  just  over  the  line 
of  the  edge.  And  if  the  body  be  then  shifted  into  another 
position,  and  balanced  on  the  edge  again,  this  line  will  also 
pass  by  the  centre  of  gravity ;  and  consequently  the  inter- 
section of  the  two  will  indicate  the  place  of  the  centre  itself. 

The  place  of  the  centre  of  gravity  may  be  investigated, 
from  its  analogy  to  the  centre  of  parallel  forces ;  but  the 
following  method  is  adopted  here,  as  in  some  respects  easier 
of  comprehension.  ^ 

96.  Prop.  The  commo4«  centre  of  gravity  c  of  any  two 
bodies  a,  b,  divides  the  line  joining  their  respective  centres» 
into  two  parts,  which  are  reciprocally  as  the  bodies. 

'f  hat  is,  AC  :  BC  : :  B  :  A. 
For,  if  the  centre  of  gravity  c  .  ^ 

be  supported,  the  two  bodies  a        ^    .  C  5 
and  B  will  be  supported,  and  wiU 
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itil  in  aqinflilNrio.  Bat,  by  the  nature  of  the  lever,  when 
two  bodiei  ere  in  equilibrio  about  a  fixed  point  o»  they  are 
reciproeally  aa  their  diatancea  from  that  point  $  therefore 
▲ :  a  : :  CB :  OA. 

97.  CoroL  1.  Hence  ab  :  ag  : :  a  +  b  :  a ;  or,  the  whole 
diilanee  between  the  two  bodies,  ia  to  the  distance  of  either 
of  them  from  the  common  centre,  aa  the  aum  of  the  bodiea  ia 
to  the  other  body. 

98.  CoroL  2.  Hence  also,  ca  .  a  =  cb  .  b  ;  or  the  two 
products  are  equal,  which  are  made  by  niultipiyiDg  each  body 
into  its  distance  from  the  centre  of  gravity. 

99.  CoroL  3.  As  the  centre  c  is  pressed  with^i  force  equal 
to  both  the  weights  a  and  b,  while  the  points  a  and  n  are 
each  pressed  with  the  respective  weights  a  and  n  ;  therefore, 
if  the  two  bodies  be  both  united  in  their  common  centre  c, 
and  only  the  ends  a  and  b  of  the  line  ab  be  supported,  each 
will  still  bear,  or  be  pressed  by  the  same  weight  a  and  b  as 
before.  So  that,  if  a  weight  of  1001b.  be  laid  on  a  bar  at  c, 
supported  by  two  men  at  a  and  b,  distant  from  c,  the  one  4 
feet,  and  the  other  6  feet ;  then  the  nearer  will  hear  the 
weight  of  601b.  and  the  farther  only  40lb.  weight.  Tbta 
should  bo  noted  as  a  principle  of  extensive  application. 

100.  CoroZ.  4.  Since  tho 

effect  of  any  body  to  tvirn  ^ — i  ^ — 

a  lever  about  the  fixed    ^      B  D     E  ^ 

point  c,  is  as  that  body 

and  as  its  distance  from  that  point ;  therefore,  if  c  be  the  com- 
mon centre  of  gravity  of  ail  tho  bodies  a,  b,  d,  e,  f,  placed 
in  the  straight  line  af;  then  is  ex  .  a  -f-  •  »  =  cd  .  d  4" 
CE  .  E  CF  ,  F  ;  or,  the  sum  of  the  products  on  one  side, 
equal  to  the  sum  of  the  products  on  the  other,  made  by  mul- 
tiplying each  body  into  its  distance  from  that  centre.  And 
if  several  bodies  be  in  equilibrio  on  any  straight  lever,  then 
the  prop  is  in  the  centre  of  gravity. 

101.  CoroL  5.  And  though 


the  bodies  be  not  situated  in  ^ 


a  strati^  line,  but  scattered  p  a 
about  in  any  promiscuous  man. 
ner,  the  same  property  as  in  the 
last  corollary  still  holds  true, 
if  perpendiculars  to  any  line 
whatever  of  be  drawn  through 
the  several  bodies,  and  their  common  centre  of  gravity, 
namely, that oa.  A  +  cb.  b  ^cd.  j>  +  ce.^+  cf  •  For 


4 


tke  Mlee  have  the  SEtne  effect  on  the  fine  of,  to  tarn  h  ahoo^ 
the  pohit  Of  whether  they  are  placed  at  the  points  a,  t^f^ 
or  VBk^mf  part  of  tfie  perpendieolari  jLa»  b^,  nd,  se,  v;^ 

102.  Paop.  If  there  be  three  or  more  bodies,  and  if  a  line 
be  drawn  from  any  one  body  d  to  the  centre  of  gravity  of 
the  rest  c ;  then  the  common  centre  of  gravity  k  of  all  the 
bodies,  divides  the  line  cd  into  two  parts  in  k,  wliich  are  reci- 
procally proportioDal  as  the  body  d  to  the  sum  of  all  the  other 
bodies. 

That  is,  CE  :  SD  :  :  D  :  A  +  B,  dec. 

Fori  toppofe  the  bodies  ▲  and  b 
to  be  collected  into  the  common       ^  _ 
centre  of  gravity  c,  and  let  their      A      J\  B 
eom  be  called    Theny  by  the  laat 
prop.  cb:bd::d  :•  or  a  +  b, 
dsc* 

GomL  Henoe  we  have  a  method  of  finding  the  commoD 
i^ntre  of  gravity  of  any  miniber  of  bodies ;  namely,  by  fint 
Miag  the  centre  of  any  two  of  them,  then  the  ceatre  of 
tfrntcentie  and  a  tfatrdy  and  ao  on  for  a  fourth,  or  fifth,  dec. 

108.  Prop.  If  there  be  taken  any  point  r,  in  the  line 
passing  through  the  centres  of  two  bodies ;  then  the  sum  of 
the  two  products,  of  each  body  multi[)lied  into  its  distance 
from  that  point,  is  equal  to  the  product  of  the  sum  of  the 
bodies  multiplied  into  the  distanc^yi^  their  common  ceatre  of 
gravity  c  from  the  same  point  r. 

That  is,  PA  •  A  ±  PB  •  B  a  PC  •  A  +  B. 

For,  by  ait.  96tht  ca  •  a  ssgb  •  b, 

that  it,  (pa— po) .  As=(po±  pb)  •  b  ;  Q  c — P — ® — F 

therelbre,  V  s^g'  ^  ir  B 

PA  •  AdbPB  •  B  »  PO  •  (a  +  b). 

104.  Carol.  1.  Hence,  the  two  bodies  a  and  b  have  the 
same  force  to  turn  the  lever  about  the  point  p,  as  if  they  were 
both  placed  in  c  their  common  centre  of  gravity. 

Or,  if  the  line,  with  the  bodies,  move  about  the  point  p  ; 
the  sum  of  the  momenta  of  a  and  n,  is  equal  to  the  momeo« 
turn  of  the  sum  s  or  a        placed  at  tlie  ceatre  o. 

105.  Corol*  9.  The  same  is  also  true  of  any  number  of 
bodies  whatever,  as  wiD  appear  by  cor.  4,  art.  100.  namely, 
PA .  A  +  PB .  b  +  PD  .  P,  dtc.=pc  .  (a-4- B+i>»  &c.)  where 
p  is  in  any  point  whatever  of  the  line  ac. 

And,  by  cor.  6|  art  101,  the  same  thing  is  true  when  the 
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Indies  are  not  placed  in  that  liiiey  but  any  wImm  in  the 
pendicolan  [Muising  through  the  poiota  a,  b,  d,  dice.  ;  namely^ 

100.  Coni,  8«  And  if  a  plane  paaa  through  the  point  r 
perpendicuiar  to  the  line  op  ;  then  the  diatanee  of  the  oom- 
moo  centre  of  gravity  from  tiiat  planoy  ia 

Pii  •  A  +  pft  *  n  +     -  n,  sc.  .  . 

ro  =  1  j — -—  ,  that  iSy  equal  to  the  amn 

of  all  the  moments  divided  by  the  sum  of  all  the  bodies.  Or, 
if  A,  B,  D,  &c.  be  the  aeveral  particles  of  one  mass  or  cora-f 
pound  body  ;  then  the  distance  of  the  centre  of  gravity  of 
the  body,  below  any  given  point  p,  ia  equal  to  the  forces  of 
all  the  pcuticlea  divided  by  the  whole  maaa  or  body,  that  is, 
equal  to  all  the  pa  .  a,  .  b,  pi2  •  &e*  dmded  by  the 
body  or  sum  of  particles  a,  r,  d,  dec. 

107.  Prop.  To  find  the  centre  of  gravity  of  apy  body,  of 
of  any  system  of  bodies. 

Through  any  point  r  draw 
a  plane,  and  let  per,  vb,  vd,  <fcc. 
be  the  distance  of  the  bodies  P  u 
A,  B,  D,  6ic.  from  the  plane  ; 
then,  by  the  last  cor.  the  dis- 
tance of  the  common  centre  of 
gravity  from  the  plane,  will  be 

pa  •  A  +      .  n  -f-  pr>  •  o,  dec. 


b 

A 


f  1  f 


106.  Or,  if  b  be  any  body,  and  qpr  any  plane ;  draw  PAn. 
te«  perpendicular  to  qr,  and  through  a,  b,  dEC.  draw  innu* 
laerable  aectiona  of  the  body  b  parallel 
to  the  plane  on.  Let  s  denote  any  one 
oftheae  aectiona,  and  d»PA,  or  pb,  d^c. 
ils  diatanee  from  the  plane  on.  Then 
will  the  distance  of  the  centre  of  gra- 
vity of  the  body  from  the  plane  be 

sum  of  all  the  ds       »    ,    •  , 

rc  =s  r  .     And  li  the 

o 

diatanee  be  thus  found  for  two  inter- 
secting  planes,  they  will  give  the  point 
in  whioh  the  centre  ia  placed. 

109.  But  the  distance  from  one  plane  is  sufficient  for  any 
regular  body,  be<'ausc  it  is  evident  that,  in  such  a  figure,  tho 
centre  of  gravity  is  in  the  axis,  or  line  passing  through  tho 
centres  of  all  the  parallel  sections. 


94 


•fATBCS. 


Thus,  if  Ihe  figure  be  «  pendlelefi«m»  er  a 

oylinder,  or  any  prism  whatever ;  then  the 
axis  or  line,  or  plane  rs,  which  bissicts  all  the 
■ecltoas  parallel  to  an,  will  pass  through  the 
centre  of  gravity  of  all  tliose  sections,  and 
consequently  through  thai  of  the  whole  figure 
c.  Then,  all  the  sections  #  being  equal»  and 
Ae  body  6  PS  •  «y  the  distance  of  the  cen. 
tre  will  be  fc  » 


V 


D- 


PA  »  ^  +  PB  .        dec.  ^  PA+PB+FD  &C.  FA-f-  PB+dtC 


b  PS  •  #  PS 

But  FA  +  PB  +  (kc.  is  the  sum  of  an  arithmetical  pro^ 
gressiouy  beginning  at  0,  and  increasing  to  the  greatest  term 
P8,  the  nuinber  of  the  terms  being  also  equal  to  ps  ;  there- 
lore  the  sum  fa  +  fb  +  dec. «  ^pg .  pa ;  and  consequently 

1  PS  .  PS 

PC  =  ^ —  =  i^s  •  lhat  i8>  the  centre  of  gravity  ia  in  the 

FS 

middle  of  the  ana  of  any  figure  whose  parallel  sectiona  are 
equal. 

110.  In  other  figures,  whose  parallel  sections  are  not 
equal,  but  van  ing  according  to  some  general  law,  it  will  not 
be  easy  to  find  the  sum  of  all  the  pa  .  *,  pb  .  pd  .  <S£C. 
except  by  the  general  method  of  Fluxions  ;  which  case 
therefore  will  be  best  reserved  till  we  come  to  treat  of  that 
doctrine.  It  will  be  proper,  however,  to  add  here  some  ex- 
amples of  another  method  of  finding  the  centre  of  gravity  of 
a  triangle,  or  any  other  right-lined  plane  figure. 

111.  Prop.    To  find  the  centre  of  gravity  of  a  triangle. 

From  any  two  of  the  angles  draw 
lines  AD,  CK,  to  bisect  the  opposite 
sides  ;  so  will  their  intersection  c.  be 
the  ceiitro  of  grnvity  of  the  trianglo. 

For,  becniis('  ad  bisects  hc,  it  bi- 
sects  also  all  its  parallels,  namely,  all 
the  parallel  sections  of  the  figure  : 
therefore  ad  p;i?.«es  throiii];h  the  ren. 
tres  of  f^ravity  of  all  tlie  parallel  sec- 
tions or  rornponont  parts  of  the  figure  ;  and  consequently  the 
centre  of  gravity  of  the  whole  figure  liee  in  the  line  ad.  For 
the  same  reason,  it  also  lies  in  tiie  line  ck.    CeosequenUy  it 
is  in  their  common  point  of  intersection  o. 

llfL  Carol.  The  distance  of  the  point  o,  is  ao  ■«  |a0, 
and  CO  =  {CF  :  or  ao  =  ^on,  and  co  =  2tiB. 

For,  draw  bf  parallel  to  ad,  and  prodaco  ck  to  meet  it 
in  F.   Then>  the  triangles  abo,       ate  similar,  and  aleo 
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mfB^Af  hntnm  ^^wm;  eoBetqaenflf  a«  w.  But  the 
tmpgies  OMt  ew  m  alio  equiangular,  and  cb  being 
a*  Hmrefete  w  a  3«d.  But  bt  le  eleD  »  a*  ; 
eooeeqiieBtly  ao  »  Sod  er  |ai».  I&  like  fliaaner,  os  »  Sea 
etfoa. 

113.  Pbop.  To  find  the  centre  of  gravity  of  a  trapezium. 
Divide  the  trapezium  abcd  into  two         A  I) 

triangles,  by  the  diagonal  bd,  and  find 
Ei  F,  the  centreii  of  gravity  of  these 
two  triangles  :  then  shall  the  centre  of 
gravity  of  the  trapezium  He  in  the  line 
IP  connecting  them.  And  therefore 
if  EF  be  divided,  in  in  the  alternate 
ratio  of  the  two  triangles,  namely, 
EG  :  OF  ;:  triangle  bod  :  triangle  abd,  then  g  wili  be  the 
centre  of  gravity  of  the  trapezium. 

114.  Or,  having  found  the  two  points  b,  f,  if  the  trape- 
zium be  divided  into  two  other  triangles  bag,  dac,  by  the 
other  diagonal  ac,  and  the  centres  of  gravity  h  and  i  of  these 
two  triangles  be  likewise  found  ;  then  the  centre  of  gravity 
of  the  trapezium  will  also  lie  in  the  line  hi. 

So  that,  lying  in  both  the  Unes,  bf,  hi,  it  must  necessarily 
he  in  their  intersection  o* 

115*  And  thtii  we  are  to  proceed  for  a  figure  of  any 
peatar  number  of  sidea^  finding  the  centres  of  their  com- 
poneal  tnangkn  and  tfapeziaros,  and  then  finding  the  com. 
moo  centre  of  eveiy  two  of  theeoy  till  they  be  all  reduced 
into  one  only. 

noB&BMS  rat  Biaacnnu 
1»  Fiod»  gaometricallyy  the  centre  of  gravity  of  a  trape* 


2»  Finds  g^omeCricaHyy  the  centre  of  gravity  of  a  trian* 
gohif  |ijfnuDida 

9.  hifer,  thence,  the  centre  of  gravity  of  any  pyramid. 

4.  Find,  algebraically,  the  centre  of  gravity  of  the  irue* 
turn  of  a  pyramid. 

5.  Let  a  sphere  whose  diameter  is  4  inches,  and  a  cone 
whose  altitude  is  8  inches,  and  diameter  of  its  base  3  inches, 
be  fastened  upon  a  thin  wire  which  shall  pass  tliroufrh  the 
centre  of  the  globe  and  the  axis  of  the  cone  ;  let  the  vertex 
of  the  cone  be  toward  the  sphere,  and  let  its  distance  from 
the  sphere's  surface  be  12  inchee.  Required  ihe  place  of 
llieir  commoaaantieef  gravity^ 
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6.  Demonstrate  Ist^  That  the  surface  produced  by  a  plane 
line  or  curve  by  revolving  about  an  axis  in  the  plane  of  that 
curve,  is  equal  to  the  product  of  the  generating  line  or  curvtt 
into  the  path  described  by  the  centre  of  gravity. 

And  2dly.  That  the  solid  produced  by  the  revolution  of 
H  plane  figure  about  an  axis  posited  in  tbe  pkae  of  tbal 
figtire,  is  equal  to  the  product  of  the  generating  snrfiioe  into 
Uie  ciicumsiance  desccibed  by  the  centre  of  gmvity« 


ON  TH£  £aUILIBRlUM  OF  ARCiU^* 

116.  A  very  interesting  department  of  the  science  of  Sta* 
tics,  is  that  which  relates  to  the  stabihty  of  ard^fM,  as  intro* 
duced  in  the  construction  of  bridges,  powd^^j^gazines,  d^* 
Every  such  structure  is  a  system  of  forces,  and  the  examina- 
tion  of  its  firmness,  therefore,  requires  the  application  of  the 
tteneial  principles  of  cquiHbrium.  We  shall  here  present  a 
tew  useful  propositions  in  elucidation  of  the  more  received 
theoriee. 

117.  PnoPt  Hie  force  of  a  voussoir  depending  on  the 
tnagnitude  of  t)ie  angle  formed  by  its  sides,  the  impelling 
forcei  and  the  resistance  to  be  overcome,  is  en  the  first  ac* 
count  directly  as  the  radius  of  curvature  of^e  arch  at  that 
point,  on  the  second  as  the  square  of.^g||fie  of  die  angle 
included  between  the  tangent  of  the  cilN|E  the- given  point 
and  the  vertical  passing  through  that  poiilv<Ni  on  the  third, 
as  the  sine  of 'the  same  angle* 

I.  Let  MAMF,  eabfi  be  two 
similar   concentric  curves, 
and  AB,  dk^  two  voussoirs  * 
similarly  situated,  whose  sides 
peipendicular  to  the  curve 
converge  to  the  centre 
This  forces  of  these  vous* 
eoits  Considered  as  portions 
of  wedges^  are  inversely  as 
the  sines  of  the  half  vertical 
eagles  (echoic  art.  69.)  «or, 
because  each  wedge  occupies  an  equal  portion  of  iti  ve« 
^^ttve  arch>  directly  as  the  radii  of  curvature. 

fladlji  Let  be  the  invariable  breadth  of  tbe  voussoifeoa 
dM  afcii  mbf^  Ggah  the  iacumbeat  weight,  which,  since  ok 
ti  supposed  given>  is  en  the  breadth  JU^  or  as  the  sine  of  iStrn 
angle  kuk  t  by  the  resolution  of  the  ibroe  gu  into  two  ku% 
Itai  the  latter  is  the  force  impelling  the  voussoir  to  qiUt  th« 
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kak:  wfamfofey  the  Auce  impelling  the  ynmtma  it  iImi 
eqvaie  of  the  nne  of  kmk^ 

3dly,  The  wedge  impelled  in  a  direction  perpendicular  to 
the  curve  endeavours  to  split  the  arch,  and  therefore  to  move 
one  segmCjnt  about  the  fulcrum  e,  the  other  about  the  fulcrum 
/.  Hence  the  force  of  the  voussoir  acting  on  the  levers  h/*, 
He,  being  as  either  of  the  perpendiculars yV,  eo,  is  as  the  siae 
of  tiie  angle /cp  or  hnk. 

We  have  supposed  the  centre  of  curvature  of  the  arches 
at  the  points  a,  a,  /i,  h»  to  be  at  c  :  but  this  is  merely  to  pre- 
vent the  figure  from  being  too  complex,  and  makes  no  al- 
teration 111  tiie  nature  of  the  demonstration. 

Coral.  Hence,  if  the  height  of  the  wall  incumbent  on  any 
point  H  of  the  intrados  is  inversely  as  the  cube  of  the  sine  of 
huk  into  radius  of  curvature  at  that  point,  or  directly  as  cube 
of  the  secant  of  the  angle  formed  by  hii  and  the  horizon,  and 
inversely  as  the  radius  of  curvature,  all  the  voussoirs  will 
endeavour  to  split  tiie  arch  with  equal  forcefly  and  will  be  in 
perfect  equilibrium  with  each  other. 

The  general  expression,  tberefoiey  Sox  the  qb 
over  aoy  point  oi  an  arch,  is 

OB  «  eec^^  eleT".  et  h  X  — 

B 

where  r    rad.  of  eomture  ttihe  feilex 
a  »s  Ihickneee  of  material  there 
B  »  rad/of  cunratnre  at  b. 

The  radii  of  curvature  for  the  different  conrea  are  deler* 
taUDable  by  the  method  of  fluxions,  or  by  other  means :  they 

are  here  supposed  known. 

I.  Suppose,  for  example,  it  were  required  to  find  the  re. 
quisite  thickness  over  any  point  of  a  circular  arc,  to  ensure 
equilibration,  the  thickness  a  vk,  at  the  crown  of  the  arch 
being  given. 

S 

Here,  rad.  of  eimr.  at  B 
^  as  rad.  of  carv.  at  d 
liiatisB  sr. 

Bodsec.  MBt  =  see.  are*  db. 


ar 


Oonseq.  «  ssBee.'DB  X  -  =  sec.' 
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Log.  BK  +  3  log*  WC*  DB  =  log. 

Ib  this  example,  the  curve  of  eqaiiibratioii«  «st,  mai  up 

to  Ml  iefiQiie  height  over  b,  the  springing  of  a  semicircuhur 
irch*  But  over  a  portion  of  ^^O^  or  35^  on  each  side  the 
Tertex,  as  dh,  the  curve  kg  of  the  extrados  acconls  vexj 
well  with  what  would  be  required  for  a  roadway. 

Ex.  d.  Determine  the  requiaite  thickMM  fiur  eqvUilwilte 
ttijponlef  aptnbole*  « 


whidi,  at  the  vertex,  wlieie »  Tanidioa 


—  /?f_iiLlif      + ^ 

k  r 
A  6U  =  sec'  TBB  •  -  a 


p*  (p  +  4x)i 

So  that  the  extrndos  is  a  parabola  equal  to  the  intradoa, 
and  every  where  vertically  equidistant  from  it. 

Ex.  3.  To  determine 
the  requisite  thickness 
over  any  point  of  a  cy- 
-cloidal  arch. 

Here,  putting  pk  =  a, 
nx^x,  Dc=rf ;  we  have, 
from  the  known  pronor- 
ties  of  the  <\\cl(»i(l,  tin; 
tangent  ht  parallol  to 
the  corre^jponfling  chortl 
«D,    or   angle    thr  =s 

Z.  DSR,    Sl>  =  y/dx,  • 


R  (parallel  to  sc)  =  uo  =  28C  =  Uy/d'^-dx ;  r=2cD=s2i{ : 
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.2d. 


ftda 


^  


By  coinputiog  the  value  of  gh  for  several  corresponding 
values  of  dr,  and  cr,  and  thence  constructing  the  extrados 
by  points,  it  will,  as  in  the  figure,  appear  analogous  to  thai 
for  the  circle,  but  rather  flatter  till  it  approach  the  extremi- 
ties  of  the  arch,  where  the  curve  runs  off  to  infinity,  aa  in 
the  caae  for  the  circle. 


ExAS.  4,  To  determine  the 
requisite  thickness  over  any 
point  of  an  elliptical  arch. 

Here,  taking  x,  y,  and  a,  as 
before,  take  ao  I,  iio  «i  e, 
Ha  »  being  perpendictBlar 
to  tbe  tangent  BT*  Then,  by 
the  property  of  the  ellipee. 


or,     :    :  :  c  —  05 :  -5(0  —  ac)  =  or. 


iec  THRBsee.  bcui= 


OB 


Radius  of  curvature  at  h  =  b  =  — ,  p  being  the  paimme* 
21* 

tor  to  OD  s=  — :  ^ 

c 

»  =       ;  and  r  (rad.  curv.  at  d)  «b  — • 
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Wbenoe^  iMtly,  oh  a  mo.*  thb  .  —  .  a» 

as  before,  a  convenient  expression  for  logarithmic  operation. 

Here,  again,  computing  valaes  of  gh  for  several  aasiioied 
values  of  cb,  the  curve  of  the  extrados  may  thence  be  con- 
structed, and,  like  that  for  the  cycloid,  it  will  be  found  rather 
flatter  than  that  for  the  circle,  but  still  analogous  to  it. 

Exam.  5.  For  the  Catenary,   (See  the  fig.  to  Exam.  2.) 
Here,  put  mt  «     gs  =    do  =    I  =  tension  al  the 
wlaz  D  when  the  chain  hangs  from  a  and  b.   Then,  by 

the  aalnre  of  the  eurve    ^  2u  +  x',  subtang.  n  as  ^ 

Rad.  curv.  at  o  »  ^  =  b,  and  therefore  at  d  where  z 
vnauheer  =  L 


A  OH  =  sec.»  THE  •  -  a  =  .  I .  —  .  • 

_  C^^+z'jVa  _  y+s')Ta  ^ 

 ^  1  —  [sub.*  for  s"  Its  value.] 

_     +  ate  +  a(<+x)        .  ax 

Carol.  If  rt  =  or  the  thickness  at  the  crown  equal  to  a 
line  whose  weight  expresses  the  tension, 

then  6H=:a  +  «=  KD-)-DR. 
Carol.  2.   If  a         the  exterior  curve  will  proceed 

{  downwards  j  both  way.  fiom  K. 

Corol,  3.  If  DK,  the  thickness  at  the  crown»  he  veiy  small 
compared  with    then  wUl  the  thickness  over  h  be  nearly 


Digitized  by 


fhm  same  throughput :  thuf,  tjippose  a 


then  QU 


lOUOO 

a  Tery  nearly.  Coneeqaently, 


10000/  "  •  10000 
a  heavy  flexible  cord  or  chain,  left  to  adjust  itself  into  a  hang- 
ing catenary,  and  inverted,  woidd  support  itseif  upoa  propf 
perpendicular  to  tbo  tangents  at  a  and  b. 

Of  »  « ^1  +  »  —  +  ^)  =r  X  «  (I  —  a)  1^ ;  wbicl^ 
when  a  Tanishea  beconiea  8=  jp,  or  iib  ss  gh  ss  a* 

116*  Paop.  To  point  out  the  construction,  and  investi- 
pate  the  chief  properties  of  the  plat-band,  or  flat  orch,'^  ^^ 
It  is  sometioieB  called. 


Let  Rs'  be  the  pro- 
posed width,  and  k]c 
the  proposed  thickness 
of  a  p1at*band.  As- 
nme  a  point  p  in  the 
inferior  prolongation 
of  sJk  the  middle  of  the 
Mructore ;  and,  mip- 
podog  aa\  ab,  hcy  cd, 
itc.  the  proposed  thicknesses  at  bottom,  of  the  trancatef 
wedges  of  which  the  plat-band  is  to  be  constitiitedy  let 
itm^ht  lines  waA,  foa,  p3b,  pcc,  ico*  be  drawn,  they  wO| 
respectively  show  the  directions  in  which  the  motaally  abnU 
ting  &ces  of  the  several  wedges  are  to  be  cot,  ^o  that  the 
whole  shall  be  an  equilibrated  structure. 

Now,  1st,  If  oi;  -as  tik,  be  taken  to  represent  half  the 
fceighl  of  the  central  wedge,  then  fA:  perpendicular  to  it  will 
represent  the  hortumial  tknut  throughout  the  plat^bandi 
and  eoosequently,  the  lAncsf,  thoot^  or  dri%  acting  at  m 
0r 

Sdly,  Theretore,  by  assuminjc;  r  nearer  or  farther  from  re'| 
Ihe  thrust  may  be  diminished  or  increased  at  pleasure. 

3dly,  No  one  of  the  wedges  has  a  greater  tendency  to  fail 
downwards  than  another  ;  for  those  tendencies  are  through, 
out  as  their  weights,  each  being  represented  by  the  successive 
lines  ab,  fee,  cd,  ^c.  on  both  sides  the  key-stone.  The 
former  are  as  the  differences  of  the  tanrrents  ka,  Arfe,  Arc,  Ate. 
to  the  radius  ;  and  the  latter  are  as  the  ureas  of  the  trape- 
zoids afesA,  feccB,  &c.  which  are  as  ab  -f-  ab  to  be  4-  bc,  or 
as  ab  to  bc ;  the  common  height  of  all  the  trapezoids  being 
equal  to  Ack. 

4thly,  The  presfioe  on  each  joint  of  the  piatpbMi4  If 
Vol.  n.  25 
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proportional  to  the  surface  of  that  joint.  For,  pressure  on 
CK  to  pressure  on  6b,  as  pa  to  p6,  that  is,  as  ax  to  ;  and 
so  throughout.  The  pressures  being  exerted  perpendicu- 
larly to  the  respective  surfaces,  are  evidently  measured  by 
lines  in  the  directions  of  those  surfaces  (art.  32.)  when  we 
have  assumed  a  horizontal  line  for  the  measure  of  giaviiyf 
and  a  vertical  line  to  measure  the  horizontal  thrust* 

Schly,  Hence  alao  it  follows  that  in  this  oonstruotion  the 
pressure  upon  each  square  inch  of  joint,  is  a  constant  quanti* 
ty  throughout ;  being  the  same  upon  every  square  inch  of  the 
fiice  in  direction  aA,  as  upon  evefy  square  inch  of  face  in 
direction  fo,  in  directioD  ec»  to  the  eitiMe  abntmenli 
«T,  k¥. 

These  properties  will  nol  be  found  co^nsteat  in  aoy  etlMr 
equilibrated  structure. 

119.  ScJiolium,  Yet  this  construction  has  a  limitation 
which  it  is  highly  important  to  observe.  To  ensure  stability, 
the  distance  of  the  centre  of  gravity  of  the  semi-vault  from 
the  vertical  pk,  must  exceed  kv,  the  distance  from  the  same 
vertical  to  the  intersection  of  rv  (a  perpendicular  to  the 
abutment  tr)  with  the  top  tt'  of  the  plat-band.  Unless 
this  condition  be  fulfilled,  perpendiculars  cannot  be  let  fall 
from  the  centre  of  gravity  upon  both  tr  and  kIc  ;  or,  in  other 
words,  the  semi-vault  cannot  be  sustained  by  means  ot  the 
two  surfaces  tr,  and  kA:  alone. 

Let  \ik  =  ku  —  h,  Kk  =  k,  and  ts  =  ^  being  the  tangent 
of  the  ulterior  angle  of  slope  to  the  radius  rs  =  k.  Then 
the  distance  of  the  centre  of  gravity  of  the  semi*vauU  Kiotr 
from  the  middle,  k^,  of  the  key -stone  will  be 

,.,Sht-h2i^ 

^**+wr+6r- 

Farther,  we  have  I :  ft : :  1; :  dv  »  — . 

I 

U^iccy  to  ensure  stabiliQr»  we  must  have 

Or»  taking  the  limit  of  tottering  equilibriam,  we  have 

from  which  when  two  of  the  three  letters  are  known  the 
may  be  found* 
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Suppose,  for  example,  that  a  plat-band  were  constructed 
upon  an  equilateral  triangle,  or  such  that  angle  urn'  =  (JO**. 
Then  t8  =  /  =  tan.  30^  to  rad.  Kk.  Or,  il'  liic  —  bo 
taken     1,  then  t  =  tan.  30  '  =  1^/3. 

Hence ^  ai  —  (A^—  1)  y'S  0. 
From  tiiii  equatioii  ik,  m  the  eaae  «f  tli«  limit  is  found 

=  ^v/37  +  v/  3  -  3  7596. 

Consequently,  in  the  proposed  case,  rr'  =  2h  must  be 
less  than  7*5li^9  or  than  7^  limes  the  thickness,  of  the 
key-stone. 

the  £^iUbrmM  of  Vaults,  regarding  the  Tenadty  of 

CemeutM. 

120.  When  the  operation  of  cements  is  taken  into  the 
consideration,   the    conditions  to  ensure  equilibrium  are 
more  easily  investigated  than  when  the  gravitating  tendency 
of  the  superincumbent  matter  is  alone  regarded.    If  the  co- 
hesive energy  of  the  cement  were  insuperable,  the  arch  might 
then  be  considered  as  one  mass,  v/hich  would  be  every  ^*here 
secure,  whatever  its  form  might  be,  provided  the  piers  or 
abutments  were  sufficiently  strong  to  resist  the  horizontal 
thrust.    And,  although  this  property  cannot  safely  be  im- 
puted  to  any  cement  (strong  as  many  cements  are  known  to 
be)»  yet,  in  a  structure,  whose  component  parts  arc  united 
with  a  very  powerful  cement,  the  matter  above  an  arch  will 
not  yield,  as  when  the  whole  is  formed  of  simple  wedges,  or 
88  when  it  would  give  way  in  vertical  columns,  but  by  the 
separation  of  the  entire  mass  into  three,  or  at  most,  into  four 
pieces  :  that  is,  either  into  the  two  piers,  and  the  whole  mass 
between  them,  or  into  the  two  piers,  and  the  including  mass 
splitting  into  two  at  its  crown.    It  may  be  advisable,  there* 
fore,  to  investigate  the 
conditions  of  equilibrium 
for  both  these  classes  of 
dislocations. 

121.  Prop.  Suppose 
that  the  arch  Fjf'h'  tend 
to  fall  vertically  in  one 
mass,  by  thrusting  out  the 
piers  at  the  joints  of  frac- 
ture, rf,  v'f  ;  it  is  requir- 
to  investigate  the  equa. 
tioDS  by  which  the  equili- 
briam  may  be  determin- 
edL 
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Let  9a  denote  the  whole  weight  of  the  ai*ch  lying  b^^ 
Iween  pft  fend  p^',  o  the  centre  of  gravity  of  one  half  of  thai 
al-ch,  the  centre  of  gravity  of  the  whole  lyin^  oh  or  ;  letp 
be  the  weight  of  one  of  the  piers,  reckoned  ai  high  as  rf^  ahd 
\9  the  place  of  its  centre  of  gravity. 

Now,  ^fVi  being  reapectively  perpdndicular  to  pf,  i^i  the 
Weight  3a  may  be  understood  to  act  from  v,  in  the  directions 
Vf,  vf  ,  and  pressing  upon  the  tWo  joints  rf^  vf\  The  hori* 
ibntal  thrust  which  it  exehs  on  p,  will  be     a  ttui*  rvi  ss  a 

CI 

tot.  FCi  ^  A  .  —  ;  and  at  the  same  time  the  vertical  efioA 

FI 

will  =  A. 

Now,  the  first  of  these  forces  tends  to  thrust  out  the  solid 
KY  horizontally,  an  ellurt  which  is  resisted  by  friction  ;  and 
since  it  is  known  that,  Cidcris  pai'ibusj  the  friction  varies  as 
the  pressure,  that  is,  here,  as  the  weight,  we  shall  have  for 
the  resisting  force^y.  A+y*  r*    Kq[uatiiig  this  with  the 

above  eicpression,  a  .  — ,  we  obtain  for  the  first  equation  of 

%iqiuIibriDiii 

/.F-r*(^-/)    ;    .    i    ;  (1.) 

Moreover,  the  horizontal  thrust  that  tends  to  overturn  ihh 
bier  af  about  the  angle  a,  must  be  regarded  as  acting  at 
tiie  arm  of  lever  is^  and»  therefore,  as  exerting  altogetheif 

the  energy,  ^'  ~'  ^'^*    ^^i^      counteracted  by  the  ver^ 

tical  stress  a,  operating  at  the  horizontal  distance  ae,  and 
by  the  weight  acting  at  the  distance  ad  ;  dg'  being  the 
vertical  line  passing  through  the  centre  of  gravity,  g',  of  the 
^ien   Hence  we  Imve 

CI  i  • 

A  •  —  .  FB       A  •  AS  +  P  •  AD  ; 
FI 

tind,  hftel:  a  little  reductiob,  there  insults  fSoUt  the  aecoiMi 
lM|ttation  of  equiUbrium : 

AD  _      /CI      AE\  ,  . 

jp  .  —  «  A  I  J   .   ;   •   ;  in.) 

* 

122.  Piiop.  Suppose  that  each  of  the  two  halves  kv,  kr'-, 
the  arch,  lend  to  turn  about  the  vertex  ky  removing  th^ 

points  F,  and  f' :  it  is  required  to  investigate  the  conditioita 

^)f  lequilibriura  in  that  case-. 
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Referriog  the  weight,  a,  of  the  semi-arch  fVom  its  ccDtre 
of  gravity  to  the  direction  of  t)ie  vertical  joint  A&i  its  energy 

is  represented  *      >  resulting  horizontal 

thrust  at  4  is,  Evidently,  a  .  ~  ^«   llie  vertical 

Fi  -  in  kt 

stress  is  =  p  +  A ;  and  therefore  the  friction  is  represented 
by/.  P  +/ .  A.  Equating  this  with  the  above  value  of  the 
horizontal  thrust,  that  the  pier  jlf  may  not  move  horizontally^ 
we  have 

-   .   -   •  (I.) 

• 

Then,  considering  the  arch  and  piers  as  a  polygon  capahle 
\t{  moving  about  (he  angles  a,  f,  k,  f',  a',  we  must,  in  ofder 
to  equilibrium,  balance  the  joint  action  of  p  and  the  aenU 
iich  A'al  the  point  F|  with  the  horizontal  thrust  before-men^ 
iuoBdf  acting  at  the  arm  of  lever  bf.   Thus  we  shall  havt^ 

FU 

t*A]>-t-A*AB  =  A«Tr«nF:  from  wfaidi,  after  doe  redue- 

tioD,  there  results 

AD  /FH        AE\  .  - 

SF         \kl        BlP/  ^ 

123.  Cord.  Hence  it  will  be  easy  tO  examine  the  stability 
of  any  arch  i  whose  parts  are  cemented  ab  in  the  hypotheses 
of  these  two  propositions.  Assume  difibrent  points  such  as 
F,  in  the  arch,  for  which  let  the  numerical  values  of  the 
^oations  (i.)  and  (n.)  be  computed.  To  ensure  stability, 
the  first  members  of  those  oqeatrons,  which  represent  the  re- 
sistance  to  n>3tion,  must  exceed  the  second  members ;  the 
weakest  points  will  be  those  in  which  the  excess  of  the  first 
above  the  second  member  is  the  ]east« 

If  the  dimensions  of  the  arch  were  given,  and  the  thick- 
ness of  the  pier  required,  the  same  equations  would  serve  for 
its  determination's 


*  The  principles  adopted  in  iho.  two  last  propositions  are  due  to  Ds 
t&  Hire,  and  i/'oalomb,  respectively.  For  a  more  comprehensive  view 
of  tbis  interesting  subject,  the  student  may  consult  Hutton't  Tracts 
voL  i.,  the  Appendix  to  Bossat's  Meehsniea,  sod  Berard't  Trealiae  oa 
the  Statics  or  Vaulti  and  Domes.  The  prenois  of  earth,  sad  the 
stren^^  of  SBStsriali^  wttl  be  trsatsd  In  a  tabasqssat  fisfft  of  this  irs^ 
tarns; 
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DYNAMICS. 

124»  That  department  of  mechanics  which  relates  to  the 
oircumsUiocefl  and  cffecu  of  bodies  in  motion  (arL  5.)  is  of 
great  eitent,  and  of  very  comprehensive  application.  A 
aelectkm  of  its  most  interesting  topics  will  here  be  presented  ; 
but  onmenms  other  problenis  which,  wiiilo  they  fall  within 
its  scepe»  require  the  aid  of  the  fluxional  analysis,  will  be 
solved  in  the  collections  in  a  subsequent  part  of  this  voiiame- 


GENERAL  LAWS  OP  MOTION,  &e. 

125.  PflOP.  The  quantity  of  matter,  in  all  bodies,  is  in  the 
eompoimd  ratio  of  their  magnitudes  and  densities. 

That  is,  &  is  as  md ;  where  b  denotes  the  body  or  quanti^ 
of  matter,  m  Us  magnitude,  and  d  itH  density. 

For,  by  art.  10,  in  bodiea  of  equal  magoitudet  tbe  mass  or 
quantity  of  matter  is  as  the  density.  But,  the  densities  re- 
maining, the  mass  is  as  the  magnitude ;  that  is,  a  double 
magnitude  contains  a  double  quantity  of  matter,  a  triple  may- 
■itode  a  triple  quantity,  and  so  on.  Therefore  the  mass  is 
m  the  compound  ratio  of  the  magnitude  and  density; 

Carol,  1.  In  similar  bodies,  the  masses  are  as  the  densities 
atod  cubes  of  the  diameters,  or  of  any  like  linear  dimensions. 
o^For  the  ma|pitudes  of  bodies  are  as  the  cubes  of  the  dia- 
meters, dec. 

Carol.  2.  The  masses  are  as  the  magnitudes  and  specific 
gravities. — For,  by  art.  10  and  17,  the  densities  of  bodies 
are  as  the  specific  gravities.  . 

126.  Sekalmm.  Hence,  if  b  denote  anj  body,  or  the 
,  quantity  of  matter  in  it,  m  its  magnitude,  d  its  density,  g  its 
*  specific  gravity,  and  a  its  diameter  or  other  dimension ;  then» 

a  (pronounced  or  named  as)  being  the  mark  for  general 
proportion,  from  this  proposition  and  its  corollaries  we  have 
these  general  proportions : 

b  OimdOi  mg  CX  ad^ 

h  h 

^  g 
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ff»  a  -J-  a  m  a 

127.  Pro9»  The  momentum,  or  quantity  of  motioii»  gp» 
aerated  by  a  elogle  tropuieey  or  any  momentary  force,  ie  ae 
the  (;eneratie|;  mee* 

That  ia, » 18  at/;  where  m  denotes  the  momentum,  aad 
/  the  force. 

For  every  effect  is  proportional  to  its  aHequate  cause.  So 
that  a  double  force  will  impress  a  double  quaotily  of  mo* 
tioo  ;  a  triple  force,  a  triple  motion  ;  and  m  on.  That  is, 
the  motion  impreased,  is  as  the  motive  force  which  pro* 
ducea  iu 

128.  Prop.  The  momenta,  or  quanlitiea  of  moCioQ,  in 
nming  bodies,  are  in  the  compound  ratio  of  the  OMaaea  and 

That  is,  m  is  as  bv. 

For,  the  motion  of  any  body  bcinj;  made  up  of  the  mo- 
tions of  all  its  parts,  if  the  velocities  bo  equal,  the  momenta 
will  be  as  the  masseH  ;  for  a  double  mns.s  will  strike  with  a 
double  force  ;  a  triple  mass  with  a  triple  force  ;  and  so  on. 
Again,  when  the  mass  is  the  same,  it  will  require  a  double 
force  to  move  it  with  a  double  velocity,  a  triple  force  with  a 
triple  velocity,  and  so  on  ;  that  is,  the  motive  force  is  as  the 
velocity  ;  but  the  momentum  impressed,  is  as  the  force 
which  produces  it,  by  art.  127  ;  and  tli'  refore  the  momen- 
tum is  as  the  velocity  when  the  mass  is  the  same.  But  the 
momentum  was  found  to  be  as  the  mass  when  the  velocity 
is  the  same.  Consequently,  when  neither  are  the  same,  the 
momentum  is  in  the  compound  ratio  of  both  the  mass  and 
yeiocity* 

Otkerwm:  m.:  at: :  b  ih,  when  ▼  ia  conatant : 
and  ai :    : :  ▼  :  a,  when  b  ta  cooatani  t 
therefore,  m  :  |fc  : :  bt  :  ^  when  both  vary. 

129.  Prop.  In  uniform  motions,  the  spaces  described  are 
in  the  compound  ratio  of  the  velocities  and  the  timea  of  their 
description. 

That  is,  a  it  as  /v. 

For,  by  the  natare  of  uniform  motion, 

a  :  a  : :  T  :  I,  when  v  ia  conatant : 
and  M  ;  &  I ;  v  :  o,  when  t  ia  conatant : 
therefore  a  :  ^  ; ;  tv  :  to,  when  both  vary. 


Digitized  by  Google 


Corol.  1.  In  uniform  motions,  the  time  is  as  the  space 
directly,  and  velocity  reciprocally  ;  or  as  the  space  divided 
by  the  velocity.  And  when  the  velocity  is  the  same,  the 
time  is  as  the  space.  But  when  the  space  is  the  same^  the 
time  is  reciprocally  as  the  velocity. 

Coral,  2.  The  velocity  is  as  the  space  directly  and  the 
time  reciprocally  ;  or  as  the  space  divided  by  the  time.  And 
when  the  time  is  the  same,  the  velocity  is  as  the  space.  But 
when  the  space  ia  the  aaine,  \hp  velpcity  is  reoiprocaliy  aa 
the  time. 

Scholium^ 

130.  In  uniform  motions  generated  by  momentary  imptdaei 
let  b  =  any  body  or  quantity  of  matter  to  he  moved, 

y  =  force  of  impulse  acting  on  the  body  6, 

o  =  the  uniform  velocity  generated  ia  6, 

m  ==  the  momentum  generated  in  6, 

s  =  the  space  described  by  the  body  6, 

t  =  the  time  of  describing  the  space  s  with  the  veloc.  «• 

Then  from  the  last  three  propositiona  and  ^eeroUarieay  we 
lunre  these  three  general  proportiona,  namely,  /  oc  HI,  fit  oc 
Hi  and  a  a  to ;  from  which  is  derired  the  following  table  of 
the  general  relationa  of  thoae  aix  qoantitiea>  in  aniu>m  amh 
tieoai  and  impiilaive  or  pereaastve  rorcea : 

f  a  m  a  ae  oc  -7- 

« 

.      f     m     ft  mi 

9        V         S        9  , 

9  ccio  a «^  a -y. 
M      f  m 

9      b9  hs 

I   oc  —  oc  -7  oc  • 

t>.    /  m 

By  maana  of  which,  may  be  resolved  all  questions  relating 
to  uniform  motions,  aqd  the  effects  of  momentary  or  impul- 
sive forces. 

131.  Prop.  The  momentum  generated  by  a  constant  and 
uniform  force,  acting  for  any  time,  is  in  the  compound  falio 
of  thp  fprpe  and  time  of  actiD|;. 


Digitized  by  Google 


GEiTESAL  raopoiinoiist    ^  }^ 


That  is,  m  is  ns  ft. 

For,  supposing;  the  time  divided  intu  very  small  parts,  by 
art.  127,  the  momentum  in  eac)i  particle  of  time  is  the  same, 
and  Uierefore  the  whole  momentum  will  be  as  the  whole 
time,  or  sum  of  all  the  fcmall  parts.  But  hy  the  same  prop, 
the  momentum  tor  each  small  time,  is  also  as  the  motive  force. 
Consequently  the  whole  momentum  generatcd|  is  ia  the  com? 
pound  ratio  of  the  force  and  time  of  acting. 

Carol.  1.  The  motion,  or  momentum,  lost  or  destroyed  in 
any  lime,  is  also  in  the  compound  ratio  of  the  force  and 
time.  For  whatever  momentum  any  force  generates  in  a 
given  time  ;  the  same  momentucn  will  an  equal  force  destroy 
in  the  same  or  equal  time  ;  acting  in  a  contrary  direction. 

And  the  same  is  true  of  the  increase  or  decrease  of  raotioni 
by  forces  that  conspire  withy  or  oppose  the  motion  of  bodioff 

Carol ,  2.  The  velocity  generated,  pdr  deelrQyed,  in  any 
Mme,  is  directly  as  the  force  and  time,  ao4  reciprocally  a« 
the  body  or  mass  of  matter. — For,  by  thi9  apif  ^it^  }38,  the 
componnd  ratio  of  the  body  and  velocity,  is  as  thai  of  the 
force  and  time  ;  and  therefore  the  velocity  is  as  the  force  «n4 
time  divided  by  the  body.  And  if  the  body  apd  So^tse  |»Q 
given,  or  constant,  the  velocity  will  be  as  the  time* 

182.  Prop.  The  spaces  passed  over  by  bodies,  urged  by 
any  constant  an4  uniform  forces,  actii^g  daring  any  timesi 
are  in  the  compound  ratio  of  the  forces  and  squares  of  the 
times  diffoctly,  and  the  body  or  mass  reciprdcaliy. 

Or,  the  spaces  arc  as  the  squarps  of  the  tjme^,  when  the 
force  and  body  are  given. 

That  is,  s  is         or  as  ^  when  /  and  b  are  given.  Fot| 

let  V  denote  the  velority  acquired  at  the  end  of  any  time  f, 
by  any  given  hody  b,  when  it  has  [jassed  over  the  space  5« 
Then,  because  the  velocity  is  as  the  time,  by  the  last  corol. 
therefore  is  the  velocity  at  or  at  the  middle  point  of 
the  time  ;  and  as  the  increase  of  velocity  is  uniform,  the 
same  space  s  will  he  described  in  the  same  time  fy  by  the 
velocity  uniformly  continued  from  beginning  to  end. 
But,  in  uniform  motions,  the  space  is  in  the  compound  ratio 
of  the  time  and  velocity ;  therefore  «  is  as      or  indeed  s  a 

^Iv,    But,  by  the  last  corol.  the  velocity  v  is  as^,  or  as 

6 

the  force  and  time  directly,  and  as  the  hody  reciprocally* 

Therefore    or  ^tv,  i&  ^     i  that  is,  the  space  is  as  the  force 

pni  square  of  the  time  directly,  and  as  the  body  reciproc||l)^| 
Vol,  II,  2Q 
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Or  «  is  as  ^,  the  square  of  the  time  only,  when  h  and  f  are 
given. 

CoroL  1.  The  space  s  is  also  as  (9,  or  in  the  compound 
ratio  of  the  time  and  velocity  ;  b  and  f  being  given.  For, 
s  =  {Iv  is  the  space  actually  described.  But  tv  is  the  space 
which  might  be  described  in  the  same  time  with  the  last 
velocity  if  it  were  uniformly  continued  for  the  same  or  an 
equal  time.  Therefore  the  space  s,  or  \tv,  which  is  actually 
described,  is  just  half  the  space  tv,  which  would  be  described 
with  the  last  or  greatest  velocity,  uniformly  continued  for  an 
equal  time  L 

Corol,  2.  The  space  «  is  also  as  o*,  the  square  of  the  ve- 
locity ;  because  the  velocity  v  is  as  the  time  t. 
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183.  The  last  four  propositions  give  theorems  for  resolv- 
ing all  questions  relating  to  motions  uniformly  accelerated. 
Thus,  put  b  =  any  body  or  quantity  of  matter, 
f  =  the  force  constantly  acting  on  it, 
I  =  the  time  of  its  acting, 
V  =  the  velocity  generated  in  the  time  f, 
s  =  the  space  described  in  that  time, 
m  =  the  momentum  at  the  end  of  the  time. 
Then,  from  these  fundamental  relations,  m  oc  bv,m  ocjif 
ft 

»  octVf  and  o  oc  we  obtain  the  followiog  table  of  the  ge- 
neral relations  of  uniformly  accelerated  motions  : 


bv       mv      mA  bt^  ha 

oc  — —  oc  oc  oc  oc      —  cc   

s     ev     bs  /  btv     a.  ^  e 


mccbt  o:  fl   a  ~-  oc        ^        ^  ^  ^hfiv. 

,    m      fi       nd       fe     fH"       m*  fa 

5  cc  —  oc  —  oc           oc  - —  oc  ■  a  -r;-  a  -p —  oc  ~- 

V  V        a.        a        nia^      fa  ,  flc 

-    «  b 

fee  —  a  - 

a  fi       m  '     ma      fa'-    m"/'  Pat 

t  b        b       fl?,       m      bfi  ^  b  m* 

fP       mt      /rt»     mv  bv^  «*» 

«  oc  to  a  ^  a         a  ^ —  a  -jr  oc  -r?-  oc  —zr-  oc  — . 
b         b         m       f       bf  f 

a      m      hn      la         bs        .ma      m^  ' 

V  f       f      m      ^  f      ^  fv  bfv 

134.  From  the  above  relations  those  quantities  are  to  be 
left  out  which  are  given,  or  which  are  proportional  to  each 
other.    Thus,  if  the  body  or  quantity  of  matter  be  always 
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dio  mmm,  ^km  tko  space  deseribed  is  as  the  force  and  square 
of  the  tune.  And  if  the  body  be  proportional  to  the  forcoi 
M  all  bodies  are  in  respect  to  their  gravity  ;  then  the  space 
described  is  as  the  square  of  the  time,  or  square  of  the  velo»  ■ 

city  ;  and  m  this  caM»  if  f  ba  put  s      the  accelenting 

ftfca;  thMi will 

•  oc  la  oc  vr  oc  — . 

r 

»  «  ~  OC  Ft  oc  y'Fs. 


I  oc—  oe  —  oc  ^ — • 


ON  THE  COLUSION  OF  BODIES. 


135.  Prop.  If  a  body  strike  or  act  obliquely  on  a  plain 
surface,  the  force  or  energy  of  the  stroke*  or  actioua  is  as  tha 
sine  of  the  angle  of  incidence. 

Or,  the  force  on  the  surface  is  to  the  same  if  it  had  acted 
^rpendicularly,  as  the  sine  of  incidence js  to  radius* 

Let  AB  express  the  direction  and 
the  absolute  quantity  of  the  oblique 
force  on  the  plane  pE ;  or  let  a  given 
body  A,  moving  with  a  certain  ve- 
locity, impinge  on  the  plane  at  b  ; 
then  its  force  will  be  to  the  action 
on  the  plane,  as  radius  to  the  sine 

of  the  angle  abd,  or  as  a b  to  ad  or  bc»  drawing  ad  and  bo 
perpendicular,  and  ac  parallel  to  de. 

For,  by  art.  29,  the  force  ab  is  equivalent  to  the  two 
forces  AC,  cb  ;  of  which  the  former  ac  does  not  act  on  the 
plane,  because  it  is  parallel  to  it.  The  plane  is  therefore 
only  acted  on  by  the  direct  force  cb,  which  is  to  ab»  as  the 
sine  of  the  angle  bag,  or  abd,  t^  radius* 

Carol.  1 .  If  a  body  act  on  another,  in  any  directioo,  and 
be  any  kind  of  force,  the  action  of  thai  force  on  the  second 
body,  is  made  only  ia  a  direction  perpendicular  to  the  mr* 
face  on  whioh  it  acta.  For  the  force  in  ab  acta  oo  pb  oolj 
by  tha  fima  ob»  and  ni  that  direction. 

CarcL  2.  If  the  plane  db  be  not  abaohitely  ixed,  it  fnl 
laoTc^  after  ibeatrokoB  in  the  4ifection  4>e^endicular  to  ite 
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186.  VttoP,  If  one  body  a,  strike  nnolher  body  b,  which 
is  either  at  rest  or  moving  towards  the  body  a,  or  movint^ 
from  it,  but  willi  a  less  velocity  than  that  of  a  ;  then  the  mo- 
menta, or  quantities  pf  motion,  of  the  two  bodies,  estimated 
in  any  one  diccction,  w  ill  be  the  very  same  after  the  stroke 
lhat  tliey  were  before  it. 

For,  because  action  and  re-action  are  always  equal,  and 
in  contrary  directions,  art.  20,  whatever  momentum  the  one 
body  gains  one  way  by  the  stroke,  the  other  must  just  lose 
as  much  in  the  same  direction  ;  and  therefore  the  quantity 
of  motion  in  that  direction,  resuhing  from  the  motions  ot 
both  the  bodies,  remains  still  the  £ame  as  it  was  before  the 
stroke. 

l37.  Thus,  if  A  with  a  momentum 
bf  10,  strike  b  at  rest,  and  communi-  O   ■  '  '  A 

tate  to  it  a  momentum  of  4,  in  the  Jl  B 
direction  a  a.    Then  a  will  have  only 

h  momentum  of  (i  in  lhat  direction  ;  which,  together  with  thd 
thomentum  of  a,  viz.  4,  make  up  still  the  same  momeDUim 
between  them  as  before,  namely  10. 

188.  If  B  were  id  motion  before  the  stroke,  with  a  mo^ 
fiieDtuni  of  5,  in  the  same  direction,  nod  receive  from  a  an 
additional  tnomeohim  of  2.  Then  the  motion  of  a  afte^ 
the  stroke  will  be  8,  and  that  of  b,  7  ;  which  between  them 
tuake  15,  the  same  as  tO  and  thb  motions  beforo  the 
Mh>k«. 

430i  Lastly,  if  ibe  bodies  move  in  opposite  directions,  and 
fliedl  one  another,  nahiely,  ▲  with  a  motion  of  10,  and  a,  of 
5;  and  ▲  communicate  to  b  a  motion  of  6  in  the  direction 
AB  of  its  motion.  Then,  beforo  the  stroke,  the  whole  mo. 
tioh  from  both,  in  the  direction  of  ab,  is  10-^5  or  5.  But, 
after  the  stnriie,  the  motion  of  ▲  is  4  in  the  direction  ab, 
and  the  motion  of  b  is  6—5  or  1  in  tiie  same  direction  ab  ; 
theroibre  the  siwi  4  +  !>  or  5,  is  still  the  same  motion  from 
both,  as  it  was  before. 

14A.  Piiop.  The  motion  of  bodies  included  in  a  given  ^ 
bpabe,  is  the  same  with  regard  to  each  other,  whether  that 
ipaliS6  be  at^at,  olr  moire  uniformly  in  a  right  line. 

tor,  if  any  Ibrce  be  equally  impressed  both  on  the  body 
aifkd  the  line  on  which  it  moves,  this  will  cause  no  change  in 
Ulb  talOliotI  of  the  body  along  the  right  line.  For  the  samd 
MaW>n,  the  motions  of  all  the  other  bodies,  in  their  several 
diffecttons,  Will  still  remain  the  same.  Consequently  their 
|h<»tii6oiB  among  themselves  will  continue  the  same,  whethet 
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tiiiinKiadiiiff  i|Nie«  be  at  iresty  or  be  mo^  unifiunily  fbf« 
#ud*  And  theielbre  their  mutual  actions  on  one  anolberi 
mnt  alio  remain  the  tame  in  both  caaet. 

141.  Faop.  If  a  hard  and  fixed  plane  be  flniek  by  either 
a  apft  or  a  hard*  unelaatic  body,  the  body  will  adhere  to  it. 
Bat  if  the  plane  be  attack  by  n  perftctiy  elaatie  body«*  it  will 
rebound  from  it  again  with  the  same  velocity  with  which  it 
Mfock  the  plane. 

For,  since  the  parts  which  are  atruck,  of  the  elastic  body, 
suddenly  yield  and  give  way  by  the  force  of  the  blow,  and 
as  auddealy  restore  themselves  again  with  a  force  ec|iial  tp 
the  force  which  impressed  them,  by  the  definition  of  elastie 
bodies ;  the  intensity  of  the  action  of  that  restoring  force  on 
the  plane,  will  be  eqosl  to  the  force  or  momentum  with  which 
the  body  struck  the  plane.  And,  as  action  and  re-action  are 
equal  and  contrary,  the  plane  will  act  with  the  same  fi>rce  on 
the  body,  and  so  cause  it  to  rebound  or  move  back  again  with 
the  same  velocity  us  it  had  before  the  stroke. 

Bm'hard  or  soft  bodies,  being  devoid  of  elasticity,  by  the 
definition,  having  no  restoring  force  to  throw  them  off  again» 
tbey  must  necessarily  adhere  to  the  plane  struck. 

143.  Gorol.  1.  The  effect  of  the  bk>w  of  the  elastic  hody» 
on  the  planei  is  double  to  that  of  the  unetastic  otie,  the  velo* 
city  and  mass  being  equal  in  each. 

Fbr  the  force  of  the  blow  from  the  unelasttc  body,  is  as 
its  mass  and  velocity,  which  is  only  destroyed  by  the  rissist- 
ence  of  the  plane.  0ut  in  the  elastic  body,  that  force  is  not 
only  destroyed  and  sustained  by  the  plane ;  but  another  dee 
equal  to  it  ia  sustained  by  the  plane,  in  consequence  of  the 
restoring  force,  and  by  virtue  of  which  the  body  ia  thrown 
back  again  with  an  equal  velocity.  And  therefore  Uie  inten- 
sity of  the  blow  is  doubled. 

143.  Card*  2.  Hence  unelasttc  bodies  lose,  by  their  coU 
lision,  only  half  the  motion  lost  by  elastic  bodies ;  their  mass 
and  velocities  being  equal. — ^Por  the  latter  communicate  doo- 
ble  the  liiotion  of  the  former. 

144.  Paop.  If  an  elastic  body  A  impinge  on  a  firm  plane 
turn  at  the  point  b,  it  will  rebound  from  it  in  an  angle  equal 
to  that  in  which  it  struck  it ;  or  the  angle  of  incidence  will 
be  equal  to  the  angle  of  reflection ;  namely,  the  angle  ash 
equal  to  the  angte  fhs. 

Let  AB  express  the  force  of 
the  body  a  in  the  direction  ab  ; 
which  let  be  resolved  into  the 
two  AC,  CB,  parallel  and  per-  * 
pendiculartollieplane. — Take 
HE  and  CF  equal  to  ac>  and 
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draw  BF.  Now  actioa  tad  ie.ftotioa  braf  equal,  the  pkuM 
will  remat  Qkt  diroct  force  cb  by  another  bg  aifual  to  it,  aad 

in  a  contrary  direction ;  whereas  the  other  ac,  being  pa* 
rallel  to  the  plane,  is  not  acted  on  or  dinainished  by  it,  but 
still  continues  as  before.  The  body  ia  therefore  reflecled 
from  the  plane  by  two  forces  bo»  bb»  perpeodiciilar  and  pmm 
nllel  to  the  plane,  and  therefore  moves  in  the  diagonal  SF 
by  oompoaition.  But»  because  ac  ia  equal  to  bb  or  of»  and* . 
that  Bc  is  common,  the  two  tnanglea  bca,  bcf  are  mutually 
•iniilar  and  equal ;  and  consequently  the  angles  at  a  and  f 
are  equal,  as  aiso  their  equal  alternate  angles  abd»  fbb,  which 
are  the  angles  of  incidence  and  reflection. 

145.  Fbop.  To  determine  the  motion  of  non^lastic  bodies, 
when  they  strike  each  other  directly,  or  in  the  same  line  of 
direction. 

Let  the  non-elastic  body  b,  mov- 
ing with  the  velocity  v  in  the  di-      ^  0  ^ 
rection  b'',  and,  the  hody  6  with      B  JO 
the  velocity  v,  strike  each  other. 

Then,  because  the  momentum  of  any  moving  body  is  as 
the  mass  into  the  velocity,  bv  =  m  is  the  momentum  of 
the  body  b,  and  bv  =  m  the  momentum  of  the  body  6, 
which  let  he  the  less  powerful  of  the  two  motions.  Then, 
by  art.  13(3,  the  bodies  will  both  move  together  as  one  mass 
in  the  direction   m:  niter  the  stroke,  whctlier  before  the 
stroke  the  body  L  moved  towards  c  or  towards  b.  Now, 
according  as  that  motion  of  6  was  from  or  towards  b, 
that  is,  whether  the  motions  were  in  the  same  or  contrary 
ways,  the  momentum  after  the  stroke,  in  direction  bc,  will 
be  the  sum  or  difnTonce  of  the  momentums  before  the 
stroke  ;  namely,  the  momentum  in  dirtTction   bc  will  be 
BV  +       if  the  bodies  moved  the  same  way,  or 
BV  —  bVf  if  xhoy  moved  eo!itrary  waySy  and 
hv  only,  if  the  body  b  were  at  rest. 

Then  divide  each  momentum  by  the  common  mass  of 
latter  b  +  6,  and  the  quotient  will  be  the  common  velocity 
efler  the  stroke  in  the  direction  Bc;  namely,  the  iriwrniHI 
velocity  will  be,  in  the  first  case, 

BV+^  .  BV— ^ 

,  in  the  2a  —,~r-  >  and  m  the  3d 


n+b  '  Bi-b  '  B+6 

CaroL  v  -i-  —  rir^  — rr  X  6,  the  veloc.  lost  by  b. 

B+6       B+6  ^ 

146.  For  example,  if  the  bodies,  or  weights,  b  and  by  ho 
*es  5  to  8,  and  their  velocities  v  and  v,as6to4,oras8to9| 
before  the  stroke  ;  then  15  and  6  will  be  as  their 
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'mi  8  tho  mn  of  their  weights  ;  eoDMqnfliitly,  after 
ttie  elidBe»  the  ▼okKsky  will  he  as 

15+6    SI  . 

— —  8^  or  S|  m  the  fini  case* 

t=  ?or  1 J  in  the  second,  and 

^  •  -  •  -or  If  in  the  third. 

147.  Prop.  If  two  perfectly  elastic  bodies  impinge  on  one 
another,  their  relative  velocity  will  be  the  same  both  before 
and  after  the  impulse  ;  that  is,  they  will  recede  Irom  each 
other  with  the  same  velocity  with  which  they  approached 
and  met. 

For  the  compressing  force  is  as  the  intensity  of  the  stroke  ; 
whieby  in  gi?0D  hodies,  is  as  the  relative  velocity  with  which 
they  meet  or  strike.  But  perfectly  elastic  bodies  restore 
themaeWes  to  their  former  figure,  by  the  same  force  by  which 
they  were  compressed ;  that  is,  the  restoring  force  is  equal 
to  the  compressing  force,  or  to.,  the  force  with  which  the 
bodies  approach  each  other  before  the  impulse.  But  the 
bodies  are  impelled  from  each  other  by  this  restoring  force  ; 
and  therelbre  this  force,  acting  on  the  same  bodies,  will  pro- 
duce a  relative  velocity  equal  to  that  which  they  had  before : 
or  it  will  make  the  bodies  recede  from  each  other  with  the 
same  velocity  with  which  they  before  approached,  or  so  as  to 
be  equally  distant  from  one  another  at  equal  times  before  and 
after  the  impact. 

148.  Bmnark*  It  is  not  meant  by  this  proposition,  that 
each  body  will  have  the  same  velocity  after  the  impulse  as  it 
had  before  ;  for  that  will  be  varied  according  to  the  relation 
of  the  masses  of  the  two  bodies  ;  but  that  the  velocity  of  the 
one  will  be,  after  the  stroke,  so  much  inmased,  and  the 
other  deereaaed,  as  to  have  the  same  difTeronee  as  before,  in 
one  and  the  same  direction*  So,  if  the  elastic  body  b  move 
with  a  Telocity  v,  and  overtake  the  elastic  body  b  moving  the 
same  way  with  the  velocity  v  ;  then  their  relative  velocity, 
or  that  with  which  they  strike,  is  v^v,  and  it  is  with  this 
same  velocity  that  they  separate  from  each  other  after  the 
stroke.  But  if  they  meet  each  other,  or  the  body  b  move 
contrary  to  the  body  b  ;  then  they  meet  and  strike  with  the 
veloci^  v+v,  and  it  is  with  the  same  velocity  that  they 
separate  and  recede  from  each  other  after  the  stroke.  Bat 
whether  they  move  forward  or  backward  after  the  impulse, 
and  with  what  particular  velocities,  are  circumstances  that 
depend  on  die  various  masses  and  velocities  of  the  bodies 
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before  the  stroke,  and  whteh  nrake  the  lubjeet  of  the  next 
propoeitiod.— It  may  fuithe/  b.o  remarked,  that  the  sum  df 
the  two  vekMsitiea,  of  eaeh  hod^,  before  an^  ^Aer  the  litfokes 
are  equal  to  each  other.  Thus,  v,  t»  being  the  velocitiea 
before  the  impact,  if  x  aod  y  bd  the  corresponding  ones  aAer 
it ;  since  ▼  —  e  »  y  —    therefore  v  +  jt  =  »  +  y- 

149.  Prop.    To  determine  the  molioos  of  eUstic  bodiea 
after  striking  each  other  directly. 

Let  the  nlastic  hod}-  h  uwye  in      ^  q 
the  direction  hc,  with  tlic  velocily      ^  f  Q 

V  ;  and  let  the  velocity  ot"  tiu-  other 

body  6  be  v  in  the  same  hrie  ;  which  latter  velocity  v  will  he 
positive  if  6  move  the  same  way  as  r,  hut  negative  if  b  move 
in  the  opposite  direction  to  b.  Tlien  their  relative  velocity 
in  the  direction  bc  is  v  —  t;  ;  also  the  momenta  before  the 
stroke  are  bv  uod  6d,  the  sum  of  which  is  bv  +  io  the 
direction  bc. 

Again,  put  x  for  the  velocity,  of  b,  and  y  for  that  of  in 
die  same  direction  bo,  after  the  stroke  ;  then  their  relative 
velocity  is  —  x,  and  the  sum  of  their  momenta  bx  -|r  by  in 
the  same  direction* 

Dot  the  momenta  before  and  alier  the  collision  estimated 
in  the  same  direction,  arc  equal,  by  art.  136,  as  also  the  re* 
lative  velocities,  by  the  last  prop.  Whence  arise  these  two 
equations; 

*  viz.  Bw  +  hv^BX+  byy 

and  V  —  ©53  y  —  X ; 

tlie  resolution  of  which  equations  gives 

*    ^  *      velocity  of  B,  « 

— (b— 6)i)+2bv  ,      ,    .  , 
y  =  jq^j  r-,  the  velocity  ot  6. 

Or,  *  «  V  —  -^-^(v-e),  and  3f  «  p  +  ~^{y^v), 

2b 

and  the  velocity  gtiiaed  by  b  is  ^^^(^ — i 

which  two  velocities  are  in  the  ratio  of  ^  to  b,  or  reciprocally 
as  the  two  bodies  themselves. 

CaroL  1.  The  velocity  lost  by  b  drawn  into  b,  and  the 
Telocity  gained  by  6  drawn  iqto      give  each  of  then 
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—     for  the  momentuiii  gained  by  the  one  an4  lo8l 

by  the  otker,  by  the  stroke  ;  which  increment  and  decrement 
being  equal,  they  cancel  one  another,  and  leave  the  sapifi  |i)0« 
menlum  BV-{-bv  after  the  impact,  as  it  was  before  it. 

Conl.  2.  Hence  alaoy  bv^  +  ^  ^  bx^  +  ^y**  nr  the  sun| 
of  the  vires  vivanun  le  alwava  preserved  the  eamet  both  k^r 
fore  and  after  the  impact.   For*  «nce 
8T  4"     ^      -|-  6jf, 

and  ▼  4-  3:  =  y  +  r,  thesji  two  eqaaa.  mnltipUedi 
give  Bv*  —  Bx*=  6^*—  tc^ 

or  Bv^  +  bv'  =  Bi*+ 
the  equation  of  the  so  called  living  forcea. 

ChroL  3.  But  if  v  be  negatives  or  the  body  b  novnd  m  llw 
contrary  directioQ  before  colliaioo,  or  towards  B ;  theBt  cfa||^ 
ing  the  sign  of   the  aarae  theonune  become 

X  sa  iL-  ^L—^^  the  velocity  of  % 

y  ^  ^'""^^^^^"^f  the  veloc.  of     in  the  diiepdnn  bc. 

And  if  b  were  at  rest  before  the  impact,  making  ita  Teloci^ 
|y  ssB  0|  the  aame  theorems  give 

B — b        ,  2b      ,  .... 

»  =5  y  ~  velocuies  in  this  case* 

Andj  iu  this  case,  if  the  two  bodies  b  and  b  be  equa)  tQ 

2b  2b 

each  otl^er ;  then  b— 6asO,  and  ^q-j-  =s  —  « 1 ;  which  give 

X  =  0,  and  ^  «  ▼  ;  that  is,  the  body  b  will  stand  still,  and  thp 
either  body  h  if  ill  move  on  with  the  whole  velocity  of  the  for* 
roer;  a  thing  which  we  sometimes  see  happen  in  playing  at 
billiards ;  and  which  woi|14  happen  much  ofiener  if  the  balls 
wefe  pe^efectly  elastic* 

Scholium. 

160.  If  the  bodies  be  elastic  only  in  a  partial  deforce,  the 
earn  of  the  momenta  will  still  be  the  same,  both  before  and 
after  collision,  but  the  velocities  after,  will  be  less  than  in  the 
case  of  perfect  elasticity,  in  the  ratio  of  the  imperfection. 
Hence,  with  the  same  notation  as  before,  the  two  equation^ 
will  now  be  bv  +  6tJ «  bx  +  by, 

and  v  —  »  =  — (y  —  x). 
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S02  vmjaam* 

wfaere  mtan  denotet  the  ratio  of  peifeel  to  imperfeot  efM^ 
tichy.  Aod  the  reaolution  of  thoao  two  equatioiM^  givot  the 
Ibllowuig  values  of «  and 

m^n     h   ,  . 
«  =  V  .  — ttC?  -  »), 

for  the  velocities  of  the  two  bodies  afler  impaot  ia  the  ease  of 
imperfect  elasticity :  and  these  would  become  the  sama  as  the 
former  if  n  were  =  m. 
Hence,  if  the  two  bodies  ■  and  b  be  equal*  then 

*  -    -  Urn  (tr  -     and  ,  -  »  +  —  -  ( V  - 

where  the  velocity  lost  by  b  is  just  equal  to  that  gained  by  h. 
And  if  in  this  case  6  was  nt  rest  before  the  impact,  oro  s  0, 
then  the  resulting  motions  would  be 

m-n       ,  m-f-n 

•"^''•»*»— IS-'' 

which  aro  in  the  ratio  of  wi  —  n  to  m  +  w. 

Also,  if  m  =  «,  or  the  bodies  perfectly  elastic,  then  x  =  0, 
and  y  =  V  ;  or  B  would  be  at  rest,  and  6.  go  on  with  the  first 
motion  of  n. 

Further,  in  this  case  also,  the  velocity  of  b  before  the  im- 

HI  4*ii 

pact,  is  to  that  of  b  after  it,  as  v  to   ^  v,  or  as  2m  to 

^^^^ 

SI  +  n*  But,  if  the  bodies  be  now  supposed  to  vibrate  m 
circles,  as  pendulums,  in  which  case  the  chofds  (o  and  c)  of 
the  arcs  described  are  known  to  be  proportional  to  the  velo- 
cities ;  then  it  will  he  2si:si4*fi::o:e$  hence  m :  k  : : 
o:3e— c  So  that,  by  measnring  these  elMirdi^  oftbearoa 
thus  experimentally  described,  the  ratio  of  m  to  n,  or  tba 
degree  of  elasticity  in  the  bodies,  may  be  deterailned. 

151.  Prop.  The  greatest  velocity  which  can  be  generated 
by  the  propagation  of  motion  through  a  row  of  contigaoQa 
perfectly  elastic  bodies,  will  be  when  those  bodies  are  in 
geometrical  progression. 

take  three  bodies,  a,  x,  and  c  :  then  (ait*  \4B)  the 


velooiQr  communicated  from  a  to  x  «■  ^—f  «  being  the 

velocity  of  A  :  and  when  the  body  x  impinges  upon  c  at  rest 
with  this  velocity,  the  vel.  communicated  to  o  will 
—  ^Ag  4Aax 

x+o  •  A+5     (a+x)  (x+c) 
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(A  -f.l+1)  (X+C)      A+X-h  (AC^X)  -ho 

Thi.s  fraction  is  evidently  a  max.  when  iis  denominator  is  a 
min.  that  iti,  since  a  and  c  are  given,  when  ^  ac,  or  when 
X  is  a  mean  proportional  between  a  and  c. 

For  the  same  reason  the  velocity  communicated  from  the 
second  body  through  c  the  third,  to  a  fourth,  d,  will  be 
greatest  when  c  is  a  mean  proportional  between  the  second 
and  fourth.  Like  reasoning  will  evidently  hold  for  a  series 
of  |)erfeclly  elastic  bodies.  Further,  if  the  number  of  bodies 
in  the  geometrical  progression  be  increased  wiihout  limit,  the 
quantity  of  motion  communicated  to  the  lust,  from  a  given 
quantity  of  motion  in  the  iirst,  however  small,  may  aUo  be 
increased  without  limit. 

152.  Prop.  If  bodies  strike  one  another  obliquely,  it  is 
proposed  to  determine  their  motions  after  the  stroke^ 

I^l  the  two  bodies  n,  b, 
move  in  the  oblique  directions 
BA,  6a,  and  strike  each  other 
at  A,  with  velocities  which  are 
IQ  proportion  to  the  lines  ha, 
hx ;  to  find  their  motions  after 
the  impact.    Let  cah  repre- 

ient  the  plune  in  which  the   

bodies  touch  in  the  point  of  ^  ^ 

concourse  ;  to  which  draw  the  perpendiculars  oc,  and 
complete  the  rectangles  ok,  df.  Then  the  moiion  in  ha  is  re* 
eolved  into  the  two  bc,  ca  ;  and  the  motion  in  bx  is  resolved 
into  the  two  6n,  da  ;  of  which  the  antecedents  lic,  6d,  are 
the  velocities  with  which  they  directly  meet,  and  the  cunae- 
<quent9  ca,  da,  ore  parallel  ;  therefore  by  these  the  bodies 
tlo  not  impinge  on  each  other,  and  consequently  the  motions, 
accordinj;  to  these  directions,  will  not  be  changed  bv  the  im- 
pulse  ;  so  that  the  velocities  with  which  the  bodies  meet,  are 
as  BC  and  6d,  or  their  equals  ea  and  fa.  Tiic  motions  there* 
ftre  of  the  bodies  b,  ft,  directly  striking  each  other  with  the 
Velocities  ea,  fa,  will  be  determined  by  art.  145  or  149.  ac- 
cording as  the  bodies  are  elastic  or  non-elastic  ;  which  being 
done,  let  ag  be  the  velocity,  so  determined,  of  one  of  them, 
as  A  ;  and  since  there  remains  also  in  the  body  a  force  of 
moving  in  the  direction  parallel  to  nr.,  with  a  velocity  as  bb, 
make  ah  equal  to  be,  and  complete  the  rectangle  en  :  then 
Ibe  two  motions  in  ah  and  ac,  or  ui,  arc  compounded  into 
the  diagonal  ai,  which  therefore  will  he  the  path  and  velocity 
of  the  body  b  after  the  stroke.  And  after  the  same  manner 
4i  Uw  mdAnna  of  tbe  otiiar  body  6  detenniiiod  aAer  the  iippacl. 
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if  the  elaeticiQr  of  the  bodies  be  imperfect  ia  aliy  girM 
degree,  then  the  qnaniitj  of  the  corresponding  lines  must  be 
diminished  in  the  snme  proportion.  For  the  full  considera- 
tion of  this  branch  of  the  inquiry  the  student  is  refbned  td 
the  Thialises  of  Mechanics  by  Gregmy  and  Bndgi. 

PrMemfar  Exercise  en  CoUiium. 

feiAX,  1.   A  cannon  ball  weighing  121bs«  movinff  with  a 
Velocity  of  1200  (eet  per  second,  meets  another  of  ISlba. 
taiovinff  with  a  velocity  of  1000  feet  i)er  second.  Required 
'  the  vefoci^  of  each  after  impact,  supposing  both  to  he  non- 
blastic. 

Exam.  2.  b  and  b  are  as  3  to  2,  and  the  velocity  of  b  is 
to  that  of  h  as  5  to  4.  They  are  pei  foclly  hard,  and  move 
before  impact  in  tho  same  directiou ;  what  arc  tlie  velocities 
lo»t  by  B  and  gained  by  6  ? 

Exam.  3.  b  and  6  are  perfectly  elastic,  and  move  in  op- 
posite directions,  n  is  triple  of  6,  but  6^9  velocity  is  doubid 
that  of  B.    How  do  those  bodies  move  afler  impact  7 

Exam.  4.  A  bodv  whose  elasticity  is  to  perfect  elaslioil|^ 
'  as  15  to  16,  Hill's  from  the  height  of  100  feet  tipon  4 
perfectly  hard  horixontal  plane*  R  then  rebounds  aal 
^lUe  again,  and  so  on,  always  in  a  Tertical  direction.  It 
is  required  to  find  the  whole  spaee  described  by  the  body 
before  its  mothNi  ceases,  ai  well  as  the  ehttre  time  of  its  mo* 
ties. 

ExAm*  5.  Investigate  what  nnist  be  the  force  of  ela8tieity» 
io  thai  the  sums  of  the  products  fbtmed  by  mnhrpf ying  each 
body  into  any  assumed  power,  n,  of  its  Telocity,  may  not  be 
akered  by  the  impact  or  the  two  bodies. 


^Et  Laws  of  gravity  ;  the  descent  aif 

ttEAVY  BODIES  ;  AND  THE  MOTION  OF  PRO- 
iECTlLES  IN  FREE  SPACE. 

OA,  l^BOP.  All  the  properties  of  itietioii  deNversd  ia 
Mk  188^  its  icoroUaries  and  seholiom,  for  oonstaat  fimM)  aie 
ttkto  in  die  motions  of  bodies  freely  descending  by  their  own 
l^vitjt  sameLyt  that  the  velocities  ate  as  Ae  tinei^  sad  the* 
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•paces  as  the  aquarea  of  the  iiinesy  or  as  the  squares  of  the 

▼elocities. 

For,  since  the  force  of  ^^rnvily  is  uniform,  and  constantly 
the  same,  at  all  places  near  (he  earth's  surface,  or  at  nearly 
the  same  distance  from  the  centre  of  the  earth  ;  and  since  this 
is  the  luroe  hy  which  hodies  descend  to  the  surface  ;  they 
therefore  descend  hy  a  force  which  acts  constantly  and  equal- 
ly ;  consequently  all  the  motions  freely  produced  hy  gfftvttyy 
STjs  as  ahove  apeci^iedy  by  .that  pro|KMitioo,  dtc 

sottOLira* 

154.  Now  it  has  heen  found,  by  numberless  experiments, 
that  gravity  is  a  force  of  such  a  nature,  that  all  bodies,  whether 
light  or  heavy,  fall  vertically  through  equal  spaces  in  the  same 
time,  abstracting  from  the  resistance  of  the  air  ;  as  lead  or 
pold  and  a  feather,  which  in  an  exhausted  receiver  fall  from 
the  top  to  the  bottom  in  the  same  time.    It  is  also  found  that 
the  velocities  acquired  by  descendin^j,  are  in  the  exact  pro- 
portion  of  the  limes  of  descent ;  and  further,  that  the  spaces 
descended  are  proportional  to  the  squares  of  the  times,  and 
therefore  to  the  squares  of  the  velocities.    Hence  then  it  fol- 
lows, that  the  weights  or  gravities,  of  bodies  near  the  surface 
of  the  earth,  are  proportional  to  the  quantities  of  matter  con- 
tained in  them  ;  and  that  the  spaces,  times,  and  velocities, 
generated  by  gravity,  have  the  relaiKius  contained  in  the 
three  general  proportions  before  laid  down.    Further,  as  it 
is  found,  by  accurate  experiments,  that  a  body  in  the  latitude 
of  London,  falls  nearly  16     feet  in  the  first  second  of  time^ 
and  consequently  that  at  the  end  of  that  time  it  has  acquire 
ed  a  velocity  double,  or  of  32^^  feet  by  corol.  1,  art  132; 
therefore,  if     denote  16^^  feet,  the  space  fallen  through  in 
one  second  of  time,  or  g  the  velocity  generated  in  that  time  ; 
then,  because  the  velocities  are  directly  proportional  to  the 
times,  and  the  spaces  to  the  squares  of  the  times  ;  therefore 
it  will  he, 

as  1"  :     :  :   gt  :  gt         the  \olocity, 
and  V  :       :  \g  :  ^g^  =  «  the  space. 

fio  that,  for  the  descents  of  gravity,  we  ha?e  these  general 
iBqtlitioiiSi  namely, 

V  -  gt      ^  = 
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g        9       ^  g 

—  i       ?f  —  ^ 

Hence,  because  the  times  nre  as  the  veiucilie^y  aod  tb4 
spaces  as  the  squares  ot  either,  therefore, 

if  the  times  be  as  the  numbs*  1,  2,  3,  4,  5,  d:c. 
the  velocities  will  also  be  as  1,  ti,  3,  4,  5,  dLc. 
and  the  spaces  as  their  squares  1,  4,  10,  25,  6lc, 
and  tbq  space  for  eacb  time  as  1,3,  5,  7,  9,  &c* 

namely,  as  the  series  of  the  cidd  numbers,  which  are  the 
diflerences  of  the  squares  denoting  the  whole  spaces*  So 
that  if  the  first  series  of  natural  numbers  be  seconds  of  timCy 

namely,  the  times  in  Kecoiids,  1",  2  ,  3',  4",  &C. 
the  veiocities  in  feet  will  be   32^,  64 J,  ]28|,  &c» 

the  spaces  in  the  whole  times  04^,  144^^,  257 1,  &c» 
and  the  space  for  each  second  lt>rj,  48i,  80fv,  1 12|^^,  &€• 
of  which  spaces  the  common  ditterence  is  32^  feet,  the  na* 
tural  and  obvious  measure  of  gi  the  force  of  gravity. 

155,  These  relations^  of  tl\o  tiBie%  ve. 
lociiies»  and  spaces,  may  be  represented 
by  certain  lines  and  geometrical  figures* 

Thus,  if  the  line  ab  denote  the  time  of  any 
body's  descent,  and  nc,  at  right  angles  to  it, 
the  velocity  gained  at  the  end  of  that  lime  ; 
by  joining  ac,  and  dividinjr  tlic  time  ab  into 
any  number  of  parts  al  tlie  points  a,  6,  c  ; 
then  shall  ad^  6e,  cfy  parallel  to  dc,  be  the  velocities  at  (he 
points  of  time,  a,  6,  c,  or  at  the  ends  of  the  times,  aa,  a6, 
AC  ;  becatisi;  tfiesL-  latter  lines,  by  similar  trian»rles,  are  pro- 
portional to  the  ibrmer  ad^  be,  rf,  and  the  times  are  propor- 
tional to  the  velocities.  Also,  liie  urea  of  tho  triangle  abc 
will  re[)resent  the  space  descended  by  the  I'orce  of  gravity 
in  the  time  ah,  in  which  it  <renerates  the  velocity  ;  be- 
cause that  area  is  e(|ual  to  ^au  X  bc,  and  the  space  descended 
is  s  ~  ^Iv,  or  half  tlie  product  of  the  time  and  the  last 
velocity.  And,  for  the  same  reason,  the  less  triangles  aaJ, 
A^c,  Kcfy  will  represent  the  several  spaces  described  in  the 
corresponding  times  At/,  a^^,  ac,  and  velocities  r/J,  6f,  c/'j 
those  triangles  or  spaces  being  also  as  the  s(]uares  of  their 
likt;  .^kdes  Aa,  a6,  ac,  which  represent  the  times,  oruf  act,  ^> 
tfi  which  represent  the  velocities. 

15tj.  But  as  areas  are  rather  unn.itural  representations 
of  the  spaces  passed  over  by  a  body  in  motion,  which  are 
lioosi  the  relations  may  better  be  represented  by  the  abscisses 
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and  ordioates  of  a  parabola.   Tbua,  if  pa 
lie  a  parat>ola,  ra  its  axis,  and  rq  ita    "p  a  b  c 
ordinace    aod  po,  p6,  pc,  dpc.  parallel  to 
BOf  lepreaent  the  times  from  the  begin-  ^ 
011^,  or  the  velocitiea,  then  ae^  bf^  cgf  &c« 
paialJel  to  the  axis  pr,  will  represent  the 
■paces  described  by  a  falling  body  io  Ibose 
times  ;  for,  in  a  parabola,  the  absciaaea  p/b, 
Hf  pJr,  d&c*  or  oe,  bf^  cgf  &c«  wbich  are  the 
spaces  described,  are  as  the  squares  of  the 
ordioates  he^  iff  kgy  &c.  or  po,  pd»  Ps,  dte«  which  lepisssBl 
the  tiflMS  or  velocities. 

157*  And  because  the  laws  for  the  deatraolioii  ef  moliony 
*  are  the  same  as  those  for  the  geoeiatioo  of  it,  by  equal  ftiaes, 
but  acting  in  a  cootraiy  directjon  ;  therelbre, 

Istj  A  body  thrown  directly  uj)ward,  with  any  velocity, 
will  lose  equal  velocities  in  equal  times. 

2dy  If  a  body  he  projected  upward,  with  the  velocity  it 
acquired  in  any  time  by  descending  freely,  it  will  lose  all  its 
velocity  in  an  equal  lime,  and  will  ascend  just  to  I'uc  same 
height  from  whi':h  it  tell,  and  will  describe  equal  spaces  in 
equal  times,  in  rising  and  fading,  but  in  an  inverse  order  ; 
and  it  will  have  equal  velocities  at  any  one  and  the  same  point 
>  of  the  line  described,  both  in  aacending  and  descendmg. 

Sd^  If  bodies  be  projected  upward,,  with  any  velocitiea,  the 
height  aaceoded  to,  will  be  as  the  squares  of  those  velocities, 
or  as  the  squares  of  the  times  of  ascendingt  till  they  lose  all 
their  velocities. 

153*  la  solving  problems,  where  a  body,  instead  of  being 
permitted  to  fall  freely,  is  projected  vertically  upwards  or 
dowDwards  with  a  given  velocity,  it  will  asaist  the  compre- 
hension of  what  takes  place,  to  aacerlain  what  resulta  from 
die  oriffinal  projection,  and  what  from  the  force  of  gravity* 
Thus,  if  a  body  be  projeeted  with  a  velocity  o,  it  will,  in  the 
time  t,  described  the  space  tv  (art.  120)  apart  from  the  opera, 
tion  of  gravity  or  any  other  force*  Blending  this  wi  h  the 
preceding  expressicm  for  the  space  described  by  a  falling 
body,  we  have 

in  which  the  lower  sign  must  be  cniployed  when  the  projec- 
tion IS  vertical ly  downwards^  the  upper  when  the  projection 
ia  vertically  upwards* 
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I.  Find  the  space  descended  vertically  by  a  body  in  7 
Moonds  of  tiinei  mid  the  velocity  acquired  1 

AOS.  768|^,  space  ;  225jy  velocity, 

tL  Requ'rrd  the  tim  of  generaliog  a  velocity  of  100  Aot 
per  aecoody  and  the  whole  apace  descended. 

Ab«»         time ;  Ib^/f^f.  ^mm. 

5.  Fmd  the  time  of  deeoonding  400  fret,  and  the  ir«locity 
at  the  end  of  that  time^ 

Ana.  4"^^,  time  ;  lOOIf ,  velocity, 

4.  It*  a  body  fall  freely  for  5",  how  far  will  it  descend 
during  the  last  second  of  its  motioti  ? 

6.  If  an  arrow  be  propelled  vertically  upwards  from  a 
bow  with  a  velocity  of  96J  feet  per  second,  how  high  will 
it  rise,  and  how  long  will  it,  he  before  it  re  turns  again  to  the 
ground  ? 

6.  If  a  ball  be  pfqjeeted  vertically  downwarig  with  a  ve- 
locity of  100  feet  per  eeoood,  bow  fiur  will  it  have  deeceaded 
intbieeaeeoDde? 

y.  If  a  ball  be  projected  ^tpwardi  witii  a  veloctty  of  100 
fbet  per  second,  how  Air  will  it  have  arisen  in  three  seconds  f 

8.  If  a  ball  be  [)rojected  vertically  upwards  with  a  velo- 
city of  44  feet  per  second,  will  it  be  above  or  below  the  point 
of  projection  in  four  seconds,  the  force  of  gravity  tending 
all  the  time  to  draw  it  downwards  ? 

9.  A  drop  of  rain  falls  through  17r»|-J  feot  in  the  last 
second  ;  how  high  is  the  cloud  from  which  it  descended  ? 

10.  A  body  falling  freely  was  observed  to  pass  through 
half  its  descent  in  the  last  second ;  how  far  did  it  fall»  ami 
how  long  was  it  in  falling  ? 

11.  Two  weights,  one  of  51bs.  the  other  of  Slbs.  hang 
fieely  over  a  pulley :  after  motion  is  allowed  to  commence 
Imw  ihr  will  the  larger  weight  descendf  or  the  smaller  aciss^ 
jo  four  aeconds? 

N.  B.  The  theorem  for  operation  isa  =  — t^-1^« 

W  +  U7 

12.  Two  equal  weights  are  balanced  over  a  pulley.  A 
pound  weight  being  added  lo  one  of  them,  and  motion  in 
consequence  takin«T  place,  the  preponderating  weight  de- 
scended through  16,\  feet  in  four  secQnds.  Required  the 
measure  of  the  two  equal  weights  ? 
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158.  Prop.  If  a  body  be  projected  in  free  space,  either  pa. 
ral  el  to  the  horizon,  or  in  an  oblique  direction,  by  the  force 
of  gunpowder,  or  any  oti  er  impulse  ;  it  will,  by  this  mo- 
tion, in  conjunction  with  the  action  of  gravity^  describe  the 
curve  Jiae  of  a  parabola. 


LfCt  the  body  be  |in>jected  from  the  point  Jkf  m  tbe  di. 
rection  ad,  with  any  uniform  velocity  :  then,  in  any  equal 
portions  of  timev  it  wouldy  by  art.  129,  deacribe  the  equal 
spaces  ABy  Rc,  ro,  6zc,  in  the  line  ad,  if  it  were  noi  dnifm 
continually  down  below  that  line  by  the  aetioo  of  gravity* 
Draw  BK,  CF,  dg,  &o.  in  the  direction  of  gravity,  or  parpen, 
dicular  to  the  horizon,  and  equal  to  iue  spaces  througb 
which  the  body  would  descend  by  its  gravity  in  the  same 
time  in  wbichii  would  uniformly  pass  over  the  correapoQd. 
iog  spaces  ab,  ao,  ad,  d^^.  by  the  projectile  motion.  Then/ 
since  by  these  two  motiona  the  body  is  carried  over  the  spapo 
AB,  in  the  same  time  as  over  the«  space  br,  and  the  space  ao 
in  the  same  time  at  the  space  of,  and  the  space  ad  in  the 
lame  time  as  the  space  do,  <kc.  ;  thereibrsy  by  (he  com- 
position of  motions,  at  the  end  of  those  tinea,  the  body  will 
be  found  respectively  in  the  points  e,  f,  g,  &c.  ;  and  coo* 
iequently  the  real  path  of  the  projeotile  will  be  the  curve 
line  AMTOf  dec.  But  the  spaces  ab,  ac,  ad,  dec.  desoribcd  by 
wai&ttm  aotiooy  are  as  the  times  of  description ;  and  the 
'  spaces  BE,  CF,  do,  dEO,  described  in  the  same  times  by  tb# 
accelerating  force  of  gravity,  nro  as  the  squares  of  the  tim^s ; 
consequently  the  perpendicular  descents  are  as  the  squares 
of  the  spaces  in  ad,  that  is  be,  of,  dg,  &c.  are  respectively 
proportional  to  ab^,  AC^  ad^  &c.  ;  which  is  the  property  of 
the  parabola  by  theor.  8,  Con.  Sect.  Therefore  the  path  of 
the  projectile  is  the  parabolic  line  abfo,  dec.  to  which  ad  is 
a  tangent  at  the  point  a. 

150.  Conol.  1.  The  horizontal  velocity  of  a  projectile,  is 
always  the  same  constant  quantity,  in  every  point  of  the 
curve :  because  the  horizontal  motion  is  in  a  constant  ratio 
to  the  motion  m  ad,  which  is  the  unifoiin  projectile  motion. 
And  the  projectile  velocity  is  in  proportion  to  the  constant 
hsriaoatal  velocity,  as  radius  to  the  cosine  of  the  angle  dah, 
/or  angle  of  elevation  or  depreasieB  of  t)ie  piecp  above  or 
below  the  horisoDtgl  liaa  ah. 

Toi^n.  $8 
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160.  Cortd.  2.  The  velocity  of  the  pfnj«€tBe  in  the  diree* 
tioo  of  the  curve,  or  of  its  tangent  at  any  point  a,  is  •■  (hd 
secant  of  its  angle  bai  of  direction  above  the  horiseo.  For 
.the  rootion  in  the  horizontal  directioo  ai  is  eooMnty  and  ai 
j8  to  AB,  as  radius  to  the  secant  of  the  angle  a  ;  therefore  the 
motion  at  a,  in  ab»  is  everywhere  as  the  secant  of  the 
angle  a. 

161.  CoroL  8.  The  velocity  in  the  direction  no  of  gravity, 
or.  perpendicular  to  the  horizon,  at  any  point  o  ef  the  curve, 
is  to  the  first  uniform  projectile  velocity  at  a,  or  poini  of 
contact  of  a  tangent,  as  2oo  is  to  ao.  For,  the  times  in  ad 
and  Du  being  equal,  and  the  velocity  acquired  by  freely  de* 
scending  throu<rh  dg,  being  such  as  would  carry  the  body 
uniformly  over  twice  no  in  an  equal  time,  and  the  spacee 
described  with  uniform  motions  being  as  the  velocities»  there*  ^ 
fore  the  space  ao  is  to  the  space  2nG,  as  the  projectfle  vele* 
city  at  A,  to  the  perpendicular  velocity  at  e. 

162.  Pk'jp.  The  velocity  in  the  direction  of  the  curve,  at 
any  point  of  it,  as  a,  is  equal  to  that  which  is  generated  by 
gravity  in  fretly  ilescending  through  a  space  which  is  equal 
to  ono. fourth  of  the  parameter  of  the  diameter  of  the  para- 
bola at  that  point. 

Let  PA  or  AR  be  the  height 
due  to  the  velocity  of  the  projec- 
tile at  any  point  a  in  the  direc- 
tion of  the  curve  or  tangent  ac, 
or  the  velocity  acquired  by  fall- 
in<^  through  that  height ;  and 
complete  the  parallelogram 
ACDFi.  Then  is  rD=AB  or  ap, 
the  height  duo  to  the  velocity  in  the  curve  at  a  ;  and  cd  is 
also  the  iieight  due  to  the  perpendicular  velocity  at  d,  which 
must  be  equal  to  the  former  ;  but  by  the  last  corol.  the  velo- 
city at  A  is  to  the  perpendicular  velocity  at  d,  as  ac  to  2cd  ; 
and  as  these  velocities  are  equal,  therefore  ac  or  bd  is  equal 
to  2cD,  or  2ab  ;  and  hence  ab  or  ap  is  equal  to  |bd,  or  *  of 
the  parameter  of  the  diameter  ab,  by  corol.  to  theor.  13  of 
the  parabola. 

163.  CoroL  1.  Hence,  and  from  cor.  2 
theor.  13  of  tlie  parabola,  it  appears  that 
if  from  the  directrix  of  tho  parabola  which 
is  the  path  of  the  projectile,  several  lines 
HE  be  drawn  perpendicular  to  the  direc- 
trix, or  parallel  to  the  axis  :  then  the  ve- 
locity of  the  projectile  in  the  direction  of  the  curve,  at  any 
point  E,  is  always  equal  to  the  velocity  acquired  by  a  body 
iailing  Ireely  through  the  perpendicular  line  juc« 
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164.  Corol,  ^.  If  a  body,  after  filling  through  the  height 
rA  {\hM  fig.  but  one),  which  is  equal  to  ab,  and  when  it 
arrives  at  a,  have  its  course  changed,  by  reflection  from  an 
elastic  plane  ai,  or  otherwise,  into  any  direciion  ac,  without 
aken'ng  the  velocity  ;  and  if  ac  be  taken  =  2ap  or  2am,  and 
tbe  parallelogram  be  completed  ;  then  the  body  will  dencribo 
Cbe  parabola  passing  througii  the  point  d* 

165.  Corol.  3.  Because  ac»2ab  or  2cd  or  2a  p,  therefore 
AC*  =  2ap  X  2coor  ap  •  4cd  ;  and,  because  all  the  perpen- 
dicttUrB  SPf  CDy  UH,  are  as  ax,^  Ac^  ao'  ;  therefore  also 
AP  •  4mr  =  kM\  and  ap  •  4gn  =  ag',  «kc.  ;  and  because  the 
fectaogle  of  the  extremes  is  equal  to  tbe  rectangle  of  the 

of  four  proportionaisy  therefore  always 


it  Is  AP  :  AB  : :  AB  :  4bP| 
and  AP  :  AO  : :  AO  :  4cDy 
aad  AP :  AO  : :  AO :  4oBt 
iwiacxHU 


166.  Prop.  Having  given  the  direction,  and  the  impetus, 
or  altitude  due  to  the  first  velocity  of  a  projectile  ;  to  deter- 
mine the  greatest  height  to  which  it  will  rise,  and  the  random 
or  horizontal  range. 

Let  AP  be  the  height  due  to  the 
projectile  velocity  at  a,  ag  the  di- 
rection, and  AH  the  horizon.  On 
AO  let  fall  the  perpendicular  pq, 
and  on  APthe  perpendicular  qr  ;  so 
shall  AR  be  equal  to  the  greatest  alti- 
tude cv,  and  4(ir  equal  to  the  hori- 
zontal range  ah.  Or,  having  drawn 

TH,  perp.  to  AG,  take  ag  =  4Aa,  and  draw  m  perp,  to  ah  ; 
then  AH  is  the  range. 

For,  by  the  last  corollary,  AP  :  AO  :  :  AO  :  4oB ; 

and,  by  similar  tfiangles,  ap  :  ao  :  :  aq  :  oh, 

or        -        -        •         AP  :  AO  : :  4aq  :  4oh  ; 
Aerefore  ag  =  4Aa  ;  and,  by  similar  triangles,  ah  ^  4aR. 

Also,  if  V  be  the  vertex  of  the  parabola,  then  av  or  |ao 
a*  2a<i,  or  AQ  =  QB  ;  consequently  ar  «  BV,  which  is  s  or 
by  the  property  of  the  parabola. 

167.  Corol.  1  Because  the  angle  ci  is  a  right  angle,  which 
is  the  angle  in  a  semicircle,  therefore  if,  on  ap  as  a  diameter, 
a  semicircle  be  described,  it  will  pass  through  the  point 

168.  Cord.  2.  If  the  horiaootal  range  and  the  projectile 
Telocity  be  given,  the  direction  of  the  piece  so  as  to  Uit  the 
^jed  B«  will  be  thus  easily  fimnd ;  Take  as  =  ^ah,  draw 
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DQ  perpendicular  to  au,  meeting  the 
semicircle,  described  on  ihe  diameter 
AP,  in  Q  and  q  ;  then  aq.  or  Aq  will 
be  the  direction  of  the  piece.  And 
hence  it  appears,  that  there  are  two 
directions  ab,  a6,  which,  with  the  same 
projectile  velocity,  give  the  very  same 
horizontal  range  ah.  And  these  two 
directions  make  equal  angles  ^ad,  qai*, 
\vith  AH  and  af,  because  the  arc  m  = 
the  arc  a^. 

180.  Carol.  3.  Or,  if  the  range  ah,  and  direction  An,  be 
given  ;  to  find  the  altitude  aad  velocity  or  impetus.  Take 
AD  »  {ah,  and  erect  the  perpendicular  du,  meeting;  ab  in 
a  ;  eo  ahaU  M  be  equal  to  the  greatest  altitude  ( v.  Al»o, 
erect  ap  perpendicular  to  ah,  and  qp  to  Aa ;  so  shall  af  be 
the  height  due  to  the  velocity. 

170.  CanL  4.  When  the  body  is  projected  with  the  eene 
¥elocity»  but  in  different  directions ;  the  horizontal  ranges 
AH  will  be  as  the  sines  of  double  the  augles  of  clevatien.-^ 
Or,  which  is  the  same,  as  the  rectangle  of  the  sine  and  co- 
eine  of  elevation.  For  ad  or  rq,  which  is  J  ah,  is  the  sine 
of  the  arc  ao,  which  measures  double  the  angle  cud  of  ele- 
^whod. 

And  When  the  direction  is  the  same,  but  the  velocities 
diffetant ;  the  horizontal  ranges  are  as  the  square  of  the 
Velocities,  or  as  the  height  ap,  which  is  as  the  square  of  the 
Velocity ;  for  the  sine  ad  or  van  or  ^ab  is  as  the  radius  or  as 
tiie  diameter  ap. 

Therefbre,  when  both  are  different,  the  ranges  are  in  Che 
totoipoond  ratio  of  the  squares  of  the  velocities,  and  the  sines 
of  double  the  angles  of  elevatiom 

171.  Corol.  5.  The  greatest  range  is  when  the  angle  of 
elevation  is  45°,  of  half  a  right  angle ;  for  the  double  of  46 
Is  90,  which  has  the  greatest  sine.  Or  the  radius  OS,  which 
is  I  of  the  range,  is  the  greatest  sine. 

And  hence  the  greatest  range,  or  that  at  an  elevatioii  of 
45^',  is  just  double  the  altitude  ap  which  is  due  to  the  velo. 
tity,  or  equal  to  4vc.  Consequently,  in  thai  case,  c  is  the 
focus  of  the  parabola,  and  ah  its  parameter.  Also  the  ranges 
are  equal,  at  angles  equally  above  and  below 45®. 

172.  CoroL  ().  When  the  elevation  is  15  \  the  douhle  of 
Which,  or  30^,  has  its  sine  equal  to  half  the  radius  ;  conse*. 
tquently  then  its  ran^o  will  be  equal  to  ap,  or  half  the  greatest 
fattgo  at  the  elevation  of  45  ;  that  is,  the  range  at  15 ^  is 
lequai  to  the  impetus  or  iieigbt  due  to  the  prcyecUle  velocitjr* 
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173.  Carol,  7.  The  greatest  altitude  cv,  beihg  equal  to 
AK,  is  as  the  versed  sine  of  double  the  angle  of  elevation,  and 
also  as  AP  or  the  square  of  the  velocity.  Or  as  the  square 
of  the  sine  of  elevation,  and  the  square  of  the  velocity ;  fof 
the  square  of  the  sioe  id  as  the  versed  sine  of  ibe  double 
angle. 

174.  Corol.  8.  The  time  of  flight  of  the  projectile,  which 
is  equal  to  the  time  of  a  body  failing  freely  through  gh  or 
4cv,  four  times  the  altitude,  is  therefore  as  the  square  root  of 
the  altitude,  or  as  the  projectile  velocity  and  sine  of  tbe  ele* 
vaUon. 


SCHOUUM. 


175.  From  the  last  proposition  and  its  corollaries,  may  be 
deduced  the  following  set  of  theorems,  for  finding  all  the 
circumstances  of  projectiles  on  horizontal  planes,  having  any 
two  of  them  given.  Thus,  let  ^,  c,  denote  the  sine,  cosine, 
and  tangent  uf  elevation  ;  s,  v  the  sine  and  versed  sine  of 
the  double  elevation ;  r  the  horizontal  range  ;  t  the  time  of 
flight ;  V  the  projectile  velocity  ;  h  the  greatest  height  of  the 
projectile  ;  ^  =  32|  feet,  and  a  the  impetiis»  or  the  altitude 
due  to  the  velocity  v.  Then, 

g      ig        ^         t  i 

4#       ^ig      ^g    ig^  ig 

And  from  any  of  these,  the  angle  of  direction  may  be 
found.  Also,  in  these  theorems,  g  may,  in  many  cases,  be 
taken  =  32,  without  the  small  fraction  4,  which  will  be  neer 
enough  for  common  use. 

176.  Prop.  To  determine  the  range  on  an  oblique  plane; 
having  given  the  impetus  or  velociqr,  and  the  angle  of  diiee* 


Let  AB  be  the  oblique  plane,*  at  a  ghren  angle,  either  above 
or  below  the  horizontal  plane  AH ;  ao  the  direction  of  the 
piece,  and  AP  the  altititude  due  to  the  projectile  velocity  et  ju 


*  This  time,  with  30°  eierntion,  is  just  eqaal  tO  the  tiflM  of 
tteitar  BSCMU,  with  the  mum  velocity 
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to  the  tangent  ag. 

177.  CMeriMfe,  without  the  Horizontal  Range. 

Draw  pa  perp.  to  ag,  and  qp  perp.  to  the  horixontal 
plane  af*  meeting  the  inclined  plane  in  x;  take  ab  =  4ak, 
draw  SF  parallel  to  ao,  and  ri  parallel  to  ap  or  na ;  m  ahall 
At  be  the  range  on  the  oblique  plane.  For  Att  =  4ADt 
thereibre  xh  ia  parallel  to  fi,  and  lo  on»  aa  above. 


178.  Draw  rq  making  the  angle  ap^  =  the  oai  ; 
then  take  ao  ^  4Ag,  ami  draw  ot  perp.  to  ah.   Oi^  draw 

perp.  to  AH,  and  take  ai  =  4aI;.  Also  Icq  will  we  equal 
to  CP  the  greatest  height  above  the  plane. 

For,  by  cor.  2,  art.  164,  ap  :  ag  : :  ag  :  4gi; 
and  by  aim.  triaogles,    ap  :  ao  : :       :  oi, 
or       .      V*     .        AP  :  AO  : :  4Aq  :  4gi  ; 
therefore  ao  =  4a^  ;  and  by  sim.  triangles,  ai  =  4Ajt. 
Abo,  qk,  or  |  gi,  is     to  cv  by  tbcor.  13  of  the  Parabda, 


179.  Corol,  1.  If  AO  be  drawn  perp.  to  the  plane  ai,  and 
AP  be  bisected  by  the  perpendicular  sto  ;  then  with  the  cen* 
Ire  o  describing  «  circle  through  a  and  Pt  the  same  will  also 
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pass  through  ^,  because  the  nngle  oai,  formed  by  the  tangent 
Ai  and  AG,  is  equal  to  the  angle  Arq^  which  will  llier«4<m 
ftand  on  (he  same  arc  a^. 

180.  Cmnol.  2.  If  there  be  given  the  range  ai  and  tha  ve- 
locity, or  the  impetus,  the  direction  will  hence  be  easily 
found  thus :  Take  Ak  =  }ai,  draw  kq  perp*  to  ah,  meetinc 
the  circle  described  with  the  radius  ao  in  two  points  q  and 
q;  then  Aq  or  ^  will  be  the  direction  of  the  piece.  And 
Moce  it  appears  that  there  are  two  directions,  which,  with 
the  seme  inipetus,  give  the  very  same  range  ai.  And  these 
two  directions  make  equal  angles  with  ai  and  ap,  beesuse 
the  arc  is  equal  the  arc  a^.  They  also  make  equal  angles 
with  a  line  drawn  from  a  through  s,  because  the  arc  is 
equal  the  arc  s^. 

181.  CdtoI.  8*  Or,  if  there  be  given  the  range  ai,  and  the 
direction  a^  ;  to  find  the  velocity  or  impetus.  Take  Ak  ss 
^Ai,  and  erect  kq  pcrp.  to  ah,  meeting  the  line  of  direction 
m  qi  then  draw^p  making  the  a^p  =■  L  Akq\  m  shall 
AP  be  the  impetus,  or  the  altitude  due  to  the  projeciiie 
velocity. 

182.  Corol.  4.  The  range  on  an  obliq\ie  plane,  wilh  a 
given  elevation,  is  directly  proportional  to  ilie  rectangle  (»»'  iho 
cosine  of  the  direction  ot  ilu*  i>ief^e  ubovo  the  horizon,  and  the 
sine  of  the  direction  above  llie  oljlique  plnne,  and  reriprocally 
to  tho  square  of  the  cosine  of  the  angle  of  the  plane  above,  ur 
below  the  horizon.  ^ 

For,  put  s  =  sin.  ^qxi  or  Ary,  j^T 
c  =  COS.  ^qAH  or  sin,  pa^, 
c  =  COS.  ^lAH  or  sin.  Akd^^ff  or  AqK 

Then  in  the  triangle  Ai>g,  o  : «  :  J^f^ a^  ; 
and  in  the  triangle  aAp^,  c  ii/tjAq  t  aM  ; 
tberet  by  compositioiiy  ,^er : :  af  :  a&  »  ^jj^ 

'  c$ 
So  that  the  oblique  range  ai  =s  ^  X  4a?. 

183.  The  range  is  the  greatest  when  Ak  is  the  greatest; 
that  is,  when  kq  toucbes  the  circle  in  the  middle  point  s;  and 
then  the  line  of  direction  passes  ibrounh  s,  and  bisects  the 
angle  formed  by  the  oblique  plane  ano  the  vertex.  Also,  the 
ranges  are  equal  at  equal  angles  above  and  below  this  direc- 
tion  for  the  maximum. 

184.  CoroL  The  greatest  height  ce  or  A;^  of  the  pro- 
jscCiley  above  the  plane,  Is  equal  to  X  ap.  And  therefore 
it  is  aa  the  inpetos  and  square  of  the  sine  of  directioo  above 
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die 

Hm  fkm^  dimllyt  «id  mfmn  of  the  eotine  of  tbe  pkao'o  itt* 
oilnilina  loflqitocdiy. 

For  •  c  (mil.  a^p)  :  «  (sin.  Avq)  tiATiJiq, 
tad  o  (oiii.  :  «(mq.  kAq)  iiMqibjt 
therof.  by  comp.         it  av  tkq» 

185.  CoroL  6.  The  time  of  flight  in  the  curve  a«i 
^v^T-t  wheie  4^^     16^,  feet.   And  therefore  it  ts  h  the 


vseloei^  aed  eme  of  direction  above  the  plane  directly,  and 
OQMoe  of  the  plane's  inclination  reeiptocally.  For  the  time 
of  deicrilmig  the  eurve»  ia  equal  to  the  time  of  fidling  IWiely 

through  oi  or  4kq  or     X  ap.   Therefurey  the  time  being 

as  the  square  root  of  the  distancey 

A/lg ;  —  */AP  : ;  1" :  — 4/7-1  the  time  of  flighu 

SCUOLII  M» 

186.  From  the  foregoing  corollaries  may  be  collected  the 
following  set  of  theorems,  relating  to  projects  made  on  any 
given  inclined  planes,  either  above  or  below  the  horizoolai 
plane*   In  which  the  letters  denote  as  before,  namely* 

e     cos.  of  direction  above  the  horiaBon» 

o  a  cos.  of  inclination  of  the  plane, 

t  xs  iin.  of  direction  above  the  plane, 

&    the  range  on  the  oblique  plane, 

T     the  time  of  flight, 

T     the  projectile  velocity, 

B    the  greatest  height  above  the  plane, 

m    the  impetus,  or  alt*  due  to  the  velocity  v, 

g  =  32^  feet.  Then, 

*       ^    ^^4^  "8 
And  irom  aiqr  of  these,  th^  angle  of  direction  may  be  fimnd. 
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FRACTICAL  GUNNBBY,  2if 

187.  Geometrical  consf  ructions  of  ihc  principal  cases  in 
jprojectiles  in  a  non-resisting  medium,  flow  readily  from  the 
properties  of  the  parabola  ;  arul  in  many  cases  those  con- 
structions suggest  simple  modes  of  computation.  The  folj 
(owing  problems  will  serve  by  way  of  exercise. 

1.  Given  the  impetus  ^nd  islevation  ;  to  find,  by  construe* 
fion,  the  range,  on  a  horizoatal  plaoey  the  .greatest  heighfi 

thence  the  time  of  flight. 

2.  Given  the  impetusy  uid  the  ran^,  en  a  horisootel 

plane ;  to  fiodt  by  ceiulmctioiiytlieelevation»8iid  tl»egroeM| 
iieight. 

B»  Giveii       elevwtioq,  tnd  the  range  on  «  horimotil 

Cne ;  to  fiod,  by  conttroefion,  tho  impetus,  the  greatest 
gfaty  snd  thence  by  computation,  the  time. 

4.  Given  the  impetus,  the  point  and  direction  of  projection, 
•to  find  the  place  where  the  ball  will  fall  upon  any  plane  given 
io  position. 

6.  Given  the  impetus  and  the  point  of  projection,  to  find 
,the  elevation  necessary  to  hit  any  given  point ;  and  to  show 
}thc  limits  of  possibility.  Both  coostructioD  and  mode  of 
.computation  are  required. 


PRACTICAL  GUNNERY, 

188.  We  have  now  given  the  whole  theory  of  projectiles, 
with  theorems  for  all  the  cases,  regularly  arranged  for  use, 
both  for  oblique  and  horizontai  planes.  But,  before  they 
can  be  applied  in.  resolving  the  several  cases  in  the  practice 
oi  gunnery,  it  is  necessary  that  some  more  data  be  laid  down, 
as  derived  from  good  experiments  made  with  balls  or  shells 
discharged  from  cannon  or  mortars,  by  gunpowder,  under 
different  circunistances.  For,  without  such  experiments  and 
data,  those  theorems  can  be  of  very  little  utility  in  real 
practice,  on  account  of  the  imperfections  and  irregularities 
in  the  firing  of  gunpowder,  and  the  expulsion  of  balls  froni 
guns,  but  more  especially  on  account  of  the  enormous  re- 
sistance of  the  air  to  all  projectiles  made  with  any  velocities 
that  are  considerable.  As  to  the  cases  in  which  projectiles 
are  made  with  small  velocities,  or  such  as  do  not  exceed  200, 
or  300,  or  400  feet  per  second  of  time,  they  may  be  re- 
solved tolerably  near  the  truth,  especially  for  the  larger 
^ells,  by  the  parabolic  theory,  laid  down  above.  But,  iij 
leases  of  great  projectile  velocities,  that  theory  is  quite 
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SIS  VtVAMUM. 

adequnte,  intlmot  flie  M  of  leTenil  dnjbi  drawn  flm  mmuj 
•nod  gncid  oxperiments.  Pur  nn  great  is  the  efliect  of  the  r«- 
sisianre  of  the  air  in  projectiles  of  eooaiderable  velficity,  ihait 
some  of  tboHe  which  %n  the  air  fange  only  between  3  aad  9 
miles  at  the  most,  would  in  vaciio  nioge  aboal  ten^timae  as 
ftf^  or  between  SO  and  80  milea. 

The  eflcctn  of  this  resistance  are  also  Tarioaa,  according  to 
the  velocity,  the  diameter,  and  the  weight  of  the  projectilf** 
So  that  the  experiments  made  with  one  mae  of  ball  or  4iell, 
will  mt  aene  for  another  size,  though  the  vebieity  should  be 
the  sime ;  neither  will,  the  experiments  made  with  one  vo* 
locity,  serve  (or  other  velocities^  though  the  ball  be  the  same* 
And  therefore  it  ie  plain  that,  to  form  proper  rules  for  prnc* 
tical  gunnery,  we  ought  to  have  good  experimenta  made  willi 
each  size  of  mortar,  and  whh  every  variety  of  charge,  fmai 
the  least  to  the  greatest*  And  not  only  so,  lait  thees  ought 
also  to  he  repeated  at  many  diffeieiit  nnglea  of  elevatiiMp 
namely,  for  every  single  degree  between  80^  snd  00^  olovalioiit 
and  at'iittervahi  of  5*  above  tKT  and  below  dO\  from  the  yor* 
Ileal  direction  to  point  blank.  By  such  a  course  of  expeiiii 
meats  it  will  be  found,  that  the  j^reatest  range,  instead  of 
being  constantly  that  at  an  elevation  of  45*,  as  in  the  parabo« 
lie  theory,  will  be  at  all  intermediate  degrees  between  45  and 
30,  being  mora  or  less,  both  according  to  the  veloeity  aad  the 
weight  of  the  projectile  ;  the  snwiler  velocitiea  and  lar^^r 
shells  ranging  farthest  when  projected  almost  at  an  elovatton 
of  45*;  while  the  graalest  velocities,  espedal^f  with  tbo 
snMlier  shells^  range  fartheat  with  an  elevation  of  abom  M^, 
or  Kttle  more* 

189.  There  have,  at  different  times,  been  made  certain 
snull  parts  of  such  a  course  of  experiments  as  is  hinted  ut 
above.  Such  as  the  experiments  or  practice  carried  on  in 
the  year  1773,  on  Woolwich  Common  ;  in  which  all  the  sizes 
of  mortars  were  used,  and  a  variety  of  saiall  charges  of 
powder.  But  they  were  all  at  the  elevation  of  45^  ;  cense- 
quently  these  are  defective  in  the  higher  charges,  and  iu  all 
the  other  angles  of  elevation. 

Other  experiments  were  also  carried  on  in  the  same  place 
in  the  years  1784,  and  1766,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  only  one 
charge  of  powder,  and  that  but  a  small  one  too  ;  so  that  all 
thoae  nearly  agree  with  the  parabolic  theory.  Other  experi. 
menta  have  also  been  carried  on  with  the  ballistic  pendulum,  at 
different  times  ;  from  which  have  been  obtained  some  of  the 
laws  for  the  quantity  of  powder,  ihe  weight  and  velocity  of 
tlie  ball,  the  length  of  the  gun,  dec.  Namely,  that  the  velo. 
city  of  the  ball  varies  as  the  square  root  of  the  charge  direct* 
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iyt^ndas  ihc  square  root  of  tho  wcit^hi  of  bajl  reciprocally  ; 
and  that,  aome  rounds  being  tired  Httli  a  niciiiurn  it  r>;!ih  of 
one- pounder  gun,  at  15^  and  45^  clfvation.  und  with  2.  4,  8, 
and  15  ounces  or|»oWi]er.  g^ave  nearly  *he  velnciiic  s,  nm^fea^ 
Hid  timeiKif  fli^^ht,  an  ihey  are  here  set  down  in  the  (()lto\vit*|^ 
table.  But  guild  expeiiineaiii  am  WiioUHi  widi  Urge  baUe 
ind  *>»^tt» 


powder. 

Etevalitm 
of  gun. 

Velocity 
of  bait 

1 

Uaiige* 

TllDP  of 

ilighr. 

feet. 

ter. 

15° 

860 

4100 

9' 

4 

15 

5i(;o 

12 

8 

15 

mo 

t>0()0 

I4J 
ir,j 

12 

15 

6*01) 

8 

45 

860 

5100 

i  21 

190*  But  M  we  are  not  yet  provided  with  a  mifficient 
nopiber  and  variety  of  eaperimenta,  on  which  to  eatublihh 
tfvil  rulea  for  practical  gunnery*  independent  of  the  parabolic 
ftMUfff  ve  muat  at  preaenl  content  ouciielves  with  tlie  data  of 
dbme  ^ne  eerinin  exiiefimeDtal  range  ami  time  uf  flight,  nt  a 
given  angle' ef-ele  vat  ion  ;  and  then,  by  help  of  theae,  and  the 
ruleii  in  the  parabolic  theory, determine  the  like  circiimatancca 
for  other  elevations  ibnt  are  not  greatly  differenl  froni  the 
taner»  aMMed  by  tbe  folloiriiigpnictieai  rulee.— « 

in.  SOME  PRACTICAL  RULES  IN  60NNERT. 
L  Uie  Velodig  qf  an^  Ska  or  Shea. 

RuL«!.  Divide  double  the  weight  of  the  charr;e  of  powder 
by  the  weight  of  the  shot,  both  in  lbs.  Extract  the  Nqunre 
root  of  the  quotient.  Multiply  that  root  by  1000,  and  the 
product  will  b3  the  velocity  in  feet,  or  the  number  of  feel  the 
shot  passes  over  per  second,  nearly. 

Or  say — As  the  root  of  the  weight  of  the  shot,  i<?  fo  the 
root  of  double  the  weight  of  tbe  puwderi  so  is  16  JO  iect,  to 
the  velocity*.  ^ 


»  In  more  recent  experiments  carrted  on  «t  Woolwich,  the  Eilifor 
of  the  present  edilioii,  in  conjunction  with  the  j»clect  couiinits^^tt  of 
artall«ry  officers,  it  hat  been  foend  thirit  a  ehaheif  Of  a  tkini  ut  the 
wirigbt  of  the  ball*  give%  at  a  mediom,  a  velticiiy  of  laOO  f«*«t ;  can- 
pewdaabaiagflMoh  kapreved  in  its  maaofieiofe  aiaee  ttie  tfaaeiNHHi 
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il.  GwrnikeRamgeat  One  Elevation  ;  to  Jind the  Rtmg^ m 

Amther  EietaUirtu 

RvUi.  As  the  sine  of  double  tbe  fiiH  elevation,  is  to  im 
Irange ;  to  k  the  «ne  of  doubla  another  elevaAiooy  to  km 
Inuige* 

U  Given  the  Range  for  one  Charge  ;  to  find  the  Hange  jn/t 
AnaA&  Chat^crthe  Charge  far  Another  Range. 

ftou.  The  rengee  htTO  the  tame  proportion  as  thi| 
tshaiges ;  that  is,  as  one  range  is  to  its  charge,  so  is  any  other 
range  to  its  charge :  the  eletnttiOnof  the  piece  being  the  cami 
in  Mheafeea. 

192.  Example  1. .  If  a  ball  of  lib.  acquire  a  velocity  of 
iOOO  feet  per  second,  when  fired  with  8  ounces  of  powder  : 
it  is  required  to  find  with  what  velocity  each  of  the  several 
kinds  of  ihells  will  be  discharged  b^  the  full  charges  of  pow- 
der, viz; 

Nature  of  the  ahelle  in  mdieb  : 
Their  weight  in  Ibi. 
VNiarge  efpowder  in  Ifae. 

in^  Thtt  vtokifeitiefe  are 


1^ 

196 
9 

4 

48 

2 

5i 
16 

1 

H 

8 

t 

485 

477 

463 

OOD 

566 

Exam.  2.  If  a  shell  be  found  to  range  1000  yards  when 
discharged  at  an  elevation  of  45'  ;  how  far  will  it  range 
when  the  elevation  is  30^  16',  the  charge  of  pow  der  being  the 
)iati\e  !  Ahs.  2t>l2  fp^t,  or  871  yardo. 

.  )^iwf .  8.  The  range  of  a  abell,  at  45^  blbVatihn,  being 
finmd  to  be  8750  feet ;  at  what  elevation  most  thb  piece  be 
mitp  to  strike  an  object  at  the  distance  of  2810  feet,  with  the 
teme  l^arge  of  powder  t       Ans.  at  34^  lO',  or  at  65^  44'. 

fexAJt.  4.  With  what  impetus,  velocity,  and  charge  of  pow* 
tier,  must  a  13-inch  shell  be  fired,  at  an  elevation  of  32"^  12'^ 
\o  strike  an  object  at  the  distance  of  3250  feet  ? 

Ana.  impetus  1802,  Veloc  340,  change  41h.  7^oz» 

fecAttt.     k  ahell  being  fowid  to  range  8500  feet,  wheil 


^Hr'lTM.  Morinitold  4ad  Pr.  tfattoa  nsde  iWr  bsperlmsati.  Petting 

3c 

1 16^  Ui«  Weij^ht  of  the  ball,  and  c  for  tbat  of  the  charge,  v  =  1600 V-g-^ 
ibfto#  loand  a  food  ■pprosuastive  theorem  for  the  ioitisi  velo«it|r» 


Digitized  by  Google 


bxSGElVTS  ON  iNCXmaD  FLANSf  •  9S1 


Awchtirged  •!  an  etevtlixmorSSo  13' $  howfrr  tiMi  wiBil 
noge  tt  an  dftfitioii  of  aeP  15^  vitil  tiid  mm  dMurgtt  of 
lewder  T  Am.  488S  feot» 

Exam.  (>.  If,  with  a  charge  of  91b.  of  powder,  a  shell 
range  4000  feet ;  whal  charge  will  suffice  to  throw  it  3000 
feet,  the  devation  beiog  45°  in  both  cases  ? 

Alls.  6}lb.  of  powder. 

Exam.  7.  What  will  be  the  tiitie  df  flight  for  any  given 
range,  at  the  elevation  of  45^,  or  for  the  greatest  range  ? 
Ans.  the  time  in  sees,  is  }  the  sq.  root  of  the  range  in  feet. 

Exam.  8.  In  what  time  will  a  shell  range  3250  feet,  at  an 
elevation  of  32^  7  '         Ans.  11  j  sec.  nearly. 

ExAX.  9.  How  far  will  a  shot  range  on  a  plane  which 
ascends  8°  15',  and  another  which  descends  8°  15' ;  the  im. 
peluii  being  3000  feet,  and  the  elevation  of  the  piece  32^  30'  ? 

Ans.  4244  feet  on  the  ascent, 
end  6745  feet  on  the  descent. 

£zAM.  10.  Mow  mucli  pow(ier  will  thiew  a  13-inch  shell 
4244  feet  on  an  inclined  plane,  which  aeomde  15',  lb» 
etonttioo  of  the  mortar  being  S^""  30'  7 

Ans.  7-3765lb.  or  7lb.  6QSb 

ExAX.  11«  Ai  what  elevation  must  a  IS.inch  mortar  t)e 
fpomted,  to  range  6745  feet,  on  a  plane  which  descends  8^ 
15' ;  the  eha^  7|lb.  of  powder  7  Ans.  32""  41'jL. 

Exam*  12.  In  what  time  will  a  13-inch  shell  strike  a  plane 
Wliioh  riaea  8"^  30  ,  when  elevated  45^  and  dischai^with 
ilnittipetiiaof3904feetl '  Ana.  14|  aecottdtai 


^HE  DESCENT  OF  BODIES  ON  INCLINED  PLANES 
AND  CURVE  SURFACES.  —  THE  MOTION  OP 
PJBNDULUm 

193.  Prop.  If  a  weight  w  bo  sustained  on  an  inclined 
plane  ab,  by  a  power  acting  in  a  direction  wr,  parallel  to 
the  plane.  Then 

The  weight  of  the  hody,  w.      The  length  ab, 
The  auataining  power  p,  and     The  height  bo,  and 
The  pressure  on  the  plana^       The  base  ao, 
lata  vespeoliva^  its  of  the  plaae^ 
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For,  dmw  c»  Mrptndicular 
|#  thu  jilaM*  Now  hete  are 
IImm  forces,  keeping  one  an- 
ilher  in  equiiibrio;  namiily»lbe 
wei|^9  or  IV  >rcft  of  gravity,  act* 
ing  perpendicular  lo  ac,  or  pa- 
laTlel  to  ar ;  the  power  acting 
parallel  to  dr;  and  the  prewture 

Eerpendicular  to  ab,  or  pHrallel  to  dc:  but  when  three  forcea 
ecp  one  another  in  equilibrio,  they  are  proportional  to  the 
eidea  of  the  triangle  ciid,  mnde  hy  line**  in  the  dirpction  of 
thoae  forcee^  by  art.  80 ;  therefore  thf.<*e  forces  are  to  one 
enolher  as  bc,  fd,  cd.  Rut  the  two  triiinglea  abc,  crd,  are 
eqniangetar,  and  have  their  like  aidea  proportional ;  there* 
lore  the  three  bo,  bd,  cd,  arc  to  one  another  respectively  aa 
the  three  ab,  bo,  ac  ;  which  theref«ire  are  aa  the  three  Ibreea 

W,F,JN 

CoroL  1*  Hence  the  weif^ht  w,  power  p,  and  pieawiw. 
are  reapectively  as       radius,     sine       and  cosine,  of 
the  plane's  elevation  bad  above  the  horiBon. 

For,  anice  the  sidea  of  triangles  are  aa  the  ainee  of  Aair 
oppoahe  angles,  therefore  the  three  ab,  bc,  ac, 
are  respoetkely  as  •      •      ain.  c,  sin.  a,  ain.  b, 
eras    «      *      •      •      ladlua,  aine,  eosiiie, 

of  the  angle  a  of  elevatieii. 

Corol.  2.  The  power  or  relative  weigt)t  that  urges  a  body 


BC 


w  down  the  inclined  plane,  ia  as  —  x  w ;  or  the  finree  with 


AB 


which  it  descends,  or  endeavouia  to  deacend,  is  as  the 

of  the  angle  a  of  inclination. 

OhtoI.  3.  Hence,  if  there  be  two 
planes  of  the  same  height,  and  two 
bodies  be  laid  on  them  which  are 
proportional  to  the  lengths  of  the 
planee;  they  will  have  an  t^^ual  ten* 
dency  to  descend  down  the  planes. 
And  consequently  they  will  muru. 
ally  aoatain  each  other  if  they  be 
oonnected  by  a  string  parallel  to  the  planes. 

CofoL  4U  In  like  manner,  when 
the  power  r  acta  in  any  other  di* 
rection  whatever,  wp ;  by  draw, 
ing  CDS  perpendicular  to  the  di« 
rection  wp,  the  three  forcea  in 
equilibrio,  namely,  the  weight  w, 
the  power  p,  and  the  presaure  on 
the  plane,  Bill  still  be  respectively 
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vmomm  on  UKcmn  pkajim.  M 

la  Afv  Gii»  AO,  dfmwo  perpeodicaUr  to  the  diroctioo  of  ikom 
foitHM. 

191.  P«oi^.  'the  vislfMsky  ftcquirod  hy  a  fiody  daoeondmg 
fnNfly  diiWii  an  inclined  pUuie  m  to  the  vidocity  acquired 
by  a  boJy  mllan*;  peri^endiitiilarly,  in  the  same  ttoie  $  ao  tho 
Msht  of  th«  idane  bo,  in  to  ita  length  ab« 

For  the  force  of  gravily,  b«ith  per* 
pendiouliirW  and  on  the  ptaoc,  is  con- 
■tant ;  and  theM  two,  by  comL  3,  art. 
1SI3,  are  to  eiich  other  as  a  a  to  bc. 
But,  by  art.  131,  the  vebictit'a  gene-  ^ 
raied  by  any  cooalNnt  foreea,  m  the  ^ 
aame  itme,  are  aa  thiiae  fbrcea.  -rherefbrethe  velocity  down 
B4  ia  to  the  velocity  do«rn  bc,  in  the  same  lime,  aa  the  Ibroo 
on  Ba  to  the  force  on  bc  :  that  ia,  aa  bc  to  ba. 

Carol.  1.  Himcc,  as  the  mr'um  dnwn  nn  inclined  pUiie  is 
produced  by  a  cnnstjint  force,  il  will  be  n  m'ifion  uniformly 
accelerated  ;  and  tiiereforc  ihe  l.iws  Ixifore  hiid  r:'i%vn  fur 
accelerated  matiouH  in  general,  UnUi  ^nod  fnr  motions  on 
inclinf'd  planes ;  such,  for  insinncR,  lhi5  ft»llt»winjr :  That 
the  veliK'-itic*  wre  }«8  the  times  of  descendin*^  tVjun  redt  ;  tluit 
the  spacer  descended  nre  ns  xUa  si^uart's  ol'  the  velocities,  or 
squares  of  the  time;* ;  and  thai  if  u  body  hethrivvnupna 
inclined  plane,  with  the  velocity  it  acquired  in  descendmi^, 
it  will  lose  all  its  motion,  and  ascend  to  the  siime  height,  in 
the  same  time,  and  will  repass  any  point  of  the  plane  .with 
the  same  veli)city  as  it  patised  it  in  descending. 

Cord,  2.  Hence  alao,  the  arwce  descended  aloniir  an  in* 
dinod  plane,  ia  to  the  space  descended  perpendicularly,  in 
the  aatne  tine,  as  the  height  of  the  plane  cn,  to  ita  length 
aa,  or  as  the  sine  of  inclination  to  radina.  For  the  spacaa 
deacribod  by  any  forcao,  io  the  aaaM  tifliti  ant  aa  the  fomoi 
or  aa  the  velociiiea. 

Carol.  3.  Consequently  the  velocities  and  spaces  descended 
by  bodies  down  d liferent  inclined  planes,  are  as  the  sinea  of 
elevation  of  the  planes. 

Coroi.  4.  If  CD  be  drawn  perpendicular  to  ab;  thoOt 
while  a  body  falls  freely  through  the  perpandicular  space 
BC,  another  body  will,  in  the  aame  time,  deacend  down  the 
part  of  the  plane  bd.  For,  by  aimilar  tiianglea,  •  -  - 
BO :  BP  : :  BA  :  BC3»  that  ia,'  aa  the  apace  daacended,  by 
oorol.  2. 

Or,  in  any  rt(;ht  ang1ed  triangle  bdc,  having  its  hypotho* 
MO  BC  perpendicular  to  the  horizon,  a  body  will  deacend 
down  any  of  its  three  sides,  bd,  bt,  dc,  in  the  same  time. 
Aad  theroforo,  if  on  the  diameter  bo  u  circle  be  daacribed,  tba 
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teeof  dateenduig  down  any  chords  bis 
WBf  vWf  DC,  Kc,  Fc,  &c.  will  be  all  equal, 
and  each  equal  to  the  time  of  falling  freew 
Ij  through  the  perpendicular  diameter 
BG«  Also  the  velocities  aoqalved  in  de« 
■oendiof  down  the  chords  bd,  be,  nr,  bc, 
are  to  one  anodier  aathe  leiigtha  of  thoae 
choida. 


195.  Prop.  The  time  of  descending  down  the  inclined 
plane  ba,  is  to  the  time  of  falling  through  the  height  of  the 
plane  bc,  as  the  length  ba  is  to  the  height  bc. 

Draw  CD  perpendicular  to  ab. 
Then  the  times  of  describing  bd  and 
bc  are  equal,  by  the  last  enrol.  Call 
that  time  and  the  time  pf  describ. 
ing  BA  call  T. 

Now,  because  tbespacesdescribcd 
by  constant  forces,  are  aa  the  squares  of  the  ti^nea ;  therefore 
f :  T*  :  :  bd  :  ba. 

But  the  three  bd,  bc,  ba,  are  in  coptinual  proportion; 
t)ierefore  bd  :  ba  : :  bc^  :  ka~  ; 
hence,  by  pqipilit^,  f  :     :  :  bc*  :  ba', 
o|r  •       I  I  T  : :  BC  ;  ba. 

■ 

Oardf  Hence  iStm  timea  of  deacenduig  diffisnNit  ptaaee,  of 
the  aame  height,  aie  to  one  another  aa  the  lengtha  of  the 
planei. 

19d.  Pbot.  a  body  ncquirea  the  aame  velocity  in  descend- 
ing down  any  inclined  plane  ba,  aa  by  falling  perpendieuki 
through  the  height  of  the  plane  bc. 

For,  the  velocities  generated  by  any  constant  forces,  are 
in  the  compound  ratio  of  the  forcea  and  timea  of  acting. 
But  if  we  put 

r  to  denote  the  whole  force  of  gimviQr  in  Bp, 

/  the  force  on  the  plane  aB| 

I  the  time^of  describing  bc,  and 

T  the  time  of  descending  down  AB ; 

then  by  art.  103,  r  if  :  $  ba  :  BC ; 

and  by  art,  195,  t  :  t  : :  bc  :  ba  ; 

theref*  by  corop.  fI  :/t;  :  1  : 1. 

That  is,  the  compound  ratio  of  the  forcea  and  timea,  o( 
(he  ratio  of  the  Telocitieib  ia  a  ratio  of  equality. 

Coni.  1.  Hence  the  Telocitiea  acquired,  by  bodiee  dee- 
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icending  down  any  planes,  from  the  satqe  height,  to  the 
fiame  horizontal  line,  arc  equal. 

Corol.  2.  If  the  velocities  be  equal,  at  any  two  equal 
altitudes,  ]>,  £ ;  they  will  be  equal  at  all  other  equal  aitit 
ludesA,  c. 

CoroL  3«  Hence  also,  the  velocities  acquired  by  dct 
scending  down  aoy  planes  are  as  thi»  square  roots  of  the 
beighta* 

.  197.  We  may  here  introduce  some  useful  formnle,  re- 
lative to  motions  along  inclined  planes,  analogous  to  thosq 
ilready  given  for  bodies  falling  freely  (art.  154, 158.) 

I.  Let  as  before  =  feet,  s  the  space  along  an  iot 
dined  plane  whose  iuclmatioa  is  i,  t  the  time,  v  the  velocity  j 
then  *  . 

aSgsio^t  ' 

9.  e  A  gf  BUI*  i  =  •tn,  i)  =  -jT 

^  g  Sin.  t  » 

II.  Suppose  V  to  be  the  velocity  with  which  a  body 
projected  up  or  down  the  plane ;  then,  we  have 

4.  t?  =  V  :f  gr  sin.  t 

V9  "*■  t)* 

2g  sin.  t 

Making  v  =  o,  in  cqua.  4,  and  the  latter  member  of  eqoa. 
i\  the  first  will  give  the  time  at  which  the  body  viU  ceni^ 
10  rise,  the  latter  the  space. 

m.  If  B  be  a  coi^stant  reaistanfse  to  ipiotioii  fo^  a  bofiaofi? 
ill  planet  then 

6.  p  =  y  - 

where,  nyaking  v  e  o,  we  find  when  the  motion  ceaseSy 

196.  The  first  eight  of  the  following  problepas  viU  serve 
to  exemplify  these  theoiems. 

1.  How  far  will  a  body  descend  from  quiescence  in  4 
seconds,  along  an  inclined  plane  whose  length  is  4^  ^4 
lieight  300  feet  ] 

Vql.  II,  ?0 
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8.  What  velocity  will  »uch  a  body  have  acquired  when  ii 
bta  reached  iho  bottom  ▲  of  the  plane  t  (fig.  to  art.  1Q4.) 

8.  Seppoae  AD  »  DB,  in  wbat  Uqm  will  tlie  body  peie  erw 
each  of  those  portiona  ? 

4.  ]Iow  long  would  a  body  be  in  falling  down  IM  feel  of 
a  plane  whose  length  ab  is  150  feet,  and  height  bo  flOt 

6.  If  AB  =  90,  and  dc  =  25  feet,  what  velocity  would  m 
body  acquire  in  falling  through  70  feet? 

6.  A  body  ia  projected  up  an  Inclined  plane,  whose  length 
'is  10  times  its  height,  with  a  velocity  of  30  feet  per  second  ; 
in  what  time  will  iu  velocity  be  destroyed,  and  it  cease  to 
ascend? 

7.  Suppose  that  at  the  moment  a  body  is  ^njeeted  up  ab 
with  the  velocity  acquired  by  falHnc  down  it,  another  body 
begins  to  fall  down  it,  where  will  &ey  meet,  the  length  ef 

AB  being  givent 

8.  Given  ab  =  90,  bo  »  60  fbet  And  Mppow  two  bo- 
dies to  be  lot  fall  the  same  moment,  one  veitienllyy  the  other 
down  the  plane  ba  ;  what  distance  bd  wiU  the  latter  luiTW 

moved,  when  the  former  has  descended  to  ot 

9.  Ascertain,  geometrically,  the  position  of  the  right  line 
of  quickest  descent,  from  a  given  point  to  a  given  plane. 

10.  Find,  geometrically,  the  slope  of  a  roo(  down  whidi 
rain  may  descend  quickest* 

109.  Pmop*  If  a  body  descend  down  nay  nnniber  of  tMi- 
tiguous  planes,  ab,  bc,  cd  ;  it  will  at  last  aeqnhro  the  paM 
velocity,  asa  bod^fidling  perpendienlaily  through  the  sanM 
height  bd,  supposing  the  veleeily  nol  ikmd  qr  ohnnging 
firom  one  plane  to  another. 

Produce  the  planes  dc,  cb,  to 
meet  the  horizontal  line  ea  pro. 
duced  in  f  and  o.  Then,  by  cor. 
1,  last  art.  the  velocity  nt  b  is  the 
same,  whether  the  body  descend 
thorugh  ab  or  fb.  And  therefore 
the  velocity  at  c  will  be  the  same, 
whether  the  body  descend  through  abc  or  through  fc,  which 
is  also  again  the  same  as  by  descending  through  oc.  Ckn* 
sequcntly  it  will  have  the  same  velocity  at  d,  by  descending 
through  the  planes  ab,  bc,  cd,  as  by  descending  through  the 
plane  on ;  supposing  no  obstruction  to  the  motion  by  the  body 
impinging  on  the  planes  at  b  and  o :  and  this  again,  ia  the 
same  velocity  as  by  deacendiog  through  the  same  perpendico* 
lar  height  bd. 
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Coral.  I.  If  the  linefl  ABCD,  <kc.  he  supposed  indefinitely 
small,  ihey  will  form  a  curve  line,  wliicli  will  he  ihe  path  of 
the  body ;  from  which  it  appears  that  a  hody  acquireM  also 
the  same  velocity  in  descending;  nlonj;  any  curve,  us  iu  falliog 
perpendicularly  thrf>ufrh  the  same  height. 

Carol.  2.  Hence  mI'H),  hudies  acquire  ihe  same  velocity  by 
descending  from  the  same  height,  whether  they  descend 
perpendicularly,  or  down  any  phinei*,  or  down  any  curve  or 
curves.  And  if  the  velocities  be  equal,  at  any  one  height, 
Ihey  will  be  equal  at  all  other  equal  heights.  Therefore  ihe 
velocity  acquired  by  descending  down  any  line««  or  cut?iM| 
are  m  the  eqiiare  rootn  of  the  perpendiculox  heights. 

CW«i.  8.  And  m  body,  after  its  deecenl  through  any  cunrei 
wffl  «cquire  a  feloeity  #hieh  will  carry  it  to  the  aanie  het^ 
thm^  ao  equal  eanre,  or  Ihitmgh  any  other  cimre,  either 
by  nmning  up  the  amooth  eoocave  aide,  or  by  being  retained 
hi  the  Gunre  by  a  •tiuiff,  aod  vibratiog  like  a  peiuhilum : 
Abo,  Ihe  velocittee  will  be  equal,  at  all  equal  altttudea ;  and 
Ihe  aaeettl  and  deecent  will  be  performed  hi  the  aame  timei 
if  the  eanrea  bethe  aame. 

200.  Prop.  The  times  in  which  bodies  descend  through 
similar  parts  of  similar  curves,  abc,  abct  placed  alike,  are  aa 
tine  Hquare  roots  of  their  lengths. 

That  is,  the  time  in  ac  is  to  the  time  ia       as     ac  lo 

For,  as  the  curves  are  similar,  they  may 
be  considered  as  made  up  of  an  equal 
number  of  corresponding  parts,  which  are 
every  where,  each  to  each,  proportional  to 
the  whole.  And  as  they  are  placed  alike, 
the  corresponding  small  similar  parts  will 
also  be  parallel  to  each  other.  But  the 
time  of  describing  each  of  these  pairs  of  corresponding  pa- 
rallel parts,  by  art.  194,  cor.  1,  are  as  the  square  roots  of 
Iheir  lengths,  which,  by  the  suppositions,  are  as  ^  kgXo  ^  ae^ 
Ihe  roots  of  the  whole  curves.  Therefore,  the  whole  times 
are  in  the  pam  ratio  of    ac  to  v  ^c* 

Osrol*  !•  Because  die  ixes  nc,  oe,  of  shnnar  cunres,  are 
IS  Ibe  lengths  of  Ibe  similar  parte  ac,  ac ;  tbereibre  the  times 
«f  deetseni in  Ihe  cur? ei  AC,  OS,  are  asy^nclo  y^ne,  orthe 
squaiu  tools  of  their  axes. 

Corol.  2,  As  it  is  the  same  thing,  whether  the  bodies  run 
down  the  smooth  concave  side  of  the  curves,  or  be  made  to 
describe  those  curves  by  vibrating  like  a  pendulum,  the 
kngtha  being  bo,  dc;  tiierefore  the  times  of  the  vihration 
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bf  pendulums,  in  similar  nrcs  of  any  curves,  are  as  the  squartt 
JrooUi  oi'  (be  lunglhs  of  the  pendulums. 

6CH0LIUM. 

.  201.  Having^  in  the  last  corollary,  mentioned  the  pendu- 
lum, it  may  uot  be  improper  here  to  add  some  remarlu  god^ 
terning  it. 

A  simple  pendulum  consists  of  a  small 
ball,  or  other  heavy  body  b,  hung  by  a 
fine  string  or  thread,  moveable  ubout  a 
centre  a,  and  describing  the  arc  I  bd  ;  by 
which  vibration  the  same  motions  hap- 
pen to  this  heavy  body,  as  would  happen 
to  any  body  descending  by  its  gravity 
along  the  spherical  superficies  cRU,  if 
that  superficies  were  perfectly  hard  and  smooth.  If  the 
{pendulum  be  carried  to  the .  situation  ac,  and  then  let  fall, 
the  ball  in  descending  will  describe  the  arc  cb  ;  and  in  the 
point  B  it  will  have  that  velocity  which  is  acquired  by  de- 
Scending  through  cb,  or  by  a  body  falling  freely  through  eb. 
This  velocity  Will  be  sufficient  to  cause  the  ball  to  ascend 
through  an  equal  arc  bd,  to  the  same  height  d  from  whence 
it  fell  at  c  ;  having  there  lost  all  itB  iitotion,  it  will  again  be- 
0n  16  deiCend  by  its  own  gravity  ;  and  in  the  lowest  point  B 
n  will  aciquire  the  same  velocity  as  before  ;  which  will  cauee 
U  to  re-ascend  to  c  :  and  thus,  by  ascending  and  descendingi 
U  will  perform  continual  vibrations  in  the  circumference  cbd* 
and  if  the  motions  of  pendulums  met  with  no  teisistance 
from  the  air,  and  if  there  were  no  friction  at  the  centre  of 
tafiotion  A,  the  vibrations  of  pendulums  would  never  cease. 
But  from  these  obstructions,  though  small,  it  happens,  that 
the  velocity  of  the  ball  in  the  point  n  is  a  little  diminished 
in  every  vibration  ;  and  consequently  it  does  rk>t  return  pre* 
cisely  to  the  same  points  c  or  d,  but  the  arcs  d^dcribed  Con- 
Itnually  become  shorted  and  shorter,  till  at  length  they  are 
inseniibto  ;  Unless  the  motion  be  assisted  by  a  mechanical 
tontrivance.  as  in  clocks,  called  a  maintaining  power. 

Our  present  investigations  relate  to  the  simple  pendulum, 
Itbove  described  ;  the  oonsideration  of  compound  pendulums 
ireqoires  the  previous  knowledge  of  the  centre  of  oscillaliom 

202.  l^ROF.  When  a  pehdulum  vibrates  in  a  circular  arc» 
the  velocities  acquired  in  the  lowest  point,  are  as  the  chordi 
ttt  the  semi-arcs  described. 

iPor,  the  velocity  at  i*  of  a  body  that  has  descended  through 
toy  arc  ap,  is  equal  to  the  velocity  at  p  of  a  body  that  hai 
nUen  fireoly  through  the  velrsed^sine  mp  (art.  19^  cor.  2^) 


4 


Digitized  by 


PKlfDtliOirS  XOtlON. 


829 


Hence,  velocity  at  i-  after  descent 
throu|Tli  arc  ap,  is  to  velocity  nt  p 
lifter  descent  through  arc  a'p,  as 
y/ ti¥  to  v/N  p,  that  is  (Cleom,  ih. 
87)  as  chord  ap  to  chord  a'p. 

CoroL  If,  therefore,  we  would  im- 
part 10  tt  body  a  gtvt:o  velocity,  v,  we  have  only  to  compute  tbd 

iip9.8ueh  that  np  =  ^=  ^jt-t—        through  tlM 


2^    641  feet* 

point  Tf  dramr  the  horizontal  line  ka  ;  then  aa'p  an  are  (of  any 
tircle  passing  through  p)  »  oney  through  which  when  a  body 
has  fallen  it  will  have  acquired  the  propoaed  velocity*  Tbia  ii 
extremely  useful  in  experiments  on  collision. 

203.  Paop.  To  iaveatigate  the  time  of  vibration  of  a  pen* 
tiulum  of  given  length,  in  an  indefioitely  amall  are. 

Now,  in  estimating  the  time  of 
an  oscillation  in  an  indefinitely 
aroall  circular  arc,  let  it  be  re- 
eellected  that  the  excess  of  such 
an  arc  above  its  chord,  being 
incomparably  less  than  itself,  may 
be  neglected  ;  so  that  we  may 
consider  the  square  of  such  an 
arc  (like  that  of  its  chord,  Georo. 
lb*  87)  an  equal  to  the  rectan- 
gle under  the  vened^ine  and  the 
diameter. 

Indeed,  if  ihstead  of  indefinitely  small  area  we  look  arcs 
of  40^  or  5(X,  and  compared  the  respective  differences  of  their 
squares  and  those  of  their  chord.s,  we  should  find  thai  the 
error  would  not  oseeed  the  2900()dth  part  of  either  results* 

Thus,  arc^  50*  —  ard*  40'  =  145444''  — 
a»  861799  X  20089, 

While  chord'  50'  —  chord' 40'  =s  145442'^  116354* 
»  261796  X  20068. 

Let,  then,  dps  represent  such  a  very  short  oscillation  of  a 
pendulum  wliose  length,  ^  is  sf,  s  being  tiie  point  of  sinpen* 


Then,  versin.  kp  =  arc'  dp  -s-  2/ 
versin.     b  are"     -?*  2t. 

Their  di£  kn  =  ^^'^^^^  \  which  is  the  altitude  through 

which  a  body  must  full  to  acquire  the  velocity  at  a.  Putting 
this  value  of  the  altitude  in  the  usual  expression  for  falling 

DP*  — "  AP* 

bodiesj  ©  =  v^(2^*)i  it  becomes  t)  =      (S2|g .  ) 
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M  ^  ^  .  ^(dp' —  AF*)*   Tb»  will  be  the  velociqr  witk 

which  the  pendulum  will  deacribe  an  exceedingly  mioute 

portion  of  the  arc,  such  as  aa'. 

Draw,  horizontally,  =  arc  dp  ;  with  d?  as  radius  de- 
scribe the  quadrilateral  arc  dccQ  ;  make  da  DA,tta'^  aa^ 
and  draw  ac^  dc\  parallel  to  ra* 

Tbeoy  vel.  at  a 

But.  liaea  tine  of  detcribiog  a  apace  ea  »  m  p  ia  la* 
vanely  aa  the  velocity,  orl  »      we  have 

UiiielhfoiighAA(oraa)»:^  V'y  "^iF^y' 

(becauae  by  aim*  Uri.  —  =  — )• 
^  '  oc  cr 

The  same  reasoning  applies  for  every  minvle  aoecearivia 
portion,  such  as  aa',  of  the  semi-arc  described  by  the  tiendtl- 
lam  :  and  when  the  ball  has  descended  from  a  to  P9  the  CON 
responding  arc  to  (ip  its  equal  ia  the  quadrant  ile^a  :  <he  ex* 
preasaon  for  the  time,  therefore,  becomes,  in  that  caae» 
dcd  I  eemicircura.  ^  I  1^  ,  ' 
9^  ^  g  diam.  g  g 

The  thne  of  ascending  through  pb  ~  pd  is,  manifestly, 
mpui  to  the  abov.^  :  therefore,  ultiinatelyy  the  time  of  eom* 
fletaoacillalion  through  ofb,  ia, 

g 

Consequently,  the  times  of  osciUation  are  aa  the 
of  the  lengtht  of  the  pendulum^  the  force  of  gravity 
log  the  same. 

204:  For  the  same  reason  that  we  have  the  above  equa* 

when  i  ia  the  length  of  the  pendulum,  and  g  the  lineal  mea- 

l 

wre  of  die  force  of  gravity,  we  have  ^  »  #     -r,  ia  aay 

other  place  where  g  measurea  the  force  of  gravity,  and  I  ti 
the  length  of  the  pendulum. 

Consequently,  in  general, 

/  I 

—  :      ^  (2). 

If  the  fofce  of  gravity  be  the  aame,  we  have 
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iztt  t^/I:^r  (S). 

If  the  same  pendulum  be  actuated  by  differeot  gravitating 
Ibrcea,  we  have 

tlt::^  -^ly/  \  I'-y/  g  -y/g*    •    •    •  (4). 

Wboo  pettdttluMOteUlato  in  equal  timm  in  different  pfaeei* 

gig^  iilit  (5). 

Other  theorems  may  readily  be  deduced. 

205.  If  either  g  or  /  be  determined  by  experiment,  th6 
equa.  1  for  t  will  give  the  oiher.  Tims,  if  ^g^  or  the  space 
fallen  through  by  a  heavy  body  in  1 "  uf  time,  be  found,  then 
this  theorem  will  give  (he  length  of  the  secunds  pendulum. 
Or,  if  the  length  of  the  seconds  pendulum  be  observed  by 
experiment,  which  is  the  easier  way  ;  this  theorem  will  ^ive 
g.  Now,  in  the  latitude  of  London,  the  length  of  a  pendu. 
ium  which  vibrates  secends,  has  been  found  to  be  39^  inches  ; 

and  thie  being  writteo  for  I  in  tte  theorem,  it  gives  ^  ^  — 

■i  r  I  and  hence  ie  found  \i  ^  l^n  X  8 a  iM-OT 
mchee  «  1H|^  feet,  for  the  deacent  of  gravity  in  V  ;  which 
It  Imn  alio  l>eeo  fmuid  to  be  very  exactly,  by  nwny  tecurate 
experiaientail^  ^^X -80064;  te»IX4*984a  . 


MO.  Henoe  ia  6«nd  the  length  of  a  pendnhan  that  ahall 
aMhe  any  number  of  vibrations  in  a  given  time.  Or,  tlw 
nymbw  of  vibrationa  that  shall  be  roa£  by  a  pandnhrai  of 
a  given  length*  Thus,  suppose  it  were  required  to  ftid  the 
length  of  a  half-seoeods  pendulusi,  or  a  ^arter-seeeads 
pendntom  $  that  is,  a  pendulum  to  vibrate  twice  in  a  sacsnd^ 
er4  tinMsin  aseeood.  Then,  since  the  time  of  vibration  is 
as  the  smtare  root  of  the  length, 

thMofefol  :^::v^39i 

391 

or  1 1 1 : :     ^B^i-^^^  inches  nearly,  the 

length  of  the  half-seconds  pendulum. 

And  1 :  ^  : :  30^  :  2^  inches,  the  length  of  the  quarter- 
seconds  pendulum. 

Again,  if  it  were  required  to  find  how  many  vibrations  a 
panwilawi  of  89  inches  kog  will  make  ia  a  minute.  Here 

41*95067,  or  almost  42  vibrations  io  a  minute. 
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207.  For  military  rnvn  it  is  a  good  pniciice  to  have  a 
portable  pendulum,  made  of  painted  tapcwiilia  brass  bob 
at  the  end,  so  that  the  whole,  ex(-rpt  the  bob,  fnay  be  rollec} 
up  within  a  box,  and  the  whole  endosed  in  a  shjigrt^cn  caso. 
The  tape  is  marked  '200,  lUO,  ISO,  170,  h  0,  6ir,  80,  75,  70, 
65,60,  at  points,  whicli  being  assumed  respectively  as  points 
of  suspension,  the  pendiihim  will  make  200,  100,  ^Stc,  duvn 
to  60  vibrations  in  a  minute.  Such  a  portable  pendulum  is 
highly  useful  in  experiments  relative  to  lalJing  bodies,  the 
velocity  of  sound,  &c. 

For  the  comparison  of  the  times  of  oscillation  in  indefinite- 
ly small  arcs  of  circles,  in  finite  arcs  of  circles,  and  in  cy- 
cloidal  arcs,  the  student  nr,\y  turn  to  probs.  13  and  14,  in 
Practical  Exercises  on  Forces,  and  prob.  42,  in  Promiscuous 
S^ercises  oear  the  eud  of  this  yolume. 

CENTRAL  FORCES, 

208.  Def.  1.  Centripetal  force  is  a  force  which  tends  con- 
stantly to  solicit  or  to  ifppel  a  body  towards  a  certain  fixe4 
point  or  centre, 

2-  Centrifugal  force  is  that  by  which  it  would  recede 
from  ftucb  a  ceotre,  were  it  oot  prevented  by  the  centripetal 
Ibrce. 

3.  These  two  forces  are,  jointly,  called  central  forces, 

209.  Prop.  If  •  body,  m,  drawn  continually  towards  % 
fixad  point,  o,  by  a  constant  force,  (p,  and  projected  in  mdt- 
feetion,  xb,  perpendicular  to  cm,  desoribe  the  circumfereBce 
of  a  circle  about  the  centre  c,  the  central  force  ^,  is  to  the 
weight  of  the  body,  as  the  altitude  due  to  the  velocity  of  pio- 
jectioDt  ie  to  half  the  radius  on. 

Let  t)  be  the  velocity  of  pro- 
jection in  the  tangent  mb,  and 
r  the  radius  cm.  Independently 
of  the  action  of  the  central  force, 
the  body  would  describe,  along 
MB,  during  the  very  small  time 
I,  a  space  =  /r,  and  would 
recede  from  the  point  c  by  the 
qua^^tity  in,  which  may,  witiiout 

error,  be  regarded  as  equal  to  gm,  when  the  arc  mi  is  ex- 
ceedingly small.  If,  therefore,  the  body,  instead  of  moving 
io  tbe  tangent,  were  kept  in  the  circumrerence  by  the  ceiHr4 
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force  9,  its  operation  in  ihc  time  t,  would  (art.  130)  be  equal 
to       and  at  the  sumo  lime  =  mg.    But  by  the  nature  of  the 

eirdeMO  ^  eztieniely  mmII arc)  s  — ,  by 

Making,  tberefore,         ~ ,  it  ledvcesto 

9  =  —   •   -   .    .  (1). 
Patting  a  tot  the  altitude  due  to  the  velocity  t%  since  (by 

■ttltS. 

Thus  fiur,  we  have,  in  reality,  ooasidefed  oaly  the  imilof 
maaa  ;  hot,  if  we  multiply  the  firat  two  teniMi  of  the  abofa 
proportion  by  the  mam  of  the  body,  the  wbols  ■^tU  re» 
main  a  correct  proportion,  and  the  general  reauH  may  he 
thna  enoneiated  s  vis. 

The  centripetal  force  of  any  body,  if  it  he  free,  or  ila 
fieatrifugal  force,  if  it  be  retained  to  the  eeatro  c,  by  a  thread 
(or  otherwise),  is  to  the  weight  of  thai  bodjr,  as  the  height 
dtte  to  the  velocity    is  to  the  naif  of  the  ladnis  cm. 

210.  Hence,  it  appears  that,  so  long  as  9  and  r  remain 
constnnt,  the  velocity  v  will  bo  constant. 

211.  If  both  members  of  tiio  e<]'rilion  1  be  multiplied  by 
the  mass  m  of  the  body,  and  we  put  f  to  represent  the  cen* 

Ififiigal  fime  of  that  mass,  we  shall  have  w  »  Inliko 

oumner,  if  is  the  centrilu^  force  of  another  ho<^  which 
revolves  with  the  velocity  «'  m  a  cirde  whose  radios  is  r\  wa 
shall  have 

F :  f'  : :  —  ;  -r   •   •   •    •  (2). 
r  r 

212.  If  T  and  t  denote  the  times  of  revolution  of  the  two 

2irr  2*^ 
bodies,  because  v  =«  -~,  and  »' «  — 7->  we  have 

T  T 

r-*'---^,-^.  ....  (3). 

213.  If  the  times  of  xevolotion  are  equal,  we  shall  have 

F  8  ^  : :  r  :  r   (4), 

Vol.  U.  81 
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914.  Aiid,if  wtt  amnM  T*. s  T** :  :  f^i  t^^wB  in  ihrn^Ui^ 
taiy  noiHiiia,  the  proportioa  (8)  will  bMoma 

F:i'::f'*:f'   •    .   •   •   •  (6). 

8CH0UUM. 

215.  Tlie  subject  of  central  forces  is  too  extensive  and 
momentous  to  be  adequately  pursued  here.  The  student 
may  consult  the  treatises  of  mechanics  by  Gregory  and 
Poisson^  and  those  on  fluxions  by  Simpsofif  Dealiry,  &c. 
We  shall  simply  present  in  this  place,  one  example  COBDeci* 
ad  with  practical  mecbaoica* 

ExAK.  IsvaaHgale  llie  dianeliiiilie  property  of  Aconied 
prndulom  appliM  aa  a  lagalalor  or  jaMrwr  to  ataam-an* 
fioaa,  4e. 

Thia  eontiifaiiaa  will  Iw 
laadily  aanpioiitodad  from 
Ike  OMigiiwl  fignraf  wbmMa 
iaa  wiMibaftcap^  af 
laranig  tmly  upam  Iba  aola 
^cPyaia  twobarawliieh 
mm  ftaaly  vpoa  tte  eMtra 
a,  and  cany  it  tfaeit  ioarar 
axtMMliaatwa'aqval  weights, 
a:  tha  baia  an,  ev,  aia 
wated,  by  a  proper  aflieola* 
tioD,  to  dka  Imia  a,  b,  which 
latter  are  attached  to  a  ring, 
i,capabla  of  sliding  up  ami 
down  tha  Tartical  abaft,  mi.  Whan  thia  shaft  and  caonacted 
.  appaitttoa  ara  made  to  ravolira,  in  Tirtoa  af  tha  oaalnfiiflal 
forea,  tha  balls  p,  a,  fly  out  mora  and  BMira  frooi  as  die 
aolatory  valocily  iacraaaaa  s  if,  ao  dM  eonlraiy,  tha  rolaloiy 
^palocity  slaokana,  tha  balk  deacand  and  approMh  ao*  Th* 
ring  I  aicaadf  in  the  former  case,  ifsicandi  in  tha  Imtor :  atti 
nlofor  aoonaetod  widi  i  nM.7  bo  made  to  aotiaet  appropii- 
ately,  tha  energy  of  tha  moving  power*  T1hi%  in  tho  staam* 
engine,  the  ring  may  be  made  to  act  an  tha  Talfa  hj^  wbWi 
tte  sleam  is  admitted  into  tha  eylindar ;  to  augment  da  anen 
ing  whan  the  modonis  slacfcsninff,  and  rodprnallj  dianpiib 
it  wiian  the  motion  is  aaealerateo. 

The  eonstmatioB  is,  oAso,  so  modidad  diet  die  flying  oat 
of  the  balla  ransea  tha  ring  iio  badepreasad^andaios  omn; 
but  the  general  prineipla  ia  iSbB  aama*  If  n  »  fi«  at 
mt  M,  then  I,  p,  Q,  aradwaya  in  aoma  ana  horizontal  piano : 
but  that  is  not  essential  to  tha  constmction. 
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a,dM.  Ml 

No«r,  let  t  denote  the  time  ofeM  imlolieB  ef  the  ihtft^ 
s  the  nuriiMe  korisontal  ilMiiee  of  eeeh  Ml  Am  tlwt 
ilMil^  «  it  smJ  a  :  theo  wUl  tlM  voloeky  of  eMh 

ball  be  a  -j^  end  (eit*  200.)  its  cemrilbfal  force 

—  J  -p.   Tbebalb being  operated  upend* 

muUaneously  by  the  centrifugal  force  and  the  force  of  gravity, 
of  which  one  operates  horizontally,  the  other  vertically,  the 
resultant  of  the  two  forces  is,  evidently,  always  in  the  actual 
position  of  the  handle  CD,  cf.  It  follows,  therefore,  that  the 
ratio  of  the  gravity  to  the  centrifugal  force,  ie  that  of  cos. 
ICQ  to  sin.  ICO,  or  that  of  the  vertical  distance  of  q  below  c 
to  its  horizontal  dislaoce  from  ao.  CmU  the  former  the 
letter  being  « : 

then dixiig;  '^jr* 

Hence,  the  periodic  time  varies  as  the  square  root  of  the 
eltitude  of  the  come  penduUmi,  let  the  rediue  of  the  beae  be 
what  it  nay. 

Hence,  also,  when  toq.  lop  45^,  the  oeotiifugel  Ibrce 
of  oaeh  ball  ieeqoel  to  ite  weigbl. 


ON  THE  CENTRES  OF  PERCUSSION, 
OSCILLATION,  AND  GYRATION. 

S16b  Tim  Cmire  pfFmemtkm  of  o  body,  or  a  ^ttem  of 
bodies,  rovoMig  aboot  a  point,  or  axis,  is  that  poiot,  which 
Mrikiog  ao  iMiofoablo  object,  the  wbcle  bmm  ahall  not  »• 
ottno  to  either  iide,  but  teal,  aeit  were,  in  equilibrioi  withoot 
oeliBgoo  Ae  eeoteo  of  auspenaion. 

217.  The  Centre  of  OscUlatim  is  that  point,  in  a  body 
vibrating  by  its  gravity,  in  which  if  any  body  be  placed,  or 
if  the  whole  mass  be  collected,  it  will  perform  its  vibrations 
in  the  same  time,  and  with  the  same  angular  velocity,  as  the 
whole  body,  about  the  same  point  or  axis  of  suspension. 

218.  The  Centre  of  Gyration  is  that  point,  in  which  if 
the  whole  mass  be  collected,  the  same  angular  velocity  will 
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\m  niiitimtN  in  tiMianoliiBey  by  a  gim  farae  actMlg  tl  iny 
plae6|  as  in  the  body  or  system  itself. 

219.  The  angular  motion  of  a  body,  or  system  of  bodies, 
islhe  motion  of  a  line  connecting  any  point  and  the  centre 
or  axis  of  motion  ;  and  is  the  same  in  all  parts  of  the  same 
revolving  body.  And  in  different  unconnected  bodies,  each 
revolving  about  a  centre,  the  angular  velocity  is  as  the  ab» 
solute  velocity  directly,  and  us  the  distance  from  the  centre 
inversely  ;  so  that,  if  their  absolute  velocities  be  as  their  radii 
or  distances,  the  angular  velocities  will  bn  equal. 

220.  Prop.  To  find  the  centre  of  percussion  of  a  body  or 

system  of  bodies. 

Let  the  body  revolve  about  an  axis 
passing  through  any  point  s  in  the  line 
8GO,  passing  througli  the  centres  of  gra- 
vity and  percussion,  o  and  o.  Let  mn 
be  the  section  of  the  body,  or  the  plane 
in  which  the  axis  sao  moves.  And  con- 
,  ceive  all  the  particles  of  the  body  to  be 
reduced  to  this  plane,  by  perpendiculars 
let  fall  from  them  to  the  plane  ;  a  sup- 
position which  will  not  affect  ihc  centres 
e,  o,  nor  the  angular  motion  of  the  body. 

Let  A  be  the  place  of  one  of  the  particles,  so  reduced  ; 
join  SA,  and  draw  perpendicular  to  as,  and  ao  perpcndi* 
cular  to  SCO :  then  ap  will  be  the  direction  of  a'«  motion  aa 
it  revolves  about  s  ;  and  the  whole  mass  being  stopped  at  o, 
the  body  a  will  urge  the  f)oint  r,  forward,  with  a  force  pro- 
portional to  its  quantity  of  matter  and  velocity,  or  to  its  mat- 
ter and  distance  from  the  point  of  suspension  s  ;  that  is,  as 
A  .  8A  ;  and  the  efficacy  of  this  force  in  a  direction  perpen- 
dicular to  so,  at  the  point  p,  is  as  a  .  sa,  by  similar  triangles  ; 
also,  the  effect  of  this  force  on  the  lever,  to  turn  it  about  o, 
being  as  the  length  of  the  lever,  is  as  a  •  sa  •  po  ^  a  •  sa  . 

(so  —  SP)  —  A  .  Stf  .  so         A  .  sa  .  8P  =  A  .  sa  .  so  —  A  .  SA*. 

In  like  manner,  tbe  ibsces  of  B  and  lo  turn  the  system 
about  Op  are  as 

a  •  s6  •  so     6  •  8R^  and 

C  .  8C  •  80  —  C  .  SC^,  &€• 

But,  since  the  forces  on  tbe  contrary  sides  of  o  destroy 
one  another,  by  the  definition  of  this  force^  the  sum  of  tbe 
positive  parts  of  these  quantities  must  be  equal  to  the  sum  of 
the  negfUive  parts, 

that  isy  A  •  sa  •  so  +  B  •  6&  .  90  +  c  .  sc  •  sOy  dec. 

A  •  SA*+  B  .  SB^  +  c  •  sc%  <Stc ;  and 


hence  so  = 


A  .  SA"  +  |{  .  Sir  -f-  c  .  A:c. 

A  •  sa  +  bTs6  +  c  •  ac,  dto.* 
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iHiich  i«  tlw  dbtaaea  of  the  ctaM  of  peveuniM  Mow  tlio 

us  of  motioa. 

And  here  it  mult  be  observed  that,  if  «iy  of  the  pointi  a» 
6»  &II  on  the  contraiy  aide  of  e,  the  comipuodiDg  pio» 
"diiet  ▲  •  eoy  or  a  •  a6,  &c.  moet  be  naile  negative* 

221.  Carol,  1.  Since,  by  art.  105,  a  4-  b  -f  c,  die.  or  the 
body  6  X  the  distance  of  the  centre  of  gravity,  so,  is  =  a  . 
ea  -j-  B  .  s6  +  c  .  sc,  dec.  which  is  the  denominator  of  the 
Viilue  of  80 ;  therefore  the  distance  of  the  centre  of  percuf* 

.        .  *  A  .  8A^  +  B  .  8B^  -f  C  .  8C"  dcC* 

woo,  M  eo  »  —    ^  ^    T  . 

•o  X  body  6 

222,  Cord,  2.  Since,  by  Geometr\%  theor.  36, 37, 

it  is  SA^  =  SG^  4"  GA*  2SG  .  Off, 

and  SB^  =  SG^  -f-  ^^b^  -f-  2sg  .  g6, 

and  sc^  =  sg^  -|-  gc*  +  2sg  .  go,  &c.  ; 

and,  by  cor.  5,  art.  101,  the  sum  of  the  last  terms  is  nothing, 

namely,  —  280  .  ca  +  2so  .  g6  +  2sg  .  gc  dsc«  »  0  ; 

therefore  the  sum  of  the  others,  or  a  .  sa^  +  b  •  8B^  te.  - 

ia  s  (a  +  B  dcc.^  •  ao^  +  A  •  oa^  +  b  •  obP  +  o  «  oo^  3te. 

or  «  o  •  ao'  +  A  .  OA*  +  b  .  oia?  +  c  .  oc^  itc ; 

which  being  aubatitoted  in  the  numemlor  of  the  £«egulng 

▼alue  of  ao,  givea 

i  .  ao'  +  A  .  ga'  +  B  .  GB*  4-  dec* 
ao  «  


or  ao  =  so  + 


6  .  so 

A  •  OA*  +  B  .  Oa*  +  C  »  PC*  dtc. 

h .  ao 


223.  Coroi,  3.  Hence  the  distance  of  the  centre  of  per* 
eaaaioa  alwaya  exceedn  the  distance  of  the  centre  of  giavilyi 

-  .      -  A  •  OA*  +  B  .  OB*  dbO. 

and  the  excess  is  always  co  =  .  ♦ 

^  ^%«o 

224.  And  hence  abo,  ao  •  oo  s  nr-£r-j— i — —  t 

the  body  b  ' 

that  is  so  .  oo  is  always  the  same  constant  quantity,  where* 
ever  the  point  of  suspension  s  is  placed  ;  since  the  point  o 
and  the  bodies  a,  b,  &c.  are  constant.  Or  go  is  always 
reciprocally  as  so,  that  is  ^.o  is  less,  as  sg  is  grf!nter ;  and 
consequently  the  point  o  rises  upwards  and  appmnrhes  to- 
wards the  point  g,  as  the  point  s  is  removed  to  the  greater 
distance  ;  and  they  coitu  ide  when  so  is  infinite.  But  when 
8  coincides  with  o,  then  go  ia  inlioite,  or  o  ia  at  an  infinite 
distance. 

286.  Paor.  If  a  body  a,  at  the  diatanea  aA  from  an  axia 
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passing  through  s,  perpendicular  to  the  plane  of  the  paper, 
be  made  to  revolve  about  that  axis  by  any  force  acting  at  F 
in  the  hne  sp,  perpendicular  to  th«  axis  of  motion  :  it  is  re- 
quired to  determine  the  quantity  or  matter  of  another  body, 
a,  which  being  placed  at  p,  the  point  where  the  force  acts,  it 
shall  be  accelerated  in  the  same  manner,  as  when  a  revolved 
at  the  distance  sa  ;  and  consequently,  that  the  angular  velo- 
city of  A  and  u  about  may  be  the  same  in  both  caseti. 
By  the  nature  of  the  lever,  sa  :  sp  : :  J  \, 

8P 

—  .  /,  tho  effect  of  the  force  /,  acting  at 

on  the  body  at  a  ;  that  is,  the  forcey  acting  at 
p,  will  have  the  same  effect  on  the  body  a,  as 

8P 

the  force  — acting  directly  at  the  point  a* 

8  A 

But  as  ASP  revolves  altogether  about  the  axis  at  s,  the  abso- 
lute velocities  of  the  points  a  and  s,  or  of  the  bodies  a  and 
Q,  will  be  as  the  radii  sa,  sp,  of  the  circle  described  by  them. 
Hera  tboa  we  have  two  bodies  ▲  and      which  being  urged 

SP 

directly  by  the  forces  /  and  — acquire  velocities  which  are 

SA 

ai  8P  and  sa.  And  since  the  motive  forces  of  bodies  are  as 
their  mass  and  velocity  :  therefore    •      •    '  • 

^/  :  /  : :  A  •  SA  :  a  •  SF»  and  sv* :  sa'  : :  a  :  a  ss 

which  therefore  expresses  the  mass  of  matter  which,  being 
placed  at  p,  would  receive  the  same  angular  motion  from  the 
action  of  any  force  at  p,  as  the  body  a  receives.  So  that  the 
resistance  of  any  body  a,  to  a  force  acting  at  any  point  p,  is 
directly  as  the  square  of  its  distance  sa  from  the  axis  of  mo- 
tion, and  reciprocally  as  the  square  of  the  distance  sp  of  the 
point  where  the  force  acts. 

296.  Coral.  1.  Hence  the  force  which  acceleratea  the  point 

f  .  SP^ 

p,  is  to  the  force  of  gravity,  as  — ^ — ^  to  1,  or  as  /*  .  sp* 

A  •  SA 

to  A  •  SA*. 

227.  Corol.  2.  If  any  number  of  bodies 
A,  B,  c,  be  put  in  motion,  about  a  fixed 
axis  passing  through  s,  by  a  force  acting 
at  p ;  the  point  p  will  be  accelerated  in 
the  same  manner,  and  consequently  the 
whole  system  will  have  the  same  antrular 
velocily,  if  instead  of  the  bodies  a,  b,  c, 
placed  at  the  distances  sa,  sb,  8c,  there  be  substituted  the 
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Dodies     A,  —         » heiag  collected  into  the  point 

».    And  hence,  the  moving  force  being      and  the  matter 

A.8A»H-B.8B^  +  c.6c>  "      wceleniling  force  ;  which 

,  therefore  is  to  the  accelerating  force  of  gravity  as/,  sp*  to 
A  .  8A*  4-  B  .  SB*  -h  c  •  ac*. 

CoroL  d.  The  angular  velocity  of  the  whole  fjpatem 


of  bodies^  ia  aa 


/.  SP 


For  the  abao* 


A  .  SA^  4-  B  .  SD^  -f-  C  .  8C*  * 

late  velocity  of  the  point  r,  is  as  the  accelerating  force,  or 
directly  aa  the  motive  force  /,  and  inver^ly  aa  the  maaa 
A  •  aA*  d(C. 

 — :  but  the  angular  velocity  ia  as  the  absolute  velo* 

dnr  directly,  and  the  radiua  ap  inyersely ;  therefore  the  an- 
golar  velocity  of   or  of  the  whole  ayatem,  which  is  the  same 

thins,  ia  aa  

^  •  A  .  8A''  4-  B  .  SU-^  +  C  .  SO** 

229.  Prop.  To  determine  the  centre  of  oscillRtion  of  any 
compound  mass,  or  body  mm,  or  of  any  system  of  bodiea  a,. 

Let  Mif  he  the  plane  of  vibration,  to  which  let  all  the 
matter  be  reduced,  by  letting  fall  perpendiculacs  from  every 
particle,  to  this  plane.  Let 
G  be  the  centre  of  gravity, 
and  o  the  centre  of  oscilla- 
tion ;  through  the  axis  s 
draw  SCO,  and  the  horizon- 
tal line  aq ;  then  from  every 
particle  a,  b,  c,  dec.  let  fall 
perpendiculars  Aa,  Ap,  b&,  b^, 
ce,  cr,  to  these  two  lines ;  and 
join  SA,  SB,  sc  ;  also,  draw 
em,  OR,  perpendicular  to  tq. 
Now  the  foroee  of  the  weights 
A,  By  to  torn  the  Mty 
aibout  the  azia,  are  ▲  •  sp,  b  • 
aj^  —  o  •  ar ;  therefbira,  by 
cor..  St  art.  S88,  the  angular 


OMtioai  generated  by  aU  tl^oaeforceaia 


.  A  .  sp  4-  B  .  sq—  c  ,  sr 


A^SA'^-i-  B  .  B3^+  C  •  sc" 
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Alio,  the  angular  Teloc.  any  particle  p,  plaeed  in  o,  ganeralea 
in  the  ayatam,  by  ita  weight,  is  '  :-or  — ,  or  ,  be* 

'  ®      •        p  .  so-*      80^         SO  .  SO 

cause  of  the  similar  triangles  sum,  son.  But,  by  the  pro- 
blem, the  vibrations  are  performed  aiiko  in  l)oth  cases,  and 
therefore  these  two  expressions  mu»t  by  equal  to  each  otheri 

.  .      SOT  A  .  sv  -\-  n  .  <<i  —  c  .  er  .  , 

that  iBf  1—   •  and  hence 

ao .  ao    A  .  aA*  4-  B  .  aa^  4-  €  •  ac^ 


 ^  A  .  flA*  -f  a  .  SB*  -f  r  .  8C? 

ao        —  X  ;  '• 

so        A  .  sp  -f-  II  .      —  c  .  sr. 

But,  by  cor.  2,  art.  105,  tho  sum  a  .  s;;  -{-  R  •  s^  — -  c  .  ar  = 
4"  B  4~  c)  •  801 »  therefore  the  dUlance  so  =  . 

A  .  BA*  +  B  .  IB*  +  C  •  ac'  _  A  •  BA*  +  B  .  8B*  +  C  .  8C^ 

ao  .  (a  +  B  +  c)  A  .  8a  4"  B  •  e*  +  c  .  8<? 

by  art.  107,  which  is  the  distance  of  tlie  centre  of  oscillation 
o,  below  the  axis  of  suspension  ;  where  any  of  the  products 
A  .  sa,  B  .  s6,  must  be  ne«rative,  when  a,  6,  &c.  lie  on  the 
other  side  of  s.  So  that  this  is  tiie  sarno  expression  as  that 
for  the  distance  of  the  centre  of  percusMon,  found  in  art.  220» 
Hence  it  appears,  that  the  centres  of  percus:»ion  and  of 
oscillation,  are  in  the  very  sann'  point.  And  tlieretbre  the 
properties  in  all  the  corollaries  tliorc  fuund  Ibr  the  former, 
arc  to  be  here  understood  of  the  latter  ;  and  it  will  be  iie<tcs» 
sary  to  mark  them  carefully,  as  they  are  of  great  practical 
utility. 

230.  Carol.  1.  If  p  be  any  particle  of  a  body  and  4 
its  distance  from  the  axis  of  motion  s  ;  alao  o,  o  the  centres 
of  gravity  and  oscillation.  Then  the  distance  of  the  Centre  of 
oecillatioo  of  the  body,  from  the  axis  of  motion,  is    -    -  - 

^  ^  fom  of  all  the  ptP 

so  X  the  body  b 

231.  Carol.  2.  If  b  denote  the  m^ter  in  any  compound 
body,  whose  centres  of  gravity  and  oscillation  are  o  and  o  ; 
the  body  p,  which  being  placed  at  r,  where  the  force  acts  as 
in  the  laat  piopoaitioni  and  which  receives  the  same  motion 

8G  •  80 

from  that  force^aa  the  compound  body  b,iar=s  . 

For,  by  coioL^2,  art.  222,  this  body  p  is  ss  •  .  •  « 
 jjj5 — ^  ,  But,  by  coroK  1,  art.  221, 
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232.  By  the  method  of  Fluxions,  the  centre  of  oscillation^ 
for  a  regular  body,  will  bo  found  from  cor.  1.  But  for  an 
irregular  one  ;  suspend  it  at  the  given  point ;  and  han^  up 
also  a  simple  pendulum  of  such  a  length,  that  making  them 
both  vibrate,  they  may  keep  time  together.  Then  the 
length  of  the  simple  pendulum  is  equal  to  the  distance  of 
the  centre  of  oiicillatioa  of  the  body,  below  the  point  of  sui« 
pension. 

233.  Or  it  will  be  still  better  found  thus  :  Suspend  the 
body  very  freely  by  the  given  point,  and  make  it  vibrate  in 
very  small  arcs,  counting  the  number  of  vibrations  it  mnkes 
io  any  time,  as  a  minute,  by  a  good  stop  watch  ;  and  let  that 
•iimher  of  vibratiowi  made  in  a  xninule  be  called  n  :  Then 

shall  the  distance  of  the  centre  of  o«ciUation,be        1  'I  ^ ^ 


inches.  For,  thb  lengA  of  the  pendulum  vibrating  seconds^ 
or  60  times  in  a  minute,  being  39^-  inches  ;  and  the  lengths 
of  pendulums  being  reciprocally  as  the  square  of  the  number 
of  vibrations  made  in  the  same  time  ;  therefore    .    «    •  . 

^  iun     on,    ^  X  391     140650      _     ,     .V  ^ 
nFt  W::89i  :  — — iaa — «  Aie  length  et  ttii 

INI  INI 

peiidulaiii  which  Tibhites  n  times  in  a  nmratey  or  the  distance 
of  the  centre  of  oscillation  below  Ibe  axis  of  motion. 

Or,  so  80t  in  inches,  t  being  the  time  of  one  oscilla* 
4ieo  in  a  irerjr  small  arc. 

234.  The  foregoing  determination  of  the  fmnt  into  which 
all  the  matter  of  a  body  being  collected,  it  shall  oscillate  ia 
the  same  manner  as  before,  only  respects  the  case  in  Which 
the  body  is  put  in  motion  by  the  gravity  of  its  own  particles, 
and  the  point  is  the  centre  of  o<»ci!l'»tion  :  but  when  the  body 
is  put  in  motion  by  some  other  extraneous  force,  instead  of 
its  gravity,  and  made  to  rotate  instead  of  ctcillatc,  then  the 
point  is  different  from  the  i'ormcr,  and  is  called  the  Centre  of 
Gyration  ;  which  is  determined  in  the  following  manner  : 

235.  Pkop.  To  determine  the  centre  of  gyration  of  a  com^ 
d  body  or  of  a  system  of  bodies. 
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l0t  B  be  the  centre  of  gyration,  or 
point  into  which  all  the  particles  a, 
B,  c,  dec.  being  collected,  it  shall  re- 
ceive the  same  angular  motion  from  a 


force  /  acting  at  r,  as  the  whole  eye-  /A  /  \ 

tern  receivea.  /  J  '0^ 

Now,  by  cor.  3,  art.  22d,  the  angu-  /    B  . 

lar  velocity  generated  in  the  system  by  I        .  o 


986b  CW.  1.  BecanMA.a4*  +  B.aB*te.BM.eo.  w, 
wbera  •  w  the  centre  of  graWty,  o  the  eeotie  of  oscillatioii, 
andwtbe  weight  of  bodyA  +  B  +  C&C. ;  therefore  tB' » 
ee  .  ao  ;  that  ia,  the  diatanee  of  the  centre  of  gyratioiii  frott 
tiie  point  of  ampension,  la  a  mean  proportional  between  those 
of  gravity  and  oteUlation. 

887.  Cbret  9.  If  p  denote  any  particle  of  a  body  w^at 
d  diitimi*t  firam  the  axle  of  motion ;  then  an' 

sum  of  all  the  fd* 

body  w 

Or,  if  I  be  put  for  the  diatance  of  the  cenire  of  gyra*  ' 
tion  from  the  point  of  autpeaiioo,  4  aaP  +  B  • 

c  .  tc*  +      aumof  all  the^'. 


By  means  of  the  theory  of  the  centre  of  gyrattoo, 
and  the  values  of  { thence  deduced  in  the  note  to  prop.  8» 
under  the  heading  Maximum  In  Machinea**  In  a  auhaequeni 
part  of  thb  volume,  the  pbMomena  of  rotatory  motion  become 
connected  with  those  of  accelerating  forces :  for  then,  if  a 
weight  or  other  moving  power  P  act  at  a  radius  r  to  give 
lolatioo  to  a  body,  weight  w,  and  diet  of  centre  of  gyration 
from  axis  of  motion  »  ^,  we  shall  have  for  the  acceleratiog 
force,  the  expression 


and  conscqoently  for  the  space  descended  by  the  actuating 
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weigbt  or  power  p,  in  a  givon  timo  we^ball  have  the  usual 
fbimala 

mrodueing  the  above  value  of/. 

239.  For  applications  of  these  fcrmulap  and  their  obvious 
modifications,  as  they  are  exceedingly  useful  in  rotatory  mo- 
tioosy  the  student  may  solve  the  folio wiog  problems. 


FrobUm  mmlrtamof  the  Princip!€4if  lAe  CmItv 

1.  Suppose  a  cylinder  that  weighs  lOOlbs.  to  turn  upon  a 
horizontal  axis,  and  imagine  motion  to  be  communicated  by 
a  weight  of  JUIbe.  attached  to  a  cord  \%hich  coils  upon  thtt 
surface  uf  the  cylinder  :  how  iar  will  that  weight  desrerfd  in 
10  seconds  ?  Aos.  206  065  f. 

2.  Required  the  aetuating  weight  inch  that  when  aitaehed 
in  the  same  way  to  the  saine  oylioder»  it  ahaU  dt^ceud  16^ 

isw 

ibat  ill  3  seconds.  p  s  -1  ^  61. 

^H— s  ♦ 

3.  Another  cylinder,  which  weigh?^  2001h9,  xa  nctuatud  in 
like  mmner  by  a  weight  of  30ib9.  Haw  fir  will  thj  weight 
descend  in  6  seconds  ?  Ans.  133*H  feet. 

4  Suppose  ihe  actuating  weight  t#  he  30  pound.**  ;  and 
that  it  descends  through  48  feet  in  2  seconds,  whut  is  the 
weight  of  the  cylinder  7  Ana.  liO^^  lbs. 

5.  Suppose  a  cylinder  that  weighs  201bs.  to  have  a  weight 
of  301bs.  actuating  it,  by  meami  of  a  cord  coiled  about  the 
surface  of  the  cylinder  ;  what  velocity  will  the  descf^nding 
weight  have  acquired  at  the  end  of  the  first  second  ? 

Ann.  24}, 

6.  Of  what  weight  will  the  axis  be  relieved  in  the  case  of 
the  last  example,  when  the  /^stem  is  completely  in  motion  t 

Ana.  23|lba. 

7.  A  sphere,  w,  whose  radiiM  ia  three  feet,  and  weight 
5001hs.  turns  upon  a  horizontal  avis,  being  put  in  motion 
by  a  weight  of  201hs.  acting  by  miansof  a  string  that  goes 
over  a  wheel  whose  radius  is  half  a  foot.  How  long  will  the 
weight,  p,  be  in  descending  50  feet  ?  Ans.  33^". 

8.  Of  what  weight  wtU  the  axle  be  relieved  aa  sotm  as 
motion  is  C(  m:nenced  7  Ans.  //ribs* 

0.  If  in  example  seventh  the  radius  of  the  wheel  be  equal 
to  that  of  the  sphere,  what  ratio  will  the  accelerating  foirce 
bear  to  that  of  gravity } 
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10.  A  paraboloid,  w,  whose  weight  is  2001b8.  and  radian 
of  bate  20  iDches,  is  put  in  motion  upon  a  horizontal  axis 
by  a  weight  p  of  Idlbs.  acting  by  a  cord  that  passes  over  a 
wheel  whose  radius  ia  6  inches.  After  f  has  descended  for 
10  seconds,  suppose  it  to  reach  a  horizontal  plane  and  cease 
to  acty  thon  how  many  ravolationa.  would  the  paraboloid' 
make  in  a  quDute  t 


BALLISTIC  PENDULUM. 


840.  Pmmp.  To  explain  the  construction  of  the  Ballistic* 
Pendulum,  and  show  ila  use  in  determining  the  velocity  witbi 
which  a  cannon  or  other  ball  strikes  it. 

The  ballistic  pendulum  is  a  heavy  block 
•f  wood  Miry  suspended  vertically  by  a  strong 
bofisontal  iron  axia  at  s,  to  which  it  is  con^ 
necled  by  a  firm  iron  stem.  This  problem, 
ia  the  application  of  the  preceding  articlea» 
and  was  invented  by  Mr.  Robins,  to  deter- 
mine the  initial  velocities  of  military  pro* 
jeetilea ;  a  circumstance  very  useful  in  that 
acience ;  and  it  is  the  best  method  yet  known 
for  determining  them  with  any  degrcTe  of 
accuracy. 

Let  Of  B,  Of  be  the  centres  of  gravity,  gyration,  and  oecil- 
lalion»  as  determined  by  the  fi>regoing  propositions ;  and  let 
9  be  the  point  where  the  ball  atrikea  the  face  of  the  pendtt«> 
Item;  the  momentum  of  which,  or  the  product  of  ita  weiriit 
«idvek»city,  is  expressed  by  the  force/,  acting  ftn,  inUie^ 
foregoing  propositions.  Now, 
Put  p  » the  whole  weight  of  the  pendulum, 

6    the  wmht  of  the  ball, 

g    so  the  distance  of  the  centre  of  gmvity, 

0  B  ao  the  distance  of  the  centre  of  oecillalion, 

r  s  an  s        the  distance  of  centre  of  gyrationi. 

1  s  8P  the  distance  of  the  point  of  impact, 
V  8  the  velocity  of  the  ball, 

II B  that  of  the  point  of  impact  p, 
e  =  chord  of  the  arc  described  by  o. 
By  art.  885,  if  the  mass  p  be  placed  all  at  s,  the  pendn* 
him  will  xeceive  thn  same  motion  from  the  blow  in  the  point 
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w  7  and  it  tr* :  tap  *  •     ^  *  1^<^^'^P^^P» 

the  naii  which  being  plaeed  at  p,  the  pendulum  will  atili 
faeeifie  the  mum  motioii.  ae  before.   Ueie  theo  aM  two 

go 

fuamilieaof  matter^  oameLyy.6  aod  ^p,  the  former  aio?iiig 

with  the  velocity  r,  and  striking  the  latter  at  rest ;  to  deter- 
mine their  common  velocity  y,  with  which  they  will  jointly 
proceed  forward  together  after  the  stroke.  In  which  case, 
by  the  law  of  thQ  impact  of  non-elastic  bodies,  we  have 

go                                             ha  i^ep 
~p  +  b  :  b  : :  V  :  Uf  and  therefore  v  =  tl^^^  ^»^® 

locity  of  the  ball  in  terms  of  u,  the  velocity  of  the  point 
and  the  knowa  dimensions  and  weights  of  the  bodies. 

But  now  to  determine  the  value  of  we  must  have  re*^ 
eoiirse  to  the  angle  through  which  the  pendulum  vibrates ; 
for  when  the  pendulum  descends  again  to  the  vertical  posi- 
tion, it  will  have  acquired  the  same  velocity  with  which  it 
began  to  ascend,  and  by  the  laws  of  falling  bodies,  the  veto* 
city  of  the  centre  of  oscillation  is  such  as  a  heavy  body 
would  acquire  by  freely  falling  through  the  versed  sine  of 
the  arc  described  by  the  same  centre  o.  But  the  chord  of 
that  arc  is  c,  and  its  radius  is  o ;  and,  by  the  nature  of  the 
circle,  the  chord  is  a  mean  proportional  between  the  versed 

cc 

nne  and  diameter,  fhereforw  3» :  e  r :  e :      thftveKied  aioe* 

•f  tlie  aie  described  by     Then,  by  the  laws  of  foiling  bodiea> 

cc 

%/        :      2o  ' '  ^  •  ^  v^"^*  the  velocity  acquired  by  the^ 

point  oin  descending  through  the  arc  whose  chord  is  s^ 

2a  ci 

where  a  =  IQ^  feet :  and  therefore  o :  i  ; ;  c  ^-j- :  -j- 

which  is  the  velocity  «,  of  the  point  p. 
Then,  by  substituting  this  value  for     the  velocity  of  the 

hit  *f*  sop  2<i 
ball,  before  found,  becomes  v  =  — r.-^-^  X  c  */ — .  So- 

bio  ^  o 

that  the  velodty  of  the  ball  Is  directly  as  the  chord  of  the  ara 
described  by  the  pendulum  in  its  vibratioOi. 
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841  •  In  the  foregoing  solution,  the  change  in  the  centre 
of  otciUation  is  omitted,  which  is  caused  by  the  ball  lodging 
in  the  point  p.  But  the  allowance  for  that  imall  chang*^ 
and  that  of  some  other  small  quantities,  may  be  seen  in  my 
Tracts,  where  all  the  circumstances  of  this  method  are  treat* 
ed  at  full  length. 

For  an  example  in  numbers,  suppose  the  weights  and  di* 
nensions  to  be  as  follow :  namely, 

p  B  5701b. 
6  s  18oz.  l^dr 

SB  1  1311b. 
g  B  78^  inc. 

0  b:  S^l  inc. 
as  7  065  feet 

1  s  94,V  inc. 
e  s  18*73  inc. 


Then 

f^n-\-ffop     _  1-131  X94'8'+78f  X84?  X  570 
bio  1*181  X94|\X84} 


18*73 
12 

2a 


666-50. 


3'2|  _  193 


And  ^-«^^--gg^=  / 


=  2-1887. 


Therefore  656*o6X  9*1837,  or  1401  feet,  is  the  Telocity,  per 
second,  with  which  the  ball  moved  when  it  struck  .the  pen* 
dulum. 

242.  When  the  impact  is  made  upon  the  centre  of  oscil* 
lation,  the  computation  becomes  simplified. 

In  that  case,  since  the  whole  mass,  p,  of 
the  pendulum,  may  be  regardt^d  as  concen- 
tereJ  at  o,  and  the  ball,  6,  strikes  that  point, 
we  shall  have  tv  =  (b     p)v  ;  v  being  the 
velocity  of  the  ball  before  the  impact,  and 

that  of  the  ball  and  pendulum  together, 
after  the  impact.  Now,  if  the  centre  of 
oscillation  o,  afler  the  blow,  describes  the 
arc  oo',  before  the  motion  is  destroyed,  the 
velocity  e'  will  be  equal  to  that  acquired  by 
falling  through  the  versed  sine  vo,  of  the 
arc  oo'  or  angle  s  to  the  radius  so.  But,  if  the  time  I  of  a 
very  minute  oscillation  of  the  pendulum  be  known  or  inferred 
from  that  in  an  ascertained  arc,  we  have  (arL  288;,  sos 
89iC  inches  ^  Siif  feet. 

Hence  vo  =  so  nst.^rersin  s, 
=  8*2604|f  verrin  s, 
and  (art  154)  tt  =  ^/(64^  X  8*2604^1'  veraiii  s) 

s  14*482861  v^versin  s. 


Conseq.  o 


.  14-482861  v^ertSns. 
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This  mode  of  computation,  with  a  slight  and  obvious  change, 
applies  to  qtt*  48  of  the  Practical  Exercusea  in  Natural  Phi* 
loaophy. 


OF  HYPEOSXATICS. 

249.  Hln»ROtTATics  is  the  science  which  treats  of  the  pres. 
sure*  or  weight,  and  equilibrium  of  water  and  other  fluids» 
especially  those  that  are  non-elastic. 

344.  A  fluid  is  elastic,  when  it  can  be  reduced  into  a  less 
bnlfc  by  compression,  and  which  restores  itself  to  its  former 
hulk  again  when  the  pressure  is  removed ;  as  air.  And  il 
Is  Don-elasticy  when  it  is  not  compressible  or  ezpansible«  as 
water,  dbe. 

245.  Prop.  If  any  part  of  a  fluid  be  raised  higher  than 
the  rest,  by  any  force,  and  then  left  to  itself;  the  higher 
parts  will  descend  to  the  lower  places,  and  the  fluid  will  not 
rest,  till  its  surface  be  quite  even  and  level. 

For,  the  parts  of  a  fluid  being  easily  nooveable  every  way, 
the  hiffher  parts  will  descend  by  their  superior  gravity,  and 
raise  the  lower  parts,  till  the  whole  come  to  rest  in  a  level  or 
horizontal  plane. 

Corol.  1.  Hence,  water  that  communi- 
cates with  other  water,  by  means  of  a  close 
canal  or  pipe,  will  stand  at  the  same  height 
in  both  places.  Like  as  water  in  the  two 
legs  of  a  syphon. 

Corel*  2.  For  the  same  reason,  if  a  fluid 
gravitate  towards  a  centre ;  it  will  dispose 
itself  into  a  spherical  figure,  the  centre  of 
which  is  the  centre  of  force.  Like  the  sea 
in  respec^  of  the  earth. 

246.  Prop.  When  a  fluid  is  nt  rrst  in  a  ve.^sel,  the  haso 
of  which  is  parallel  to  the  horizon  i  equal  parts  of  the  base 
are  equally  pressed  hy  the  fluid.* 

For,  on  everv  equal  part  of  this  base  theio  is  an  equal 
column  of  the  fluid  supported  hy  it.  And  as  all  the  columns 
are  of  equal  height^  by  the  last  proposition  they  are  of  equal 
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weight,  and  therefore  they  prem  the  base  equally  ;  tet  ii| 
equal  paru  of  the  base  aiistatfi  en  ^ual  pmaure. 

Carol  1.  All  parts  of  the  fluid  press  eq|iia11y  at  the  same 
ilepth*  For»  if  a  plane  parallel  to  the  horisoD  be  conceived 
to  be  drawn  at  that  depth  ;  then  the  preeaure  being  the  sam^ 
In  My  paK  of  that  plane,  by  the  propoaitiony  therefore  tha 
pane  of  the  fluid,  instead  of  the  plaae>  austaia  Uie  aaaM  pree^ 
«ire  at  the  aame  depth. 

Corol.  2.  The  pressure  of  the  fluid  at  any  depth,  is  as  the 
depth  of  the  fluid.  For  the  pressure  is  as  iho  weight,  aud 
4be  weight  ia  aa  the  height  of  th€  fluid. 


CoroL  3.  The  pressure  of  the  fluid  on  any  horiBontal 
face  or  plane,  is  equal  to  the  weight  of  a  cohimn  of  the  fluids 
whose  base  is  equal  to  that  plane,  and  altitude  is  ita  depth 
bel9w  the  upper  surface  of  the  fluid. 

247.  Faop.  Whea  a  fluid  is  pressed  by  its  own  weight, 
or  by  any  other  force  $  at  any  poiat  it  preaaea  eqaally»  ia  all 
directions  whatever. 

Thia  ariaea  from  the  nature  of  fluidity,  by  which  it  yields 
to  any  force  in  any  direction*  If  it  cannot  recede  from  aiiy 
force  applied,  it  will  preaa  against  other  parta  of  the  fluid  in 
the  direction  of  that  force.  And  the  pressure  in  all  direc- 
tions will  be  the  same :  for  if  it  were  less  in  any  part,  the 
fluid  would  moye  that  way,  till  the  preaaure  be  equal  eveiy 

Corol,  1.  In  a  vessel  containing  a  fluid  ;  the  pressure  is 
the  same  against  the  bottom,  as  against  the  sides,  or  even 
upwards  at  the  same  depth. 

Cmi.  12*  Hence,  and  firom  Ibe  a  t> 

laat  propoeition,   if  abcd  be  a 
▼eaaef  of  water,  and  there  be  taken, 
in  the  baae  produced,  db,  to  repre-  '^L-. 
eent  the  preaaure  at  the  bottom;  wZ-A. 
joining  ak,  and  drawing  any  pa-     /,  1^ 
rallela  to  the  baae,  aa  fg,  hi  ;  then    £  JT^K^"^ 
ibail  Fo  repreaent  the  preaaure  at 
the  depth  ao,  and  hi  the  preaaure  at  the  depdi  ai,  andao 
on ;  becauae  the  parallela      -      fo,  hi,  bd, 
by  aim.  triangles,  are  aa  the  depths  ao,  ai,  ad: 
which  are  aa  Ibe  preaaurea,  by  the  propoeition. 

And  hence  the  aumof  all  the  f»,  nr,  4ec.  or  the  area  of  the 
triangle  adb,  ia  aa  the  preaaure  againat  all  the  poiata  e,  i. 
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dec.  that  is,  against  the  h'no  ad.    But  as  every  point  in  the 
line  CD  is  pressed  with  a  force  as  Ds»  and  that  thence  the 
pressure  on  the  whole  line  co  is  as  the  rectangle  kd  .  D0| 
while  that  against  the  side  is  as  the  triangle  adi  or  ^da  .  db  ; 
therefore  the  pressure  on  the  horizontal  line  dc,  is  to  the 
pressure  against  the  vertcal  line  da,  as  do  lo  |nA«  Ao4 
hence,  if  the  vessel  he  an  upright  rectangular  one,  the  pres. 
sure  on  the  bottom,  or  whole  weifrht  of  the  fluid,  is  lo  the 
pressure  against  one  side,  as  the  base  is  to  half  that  sidef 
Therefore  the  weight  of  the  fluid  is  to  the  pressure  against 
all  iho  four  upright  sides,  as  the  base  is  to  half  tlie  upright 
surface.    And  the  same  holds  true  also  in  any  upright  vessel, 
whatever  the  sides  be,  or  in  a  cylindrical  veesel.    Or,  in  the 
cylinder,  the  weight  of  the  fluid  is  to  the  pressure  against 
the  upright  surface,  as  the  radius  of  the  base  is  to  douhln  ||m 
altitude. 

Also,  when  tho  rectangular  prism  becomes  a  cube,  it  apy 
pears  that  the  weight  of  the  fluid  on  the  base,  is  double  the 
pressure  against  one  of  the  upright  sides,  or  half  the  pressuf^ 
«gaiust  the  whole  upright  surface. 

Carol,  8.  The  pressure  of  a  fluid  against  any  upright 
sorlkce,  as  the  gate  of  a  sluice  or  canal,  is  equal  to  half  the 
weight  of  a  colunin  of  the  fluid  whose  base  is  equal  to  the 
aurfaceDreased,  and  its  altitude  the  same  as  the  altitude  of 
fhat  surmco.  For  the  pressure  on  a  horizontal  base  equal 
to  Ibe  upright  surface,  is  equal  to  that  column ;  and  tho 
piBsaare  on  the  upright  sdrfece,  is  but  half  that  on  the  base, 
of  Uie  same  area* 

So  that,  if  6  denote  the  breadth,  and  d  the  depth  of  suci) 


which  weighs  1000  ounces,  or  62  J  pounds  ;  and  if  the  depth 
AB  be  19  feet,  the  breadth  ab  20  feet  ;  then  the  content, 
or  f  AB  •  AD^  is  1440  feet  ;  and  the  pressure  is  144000Q 
ounces,  or  90000  pounds,  or  40}  tons  weight  nearly, 

248.  Prop.  The  pressure  of  a  fluid  on  a  surface  any  way 
immersed  in  it,  whether  perpendicular,  or  horizontal,  or  ob» 
liqoe,  is  equal  to  the  weight  of  a  column  of  the  fluid,  whose 
base  is  equal  to  the  surface  pressed,  and  its  altitude  equal  lo 
the  depth  of  the  centre  of  gravity  of  the  surface  pressed  be- 
low the  top  or  surface  of  the  fluid* 

For,  conceive  the  surface  pressed  to  be  divided  into  innuy 
merable  sections  parallel  to  the  horizon ;  and  let  s  denote 
any  one  of  those  horizontal  sections,  also  d  its  distance  o^* 
depth  below  the  top  surface  of  the  fluid.    Then,  ky  Vtf  2^ 

Vol.  U.  S9 
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car.  Sy  the  presflure  of  the  fluid  on  the  section  is  equal  to  fho 
weight  oi' (is  ;  consequemly  the  total  pressure  on  the  whole 
siirOicc  is  ei^iiiil  to  nil  tlie  weiglits  ds.  But,  if  6  denote  the 
whole  surface?  presided,  and  if  the  depth  of  its  centre  of  gra- 
vity below  the  lop  of  the  fluid  ;  then,  by  art.  108.  bg  is  equal 
to  the  sum  of  all  the  ds.  Consequently  the  whole  pressure 
of  thi:  fluid  on  the  body  or  surfiice  6»  is  equal  to  the  weight 
of  the  bulk  6g  of  the  fluid,  that  is,  of  the  column  whose  base 
is  the  given  surface  by  and  its  height  is  g  the  depth  of  the 
centre  of  gravity  in  the  fluid. 

249.  Prop.  The  pressure  of  n  fluid,  on  the  base  of  the 
vessel  in  which  it  is  contained,  is  as  the  base  and  perpendi« 
oular  altitude  i  whatever  be  the  figure  of  the  veaael  thai  eoiu 
tains  it. 

if  the  sides  of  the  base  be  upright,  so  that 
it  bo  a  prism  of  a  uniform  width  throughout, 
then  the  case  is  evident ;  for  then  the  base 
supports  the  whole  fluid,  and  the  pressure  is 
just  equal  to  the  weight  of  the  fluid. 

But  if  the  vessel  be  wider  at  top  than  bot- 
tom ;  then  the  bottom  sustains,  or  is  pressed  A  a 
b^,  only  the  part  coDtaioed  witbiu  the  up« 
right  lines  oc,  ;  because  the  parts  Aoa» 
Bob  are  supported  by  the  sides  ac,  bd  ; 
and  those  parts  havd  no  other  effect  on  the 
part  aboc  than  keeping  it  in  its  position,  by 
the  lateral  pressure  against  ac  and  which 
does  not  alter  its  perpendicular  pressure  downwards.  And 
thus  the  pressure  on  tbo  bottom  is  kss  than  the  weighl  of 
the  contained  fluid. 

And  if  the  vessel  be  widest  at  bottom ;  then 
the  bottom  is  still  pressed  with  a  weight  which 
w  equal  to  that  of  the  whole  upright  column 
o^Dc.  For,  ns  the  parts  of  the  fluid  are  in 
equilibrio,  all  the  parts  have  an  equal  pressure 
at  the  same  depth ;  so  that  the  puts  within  cp 
ftnd  dn  press  equally  as  those  in  cd,  and  there- 
ibre  equally  the  same  as  if  the  sides  of  the  vessel  had  gone 
upright  to  a  and  hf  the  defect  of  fluid  in  the  parts  Aom  and 
bd6  being  exactly  compensated  by  the  downward  presswrw 
or  resistance  of  the  sides  ao  and  bd  against  the  contiguous 
fluid.  And  thus  the  pressure  on  the  base  may  be  made  to 
exceed  the  weight  of  the  contained  fluid,  in  any  proportaoa 
whatever. 

So  that)  in  general,  be  the  vessels  of  any  figure  whatever, 
legnlar  or  irregular,  upright  or  sloping,  or  variously  wide 
and  narrow  in  different  parts,  if  the  banes  and  perpeodioular 
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^hhndet  te  but  equal,  tke  b«fM  alwayi  MMlain  the  samd 
^ranora.    And  as  that  pressure,  in  the  regular  uprigtit  * 
Vessel,  is  the  whole  column  of  tiie  fluid,  which  m  as  the  buse 
•od  altitude ;  theieforb  the  preaaure  mi  ail  figures  ia  io  that 

WM^atMH  * 

Cotol.  1.  HteniCB,  when  the  heights  are  equal,  the  pres- 
sures are  as  the  bases.    And  when  the  buses  nri!  cqiidl,  ihe 
pressure  is  as  the  height.    But  when  both  iho  lieights  and^ 
bases  are  equal,  the  pressures  are  equal  in  all,  though  iheir 
contents  be  ever  so  different. 

CoroL  2*  The  pressure  on  the  baae  of  any  vessel  is  ihe 
«  vame  as  oo  that  of  a  cylinder,  of  an  equal  base  aad  height. 

Carol.  8.  If  there  be  on  inverted  syphon, 
or  bent  tube,  arc,  containing  two  different  mO 
•fluids  CD,  ABD,  that  balance  each  other,  or 
rest  in  equilibrio;  then  their  heights  in  the 
two  legs,  AEf  CD,  above  the  point  of  meeting,  . 
will  be  reciprocally  as  their  densities.  ^ 

For  if  they  do  not  meet  at  the  bottom^  the 
part  BU  balances  the  part  be,  and  therefore  ^ 
the  part  cd  balances  the  part  ak  ;  that  is,  the 
weisht  of  CD  ia  equal  to  the  weight  of  ab. 
And  as  the  surface  at  d  la  the  aame,  where 
they  act  against  each  other,  therefore  as  :  cd  :  :  deoaity  of 
CD  :  density  of  ac. 

So,  if  CD  be  water,  and  ae  quickailver,  which  is  near 
14  times  heavier  ;  then  cd  will  be  =s  14ae  ;  that  is,  if  ar 
be  1  inch,  cd  will  be  14  inches;  if  ae  be  2  inches,  cd  will 
be  28  inches  ;  and  so  on. 

250.  Prop.  If  a  body  be  immersed  in  a  fluid  of  the  same 
density  or  specific  gravity  ;  it  >vill  rest  in  any  place  where 
it  is  put.  Rut  a  body  of  greater  density  will  siok  ;  and  one 
of  a  less  density  will  rise  to  the  top,  and  float. 

The  body  being  of  the  same  den* 
sity,  or  of  the  same  weight  with  the 
like  bulk  of  the  fluid,  win  preas  the 
fluid  under  it,  just  as  much  as  if  its 
apace  were  filled  with  the  fluid  itself. 
The  preMure  then  all  around  it  will 
lie  the  aame  aa  if  the  fluid  were  in, 
itf  place  ;  conM|nently  there  ia  no' 
lbree»  neither  trpward  nor  -down, 
ward,  to  put  the  body  out  of  ita 
place.  And  therefore  it  will  remain 
whefever  it  is  put. 

Bat  if  Ihe  bo^y  be  lighter;  ill 
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!»femre  dowawaiti  will  be  leas  than  before ;  an^  ieie  tliaii 
he  water  upward  at  the  same  depth  ;  therefore  the  greater 
Ibree  will  overcome  the  less,  and  push  the  body  upward 

to  A* 

And  if  the  body  be  heavier  than  the  fluid*  the  pressors 
downward  will  bo  greater  than  the  fluid  at  the  saine  depth  ; 
therefore  the  greater  force  will  prevail,  and  carry  the  body 
down  to  the  bottom  at  c. 

CoroL  ].  A  body  immersed  in  a  fluid,  loses  as  much 
weight,  ns  an  equnl  bulk  of  the  iUiid  weighs.  And  the  fluid 
gains  the  same  weight.  Thus,  if  the  body  be  of  equal  den- 
sity with  ihe  fluid,  it  loses  all  its  weight,  and  so  requires  no 
force  but  the  fluid  to  sustain  it.  If  it  be  heavier,  its  weight 
in  the  water  will  be  only  the  dilFerence  between  its  own 
Weight  and  the  weight  of  the  same  bulk  of  water  ;  and  it  re- 
t^iiires  a  force  to  sustain  it  just  equal  to  tliat  diflerencc,  Bilt 
if  it  be  ligiitor,  it  requires  a  force  equal  to  the  same  difierence 
of  weights  to  keep  it  from  rising  up  in  the  fluid. 

Coral,  2.  The  weights  lost,  by  immerging  the  same  body 
in  different  fluids,  are  as  the  specific  gravities  of  the  fluids. 
And  bodies  of  equal  weight,  but  different  bulk,  lose,  in  the 
Same  fluid,  weights  which  are  reciprocally  as  the  specific 
gravities  of  the  bodies,  or  directly  as  their  bulks. 

CoroL  3«  The  whole  weight  of  a  body  which  will  float  in 
&  fluidy  is  equal  to  the  weight  of  as  much  of  the  fluid,  as  the 
immersed  part  of  the  body  displaces  when  it  floats.  For  the 
|)res?ure  under  the  floating  body,  is  just  the  same  as  so  much 
of  the  fluid  as  is  equal  to  the  immersed  part ;  and  therefore 
Ihe  weights  are  the  same* 

CorHiL  4*  Hence  the  magnitude  of  the  whble  body,  is  to 
the  magnitude  of  the  part  immersed,  as  the  specific  gravity 
bf  the  fluid,  is  to  that  of  the  body.  For,  in  bodies  of  equal 
Weight,  the  densities  or  specific  gravities,  are  reciprocally  as 
Iheir  magnitudes. 

Carol.  .5.  And  because.  When  the  weight  of  a  body  taken 
ill  a  fluid,  is  subtracted  from  its  weight  out  of  the  fluid,  the 
Difference  is  tl.e  wi  ij^'ni  of  an  equal  bulk  of  the  fluid  ;  this 
th^i*efore  is  to  its  weiglit  in  the  air,  as  the  specific  gravity  of 
the  fluid  is  to  that  of  the  body. 

Therefore,  if  w  he  the  weight  of  a  body  in  air^ 
It  its  weight  in  Water,  or  any  fluid, 
s  the  specific  gravity  of  the  body,  and 
s  the  specilic  gravity  of  the  fluid ; 
—    :  \v  : :  5  :  s,  which  proportion  will  give  either  of 
ihytte  Specific  gravities,  the  one  from  the  othen 
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Huii ■  =  ^^^^ «, the  specific  gravity  of  the  body  ; 

and  #  =       ■  s»  the  ipecific  giavi^  of  the  fluid. 

So  that  the  specific  gruvities  of  bodies,  are  as  their  weights 
in  the  air  directly,  and  their  loss  in  the  suuie  fluid  inversely. 

Corel,  6.    And  heace,  for  two  bodies  connected  together, 
or  mixed  together  into  one  compound,  of  different  specific 
gravities,  we  have  the  following  equationa,  denoting  their 
weights  and  specific  j^ravities,  as  below,  via, 
H  =  weight  of  the  heavier  body  in  air,  ^  .  . 

h  =  weight  of  the  same  in  water,         (  *  "*         8™^"y ' 
X.  ==  weight  of  the  lighter  body  in  air,   f  ^  -.^^ 
I  =  weight  of  the  same  in  water,         C  *  *"  ■P^'  ^'^^'V  5 
o  =  weight  of  the  compound  in  air,      }  xummt^  •# 
c  =  weight  of  the  same  in  water,        y  gnjiiy  5 

10  =  the  secific  gravity  of  water.  Then, 


1st,  (h  —  A)  S  =  HIT, 

2d,  (l  —  l)s  =^  Lw, 
3d,  (c  ^  c)/  =  cWf 
4ih,  H  4-    L  =  c, 
5th,  A  4-    /  =  c. 


From  which  equations  may  be 
found  any  of  the  above  quantitieay 
in  terms  of  the  rest. 

Thus,  from  one  of  the  first  three 
equations,  is  found  the  specific  gra- 
vity of  any  body,  aa  «  « 

dividing  tho  absolute  weight  of  the 
body  by  its  loss  in  water,  and  multiplying  by  the  specific 
gravity  of  water. 

But  if  the  body  l  be  lighter  than  water  ;  then  /  will  be 
Negative,  and  we  must  divide  by  l  -f  ^  instead  of  l  —  ]!,  and 
to  find  /  we  must  have  recourse  to  the  compound  mass  c  ;  and 

because,  from  the  4th  and  5th  equations,  l— •2  =  c  — c  — 

 ,  LIT 

H  —  ik,  therefore  *         —  c)  -  (  h  —  A) '  divide 

the  absolute  weight  of  the  light  body,  by  the  difl[*erence  be> 
Iween  the  losses  in  water,  of  the  compound  and  heavier  body, 
ftnd  multiply  by  the  specific  gravity  of  water.   Or  thusi 

s/l 

t  as  — ^ — 7  ,  as  found  from  the  last  equation, 
ca— h/ 

Also  if  it  were  required  to  find  the  quantitiea'  of  tWo 
ingredients  mixed  in  a  compound,  the  4th  and  4th  equatiooa 
would  give  their  values  as  follows,  viz. 

H  =  ^ — — '  c,  and  L  ^ — . 

(•  —  *)/  (•—0/ 
the  quantitiea  of  the  two  ingredients  b  and  l,  in  the  eom^ 

poundo.  And  ao  fi»r  any  ^er  demand. 
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Pko^*  to  find  the  tpecific  ^vity  of  a  body. 

251.  Case  i. — Wlien  the  Imdij  is  heavier  than  water  :  weigh 
it  both  in  water^and  out  of  water,  and  take  the  differencci 
which  will  bo  the  weight  lost  in  water.    Then,  by  corol.  6, 

2fi0»  t  c=  ^— ^ »  whetOB  is  the  weight  of  the  body  ont  of 

water,  b  its  weight  in  water,  s  its  specific  gravity,  aod  w  the 

specific  gravity  of  water.    That  is, 

As  the  weight  lost  in  water. 
Is  to  the  whole  or  ahsolute  weight, 
So  is  the  specific  gravity  of  water, 
To  the  specific  gravity  of  the  body.* 

ExAMPLii.  If  a  pieee  of  stone  weigh  101b,  but  in  water 
onlv  6jflb,  irei|iiired  its  specific  gravity,  that  of  water  being 
10007  Ads.  8077. 

252.  Cask  it. — When  the  body  iis  lighter  than  watery  so  that 
it  tmll  not  sink :  annex  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  compounded  of  the  two  may 
sink  together.  Weigh  the  denser  body  and  the  compound 
mass,  separately,  both  in  water,  and  out  of  it ;  then  find  how 
much  each  loses  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air  ;  and  subtract  the  less  of  these  remain* 
tiers  from  the  greater.    Then  say,  by  proportion, 

As  the  last  remainder, 
Is  to  the  weight  of  the  light  body  in  air, 
So  is  the  specific  gravity  of  water, 
To  the  specific  gravity  of  the  body. 

'That  isy  the  specific  gravity  is  s  =  rr» 

1>jr  cor.  6,  art.  2d(K 

EzAWLB.  Sappose  a  piece  of  elm  weighs  151b.  ni  air; 
and  tibat  a  piece  of  copper,  which  weighs  181b.  in  air  and 
l6lb.  in  water,  is  aifixea  lo  it,  and  that  the  componnd  weighs 
Olh.  in  water ;  required  the  specific  gravity  of  the  ekn  T 

Ana.  000. 

*  253.  Case  hi. — For  a  fluid  of  any  sort. — Take  a  piece  of 
a  body  of  known  specific  gravity  ;  weigh  it  both  in  and  out 
of  the  fluid,  finding  the  loss  of  weight  by  taking  the  difier* 
ence  of  the  two  \  ibea  say, 


•  In  thr  Lpcturcs  on  Natiiml  Philosophy, in  the  Royal  Mil.  Academy, 
Coate&'s  HydrostHlic  altelyard  is  employed  lor  this  purpose.  It  !•  ail 
tmprovenieiit  upon  the  one  desciibed  in  Gregory's  MalUematic«  fof 
nietical  BIsD« 


Digitized  by 


•rKciric  uiuviTY< 


355 


As  the  whole  or  ahsoiuto  weight. 
Is  fo  tlie  loss  of  weiiftir, 
So  is  ihe  specific  gravity  of  the  Sfilid, 
To  the  specidc  gravity  of  the  fluid. 

That  is,  the  spec.  grav.  w  »  ^ — ^    by  cor.  6,  art.  250. 

ExAMPirB.  A  piece  of  cast  iron  weiirhed  84*61  ounces  in 
A  fluid,  and  40  ounces  out  of  it ;  of  what  specific  gravity  ia 
that  fluid  t  Ans.  1000. 

254.  Piioi*.  To  find  the  quantities  of  two  ingredients  in  a 
given  compound. 

Take  the  three  differences  of  every  pair  of  the  three  spc. 
cific  gravities,  namely,  the  specific,  gravities  of  the  compound 
and  each  iugredtent ;  and  multiply  each  specific  gravity  by 
the  difference  of  the  o^h*'T  two.    Tliep  say,  by  proportion, 

As  the  greatest  product, 

Is  to  the  whole  weigiit  of  the  compound. 

So  is  each  of  the  other  two  products, 

To  the  weights  of  the  two  ingredients. 

That  is,  H  =  i^-^-t-^  =  the  one,  and  l  = 

the  other,  by  cof  •  6,  art.  250. 

Example.    A  composition  of  112ib.  bein^^  made  of  tin 
and  copper,  whose  specific  j^ravity  is  found  to  be  8784  ;  re- 
quired the  quantity  of  eacii  ingredient,  the  specific  gravity  of 
tin  being  7320,  and  Ihat  of  copper  9000  ? 
Answer,  there  is  lODlb.  of  copper  \  . 
•Dd  consequently  181b.  of  tin.    j ^  «w«>PO«Uo«. 


SCHOUUll. 


255.  The  specific  gravities  of  several  sorts  of  matter,  as 
found  from  experiments,  are  expressed  by  the  numbers  an* 
nexed  to  their  names  in  the  following  Tables. 

TABLES  OF  SPECIFIC  GRAVITIES. 


SOLIDS. 

Plalina        -        -    20,722 ;  Rhodium       -       ;  11,000 

Gold,  pure,  hammered  19,302  Virgin  Silver         -  10,744 

Guinea  of  George  III.  17,620  Shillinn;  of  George  III.  10,534 

Tungsten      -        -    17,600  Bismuth,  molten  9,822 

Mercury,  at  32*  Fahr.  1 3,598  \  Copper,  wiredrawn  8,878 

Lead          .        -    11, 352  ,  Red  Copper,  molten  8,788 

Paiiadium    •           11,300 1  Molybdena    .      •  8,611 
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Arsenic        *       .  8,308 

Nickel,  moUea      ^  8,279 

Uranium  -  -  8,100 
Steel    .  from  7,767  to  7,610 

Cobalt,  molten       *  7,812 

Bar  Iron       .      .  7,788 

Pure  Cornish  Tia  .  7,291 
Do.  hardened  • 

Cwtlnm      .      .  7,207 

Zioc     «      .      •  0,802 

Antimoajr     •      •  0,712 

TeUurium     •      .  0,115 

ChfMMttm     •      •  6,900 

SpAr,hemTy   •      -  4,480 

iergoQ  of  Ceyloii  •  4f416 

Oriental  Rohv      •  4,288 

Sapphire,  Onental  -  8,994 

Do^  Brazilian        •  8,181 

Oriental  Topaz      •  4,019 

Oriental  Beryl  .  3,541) 
Diamond  from  3,501  to  3,531 

English  Fiint^SlaM  3,329 

Tourmalin   •      •  3,155 

Asbestus  .  -  2,1M)6 
Marble,  green,  Campan.  2,742 

 Perian       .  2,837 

■  Norwegian  .  2,728 

 green,  Egyplian  2,608 

Emerald       •      •  2,775 

Pearl     -       -       •  2,752 

Chalk,  British      •  2,784 


Jasper 
Coral  - 
Rock  Crystal 
EnfrliMii  Pebble 
Limpid  Feldspar 
Glass,  greeu 
—  white  - 

 bottle  • 

Poroelaine,  China 
— — —  Limoges 
Native  Sulphur 
Ivory  - 
Alabaster 
Alum 

Copal,  opaque 
Sodium 
Oak,  heart  of, 
Gunpowder,  about 

Ice 

Potassium 
Beech 
Ash 

Apple-Tree 
Ornnge-Wood 
Pear-Tree 
Linden-Tree 
Cypress 
Cedar 
Fir 

Poplar 
Cork 


2,710 
2,680 
2,653 
2,019 
2,564 
2,642 
2,892 
2,7a^ 
2,885 
8>«41 
2,088 
1,917 

1,874 
1,790 
1,140 
978 
950 

987 
980 
860 

852 
-  845 
793 
705 
661 
604 
598 
561 
550 
383 
940 


uavxDs« 


Sulphuric  Acid  •  1,841 

Nitrous  Acid  .  1,550 
WaterfromtheDeadSea  1,240 

Nitric  Acid      .  .1,218 

Sea- Water      •  •  1,026 

Milk       -       •  .  1,030 

Distilled  Water  .  1,000 

Wine  of  Bourdeaux  994 

Burgundy  Wine  -  991 

Since  a  eubic  (bet  of  water  at  the  temperature  40** 
Fahrenheit,  weighs  1000  ounces  avoirdupois,  or  62|  pounds, 
the  numbers  In  Sm  preoeding  Tables  exhibit  v^  nearly  the 


Olive  Oil      .  -  915 

Muriatic  Ether  •  874 

Oil  of  Turpentine     -  870 

Liquid  Bitumen  •  848 

Alcohol,  absolute  -  792 

Sulphuric  Ether  -  710' 
Air  at  the  Earth's  Surface, 

about       -  -  If 
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respective  weights  of  a  cubic  foot  of  the  aeveral  subfltanees 

tabulated. 

256.  Paop.  To  find  the  magnitude  of  aoy  bodyt  from  ite 
weight. 

As  the  tabular  specific  gravity  of  the  body* 
Is  to  its  weight  in  avoiiSupois  ounces, 
So  is  one  cubic  foot,  or  1728  cubic  inches. 
To  its  content  in  feet,  or  inches,  respectively* 

.  Ex  AX.  1*  Required  the  content  of  an  irregular  block 
ct gftoen  marble,  which  weighs  1  cwt.  or  1121bt 

Ans.  1 160*6  cubic  inches. 

Exam.  2.  How  many  cubic  inches  of  frunpowdcr  are  there 
in  lib.  weight?  Ans.        cubic  inches  nearly. 

Exam.  3.  How  many  cubic  feet  are  there  in  a  ton  weight 
of  dry  oak  ?  Spec.  gruv.  925.  Ans.  38|     cubic  feet. 

257.  Paop.  To  find  the  weight  of  a  body  from  its  nag- 
nitude. 

As  one  cubic  ibot,  or  1728  cubic  inches. 
Is  to  the  content  of  the  body, 
So  is  the  tabular  specific  gravity. 
To  the  weight  of  the  body. 

Exam.  1.  Required  the  weight  of  a  block  of  marble, 
whose  length  is  63  feet,  and  breadth  and  thickness  each  12 
feet ;  being  the  dimensions  of  one  of  the  stones  in  the  walls 
ofBalbeckl 

Ans.  663    ton,  which  is  nearly  equal  to  the  burden  of 
an  East- India  ship. 

Exam.  2.  What  is  the  weight  of  1  pint,  ale  measure,  of 
gunpowder  ?  Ans.  19  oz.  nearly. 

Exam.  3.  What  is  the  weight  of  a  block  of  dry  oak,  which 
measures  10  feet  in  Icngib,  3  feet  brpad,  and  2^  feet  deep  or 
thick  1  Ans.  43d5f  jib, 


BUOYANCY  OF  PONTOONS, 

GEN£SAL  SCUOLIUX. 

258.  The  principles  established  in  art.  250  have  an  in- 
teresting application  to  military  men,  in  the  use  of  pontoons, 
and  the  buoyancy  by  which  they  become  serriceable  in  the 

Vol.  II.  S4 
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eonstruction  of  temporary  bridges.  When  the  dimensioiiff^ 
magnitude,  and  weight  of  a  jxiiuoon  are  known,  that  weight 
can  readily  be  deducted  from  tiie  weight  of  an  equal  bulk  of 
water,  and  tho  remainder  is  evidently  the  weight  which  iho 
pontoon  will  carry  before  it  will  sink. 

Pontoons  as  usually  constructed,  are  prisms  whose  vertical 
■ectioiM  are  equal  tropezotda^  aa  exhibilad  ia  the  maigioal 
figure. 

Suppose  AB  =  L  T   ■m^.m  .  , 

Uniform  width  of  the  pontoon  =  h :  all  in  feet  and  parts. 
Suppose  also  cl  =  depth  of  the  part  immersed  ;  w  =s 
weight  in  avoirdupois  pounds  of  the  water  displaced  ;  and  c 
=  62' lbs.  weight  of  a  cubic  foot  of  rain  water.  Then,  by 
the  following  expressions,  which  are  left  for  the  student  to 
investigate,  d  may  be  found  when  w  and  the  rest  are  given, 
and  w  may  be  found  when  d  and  the  rest  are  given  9  also  the 
maximum  value  of  w, 

1.  •  =  bed  Q  +  ^) 

t-  m  when  a  max.  '^heti(l  +  S)^  ^heo^L  +  l) 


Ex.  I,  Given  ab  b  21^  feet,  cd  s:  17^  feet,  ci  »  2|  feet, 
41  feet.   Re<|pured  die  weight  of  the  pontoon  aiid  ilt 
lead,  when  it  ia  immeraed  to  the  depth  cl,  of  1|  feet. 

Ana.  8287}lba.  neatly. 

Ex«3.  Suppoaethe  weight  of  such  a  pontoon  to  be  900lba. 
wlial  ia  the  greatoat  weight  it  will  eany  t  Ana.  I8014ii^lbi. 

Ex.  3.  Suppose  the  weight  of  the  above  pontoon  and  its 
load  to  be  GOOOlbs,  how  deep  will  it  sink  in  water  ? 

Ans.  1-08872/  =  13  064  inches- 


HYDRAULICS  OR  HYDRODYNAMICS. 

259.  Hydraulics  or  Hydrodynamics  is  that  part  of  me- 
chanical science  which  lelatea  to  the  motion  of  fluids,  and  the 
forces  with  which  thojr  act  upon  bodifla  ogdnat  which  they 
atrikoy  or  which  move  in  theBi» 
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This  is  a  very  extensive  subject :  but  we  thall  here  give 
My  a  few  elementary  propositions. 

260.  hotb  If  a  fluid  nio  tbrough  a  canal  or  river,  of 
pipe  of  various  widths,  always  filling  it ;  the  velocity  of  the 
fluid  in  different  parts  of  it*  ab,  co,  will  be  leciproceify  ee  the 
tnuisveffioeeolioM  in  theee  parts. 

'^^Unt  ie,  ireloe.  at  a  t  veloe. 
ito::oD:AB;  where  ab  and 
4m  denote,  nol  the  diainetera 
fMr  A  and  ^  hot  the  ;aiees  or 
nodtionliAer^ 

Hm^^^  efaennetia  alfrafe  emlty  fidl,  the  quantity  of 
mibi  ^ddaiip  through  ,ab'  as  et|iiario  the  qoantity  ranoiDg 
llMoagh  en»  in  the  aaoM  time  ;  thsi  kf  the  ookinin  throii^ 
Jjs  Is  equal  to  the  column  throogh  ODy  ki  the  same  time  ; 
or  AB  X  length  of  its  column  =  cd  X  length  of  its  eolaron ; 
.therefore  ab  :  en  :  i  length  of  column  throogh  cv:  length 
of  column  through  ab*  But  the  uniform  velocity  of  the 
water,  is^  the  fipaee  run  over,  or  length  of  the  columns  ; 
therefore  ab  :  cd  : ;  velocity  through  en :  velocity  through 

AB* 

961.  GsroL  Hence,  by  dbeerving  the  velocity  at  any  place 
M,  the  4|nantiqr  of  water  discharged  in  a  second,  or  any 
alher  tine,  will  be  foond^  namely,  by  multiplying  the  sectioB 
▲B  by  the  velocity  there. 

fiat  if  the  channel  be  not  a  close  pipe  or  tunnel,  kept 
Idwigw  Adl,  but  an  open  canal  or  river ;  then  the  veloci^  m 
alt  pails  of  the  section  will  not  be  the  same,  because  the 
velocity  toiMuds  the  bottom  and  sides  will  be  diminished  by 
Che  Dridioa  against  the  bed  or  channel ;  and  therefore  a  me. 
dium  among  the  three  ought  to  be  taken.  So,  if  the  velo* 
city  at  the  top  be  -  100  feet  per  minute, 
that  at  the  bottom  •  60 
and  that  at  the  sidsB  .  50 

3)210  sum  ; 

dividing  their  sum  by  3,  gives  70  for  the  mean  velocity, 
which  is  to  be  multiplied  by  the  section,  to  give  the  quan- 
tity discharged  in  a  minute  :  and  in  many  cases  still  greater 
accuracy  will  be  necessary  in  determining  the  mean. 

S08*  Pnor*  The  velocity  with  wUch  a  fluid  fone  out  bv 
a  hole  in  the  bottom  or  side  of  a  vessel,  is  etmal  tothal  whi^ 
is  generatsd  by  gravity  through  the  height  or  the  water  above 
the  hole  ;  that  is,  the  velocity  of  a  heavy  body  aeqolied  bj 
lallhig  Ifoely  thm^  the  he^ht  AB* 
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DmDE  the  altitude  ab  into  a  great 
number  of  very  small  parts,  each  being  1, 
their  number  a,  or  a  =  the  altitude  ab. 

Now,  by  art.  246,  the  pressure  of  the 
fluid  against  the  hole  b,  by  which  the 
motion  is  generated,  is  equal  to  the 
weight  of  the  coluuiU  of  fluid  above  it, 
that  is  the  column  whose  beijrht  is  ab 
#  or  and  base  the  area  of  the  hole  n. 
Therefore  the  pressure  on  the  hole,  or 
email  part  of  the  fluid  1,  is  to  its  weight,  or  Che  natural 
force  of  gravity,  as  o  to  1.  But,  by  art.  127,  the  velocities 
generated  in  the  same  body  in  any  time,  are  as  those  for- 
ces ;  and  because  gravity  generates  the  velocity  2  in  des- 
cending tlirough  the  snmll  space  1,  therefore  1  :  a  :  :  2  :  2<i, 
the  velocity  generated  by  the  pressure  of  the  column  of  fluid 
in  the  same  time.  Hut  2a  is  also,  by  corol.  1,  art.  132,  the 
velocity  generated  by  gravity  in  descending  through  a  or  ab. 
That  is,  the  velocity  of  the  issuing  water,  is  equal  to  that 
which  is  acquired  by  a  body  io  falling  through  the  beigbt  ab. 

The  same  otherwise. 

The  momenta^  or  quantities  of  motion,  generated  in  two 
given  bodies,  by  the  same  force,  acting  during  the  same  or 
an  equal  time,  are  equal*  And  the  force  in  this  case,  is  the 
weight  of  the  superincumbent  column  of  the  fluid  orer  the 
hole.  Let  then  tne  one  body  to  be  moved,  be  that  cohimn 
itself,  expressed  by  oA,  where  a  denotes  the  altitude  ab,  and 
h  the  area  of  the  bole ;  and  the  other  body  is  the  colmnn  of 
the  fluid  that  runs  out  uniformly  in  one  second  suppose,  with 
the  middle  or  medium  velocity  of  that  interval  of  time,  which 
is  \hv,  if  0  be  the  whole  velocity  required.  Then  the  naai 
\hv^  with  the  velocity  e,  gives  the  quantity  of  motion  jAeXv, 
or  \ho^^  generated  in  one  second,  in  the  spouting  water  i  also 
^,  or  feet,  is  the  velocity  generated  in  the  mwm  eik^  dur- 
ing the  same  interval  of  one  second ;  consequently  dk  X  ^, 
or  ahgt  is  the  motion  generated  in  the  column  dk  in  the 
same  time  of  one  second.  But  as  these  two  momenta 
roust  be  equal,  this  gives  ^hv^  =  ahg  i  hence  then  e^  =  8a^, 
and  o  =  y/*^gf  for  the  value  of  the  velocity  sought ;  whidi 
therefore  is  exactly  the  same  as  the  velocity  generated  by  the 
gravity  in  flUling  through  the  space  a,  or  the  whole  height  of 
the  fluid*. 


*  In  ihb  investigation  the  aatbor  uses  the  whole  momeotBin  oA  X 
which  is  generated  Ui  oas  ieeoad  by  the  gravity  of  the  mass    ;  bat  he 
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For  example,  if  the  fluid  were  air,  of  the  whole  height  of 
the  atmosphere,  supposed  uniform,  which  is  ahout  5J  miles, 
or  27720  feet  =  a.  'J  hen  y/2ag  =  2  ^(277*20  X  IG/,)  = 
1335  feet  =  v  the  velocity,  that  is,  the  voiocity  with  which 
coounoa  air  would  rush  into  a  vacuum. 

263.  Corol.  1.  The  velocity,  and  quantity  run  out,  at  dif- 
ferent depthi^,  are  as  llie  square  roots  of  the  depths.  For  tho 
velocity  acquired  in  falling  through  ab*  is  as  ^ab. 

264.  CorcH.  2.  The  fluid  spouts  out  with  the  same  velocity, 
whether  it  be  downward  or  upward,  or  sideways  ;  because 
the  pressure  of  fluids  is  the  same  in  all  directions,  at  the 
same  depth.  And  therefore,  if  an  adjutage  he  turned  up- 
ward, the  jet  will  ascend  to  the  height  of  the  surface  of  the 
water  in  the  vessel.  And  this  is  confirmed  by  experience, 
by  which  it  is  found  that  jets  really  ascend  nearly  to  the  heit^ht 
of  the  reservoir,  abating  a  small  quantity  only,  for  the  fric- 
tion a^rainst  the  sides,  and  some  resistance  from  the  air  and 
from  the  oblique  motion  of  the  fluid  in  the  hole. 

205.  Corol,  3.  The  quantity  run  out  in  any  time,  is  equal 
to  a  column  or  prism,  whose  buiic  is  ihe  area  of  the  hole,  and 
its  length  the  space  described  in  that  time  by  the  velocity 
acquired  by  falling  through  tho  altitude  of  the  fluid.  And 
the  quantity  is  the  same,  whatever  be  the  figure  of  the  ori- 
fice, if  it  is  of  the  same  area. 

Therefore,  if  a  denote  the  altitude  of  the  fluids 
and  h  the  area  of  the  orifice, 
also  lOJy  feet,  or  193  inches  ; 

then  2A  y/\ag  will  be  the  quantity  of  water  discharged  in  a 
second  of  time  ;  or  nearly  8^',  h^a  cubic  foet,  when  a  and  h 
are  taken  in  feet. 

So,  for  example,  if  the  height  a  be  25  inches,  and  the 
orifice  /*  =  1  square  inch  ;  then  2A  \/^^ag  =  2  ^25  X  193  =a 
139  cubic  inches,  which  is  the  quantity  that  would  be  dis* 
charged  per  second. 


does  not  use  the  whole  momentiim  /ip  X  r,  which  is  also  generated  by 
the  same  force  in  th«  sanje  time,  instead  of  wliich  he  uses  only  half  the 
the  latter  momentum;  on  liiis  account  his  solution  appears  to  be  more 
erroneous.  The  two  momenf a  X  8ff  antf  k»  X  **  pnidmtd  ill  oat  §»• 
cond  by  the  same  force,  ought  to  be  equal,  whieh  glvsi  f*s9v»  iiiflMd 
«f  the  eqiiBlHNi    s  4af  ai  foaad  by  Dr.  Uatton*  Af* 
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266.  When  the  orifice  is  in  the  side  of  the  vessel,  then  the 
velocity  is  difTcrcnt  in  iho  ditFerent  parts  of  the  hole,  being 
less  in  the  upper  parts  of  it  than  in  the  lower.  However, 
when  the  hole  is  but  small,  the  difference  is  inconsiderable, 
and  the  altitude  may  be  estimated  from  ihe  centre  to  obtain 
the  mean  velocity.  I^ut  when  the  orifice  is  pretty  large,  then 
the  mean  velocity  is  to  be  more  accurately  computed  by  other 
principles,  given  in  the  next  propositioD. 

267.  It  is  qot  to  be  expected  that  escpeiiments,  as  to  the 
tinaDtiQr  of  water  run  out,  will  exactly  agree  with  this  theoij, 
both  on  aocoont  of  the  resistance  of  the  air^  the  reststaDce  of 
the  water  against  the  sides  of  the  orifice,  and  the  oblique 

-  motion  of  the  particles  of  the  water  in  entering  it.  For>  iC 
•  m  not  merely  the  partidea  aitnated  immediately  in  the  coiunni  - 
over  the  hole,  which  enter  it  and  issue  forth,  as  if  that  coiofltti 
only  were  iiL  motion  ;  but  also  particles  from  all  the  sniw 
founding  parts  of  the  fluid,  which  is  in  a  comraotion  quite 
arodnd ;  and  the  particles  thus  entering  the  hole  in  all  diiee* 
lions,  strike  against  oach  other,  and  impede  one  anothM^ 
notion :  from  which  it  happeiw,  that  it  is  the  particles  in  the 
centre  of  the  hole  only  that  issue  out  with  the  whole  i^elo* 
city  due  to  the  entire  height  of  the  fluid,  while  the  other 
particles  towards  the  sides  of  the  orifices  pass  out  with  de-  • 
cieased  velocities ;  and  hence  the  medium  yeloctQr  through 
^e  orifice,  is  somewhat  less  than  that  of  a  single  body  only, 
urged  with  the  same  pressure  of  the  superincumbent  column 
of  the  fluid.  And  experiments  on  the  quantity  of  water 
discharged  through  aperatures,  show  that  tfie  quantity  must 
be  diminished,  by  those  causes,  rather  more  than  the  fiNUth 
part,  when  the  orifice  is  small,  or  such  as  to  make  die  mean 
velocity  nearly  equal  to  that  in  a  body  falling  through  ^  the 
height  of  the  fluid  above  the  orifice.  If  the  velocity  be  taken 
as  that  due  to  the  whole  altitude  above  the  orifice,  then  in- 
stead of  the  area  of  the  orifice,  the  area  of  the  contracted 
▼ein  at  a  small  distance  from  it  must  be  taken*  See  GfS- 
gory's  Mechanics  and  Bossut's  Hydrodynamique. 

268.  Experiments  have  also  been  made  on  the  extent  to 
which  the  -spout  water  ranges  on  a  horizontal  plane,  and 
compared  with  the  theory,  by  calculating  it  as  a  projectile 
discharged  with  the  velociJy  acquired  by  descending  through 
the  height  of  the  fluid.  For,  when  the  aperture  is  in  the 
side  of  the  vessel,  the  fluid  spouts  out  horizontally  with  a 
uniform  velocityi  which,  combined  with  the  perpendicular 
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Telocity  from  the  actioD  of  gravity,  oaoeea  the  jet  to  form 
the  carve  of  a  pambole.  Then 
the  diitaoeee  to  which  the  jet  will 
ifKNil  00  the  horizontal  plane  bg» 
will  be  aa  the  roots  of  the  rect- 
aqglea  of  the  segments  ac  •  cBp 
AD .  D8»  A«  •  BB.  For  the  spaces 
BTy  BO,  are  as  the  times  and  bori« 
lontal  velocities  ;  but  the  velocity 
ia  aa  ^ao  ;  and  the  time  of  the 
fidi,  which  is  the  same  as  the  time 
of  moving,  is  as  \/cb;  therefore  the  distance  bf  is  as 

v/ac  .  CB ;  and  the  distance  bg  as  y/hn  .  dr.  And  hence, 
if  two  holes  are  made  equidistatit  from  llie  top  and  hottoia, 
they  will  project  the  water  to  the  Hamc  distance  ;  for  if  ac^ 
EH,  then  the  rectangle  ac  .  cb  is  equal  the  rectangle  ak  .  eb: 
which  makes  bf  the  same  for  both.  Or,  if  on  the  diameter 
AB  a  semtctrcle  be  described  ;  then,  because  the  squares  of 
the  ordinates  ch,  di,  kk  are  equal  to  the  rectangles  ac  .  eb, 
dec.  ;  therefore  the  distances  bf,  bu  are  as  the  ordinates  en, 
DI.  And  hence  also  it  follows,  that  the  projection  from  the 
middle  point  d  will  be  farthosti  for  di  is  the  greatest  ordi* 
oate. 

These  are  the  proportions  of  the  distances ;  but  for  the 
absolute  distances,  it  will  be  thus*  The  velocity  through 
any  hole  is  such  as  will  carry  the  water  horizontally 
through  a  space  equal  to  2ac  in  the  time  of  fallin^r  through 
ac:  hot,  after  quitting  the  hole,  it  describes  a  parabola^  and 
comes  to  f  in  the  time  a  body  will  fall  through  cb  ;  and 
Co  find  this  distance,  since  the  times  are  as  the  roots  of 

the  spaees,  therefore  ^ao  :  v^ob  : :  2ao  :  2y/AO  •  cb~ss 
5!oH  the  space  ranged  on  the  horizontal  plane*  And 
the  greatest  range  bo  »  201,  or  2ad,  or  equal  to  ab. 

And  as  these  ranges  answer  very  nearly  to  the  experi« 
ments,  this  confirms  the  theory,  as  to  the  velocity  assigned. 

260.  Pbop.  If  a  notch  or  slit  bh  in  form  of  a  parallelo* 
gram,  be  cut  in  the  side  of  a  vessel,  full  of  water,  ad|  the 
quantity  of  water  flowing  through  it,  will  be  |  of  the  quantity  . 
fiowiog  through  an  equal  orifice,  placed  at  the  whole  depth 
EO,  or  at  the  base  oh,  in  the  same  time  ;  it  being  supposed  . 
that  the  vessel  is  always  kept  full. 

For  the  velocity  at  or  is  to  the  velocity  at  il,  as  ^^bo 
to  ^Bi ;  that  ia,  as  oh  or  il  to  ik,  the  ordinate  of  a  para- 
bola  BKH,  whose  axis  is  bo.  Therefore  the«um  of  the  velo- 
eitiea  at  ail  the  pointa  i,  is  to  as  many  times  the  velociy  at  o» 
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as  the  sum  of  all  the  cirdinatea  ik,  to  the 
sum  of  ail  the  u's  ;  oamely,  as  the  areit 
of  the  parabola  £<;h,  is  to  the  area  egiif  ;  A 
that  is,  the  quantity  running  through  the 
notch  EU,  is  to  the  quantity  ronntng 
through  an  equal  horizontal  area  placed 
at  GH,  as  EGHKE,  to  KGHF,  or  88  2  to  8 ; 
the  area  of  a  parabola  being  |  of  its  cir-  ^ 
cumscribiug  paraliuiogram* 

Carol  1.  The  mean  velocity  of  the  water  in  the  notch,  im 

equal  tu  §  of  that  at  gh. 

Corel  2.  The  qimntitv  flowing  through  the  hole  re  hi.,  is 
to  that  which  would  flow  tlirough  an  rqnal  orifice  phiced  as 
low  as  OH,  as  the  parabolic  frusium  igmk,  is  to  the  rectangle 
lOHL*   This  appears  from  the  demoastratiuo. 


OF  PNEUMATICS. 


270.  Pf*EUMATics  is  the  scienco^which  treats  of  the  pro- 
perties of  air,  or  elastic  iiuida. 

37L  Prop.  Air  is  a  fluid  body ;  whfch^ surrounds  the  earth, 
and  gravitates  on  all  parts  of  its  surface.  ^  - 

These  properties  of  air  are  proved  by  ei^P®"®^*^* — ^^^^ 
it  is  a  fluid,  is  evident  from  iu  easily  yielchi^ 
least  force  impressed  on  it,  without  making  a  ^n^ble  reauu 

tance.  V.  k  r 

But  when  it  is  moved  briskly,  by  any  means,  a¥  ^ 
or  a  pair  of  bellows ;  or  when  any  body  is  nuTi^ 
briskly  through  it ;  in  these  cases  we  become  senslr^ 
as  a  body,  by  the  resistance  it  makes  in  such  motiolCf ' 
also  by  iu  impelling  or  blowing  away  any  light  8ub8t\\':^^' 
So  that,  being  capable  of  resisting  or  moving  other  bcTV-^^* 
by  its  impube,  it  must  itself  be  a  body,  and  be  heavy,  ^ 
all  other  bodies,  in  proportion  to  the  matter  it  contains ;  ^  . 
therefore  it  will  press  on  all  bodies  that  are  placed  under  V*^ 

Also,  as  it  is  a  fluid,  it  spreads  itself  all  over  on  the  ear 
and,  like  other  fluids,  it  gravitates  and  presses  every  wh 
on  the  earth's  snrftee. 


V 
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272.  The  gravity  and  pressure  of  the  air 
arc  also  evident  from  many  experiments. 
Thus,  for  instance,  if  water,  or  <piicksilver, 
he  poured  into  the  tube  ace,  and  the  air  be 
suffered  to  press  on  it,  in  both  ends  of  the 
tube,  the  fluid  will  rest  at  the  same  height  in 
both  legs  :  but  if  the  air  be  drawn  out  of  one 
end  as  e,  by  any  means  ;  then  the  air  press- 
ing on  the  other  end  a,  will  press  down  the 
fluid  in  this  leg  at  b,  and  raise  it  up  in  the  other  to  d,  as 
much  higher  than  at  as  the  pressure  of  the  air  is  equal 
to.  From  which  it  appears,  not  only  that  the  air  does 
really  press,  but  also  how  much  the  intensity  of  that 
pressure  is  equal  to*  And  this  is  the  principle  of  the  bare- 
neter. 

278.  Paop.  The  air  is  also  an  elastic  fluid,  bein^^  con- 
denslble  and  expansible  :  and  the  law  it  observes  is  this,  that 
its  density  and  elasticity  are  proportional  to  the  force  or 
weiffht  which  compresses  it. 

This  property  of  the  air  is  proved  by  many  experiments. 
Thus,  if  the  handle  of  a  syringe  be  pushed  inward,  it  will 
condense  tlie  ineloned  air  into  less  space,  thereby  idiowing 
its  condenaibility.  Bnt  fib»  included  air,  thus  condensed,  is 
felt  to  act  strongly  asainst  the  hand,  lesistiiig  the  force  com. 
pressing  it  more  ano  more ;  and,  on  withdrawing  the  hand, 
the  handle  is  pushed  bade  again  to  where  it  was  at  first 
Which  shows  that  the  air  is  elastic. 

274.  Again,  fill  a  strong  bottle  half  full  of 
water  ;  then  insert  a  small  glass  tube  into 
it,  putting  its  lower  end  down  near  to  the 
bottom,  and  cementing  it  very  close  round 
the  mouth  of  the  bottle.  Then,  it'  air  he 
strongly  injected  through  the  pipe,  as  by 
blowing  with  the  moutli  or  otherwise,  it 
will  pass  tlirough  the  water  from  the  lower 
end,  ascending  into  the  parts  before  occu- 
pied with  air  at  b,  and  the  whole  mass  of 
air  become  there  condensed,  because  the 
water  is  nut  compressible  into  a  less  space.  But,  on  removing 
the  force  which  injected  the  air  at  a,  the  water  will  begin 
to  rise  from  thence  in  a  jet,  being  pushed  up  the  pipe  by  the 
increased  elasticity  of  the  air  b,  by  which  it  presses  on  the 
surface  of  the  water,  and  forces  it  through  the  pipe,  till  as 
much  be  expelled  a.s  there  was  air  forced  in  ;  when  the  air  at 
B  will  be  reduced  to  the  same  density  as  at  lirst,  and,  Uie 
balance  being  restored,  the  jet  will  cease. 
Vol.  11.  35 
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275.  Likewise,  if  into  a  jar  of  water 
AB,  be  inverted  an  empty  glass  tumbler 
CD,  or  such-like,  the  mouth  downward  ; 
the  water  will  enter  it,  and  partly  fill 
it,  but  not  near  so  high  as  the  water  in 
the  jar,  compressing  and  condensing  the 
air  into  a  less  space  in  the  upper  parts  c, 
and  causing  the  glass  to  make  a  sensible 
resistance  to  the  hand  in  pushing  it  down. 
Then,  on  removing  the  hand,  the  elasticity  of  the  internal 
condensed  air  throws  the  glass  up  again.  All  these  showing 
that  the  air  is  condensible  and  elastic. 

S76.  Again,  to  show  the  relation  of  the 
elasticity  to  the  condensation  :  take  a  Long 
crooked  glass  tube,  equally  wide  throughouti 
or  at  least  in  the  part  bd,  and  open  at  a,  but 
close  at  the  other  end  b.  Pour  in  a  little 
qnielnilTer  at  a,  just  to  cover  the  bottom  to 
the  bend  at  cd»  and  to* atop  the  communica- 
tion between  ^e  external  air  and  the  air  in 
BD.   Then  pour  in  more  quicksilver,  and 
mark  the  conresponding  heights  at  which  it 
stands  in  die  two  legs  :  so,  when  it  rises  to 
B  in  the  open  leg  ac,  let  it  rise  to  e  in  the 
dose  one,  reducing  its  included  air  from  the 
natural  bulk  bd  to  the  contracted  space  be,  by  the  pressure 
of  the  column  ue ;  and  when  the  quicksilver  stands  at  i  and 
X,  in  the  open  leg,  let  it  rise  to*r  and  o  in  the  other,  reducing 
the  air  to  die  respective  spaces  bf,  bo,  hj  the  weights  of  the 
eolonms  if,  i;^.   Then  it  is  always  found,  within  moderate 
limiti^  that  die  condensations  and  elasticities  are  as  the  com- 
pressing weights  and  columns  of  the  quicksilver,  and  the 
atmosphere  tcmther.   So,  if  the  natural  bidk  of  the  air  bd 
be  compressed  into  the  spaces  bb,  bp,  bo,  which  are  },  f ,  | 
of  BD,  or  as  the  numbers  8,  2,  1 ;  then  the  atmosphere, 
together  with  the  corresponding  columns  ne,  rf,  mgf  are  also 
found  to  be  in  the  same  proportion  reciprocally,  viz.  as  ^, 
I,  or  as  the  numbers  2, 8, 0.   And  then  He  =  ^a,  i/,  =  a, 
and     =s  8a  ;  where  a  is  the  weight  of  the  atmosphere.  Which 
show  that  the  condensations  aro  directly  as  the  compressing 
forces.   And  the  elasticities  are  in  the  same  ratio,  since  the 
columns  in  *ao  are  sustained  by  the  elasticities  in  bd. 

From  the  foregoing  prindples  may  be  deduced  many  nse- 
fhl  remarks,  as  in  the  mllowing  corollaries,  tiz. 

277.  Carol.  1.  The  space  in  which  any  quantity  of  air  is 
conhned,  is  reciprocally  as  the  force  thai  compresses  it.  So, 
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ibfces  whidi  confine  a^uan- 
tityof  air  in  the  cylindrical  spa- 
ces AG»  BG|  CO}  are  leciprocally 
as  the  same,  or  reciprocally  as 
the  heights  ad,  bd,  cd.  And 
therefore  if  to  the  two  perpendi. 
cnlar  lines  da,  db,  as  as^  mp- 
lotes,  the  hyperbola  m  he  de- 
scrib<Bd»andtheordinatesAi,  BKy  . 

CL  be  dbrawn ;  then  the  fi>rces  which  confine  the  air  in  ^ 
spaces  AG,  BO,  co, 

wfll  be  directly  as  die  corresponding  ordinates  ai,  bk,  cl, 
since  these  are  reciprocally  as  the  tS^isses  ad,  bd,  cd, 
by  the  nature  of  the  hyperbola. 

Carol.  2.  All  the  air  near  the  earth  is  in  a  state  of  com* 
pression,  by  the  weight  of  the  incumbent  atmosphere. 

Corol,  3.  The  air  is  denser  near  the  earth,  than  in  high 
places  ;  or  denser  at  the  foot  of  a  mountain,  than  at  the  top 
of  tU    And  the  higher  above  the  earth  the  less  dense  it  is* 

Ccra^.  4.  The  spring  or  elasticity  of  the  air,  is  equal  to 
the  weight  of  the  atmosphere  above  it ;  and  they  will  pvoii 
dace  the  same  effecta ;  since  they  always  sustain  and  balance 
each  other* 

CaniL  5.  If  the  density  of  the  air  be  increased,  preserving 
the  same  heat  or  temperature,  its  spring  or  elastidQr  is  also 
increased,  and  in  the  same  proportion. 

Corol.  6.  By  the  pressure  and  gravity  of  the  atmosphere, 
on  the  surface  of  fluids,  the  fluids  are  made  to  rise  in  any 
pipes  or  vessels,  when  the  spring  or  pressure  within  is  de* 
creased  or  taken  oflfl 

278.  1*R0P.  Heat  increases  the  elasticity  of  the  air,  and 
cold  dinuoishes  it*    Or,  heat  expands,  and  cold  condeasea 

the  air. 

This  property  is  also  proved  by  experience. 

Thus,  tie  a  bladder  very  close  with  some  air  in  it ;  and 
lay  it  before  the  lire  :  then  as  it  warms  it  will  more  and  more 
distend  the  bladder,  and  at  last  burst  it,  if  the  heat  be  con- 
tinued, and  increased  high  enough.  Hut  if  the  bladder  be 
removed  from  the  fire,  as  it  cools  it  will  contract  again,  as 
before.  And  it  was  on  this  principle  that  the  flrst  air-bal- 
loons were  made  by  Montgolfier :  for,  by  heating  the  air 
within  them,  by  a  fire  beneath,  the  hot  air  distends  them  to 
asise  which  occupies  a  space  in  the  atmosphere^  whose  weight 
of  common  air  exceeds  that  of  the  balloon. 

AlsOf  if  a  cop  or  glass,  with  a  little  air  in  it,  be  inverted 
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into  a  vessel  of  water  ;  and  the  whole  be  heated  over  the  fire, 
or  otherwise  ;  the  air  in  the  top  will  expand  till  it  fill  the 
glass,  and  expel  the  water  out  of  it ;  and  part  of  the  air  itself 
will  follow,  by  continuing  or  increasing  the  heat. 

Many  other  experiments,  to  the  same  effect,  might  be  ad- 
duced|  all  proving  the  properties  mentioned  in  the  proposi- 
tion* 

SCHOLIUM. 

279.  So  that,  When  the  force  of  the  elasticity  of  air  is  con- 
ftdered,  regard  must  be  had  to  its  heat  or  temperature  ;  the 
■Bme  quantity  of  air  being  more  or  less  elastic,  as  its  heat  is 
more  or  less.  And  it  has  been  found,  by  experiment,  that 
the  elasticity  is  increased  by  the  435lh  pail,  for  each  degree 
of  heat,  of  which  there  are  180,  between  the  freezing  and 
boiling  beat  of  watery  in  Fahrenheit's  thermometer. 

N.  B.  Water  expands  about  the  jtSttt  part,  with  each 
degree  of  heat.  (Sir  Geo.  Sbuckburgh,  Fhilos.  Trans.  1777, 
p.  560,  d&€.) 

Also,  the 

Spec.  grav.  of  air  1*201  or  1  j  )  when  the  baiom.  is  29*5, 

water     1000  >  and  the  therm,  is  56^ 
mercury  13602  )  which  are  tbeirmeanbeigbti 

in  tbia  country. 

Or  tbua,  «Jf  )  when  the  barom.  is  30.  - 

mercury  18600  ^- 

280.  Prop.  The  weight  or  pressure  of  the  atmosphere, 
on  any  base  at  the  earth's  surface,  is  equal  to  the  weight  of 
a  column  of  quicksilver,  of  the  same  base,  and  the  height  of 
which  is  between  28  and  31  inches. 

This  is  proved  by  the  barometer,  an  instrument  which 
measures  the  pressure  of  the  air,  and  which  is  described 
below  (art.  302).  For,  at  some  seasons,  and  in  some  places, 
the  air  sustains  and  balances  a  column  of  mercury,  of  about 
28  inches  :  but  at  other  times  it  balances  a  column  of  29,  or 
30,  or  near  31  inches  high  :  .seldom  in  the  extremes  28  or 
81,  but  commonly  about  tlie  means  29  or  30.  This  varia- 
tion depends  partly  on  the  different  degrees  of  heat  in  the 
air  near  the  surface  of  the  earth,  and  partly  on  the  commo- 
tions and  changes  in  the  atmosphere,  from  winds  and  other 
cauaes,  by  which  it  is  accumulated  in  some  places,  and  de- 
pTOMlod  in  others,  being  thereby  rendered  denser  and  heavier, 
or  rarer  and  lighter ;  which  changes  in  iti  itate  are  almost 
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contiuually  happening  in  any  one  place.  But  the  medium 
state  is  commonly  about  29|  or  30  inches. 

981*  Carol.  1*  Heoce  the  proaaure  of  the  atmospheie  oo 
erery  square  inch  at  the  earth'a  surface,  at  a  medium,  ia  Yery 
near  15  pounds  avoirdupois,  or  rather  14{  poundli.  For,  a 
cubic  foot  of  mercury,  weighing  18600 ounces  nearly,  an  inch 
of  it  will  weigh  7*866  or  ahnost  8  ounces,  or  nearly  half  a 
pound,  which  is  the  weight  of  the  atmospheie  for  every  inch 
of  the  barometer  on  a  base  of  a  square  inch ;  and  therefore 
30  inches,  or  th^  medium  height,  weighs  yery  near  14j 
pounds. 

282.  Corol.  2.  Hence  also  the  weight  or  pressure  of  the 
atmosphere,  is  equal  to  that  of  a  column  of  water  from  32 
to  85  feet  high,  or  on  a  medium  83  or  34  feet  high.  For, 
water  and  quicksilver  are  in  weight  nearly  as  1  to  13*6  ;  ao 
that  the  atmosphere  will  balance  a  column  of  water  18*6timea 
aa  high  aa  one  of  quicksilver;  consequently 

18-6  times  28  inches  =  881  inches,  or  31  f  feet, 
18*8  times  29  inches  =  394  inches,  or  82|  feet, 
18*6  times  30  inches  «  408  iiiches,  or  84  fee^ 
18-6  times  81  inches  «s  422  inches,  or  85}  feeL^ 

And  hence  a  common  sucking  pump  (art.  WSl)  wiU  not 


wiU  not  run,  if  the  perpendicular  height  of  the  top  of  it  be 
more  than  about  88  or  84  feet  (art.  201). 

288.  Cord.  3.  If  the  air  were  of  the  same  uniform  denai^ 
at  every  height  up  to  the  top  of  the  atmosphere,  as  at  tlie 
aur&ce  of  the  eaith ;  its  height  would  be  about  5^  miles  at 
a  medium*  For,  the  wcifrlus  of  the  same  bulk  of  air  and 
water,  are  nearly  as  1-222  to  1000  ;  therefore  as  1-222 : 
1000  : :  88}  feet :  27600  feet,  or  5}  miles  nearly.  And  so 
high  the  atmosphere  would  be,  if  it  were  homogeneous,  or 
all  of  uniform  density,  like  water.  But,  instead  of  that,  from 
its  expansive  and  elastic  quality,  it  becomes  continually  more 
and  more  rare,  the  farther  above  the  earth,  in  a  certain  pro- 
portion, which  will  be  treated  of  below,  as  also  the  method 
of  measuring  heights  by  the  barometer,  which  depends  on  it. 

284.  Corol.  4.  From  this  proposition  and  the  last  it  fol- 
lows,  that  the  height  is  always  tlie  same,  of  a  homogeneous 
atmospfiere  above  any  place,  which  shall  be  all  of  the  uni- 
form den^ty  with  the  air  there,  and  of  equal  weight  or 
pressure  with  the  real  height  of  the  atmosphere  above  that 
place,  whether  it  be  at  the  same  place,  at  different  times, 
or  at  any  different  places  or  heights  above  the  earth ;  and 
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that  height  is  always  about  5|>  milea^  or  27600  feet,  as  above 
found.  For,  as  the  density  varies  in  exaiGt  proportion  to  tho 
weight  of  the  column,  therefore  it  requires  a  eolomn  of  the 
same  height  in  all  casei^  to  make  the  respective  weights  or 
pressures^  Thus,  if  w  and  w  be  the  weights  of  atmosphere 
above  any  places^  d  and  d  their  densities,  and  n  and  h  the 
heights  of  the  uniform  colunms,  of  the  same  densities  and 

w 

weights ;  then  h  X  n  =  w,  and  h  X  d  =  to ;  therefore  — 
or  H  is  equal  to  j-or  h :  the  temperalnie  being  the  samOf 

385.  Paop.  With  regard  to  the  atmosphere,  at  different 
heights  above  the  earth,  this  law  obtains  that  when  the  heights 
increase  in  arithmetical  progression,  the  densities  decrease  in 
geometrical  progression. 

Let  the  indefinite  perpendicular  line  ap, 
erected  on  the  earth,  be  conceived  to  be  divided 
into  a  great  number  of  very  small  equal  parts, 
A,  B,  c,  D,  &c.  forming  so  many  thin  strata  of 
air  in  the  atmosphere,  all  of  different  density, 
gradually  decreasing  from  the  greatest  at  a  : 
then  the  density  of  the  several  strata  a,  b,  c, 
D,  d:;c.  will  be  in  geometrical  progression  de- 
creasing. 

For,  us  the  strata  a,  u,  c,  <^c.  arc  all  of  equal 
thickness,  the  quantity  of  matter  in  eacli  of  them,  is  as  the 
density  there  ;  but  the  density  in  any  one,  heiiig  as  the  com- 
pressing force,  is  as  the  weight  or  quantity  of  all  the  matter 
from  that  place  upward  to  the  top  of  the  atmosphere  ;  there- 
fore the  quantity  of  matter  in  each  stratum,  is  also  as  the 
whole  quantity  from  that  place  upward.  xNovv,  if  from  the 
whole  weight  at  any  phicc  as  u,  the  weight  or  quantity  in  the 
stratum  li  he  subtracted,  the  remainder  is  the  weijjht  at  the 
next  stratum  c  ;  that  is,  from  eacli  weight  subtracting  a  part 
wliich  is  proportional  to  itself,  leaves  the  next  weight ;  or, 
which  is  the  same  tliing,  from  each  density  subtracting  a  part 
which  is  proportional  to  itself,  leaves  the  next  density.  But 
when  any  (juantities  arc  continually  diminished  by  parts 
which  arc  proportional  lo  th(MiKsclves,  the  remainders  form  a 
scries  of  eoniinued  proportionals  :  consequently  these  den- 
sities are  in  geometrical  progression. 

Thus,  if  the  first  density  be  d,  and  from  each  he  taken 

its  nth  part  ;  there  will  then  remain  its".^  ^  part,  or  the  2j 

part,  putting  m  for  II  —  1 ;  and  therefore  the  series  of  den* 
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nties  will  Le  d,  —  d,  ~  d,     d,  —  d,  &c«  tJic  common  ralio 

Ji     Ji*    II'  fi* 

of  the  «erie0  being  that  of  n  to 

0 

aCBOUVM. 

288.  Becenee  the  teinie  of  an  aritbmetieal  aeriesy  are  pro« 
poitional  to  the  logarithma  of  the  terms  of  a  geometrical 
eeriea :  therefim  different  altitudes  above  the  earth's  surface, 
are  as  the  Ic^rarithms  of  the  densities,  or  of  the  weights  of 
air,  at  those  altitudes. 

So  thaty  if  D  denote  the  density  at  the  altitude  A9 
and  d  -  the  density  at  the  altitude  a ; 
then  A  being  as  the  log*  of  d,  and  a  as  the  log.  of  dy 

the  dif.  of  alt.  a— a  will  be  as  the  log,  d  —  log.  d,  or  log.  ^. 

And  if  A  S3    or  n  the  density  at  the  suriace  of  the  earth ; 

then  any  altitude  above  the  surface    is  as  the  log.  of  ^ 

Or,  in  general*  the  log.  of  ^  is  as  the  altitude  of  the  one 

plaee  above  the  other,  whether  the  lower  placebo  at  the  sur- 
face of  the  earth,  or  any  where  else. 

And  from  this  property  is  derived  the  method  of  deter- 
mining  the  heights  of  mountains  ajid  other  eminences^  by  the 
barometer,  which  (art.  302)  is  an  instrument  that  measures 
the  pressure  or  density  of  the  air  at  any  place.  For,  by  taking, 
with  this  instrument,  the  pressure  or  denaity,  at  the  foot  of 
a  hill  for  instance,  and  again  at  the  top  of  it,  the  difierence' 
of  the  logarithms  of  these  two  pressures,  or  the  logarithm 
of  their  quotient,  will  be  as  the  difference  of  altitude,  or  as 
the  height  of  the  hill ;  supposing  the  temperatures  of  the  air 
to  be  the  same  at  both  places,  and  the  gravity  of  air  not  al- 
tered by  the  different  distances  from  the  earth's  centre. 

287.  But  es  this  formula  expresses  only  the  relations  be- 
tween di^rent  altitudes  with  respect  to  their  densities,  re- 
course must  be  had  to  some  experiment,  to  obtain  the  real 
altitude  which  corresponds  to  any  given  density,  or  the 
density  which  corresponds  to  a  given  altitude.  And  there 
are  various  experiments  by  which  this  may  be  done.  The 
first,  and  most  natural,  is  that  which  results  from  the  known 
specific  gravity  of  air,  with  respect  to  the  whole  pressure  ef 
the  atmosphere  on  the  surface  of  the  earth.  Now,  as  the  alti- 

tade  a  is  alwaysaslog.  ^ ;  assume  h  so  that  a     A  X  log.  ^, 
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where  h  will  be  of  one  constant  value  for  all  altitudes  ;  and 
to  determine  that  value,  let  a  case  betaken  in  which  we  know 
the  altitude  a  corresponding  to  a  known  density  d ;  as  for 
instance,  take  a  =  1  foot,  or  1  inch,  or  some  such  small  al- 
titude  ;  then,  because  the  density  d  may  be  measured  by  the 
pressure  of  the  atmosphere,  or  the  uniform  column  of  27G0O 
feet,  when  the  temperature  is  55  -  ;  therefore  27600  feet  will 
denote  the  denaitv  d  at  the  lower  placcj  and  27599  the  less 

27600 

density  del  1  foot  above  it ;  consequently  1  =  *Xlog.  ; 

'43429448 

whichy  by  the  nature  of  iogarithmsi  U  nearly  —  h  X  gy^QQ 

B         nearly ;  and  hence  h    63d51  feet ;  which  gives, 

for  any  altitude  in  general,  this  theorem,  viz.  a  ^  63551  X 

log.  3>  or  =  63551  X  log.  —  feet,  or  10592  X  log.  — 

0  .      St  ■  Ml 

fathoms :  where  m  is  the  eolnmn  of  mercury  which  is  equal 
to  the  presBUfe  or  weight  of  the  atmosphere  at  the  bottom, 
and  m  that  at  the  top  of  the  altitude  a ;  and  where  ■  and  si 

may  be  taken  in  any  measure,  either  feet  or  inches,  dec. 

288.  Note,  that  this  formula  is  adapted  to  the  mean  tem- 
perature of  the  air  55°.  But,  for  every  degree  of  tempe- 
rature different  from  this,  in  the  medium  between  the  tem- 
peratures at  the  top  and  bottom  of  the  altitude  a,  that  alti- 
tude will  var\^  by  its  4;{5th  part ;  which  must  be  added,  when 
that  medium  exceeds  55^,  otherwise  subtracted. 

Note,  also,  tlwit  a  column  of  1^0  inches  of  mercury  varies 
its  length  by  about  the  part  of  an  inch  for  every  degree 
of  heat,  or  rather  ^^^^  of  the  whole  volume. 

5S80.  fiut  the  formula  may  be  rendered  much  more  con* 
▼enient  for  use,  by  reducing  the  factor  10592  to  10000,  by 
changing  the  temperature  proportionally  from  55o.  ilm^^ 
as  the  difr.  592  is  the  ISth  part  of  the  whole  factor  10603 ; 
and  as  18  is  the  34th  part  of 435  \  therefore  the  correspond- 
ing change  of  temperature  is  34^,  which  reduces  the  55^  te 

31^.   So  that  the  formula  is,  a  ^  10000  X  log.  ^  fathoms, 

SI 

when  the  temperature  is  31  degrees ;  and  for  every  degree 
above  that,  the  result  is  to  be  increased  by  so  many  times  its 
485th  part. 

280.  Taking,  instead  of  the  logarithms,  the  first  term  of 

B  "  b 

the  logarithmic  series,  we  have  55000  •  -^^t  for  the  altitude 
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in  feet :  b  and  being  tho  heights  of  the  barometrical  cot 
lumns  observed  at  the  bottom  and  top  of  the  hill.  This 
formula  is  for  the  mean  temperature  55°,  and  is  easily  re- 
memliered  because  the  effective  figures  of  the  co-efficient  are 
also  55.  'I'he  reductions  for  any  other  temperati^e  afp  the 
Mflie  M  in  the  logaritlimic  rule. 

ExAV.  1.  To  find  the  height  of  a  hill  when  the  preflfure 
•f  the  atmosphere  is  equal  to  39*08  inches  of  mereofy  at  the 
bottouiy  and  36'26  at  the  top ;  the  menn  tempcrntur^  beipg 
liOof  • .  Ana.  487$ feet,  or  780  iathoml 

Exam.  S.  To  find  the  height  of  a  hill  when  the  at* 
mosplieie  weighs  29*45  inchea  of  mercury  at  the  bottofi|| 
^ml  96'83  at  the  top,  the  mean  temperature  being  38°  f 

Ana.  2885  feet,  or  897^  fathqmi. 

EiAM.  8.  At  what  altitude  is  the  density  of  the  atmosphere 
only  the  4th  part  of  what  it  is  at  the  earth  s  surface  ? 

Ans.  6(120  fathoms. 

By  the  weight  and  pressure  of  tlw  atmosphere,  the  effect 
and  operations  of  pneumutic  engines  may  be  accounted  for, 
and  explained  ;  such  as  siphons,  pumps,  barometers,  | 
iof  which  it  will  l^  prpper  here  to  give  a  brief  description. 


OF  TQE  SIPHON. 

291.  A  Siphon,  or  Syphon,  is  any 
bent  tube,  having  its  two  legs  either  of 
e<|ual  or  of  unequal  length. 

If  it  be  filled  with  water,  and  then 
inverted,  with  the  two  open  ends 
downward,  and  held  level  in  that  po- 
sition ;  the  water  will  remain  suspended 
in  it,  if  the  two  legs  be  equal.  For 
the  atmosphere  will  press  equally  on 
the  surface  of  the  water  in  each  end, 
and  support  them,  if  they  are  not  more  than  34  feet  high ; 
and  the  legs  being  equal,  the  water  in  them  is  an  exact 
counterpoise  by  their  equal  weights  ;  so  that  the  one  has  no 
power  to  move  more  than  the  other ;  fMid  they  are  both  sup* 
ported  by  the  atmosphere. 

But  if  now  the  siphon  be  a  little  inclined  to  one  side,  so 
that  the  orifice  of  one  end  be  lower  than  thot  f»f  the  other; 
iQr  if  the  legs  be  ^f  unequal  length,  ^yhich  is  tho  saipe  thing ; 

yoL.II,  .86 
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then  the  equilibrium  is  destroyed,  and  the  water  will  afl  de* 
scend  out  by  the  lower  end,  and  rise  up  in  the  higher. 
For,  the  air  pressing  equally,  but  the  two  ends  weighing 
unequally,  a  motion  must  commence  where  the  power  is 
greatest,  and  so  continue  till  all  the  water  has  run  out  by  the 
lower  end.  And  if  the  shorter  le^  bo  immersed  into  a  vessel 
of  water,  and  the  siphon  be  set  running  as  above,  it  will 
continue  to  run  till  all  the  water  be  exhausted  from  the 
vessel,  or  at  least  as  low  at*  thnt  end  of  the  siphon.  Or,  it 
may  be  set  running  without  filling  the  siphon  as  above,  by 
only  inverting  it,  with  its  shorter  leg  into  the  vessel  of  water ; 
then,  with  the  mouth  applied  to  the  lower  orifice  a,  suck 
out  the  air;  and  the  water  will  presently  follow,  being  forced 
up  into  the  siphon  by  the  pressure  of  the  air  on  the  water  ia 
the  vessel. 

If  a  siphon  be  fixed  in  a  vessel  of  water  capable  of  rota* 
tion  upon  a  vertical  axis,  and  the  orifice  be  lateral  instead  of 
at  the  bottom  of  the  pipe,  the  reaction  may  be  advantageously 
employed  as  a  motive  force.    This  is  the  principle  of  Mr. 
Busby's  Hydraulic  Orrery, 


OF  THE  PUMP. 

292.  Thxre  are  three  sorts 
of  pumps  ;  the  Sucking,  the 
Lifting,  and  the  Forcing  Pump. 
By  the  first,  water  can  be 
raised  only  to  about  33  feet, 
viz.  by  the  pressure  of  the  at- 
moi^here  ;  but  by  the  others, 
to  any  height ;  but  then  they 
require  more  apparatus  and  / 
power.  I 

The  annexed  figure  repre- 
sents a  common  sucking  pump. 
AB  is  the  barrel  of  the  pump, 
being  a  hollow  cylinder,  made 
of  metal,  and  smooth  within, 
or  of  wood  for  very  common 
purposes,  cd  is  the  handle, 
moveable  about  the  pin  e,  by 
moving  the  end  c  up  and  down, 
pp  an  iron  rod  turning  about  a  pio  d,  which  connects  it  lo  the 
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of  the  handle.  This  rod  is  fixed  to  the  piston,  bucket, 
or  sacker,  ro,  by  which  this  is  moved  up  and  down  within 
the  barrel,  which  it  must  fit  very  tight  and  close,  that  no  air 
or  Water  may  pass  between  the  pisirm  and  the  sides  of  the 
barrel  ;  and  for  this  purpose  it  is  commonly  armed  wi«h 
leather.  The  piston  is  made  hollow,  or  it  has  a  perforation 
through  it,  the  orifice  of  which  is  covered  by  a  valve  h 
opening  upwards,  i  is  a  plug  fiimly  fixed  in  the  lower  part 
of  the  barrel,  also  perforated,  and  covered  by  a  valve  k 
opening  upwards. 

293.  When  the  pump  is  firil  to  be  worked,  and  the  water 
is  below  the  plugi ;  raife  the  end  c  of  the  handle,  then  tha 
pieton  deaeeodiog,  compreaaea  the  air  id  which  hy  ita 
apriog  ahttta  fast  the  valve  k,  and  pushes  up  the  valve 
aad  80  eoten  ioto  the  barrel  above  the  piaton*  Then  put« 
ting  the  end  c  of  the  handle  down  ogain»  raises  the  piaroo 
or  eueker^  which  li Ae  up  with  it  the  column  of  eir  above  iti 
the  esteroml  atmoephere  by  its  preasiira  keeping  the  vaJve  m 
shut :  the  air  in  the  barrel  being  thua  exhauated,  or  rarefied, 
la  no  longer  a  oounterpoiae  to  that  which  presses  on  the  aur- 
lace  of  the  water  in  the.  well ;  this  is  forced  up  the  pipe,  and 
through  the  valve  k,  into  the  barrel  of  the  pump.  Tlieo 
puahiog  the  piston  down  again  into  ihia  water,  now  in  the 
barrel*  ite  weight  shuts  the  lower  valve  x,  and  its  reaiatance 
CNvee  UP  Che  valve  of  the  pistooy  and  enters  the  upper  pait 
ef  the  narrely  abcive  the  piston.  Then,  the  bucket  being 
raised,  lifts  up  with  it  the  water  which  had  passed  above  its 
valve,  aad  it  runs  out  by  ^e  cock  l  ;  and  taking  off  the 
weight  below  it,  the  pressure  of  the  external  atmosphere  on 
the  water  in  the  well  again  forces  it  up  through  the  pipe  and 
k»wer  valve  dose  to  the  piston,  all  the  way  as  it  ascendsi 

-  thus  keeping  the  barrel  always  full  of  water.  And  thus,  by 
repeating  the  strokes  of  the  piston,  a  continued  dischaige  is 
made  at  the  cock  l. 

294.  There  is  a  farther  limitation  of  the  operation,  than 
that  which  relates  to  the  33  feet.  If  the  elastic  force  of  the 
air  within  the  tube  joined  to  the  weight  of  water  in  the  tube 
equal  the  pressure  of  the  atmosphere,  the  water  cannot  rise 
in  the  pump.  To  prevent  this,  the  product  of  the  stroke  of 
the  piston  into  33  must  always  exceed  the  square  of  half  tJie 
greatest  altitude  of  the  piston  above  the  surface  of  the  water 
in  the  well.  Otherwise  diminish  the  diameter  of  the  sucking* 
p^  proportionally* 


« 
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OF  THE  AIR.PUMI*. 

1295.  Nearly  on  the  same  principles  as  the  watet'.pum{i« 
id  the  invention  of  the  air-pump,  by  which  the  air  is  drawd 
but  of  any  vessel,  like  as  w  ater  is  drawn  out  by  the  former. 
A  brass  barrel  is  bored  and  polished  truly  cylindrical,  and 
*  Exactly  fitted  with  a  turned  piston,  so  that  no  air  can  pass  by 
the  aides  of  it,  and  furnished  with  a  proper  valve  opening 
iipward.  Then,  by  lifting  up  the  piston,  the  air  in  the  close 
vessel  below  it  follows  the  piston,  and  tills  the  barrel ;  and 
being  thus  diffused  through  a  larger  space  than  before,  when 
it  bccupfed  the  vessel  or  receiver  only,  but  not  the  barrel, 
it  is  made  rarer  than  it  was  before,  in  proportion  as  the  ca- 
pacity of  the  barrel  and  receiver  together  exceeds  the  re- 
ceiver alone.  Another  stroke  of  the  piston  exhausts  another 
barrel  of  this  now  rarer  air,  which  again  rarefied  it  in  the 
same  proportion  as  before.  And  so  on,  for  any  number  of 
'strokes  of  the  piston,  still  exhausting  in  the  snme  geometric 
feal  progression,  of  which  the  ratio  is  that  which  the  capacity 
bf  the  receiver  and  barrel  together  exceeds  the  receiver,  till 
this  is  exhausted  to  any  proposed  degree,  or  as  far  as  the  na- 
ture of  the  machine  is  capable  of  performing  ;  which  happens 
when  the  elasticity  of  the  included  air  is  so  far  diminished, 
by  rarefying,  that  it  is  too  feeble  to  push  up  the  valve  of  the 
piston,  and  escape. 

296.  F rom  the  nature  of^  this  exhausting,  in  geometrical 
pi'ogression,  we  may  easily  find  how  much  the  air  in  the  re- 
teiver  is  rarefied  by  any  number  of  strokes  of  the  piston  :  or 
what  number  of  such  strokes  is  necessary,  to  exhaust  the  re- 
teiver  to  any  giveri  degree.  Thus,  if  ihe  capacity  of  the 
Ireceiver  and  barrel  together,  be  to  that  of  the  receiver  alone, 
«is  c  to  r,  and  1  denote  the  natural  density  of  the  air  at  fint  ; 
then. 

to  :  r  : :  1  :      the  density  after  1  stroke  of  the  pitton, 
r  r* 

t :  r : :     i  ^1  the  density  after  (wo  ttroke^ 

ft  :  r  i:-^ :      the  density  After  three  strokes, 

okc.)  and     the  deoffity  after  n  alrokeii 

Hot  it  Uie  barrel  be  equal  to  ^ of  the  receiver  ;  then  eini 
4* 

5:4;  and  ^  =  0*8"  is  =  d  the  density  after  n  turoa.  And 
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if  II W  9^  (M  04^  »  «0115  M  dtsAy  •r  tfc«  fn^oM 
MraAtr90fliDlM«riliepitlon;  wbich  being  Uw  86^  pan 
^  1»  or  the  iffrt  deniky,  k  folkm  tbii  tka  «f  m  86|V  tkMi 
VMM  b)F  Um  90  flirokee. 

^^97.  Or,  if  il  were  required  to  find  the  number  of  strokes 
necessary  to  rarefy  the  air  any  number  of  tiroes ;  because 

^  it  as  the*  proposed  density  d  ;  therefore,  taking  the  loga- 

rithnMyii  X  log*     » log.    and  n  ^  -r^^^,  the  number 

of  strokes  required.  So  if  r  be  J  of  c,  and  it  be  required 
to  rarefy  the  air  100  times :  then  d  =  jir     '^^  t  ^^d  hence 


n  ^  V?~"T~I"  nearly.   So  that  in  20f  strokes  the 


ai#  #81 M  rarefied  lOJ  timee. 


OP  THE  DIVING  BELL  AND  CONDENSlNO 

MACHINE. 

8Mb  Om  the  sane  prinetples  toe  depend .  A»  opetatfcHii 
ttiid  ellb^  of  tho  Obndensing  Engine,  by  whieh  air  may  b$ 
eondfenied  to  any  degree,  instead  of  rarefied  aS  In  this 
pymp.  And,  like  as  the  air-pump  rarefiee  the  air,  by  eir* 
ttaetmg  always  one  barrel  of  air  after  another  ;  so,  by  tMi 
other  machine,  the  air  ia  eondensod,  by  throwing  in  oiP 
adding  always  one  barrel  of  air  after  another ;  whtoh  it  le 
evident  may  be  done  by  only  turning  the  valvee  of  the  pie* 
IbD  and  barrel,  that  is,  making  them  to  open  the  eontrarjT 
way,  and  working  the  piston  in  the  same  Inanner ;  so  thatf 
aa  they  both  open  upward  or  outward  in  the  air-pump,  or 
Inrefier,  they  will  both  open  downward  or  mward  in  the  eon* 
denser. 

291).  And  on  the  same  principlea,  namely,  of  the  com* 
pression  and  elasticity  of  the  air,  depends  the  use  of  the 
biving  Bell,  which  Is  a  large  vessel,  in  which  a  person  de* 
*  ecemfai  to  the  bottoni  of  the  see,  the  open  end  of  the  vessel 
being  downward ;  only  in  this  ease  the  air  la  not  eoodensed 
by  mcing  more  of  it  Into  the  same  apaee,  aa  in  the  eendena* 
ii^  engine  ;  but  by  compressing  the  same  quantity  of  air  im 
to  a  leee  space  in  the  bell,  by  inereastng  always  the  foree 
iMnth  oompresieB  iu 
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300.  If  a  yesiel  of  any  sort  bt  tnVeTt^  Into  water,  and 
pushed  or  let  down  to  any  depth  ;  then  by  the  presaare  o€ 
the  wnter  some  of  it  will  ascend  into  the  vessel,  btit  not  so 
high  as  the  water  without,  and  will  compress  tho  air  iqto  leas 
space,  according  to  the  difTerence  between  the  heigh^  of  the 
internal  and  external  water  ;  and  the  density  and  elastic  force 
of  the  air  will  be  increased  in  the  same  proportion  as  its 
•pace  in  the  vessel  is  diminished. 

So,  if  the  tube  ce  be  inverted,  and  pushed  down  into 
water,  till  the  external  wnter  exceed  the  internal,  by  the 
height  AH,  and  the  air  of  the  tube  he  reduced  to  the  space 
CD  ;  then  ihnt  air  is  pressed  both  by  a  co- 
lumn of  water  of  the  hei^jht  ab,  and  by  the 
whole  atmosphere  which  presses  on  the 
upper  surface  of  the  water ;  consequently 
the  space  cnis  tn  the  whole  jspace  ce,  as 
the  weight  of  the  atmosphere,  is  to  the 
weights  both  of  the  atmosphere  and  the 
column  of  water  ab.  So  that,  if  ar  be 
about  34  feet,  which  is  equal  to  the  force 
of  the  atmosphere,  then  cd  will  be  equal 
to  ^CE  ;  but  if  ab  be  double  of  that,  or 
68  feet,  then  cd  will  be  k  ;  and  so  on.  And  hence,  by 
knowing  the  depth  af,  to  which  the  vessel  is  sunk,  we  can 
easily  find  the  point  d,  to  which  the  water  will  rise  within  it 
at  any  time.  For  let  the  weight  of  the  atmosphere  at  that 
time  be  equal  to  that  of  34  feet  of  water ;  also,  let  the  depth 
AF  be  UO  feet,  and  the  length  of  the  tube  o:  4  feot;  iheUy 
putting  the  height  of  the  iotcraal  water  i>s  = 

it  is    34  +  AB  :  84  : :  CE  :  OD, 
that  is  34  +  AF  —  de  :  34  : :  ce  i  cb  —  DB, 
or      54  ^  X  :  34  : :  4  :  4  — 2 ; 

hence,  multiplying  extremes  and  means,  216  —  58t  +  4e* 
sa  186,  and  the  root  ia  «  2  very  nearly  a  1*414  of  b 
feot|  or  17  inches  nearly ;  being  the  height  db  to  whkh  the 
water  will  rise  within  the  tube. 

301.  But  if  the  vessel  be  not  equally 
wide  throughout,  but  of  any  other 
shape, ^as  ol*  a  bell. like  form,  such  as  . 
is  used  in  diving  ;  then  the  altitudes  ^ 
will  not  observe  the  proportion  above,  G 
but  the  spaces  or  bulks  only  will  ac-  j> 
cord  with  that  proportion,  namely,  34 
+  AB  :  34  :  :  capacity  ckl  :  enpacity  p 
CHI,  if  it  be  ccniuion  or  fresh-water  ; 
and  33  +  AB  :  33  : ;  capaci^  cu  : 
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capacity  0Rl»  if  it  bd  sea.water.  Ffon  wliieh  propoftMBt 
tbe  beigbt  i»  may  be  found,  wbeo  the  iiatora  Midf  thafe  «C 
tii9  YMtl  or  bell  ckk  are  knowo. 


OP  THE  BAAOMETBR* 

M9.  Thb  Barometer  to  an  iMtrument  for  moiMiriog  tbe 
preaaure  of  tbe  atmosphere,  and  elaatioity  of  tbe  air,  at  $nf 
time.  It* is  commonly  made  of  a  glaaa  tube,  of  near  3  feet 
Jong,  cloee  at  one  end,  and  filled  wltb  mercury.  Wben  the 
tube  is  full,  by  atopplnia;  the  open  end  with  tbe  finger,  then 
inverting  the  lube,  and  imraeraing  that  end  with  the  finger 
Into  a  baaon  of  qu:cksilrer,  on  removing  the  finger  from  the 
orifice,  the  fluid  In  the  tube  will  deecend  into  the  baaoo,  till 
what  remainain  the  tube  be  of  the  same  weight  with  a  co* 
lumn  of  ihe  atmosphere,  which  is  commonly  between  28  and 
81  incheaof  quichalher ;  and  leaving  an  entire  vacuum  in 
tbe  upper  end  of  the  tube  above  the  mercury.  For,  as  tbe 
upper  end  of  the  tube  is  quite  void  of  air,  there  is  no  pressure 
dotawarda  but  from  the  column  of  quickailver,  and  there* 
fere  that  will  be  an  exact  balance  to  the  counter  pressure  of 
tbe  whole  column  of  atmosphere,  acting  on  tbe  orifice  of  the 
tube  by  the  quicksilver  in  the  baaon.  The  upper  8  inchee 
of  the  tube,  namely,  from  28  to  81  Inches,  have  a  scale  at 
taehed  to  them,  divided  into  inches, 
lentha,  and  hundredtha,  fer  moa* 
suring  the  length  of  tbe  column 
at  airtime9,  by  observing  which 
itviaion  of  the  scale  the  top  of  the 
quicksilver  Is  opposite  to ;  as  it 
ascends  and  descends  within  these 
Umlti,  according  to  the  state  of  the 
atroospliere. 

The  weight  of  tbe  quicksilver 
io  the  tube,  above  that  in  the  ba» 
eoo,  is  at  all  times  equal  to  the 
weight  or  pressure  of  the  column 
of  atmosphere  above  it,  and  of  tbe 
same  base  with  the  tube ;  and  hence 
the  weight  of  it  may  at  all  times 
be  computed  ;  being  nearly  at  the 
nte  of  half  a  pound  avoirdupoia 
fer  every  inch  of  quiel^lver  in 
the  tube,  on  every  square  inch  of 
beee ;  or  more  eJtactly  it  is  of 


I 


a  mm4  m  tha  aaoara  inch,  for  avaiy  inch  m  the  altiiude  ot 

iH»MMolMlv«r  wai^^^  iVw  IWar  nearly  i  a  pound,  in  the 
maabtaniMraturao^  W  of  heal.  And  consequently,  when 
the  UfonSarilaoda  at  80  inches,  or  2i  feet  high,  which  is 
neariy  tha  madtitm  or  lUndard  height,  the  whole  pressure  of 
the  aloKMpbara  ia  equal  to  14}  pounds,  on  every  square  inch 
of  the  baaa :  aodaoia  propanloii  for  other  heiglus. 

BaiooMitara  ate  now  conatructed  so  as  to  be  susceptible  of 
aonfanieal  owiion  from  place  to  place  without  derangement  ; 

«tta  fiM^tatiof  the  poaumalio  motliod  of  detaraumgg  the 
haiglila  of  hlUa,  fte»  * 


or  THE  THERMOMETER. 

303.  Thb  Thennomatar  ia  an  inalnmiaBi  for  BMOMri^g 
the  temperature  of  the  air,  aa  to  heat  and  coW. 

It  is  found  by  experience,  thai  all  bodies  expand  by  Iba^, 
and  contract  by  cold  :  andainca  tha  eapaawm  la,  to  a  cafbon 
extent,  uniform,  the  degreea  of  eynanialjaao^ 
sure  of  the  degrees  of  heat.  Fkuda  are  mote  aonvanieat  fca 
this  purpose  than  solids :  and  qoickailw  or  "weury  la  war 
most  commonly  used  for  iu  A  vary  fine  #aM  inbe,  bMnag 
a  pretty  large  hollow  ball  at  the  bottom, 
is  filled  about  half  way  up  with  quickj 
silver  :  the  whole  being  then  heated 
very  hot  till  the  quicksiW  rise  quite 
to  the  top,  the  top  is  then  hermetically 
sealed,  so  as  perfectly  to  eiclude  all 
communication  with  the  outward  air. 
Then,  in  cooling,  the  quickaiWer  con- 
tracts,  and  consequently  its  suHbca  de- 
scends in  the  tube,  till  it  coBM  to  a 
certain  point,  correspondent  to  the  tem- 
perature or  heal  of  the  air.  And  whe* 
^  weather  becomes  warmer,  the  quick* 
silver  expands,  and  its  surface  riaea 
in  the  tube  ;  and  again  contraeta  and 
descends  when  the  weather  becomeo 
cooler.  So  that,  by  placing  a  acalo  of 
any  divisions  against  the  side  of  the 
tube,  U  will  show  the  degrees  of  boat 
by  the  expansion  and  contraction  of 
the  quicksilver  in  the  tube  ;  observing 
■i  wha^  ^\'i»oa  of  Uie  scale  the  top  of 
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the  quicksilver  stands.  The  method  of  preparing  the  scale, 
as  used  ia  England,  is  thus  : — Bring  the  thermometer  into 
'  the  temperature  of  freezing,  by  immersing  the  ball  in  watet 
just  freezing,  or  in  ice  just  thawing,  the  latter  is  best,  and 
mark  the  scale  where  the  mercury  then  stands,  for  the  point 
of  freezing.  Next,  immerge  it  in  boiling  water ;  and  the 
<|ciick8ilver  will  rise  to  a  certain  height  in  the  tube  ;  which 
marir  also  on  the  scale,  for  the  boiling  point,  or  the  heat  of 
boilUig  water.  Then  the  distaiice  between  these  two  points, 
18  divided  into  180  equal  divisions,  or  degrees  ;  and  the  like 
equal  degrees  are  also  continued  to  any  extent  below  the 
ffeezing  point,  and  above  the  boiling  point.  The  diviaioiui 
are  then  fiambered  as  folio wsi  namely,  at  the  freezing  point 
ia  set  the  number  33,  and  ccHiMqueiitly  212  at  the  boiling 
point ;  and  all  the  other  numbeia  in  their  order. 

This  division  of  the  scale  is  commonly  called  Fakrenkm^s* 
According  to  this  diviaioo,  55  is  at  the  mean  temperature  ot 
the  air  in  this  country  ;  and  it  is  in  this  temperature,  anJ  in 
an  atmosphere  which  sustains  a  column  of  30  inches  of  quick* 
silver  in  the  barometer,  that  all  measures  and  specitic  gravi- 
ties are  taken,  unless  when  ntherwisn  mentioned ;  and  in  this . 
temperature  and  prewure,  the  relative  wwighu^  ur  specific 
gravities  of  air,  water,  and  quicksilver,  arc  as 

1|  for  air,  (  these  also  are  the  weights  of  a  cubic  * 
1000  for  water,  (  foot  of  each,  in  avoirdupois  ounces,  in 
18600  Ibr  mercury ;  (  that  state  of  the  barometer  and  ther* 
mometen  For  c&er  states  of  the  thermometer,  each  of  these 
bodies  expands  or  contracts  according  to  the  following  ra(e» 
with  ea^h  degree  of  heat,  vis* 

Air  about   -      j^-g  part  of  its  bulk, 

Water  about  o^Vr  ^"^^^ 
Mercury  about  ^y^ir  part  of  its  bulk. 
Another  division  is  that  of  100  equal  degrees  between  the 
freezing  and  the  boiling  points,  thQ  0  or  xero  being  at  the 
former*  This  is  called  the  centigrade  thermometer.  It  is 
now  very  common  to  put  Fahrenheit's  division  onsthe  left  of 
the  tube,  and  the  centigrade  divisioti  on  the  right. 


ON  THE  MEAStJR£M£NT  OF  ALTITUDES  BY 
THE  BAROMETER  AND  THERMOMETER. 

a04*  Fbom  the  principles  laid  down*  in  arts.  966  to  369| 
concemin^r  the  measuring  of  altitudes  by  the  barometer,  and 
Uie  foregoing  descriptions  of  the  barometer  and  thermometer, 
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me  my  now  collect  together  the  precepts  for  the  practice  of 
Mch  meeeoremefitSy  which  are  as  follow  : 

First.  Observe  the  height  of  the  barometer  at  the  bottom 
of  any  height,  or  depth,  intended  to  be  measured  ;  with  the 
temperature  of  the  quicksilver,  by  means  of  a  thermometer 
attached  to  the  barometer,  and  also  the  temperature  of  the 
air  in  the  shade  by  a  detatcbed  thennometer* 

Seeotiilijf.  Let  die  same  thing  be  done  also  at  the  top  of 
the  said  height  or  depth,  and  at  the  same  time,  or  as  near 
the  same  time  as  may  he.  And  let  those  altitudes  of  haio- 
meter  he  lednced  to  the  same  temperaturey  if  it  he  thought 
necessary,  by  correcting  either  the  one  or  the  odier,  that  is, 
augment  the  height  of  the  mercury  in  the  colder  tempera, 
ture,  or  dimfaiish  that  in  the  wanner,  by  its  ^-^^^  patt  for 
every  degree  of  difi^rence  of  the  two. 

•  Thirdly,  Take  the  diflerencc  of  the  common  logarithms 
of  the  two  heights  of  the  barometer,  corrected  as  above  if 
necessary,  cutting  off  3  figures  next  the  right  hand  for 
decimals,  when  the  log-tables  go  to  7  figures,  or  cut  off  only 
2  figure's  whpn  tbpi  tables  go  to  0  plnres,  and  so  on  ;  or  in 
general  remove  the  decimal  point  4  places  more  towards  the 
right  handy  thoseL  on  the  left  hand  being  fathoms  in  whole 
numbers. 

FomMp.  Corrsdtiie  number  last  Ibond  for  the  difoence 
of  temperature  of  die  airy  as  follows ;  take  half  the  sum  of 
the  two  tempeiatnresy  for  the  mean  one  ;  and  for  every  de- 
gree which  this  difiers  fiom  the  tempemtnre  81^,  take  so 
many  tunes  the  part  of  the  fothoms  aboTe  found,  and 
add  them  if  the  mean  tempentuie  be  above  31^,  but  subtract 
them  if  the  mean  temperature  he  below  31  ^  ;  and  the  sum  or 
difference  will  he  the  true  altitude  in  fathoms :  or,  being 
multiplied  by  6,  it  will  be  the  altitude  in  feet. 

Exam.  1.  Let  the  state  of  the  barometers  and  thermome- 
ters be  as  follows ;  to  find  the  altitudoy  viz. 

Thermom* 


Barom. 

Lowef»9-68 
Upper25-28 


Ans.  the  alt.  is 

720  fathoDM. 


attach,  detach. 
57  67 
43  42 

Exam.  2.  To  f^nd  the  altitude,  when  the  state  of  the  ba- 
rometers and  thermometers  is  as  fbllows,  viz. 

Thermom. 


Barom. 

Lower29  15 
Upper 


attach. 
38 
41 


detach. 
31 
36 


I 


Ans.  the  alt.  is 
409tV  fathoms, 
or  2468  foot. 
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This  is  a  highly  useful  method  within  certain  limits  ;  but 
is  by  no  means  susceptible  of  that  degree  of  accuracy  which 
many  have  imputed  to  it* 


ON  THE  RESISTANCE  OF  FLUIDS,  WITH  THEIR 
FORCES  AND  ACTIONS  ON  BODIES. 

905.  Prop.  If  any  body  moye  through  a  fluid  at  reil»  or 
the  fluid  move  aeainat  the  body  at  reot ;  the  force  or  femst. 
ance  of  the  fluid  against  the  body,  will  be  as  the  squaie  of 
the  velocity  and  the  density  of  the  fluid.   That  is,  s  oc  df^. 

For»  the  force  or  resistance  Is  as  ^le  quantity  of  matter  or 
particles  struclr,  and  the  velocity  with  which  they  are  struck* 
But  the  quantity  or  number  of  particles  struck  in  ainr  timei 
are  as  the  velocity  and  the  density  of  the  fluid.  Therefore  the 
resistancOt  or  force  of  the  fluid,  is  as  the  density  and  square 
of  the  velocity. 

306.  Cktrol,  1,  The  resistance  to  any  plane,  is  also  more 
or  less,  as  the  plane  is  greater  or  less  ;  and  therefore  the  re- 
sistance on  any  plane,  is  as  the  area  of  the  plane  a,  the  den- 
sity of  the  medium,  and  the  square  of  the  velocity.  That 

is,  R  oc  adt^. 

307.  CoroL  2.  If  the  motion  be  not  perpendiciilar,  but 
oblique  to  the  plane,  or  . to  the  face  of  the  body ;  then  the 
resistance,  in  the  direction  of  motion,  will  be  diminished  in 
the  triplicate  ratio  of  radius  to  the  sine  of  the  angle  of  in- 
clination of  the  plane  to  the  direction  of  the  motion,  or  as 
the  cube  of  radius  to  the  cube  of  tlic  sine  of  that  angle.  So 
that  R  oc  adv-8\  putting  1  =  radius,  and  *  =  sine  of  the  angle 
of  inclination  CAn. 

For,  if  AB  be  the  plane,  ac  the 
direction  of  motion,  and  eg  perpen- 
dicular to  AC ;  then  no  more  particles 
meet  the  plane  than  what  meet  the 
perpendicular,  bc,  and  therefore  their  « 
number  is  diminished  as  ab  to  or  / v 
as  1  to  s.  But  the  force  to  each  par- 
tide,  striking  the  plane  obliquely  in  the  direction  ca,  is  also 
diminished  as  ab  to  bc,  or  as  1  to  « ;  therefore  the  resistance, 
which  18  perpendicular  to  the  face  of  the  plane  is  as  1  Mo  ^. 
But  again,  this  resistance  in  the  direction  perpendicular  to 
the  iace  of  the  plane,  is  to  that  in  the  direction  ac,  by  the 
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paraHelogram  of  forces,  as  ab  to  bc,  or  as  1  to  t.  CoBSe- 
quentlv,  on  all  these  accounts,  the  resistance  to  the  plane 
when  moving  perpendicular  to  its  face,  is  to  that  when  moving 
obliquely,  as  1 '  to  8\  or  1  to  9*.  That  is,  the  resifltanee  in 
the  direction  of  the  motion,  is  dinini^ed  as  1  to  iP,  or  in  tho 
triplicate  ratio  of  radius  to  the  sine  of  inclination. 

308.  Prop.  The  real  resistance  to  a  plane,  from  a  fluid 
acting  in  a  direction  perpendicular  to  its  face,  is  equal  to  the 
weight  ofa  coluriin  of  the  fluid,  whose  base  is  the  plane,  and 
altitude  equal  to  that  which  is  due  to  the  velocity  of  the  mo- 
lion,  or  through  which  a  heavy  body  must  fall  to  acquire  that 
Yeloclly. 

The  resistance  to  the  plane  moving  through  a  fluid,  is  the 
same  as  the  force  of  the  fluid  in  motion  with  the  same  velo- 
city, on  the  plane  at  rest.  But  the  force  of  the  fioid  in  mo^ 
tion,  is  equal  to  the  weight  or  pressure  which  generates  that 
motion ;  and  this  is  equal  to  the  weight  or  pressure  of  m 
column  of  the  fluid,  whose  base  is  the  area  of  the  plane,  and 
its  altitude  that  which  is  due  to  the  velocity. 

309.  Ccrrol  1.  If  a  denote  the  area  of  the  plane,  v  the 
velocity,  n  the  densitv  or  specific  gravity  of  the  fluid,  and 
|g  ^        feet,  or  193  inches.    Then,  the  altitude  due  to 

tj*  tj*  _  on©*.  .,1 

the  velocity  v  being      therefore  a  X  «  X  ^  •—  will 

he  the  whole  resistance,  or  motive  force  b. 

310.  Carol.  3.  If  the  direction  of  motion  be  not  perpen- 
dicular to  the  lace  of  (he  plane,  but  oblique  to  it,  in  anr 
^gle,  whose  sine  is  t*  Then  the  resistance  to  the  plane  will 

811.  Corol.  3.  Also,  if  w  denote  the  weight  of  the  body, 
whose  plane  face  a  is  resisted  by  the  absolute  force  s  $  then 

the  retarding  force/,  or  ~  will  be 

312.  Carol,  4.  And  if  the  hody  be  a  cylinder,  whose  face 
or  end  is  a,  and  radius  r,  moving  in  the  direction  of  its  axis ; 
because  then  «  =  1,  and  a  =  ^r^,  where  «-  =  31 11593 ;  tlien 

will  be  the  resisting  force  b,  and         the  retaidii 

fcrce/. 

313.  CoroL  5.  This  is  the  value  of  the  resistance  when 
the  end  of  the  cyhnder  is  a  plane  perpendicular  to  its  niup, 
or  to  the  direction  of  motion.   But  were  its  face  an 
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section,  or  a  conical  surface,  or  any  other  fi|^re  every  where 
equally  inclined  to  the  axis,  or  direction  of  motion,  the  sine 
of  inclination  being  s  ;  then,  the  number  of  particles  of  the 
fluid  striking  tlie  face  being  still  the  same,  but  the  force  of 
each,  opposed  to  th©  direction  of  motion,  diminished  in  the 
duplicate  ratio  of  radius  to  the  sine  of  inclioatioOy  the  resist- 

io£  force  r  would  be  — - — . 

314.  Pttop*  Tlie  mistance  to  a  sphere  motving  Unoog^  m, 
fluid,  is  but  half  the  reaistance  to  its  great  eurde,  or  to  the 
end  of  a  oylioder  of  the  aame  diameter,  monng  with  an  equal 
velocity. 

Let  AFBB  be  half  the  sphere,  moving 
in  the  direction  ceo.  Describe  the  para- 
boloid AiBKB  on  the  same  base.  Let  any 
particle  of  the  medium  meet  the  semidr* 
cle  in  Fy  to  whidi  draw  the  taugent  fo, 
the  radhis  vcy  and  the  ordinate  wau  Tbma 
die  Ibffce  of  any  particle  on  the  smrfiuse  at 
F,  is  to  its  force  on  the  base  at  n,  as  the 
square  of  the  sine  of  the  angle  g,  or  its 
equal  the  angle  fch,  to  die  square  of  ra* 
diosi  that  is,  as  hv^  to  ci*.  Therefore  the  force  of  all  the 
particles^  or  the  whole  fluid,  on  the  whole  surfitce,  is  to  its 
fofce  on  the  circle  of  tiie  base,  as  all  the  bf*  to  as  many  times 
But  CF^is  SB  ca'  =  ao  •  csf  and  0*  ah.  hb  by  the 
nature  of  the  circle :  also,  ah  •  rb  :  ao  •  ob  : :  m  :  cn  1^  th. 
2,  parabohi ;  consequently  the  force  on  the  spherical  surfiMe 
is  to  the  force  on  its  circular  base,  as  all  the  Hi's  to  as  many 
cb's,  that  is,  as  the  content  of  the  paraboloid  to  the  content 
of  its  circumscribed  cylinder,  namely,  as  1  to  2  18^ 
parab.)  ' 

315.  CifroL.  Hence*,  the  resistance  to  the  sphere  is  a 

— ,  being  the  half  of  that  of  a  cylinder  of  the  same  dia. 

meter*  For  example,  a  91b«  iron  ball,  whose  diameter  is 
4  inches,  when  moving  through  the  air  with  a  velocity  of 
1600  feet  per  second,  would  meet  a  resistance  which  is  equal 
to  a  weight  of  lS2|lb.  over  and  above  the  pressure  of  the 
atmospherei  for  want  of  the  counterpoise  behind  the  balL 
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OF  THE  WEIGHT  AND  DIMENSIONS  OF  BALLS 

AND  SHELLS. 

'  The  weight  and  dimensions  of  Balls  and  Shells  might  be 
fimnd  from  the  problems  given  under  the  head  of  specific 
gtmtj.  But  they  may  be  found  still  easier  by  means  of  the 
•xpenmental  weight  of  a  bail  of  a  eiven  size,  from  the  known 
j^ropoftion  of  similar  figures,  namefyi  a»  ti^  cubes  of  thair 
djgmeleis^  or  Uke  Usear  dimensiooB. 

FRfniLKM  I* 

To  find  the  Weight  of  an  Iron  BaUy  from  it*  Diameter, 

An  iron  ball  of  4  inches  diameter  weighs  91b.  and  the 
weights  being  as  the  cubes  of  the  diameters,  it  will  be,  as  64 

2bich  is  the  cube  of  4)  is  to  9  its  weight,  so  is  the  cube  oT 
diameter  of  any  other  hall,  to  its  weight.  Or,  take  ^  of 
the  cube  of  the  diameter,  for  the  weight*  Or,  take  |>  of  the 
cube  of  the  diameter,  and  \  of  that  again,  add  the  two  io* 
gedier,  for  the  weight. 

Exam.  1.  The  diameter  of  an  iron  shot  being  6*7  inches, 
required  its  weight  ?  Ans.  42*2941b. 

Exam.  2.  Wiiat  is  the  weight  of  an  iron  ball,  whose  dia- 
meter  is  5*54  inches  ?  Ans.  241b.  <iearly« 

nOBLBM  II* 

« 

7b  find  fHa  WeigU  of  a  LetAn  BOL 

A  leaden  ball  of  1  inch  diainoler  weighs  y\  of  a  lb,  there- 
fore as  the  cube  of  1  is  to  y^,  or  as  14  is  to  3,  so  is  the  cube 
of  the  diameter  of  a  leaden  ball,  to  its  weiglit.  Or,  take  i^ 
of  the  cube  of  the  diameter,!^ for  the  weight,  nearly. 

Exam.  1.  Required  the  weight  of  a  leaden  ball  of  6-6 
inches  diameter  ?  Ans.  61  -dOdlb. 

ExAH.  2.  What  is  the  weight  of  a  leaden  ball  of  5*80 
bches  diameter  t  Ans.  821b.  nearly. 

Exam.  3.  How  many  shot,  each  of  an  inch  diameter^ 
may  be  made  out  of  101b.  of  lead  ?  Ans.  2980G67. 

PBOBLEU  II.  ^ 

To  find  ihe  Diamcicr  of  an  Iron  Ball, 

Multiply  the  weight  by  7|,  and  the  cube  root  of  the  pie- 
duct  will  be  the  diameter. 
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ExiH.  1*  Required  the  duuneter  of  a  481b.  iron  baH  1 

Ana.  6-665  iadiea. 

Exam.  2.  What  is  the  diameter  of  a  241b.  iron  ball  ? 

Ana.  5*54  inches. 

PBOBLXX  IT. 

Tojmd  the  Diameter  of  a  Leaden  BaU. 

Multiply  the  weight  by  14,  and  divide  the  product  by  8  ; 
then  the  cube  root  of  the  quotient  will  be  the  diameter. 

ExAX.  1.  Required  the  diameter  of  a  641b.  leaden  ball  ? 

Ana.  6*684  inches. 

Exam.  2.  What  ia  the  diameter  of  an  81b.  leaden  bail  t 

Ana.  8*948  inehea. 

PROBLBX  V. 

7b  Jrnd  the  Weight  of  an  Iron  HheU. 

Take  g\  of  the  diflcrence  of  the  cubes  of  the  external  and 
internal  diameter,  for  the  \veight  ol'  the  shell. 

That  ia,  from  the  cube  of  the  external  dianielcr,  take  the 
cube  of  the  internal  diameter,  multiply  the  remainder  by  9, 
and  divide  the  product  by  64. 

Exam.  1.  The  outside  diameter  of  an  iron  shell  being  12*8, 
and  the  inside  diameter  9*1  inches  ;  required  its  weight  ? 

Ans.  188-9411b. 

Exam.  2.  What  is  the  weight  of  an  iron  shell,  whose  ex* 
lemal  and  internal  diameters  are  9*8  and  7  inches  1 

Ans.  84ilb. 

PBOBLBM  VI.  . 

To  find  how  much  Powder  will  fill  a  iSliell. 

Divide  the  cube  of  the  internal  diameter,  in  inehea,  hy 
57  *d,  for  the  lbs.  of  powder*. 

Exam.  1.  How  much  powder  will  fill  a  shell  whose  in- 
temal  diameter  ia  9*1  inches  ?  Ans.  13j?T,Ib.  nearly. 


*  This  and  the  following  are  only  approximative  rules,  founded 
upon  the  supposition  that,  at  a  medium,  30  cubic  inches  of  gunpowder 
wei^b  a  poaod.  Of  18  diffmat  kinds  of  gu  npowder  used  io  the  Royal 
Laboratory,  Woolwieb,  the  weights  vary  from  58Ib.  loz.  to  491b.  13oz. 
per  cabic  foot,  and  the  specific  gravities,  consequently,  from  929  to  727, 
The  specific  gravity  of  French  £;unpowderasuaUy  lies  between  narrower 
liouU  i  vis.  those  of  944  and  897. 
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EzAH.  S.  How  much  powder  will  fill  a  iholi  whose  ia* 
.toroal  dumeter  is  7  inches  ?  Ans.  6lb« 

PROBLBM  VIL 

lb  find  how  much  Powder  wiU  fiU  a  Rectangular  Box. 

Find  the  content  of  the  hox  in  inches,  by  multiplying  the 
length,  bieadth,  and  depth  altogether*  Then  divide  by  80 
ibr  the  pounds  of  powder. 

Exam.  1 .  Required  what  quantity  of  powder  will  fiU  a 
box,  the  length  being  15  inches,  the  breadth  1%  and  the 
depth  10  inches  ?  Ans.  OCNb. 

Exam.  2.  How  much  powder  will  fill  a  cubical  box  whose 
aide  is  12  inches  ?  Ans.  57ilb. 

raosLU  vui. 

7b find  km  nmck  Powder  wSlfiU  a  CyKnder* 

Multiply  the  square  of  the  diameter  by  the  length,  then 
divide  by  88*2  for  the  pounds  of  powder. 

Exam,  1.  How  much  powder  will  the  cylinder  hold, 
whose  diameter  is  lOinches,  and  length  90  inches  ? 

Ans«  5d(lb.  nearly. 

ExAK.  2.  How  much  powder  can  be  contained  in  the 
cylinder  whose  diameter  is  4  inches,  and  length  12  inches  f 

Ans.  drfrlb. 

PROBLBK  IX. 

Tb  find  the  Size  of  a  Shell  to  c(miam  a  gum  Weight 

Powder* 

Multiply  the  pounds  of  powder  by  r)7-8,  and  the  cube 
root  ot*  the  product  will  be  the  diameter  in  inches. 

Exam.  1.  What  is  the  diameter  of  a  shell  that  will  hold 
IS^lb.  of  powder?  Ans.  9-1  inches. 

Exam.  2.  What  is  the  diameter  of  a  shell  to  contain  61b. 
of.  powder  ?  Ans;  7  mches. 

F&OBLSX  X. 

To  find  the  Size  of  a  Cubical  Box,  to  contain  a  given  Weight 

of  Powder, 

Multiply  the  weight  in  pounds  by  30,  and  the  cube  root 
of  the  product  will  be  the  side  of  the  box  in  ti 
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ExAX.  1 .  Required  the  aide  of  a  calM^i  box,  to  hold  501b. 
<of  gunpowder?  Ans.  11*44  inches. 

Exam.  2*  Required  the  eide '  of  «  cubical  b6x«  to  hold 
400ibb  of  gunpowder  ?  Ane.  28*80  inches.' 

FBOBLSX  Xiu 

Weight  of  Gw^powier* 

Multiply  the  wfn^bX  in  fKionds  by  n*2,  and  dt?ide  the 
mdhiei  by  the  scpum  of  the  dtameter  in  iweliea,  for  the 
length* 

Exam.  1.  What  length  of  a  36.pounder  gun,  of  6|  inches 
diameter,  will  be  filled  with  12U>«  of  gunpowder  ? 

Ans.  10*314  inches. 

BzAM.  2.  What  length  of  a  cylinder,  of  8  inches  diameter* 
laigr  be  ttled  with  9«b.  of  powder  1        Ans.  llff  inch^ 


OF  THE  PIUNG  OF  BALLS  AND  SUELL& 

Iron  Balls  and  Shells  are  commonly  piled  by  horizontal 
courses,  either  in  n  pyramidical  or  in  a  wedge-like  form  ;  the 
base  being  either  an  equilateral  triangle,  or  a  square,  or  a 
rectangle.  In  the  triangle  and  square,  the  pile  finishes  in  a  * 
single  ball ;  but  in  the  rectangle,  it  finishes  in  a  single  row 
ef  balls,  like  an  edge. 

In  triangular  and  square  piles,  the  number  of  horizontal 
fOWB,  or  courses,  is  always  equal  to  the  number  of  balls  in  • 
one  side  of  the  bottom  row.   And  in  rectangular  piles,  the 
number  of  rows  is  equal  to  the  nwnber  of  balls  in  tl>e  breadth. 
«f  the  bottom  row.   Also,  the  number  in  the  top  row,  oi^' 
•edge,  im  one  more  than  the  difference  between  the  length  ahd 
bseadlli  of  the  bottom  row.   A  role  or  two  on  this  subject 
bare  been  given  in  the  first  volume  :  the  substance  of  thM' 
is  repeated  heee»  with  a  few  additional  mka. 

FftOBLBM  I. 

To  find  the  Number  of  BatU  in  a  Triangidar  PUe* 

Multiply  continually  together  the  number  of  balls  m  one 
side  of  the  bottom  row,  and  that  number  increased  by  1, 
also  the  same  number  increased  by  2 ;  then  j  of  the  iSil 
product  will  be  the  answer. 

Vol.  II.  98 
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That  i%in  .  (n  +  I)  ,  {n  +  2)  is  the  number  or  warn, 
where  n  is  the  number  in  the  bottom  row. 

Exam.  1.  Required  the  number  of  balls  in  a  triangular 
pile,  eacli  side  of  the  base  containing  30  balls  ?   Ans.  4960. 

Exam.  2.  How  many  balls  are  in  the  triaogiikr  pile,  each 
•ideef  thebaeeMtainiiigaOl  Ane*  154D. 

7b  find  the  Number  qf  BaiU  m  a  S^^uare  PUe. 

Multiply  continually  together  the  number  in  one  side  of 
the  bottom  course,  that  number  increased  by  1,  and  double 
the  same  number  increased  by  1 ;  then  ^  of  the  last  product 
will  be  the  answer. 

That  is,  I  ft .  (n  +  I)  .  (2»  +  1)  is  the  number. 

Exam.  1.  How  many  balls  are  in  a  aquare  pile  of  30  rows? 

Ans.  9456. 

Exam.  2.  How  many  balla  aie  in  a  mpnn  pile  of  20  rows  I 

▲ns.2870* 


FBosuni  in* 

3b  Jmd  Ae  Number  of  B4dU  m  a  Rectangular 

from  3  times  the  nnmfeer  in  the  length  of  the  base  row, 
subtract  one  lesn  than  the  breadth  of  the  same,  multiply  the 
remainder  by  the  same  breadth,  and  the  product  by  one  more 
than  the  same  ;  and  divide  by  6  for  the  answer. 

That  is,  J  6  .  (6  +  1)  .  (3?  -  6  +  1)  is  the  number; 
where  I  is  the  length,  and  6  the  breadth  of  the  lowest  course. 

Note, — In  all  the  piles  the  breadtli  of  the  bottom  is  equal 
to  the  number  of  courses.  And  in  the  oblong  or  rectangular 
pile,  the  top  row  is  one  more  than  the  difference  between  tba 
length  and  breadth  of  the  bottom. 

Exam.  1.  Required  the  number  of  balla  in  a  reetangnlar 
pile,  tbe  length  and  bfoadtb  of  the  bate  row  beii^  40and 

ExAic.  2.  How  many  ihot  are  in  a  feetangolar  complete 
pile,  the  length  of  the  bottom  course  being  59,  and  its  breadth 
20!  Ans.  11060. 

PnOBUMIT. 

7b  Jmd  the  Number  qf  BpBe  m  an  Incomplefe  Pile. 
From  the  number  in  the  whole  pile,  eonsidered  as  eom* 
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|>kile»  tiibtnet  the  aomber  in  the  upper  pile  which  is 
ing  al  the  top,  both  computed  by  the  rule  for  their  pvoper 
foim ;  aod  the  renwinder  will  be  the  mmibeir  in  the  ihietuiDi 
hiooiiiplete  pile* 


ne 

the  top  eoum  30  ?  Ant.  10150. 

Exam.  2.  How  many  shot  are  in  the  incomplete  triangular 
pile,  the  ^ide  of  tiie  baise  being  24,  and  of  the  top  8  ? 

Ans.  2516. 

Exam.  3.  How  many  balls  are  in  the  incomplete  aqoaie 
pile,  the  aide  of  the  haae  heiog  2^  and  of  the  top  8  ? 

Ana.  4760. 

EzAM.  4.  How  many  shot  are  in  the  incomplete  rectangv. 
lar  pile,  of  12  couraeity  the  ieogth  and  hieadth  of  the  base' 
beiog  40  and  20 1  1118.0140. 


OF  DISTANCES  BT  THE  VELOCITY  OP 

SOUND. 

nunc  Tariona  experimenta  recently  made,  with  great  cave, 
%y  the  pveaeat  editor  of  thia  volume,  it  haa  bees  found  thai 
ao«nd  tUea  through  the  air  milbnBly  at  the  rata  of  about 
1110  feet  per  aeouid,  when  the  air  aa  ^uieaceat,  and  at  a 
medium  tempecature.  At  the  terapecatare  of  freexing,  or  % 
litOe  below,  the  vdoeity  ia  1100  feet ;  at  the  temperatim  of 
75SoB  Fahaanheit'a  thevmoneter,  the  velocity  ia  about  1190. 
The  approziinate  Yolodty  under  different  temperaturea  may 
be  found,  hy  adding  to  1100,  A^T^/ao^  fer  oveiy  degree,  oa 
Fakrealhaif a  Uiermometer,  above  me  freeaiBg  point.  The 
mean  velocity  may  be  taken  at  870  y  aida  per  aeoood ;  or  a 
mile  in  4}  aeconda. 

Hence,  nraltipiying  any  tune  employed  by  aoimd  in  aMV- 
tog,  by  070,  will  give  the  correnonding  space  in  yarda.  Ort 
dividing  any  ^paee  in  yvda  by  870,  wul  giv(^  the  tiflDo  whac^ 
aonnd  wiU  occupy  in  paasing  unifermly  over  that  ipaoew 

If  the  wind  blow  briakly,  aa  at  the  rate  of  from  20  to  00 
feet  per  aecond,  in  the  direction  in  which  the  aound  owvei^ 
the  velocity  of  the  aound  will  be  proportionahly  augmented : 
if  the  diroction  of  the  wind  ia  oppoaed  to  that  of  the  aound, 
the  difference  of  their  velocitiea  muat  be  employed. 

iVbfa.— The  time  for  ^e  passage  of  sound  in  the  interval 
between  seeing  the  flash  of  a  gun,  or  lightniogi  dnd  beanfljg 
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the  repoftt  may  be  observed  by  a  watch,  or  a  small  penduli 
Chr,  it  HULf  be  obaerved  by  the  beats  of  the  pulse  in  the  wnm, 
eotttttiof  ,  on  an  avrnge,  about  70  to  a  minute  fyt  peieont  in 
modetaie  health, or  6f  polsatioAS  to  a  mile;  and  moreorlesa 
acc(»ding  to  ciicmnstancea. 

Exam*  1.  After  ebaervii^  a  flash  of  lightning,  it  was  13 
seconds  before  the  thunder  was  heard ;  required  the  distance 
of  the  cloud  from  whence  il  came  t  Ans.  2*S(^  niiles. 

Exam.  2.  How  longy  after  firiDg  the  Tower  guns,  may  the 
report  be  heard  at  Shooter's-Hilly  supposing  the  distance  to 
be  8  miles  in  a  straight  hne  ?  Ans.  38^  seconds.^ 

Exam.  3.  After  observing  the  firing  of  a  large  cannon  at 
a  distance,  it  was  7  seconds  before  the  report  was  heard ; 
what  was  its  distance  t  Ans.  1*47  mile» 

EzAic*  4.  Perceiving  a  man  at  a  distance  hewing  down  a 
tr^  with  an  axe,  I  remarked  that  4  of  my  pulsations  passed 
between  seeing  him  strike  nd  hearing  the  report  of  the  blow ; 
wiiat  was  Uie*  distance  between  ua,  ulqwiiy  70  poises  to  m 
mumtel 

Exam.  &  How  far  off  was  the  cloud  from  whieii  thunder 
inued,  whose  report  was  5  pulsations  after  die  flash  of  light* 
aing  ;  coimting  75  to  a  minute  t 

Exam.  6.  If  I  see  the  flash  of  a  cannon,  fired  by  a  ship  in 
distress  at  9sa,  and  hear  the  report  3^  seconds  after^  how  far 
is  she  ofi*? 


PRACTICAL  EXERCISES  IN  MECHANICS,  STATICSr 

HYDROSTATICS,  SOUNT>,  MOTION,  GRAVITY, 
PROJECTILES,  AND  OTHJBR  BJEUiSCHES  OF  NA- 
TURAL PHILOSOPHY. 

Question  I.  KM%mtmm  the  weight  of  a  east  iron  bull  of 
3  inches  diameter,  supposing  the  weight  of  a  cubic  inch  of 
lh#  metal  to  be  0*25^.  avradopoise.        Ans.  3»M7S8U»r 

QuBST.  2,  To  detemine  the  weight  of  a  hollow  spherical 
*  iron  shell,  5  inches  in'  diameter,  the  thickness  of  the  neCal 
ieing  one  inch.  Ans.  t9*78R>.' 

Quest.  3.  Being  one  day  ordered  to  observe  how  far  a 
battery  of  cannon  was  from  me,  I  counted,  by  my  watch,  17 
seconds  between  the  time  of  seeing  the  flash  and  hearing  the 
sepost ;  what  then  was  the  distaiice  ?  Ans.  3|  milesv 
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diJOT.  4»  It  ii  propoBed  to  determina  the  propoftioiial 
mmtities  of  matter  lo  ttie  earth  aod  moon  ;  the  denaity  of 
me  former  being  to  that  of  the  latter,  ae  10  to  7,  and  their 
diameters  ae  7980  to»  310O«  Ana^  as  71  to  1  nearly. 

Quest.  5,  What  di IFe rence  is  there,  in  point  of  weight, 
between  a  block  of  marble,  containing  1  cubic  foot  and  a 
half,  and  another  of  brasa  of  the  same  dimensions  ? 

Ans.  4961b.  14oz. 

Quest.  6.  In  the  walls  of  Balbeck  in  Turkey,  the  ancient 
Heliopolis,  there  are  three  stones  laid  end  to  end,  now  in 
sight,  that  measure  in  length  61  yards  ;  one  of  which  in  par- 
ticular is  21  yards  or  63  feet  long,  12  feet  thick,  and  12  feet 
broad  :  now  if  this  block  be  marble,  what  power  would  ba^ 
lance  it,  so  as  to  prepare  it  for  moving  7 

Ans.  083 tons,  the  burden  of  an  East-India  ship* 

Qdsst.  7.  The  battering-ram  of  Vespasian^weighed,  sup- 
.  poM  10,000  pounds ;  and  waa  moved,  let  its  admit,  withr 
auch  a  veloeiqry  by  strength  of  hand,  aa  to  pass  through  90 
feet  in  one  second  of  time  ;  and  this  waa  foimd  sufficient  to 
demolish  the  walls  of  Jeniaalem.  The  queation  iS|  with  what 
velocity  a  821U  ball  must  move,  to  do  the  same  execution  t 

Ana.  6250  foot. 

QunsT.  8.  There  are  twp  bodiea,  of  which  the  one  cott- 
Iain8  25  timeathe  matter  of  the  other,  or  ia  25  times  heaner: 
bill  the  leas  moves  wkh  1000  tinaea  the  velocity  of  the 
greater ;  in  what  proportion  then  are  the  momenta,  or  lbieee> 
'  with  which  they  move? 

Ans.  the  less  moves  with  a  force  40  times  greater* 

Quest.  9.  A  body,  weighing  201b.  is  impelled  by  such  a: 
force,  as  to  send  it  through  100  feet  in  a  second  ;  with  what 
Velocity  then  would  a  body  of  81b.  weight  move,  if  it  were 
impaled  by  the  same  force  1         Ans.  260  feet  per  second. 

'  QimeT.  101  There  are  two  bodies,  the  oneof  which  weighe 
1001b.  the  other  GO ;  but  the  less  body  is  impelled  by  a  lom- 
g  times  greater  than  the  other;  the  propoitiOD  of  die  velOir 
•eities,  with  which  these  l>odies  move,  is  required  f 
Ans.  the  velocity  of  the  greater  lo  that  of  tfie  less,  as  8  to 40. 

Quest.  11.  There  arc  two  bodies,  the  greater  contains  8 
times  the  quantity  of  matter  in  the  less,  and  is  moved  with 
a  force  48  times  greater :  the  ratio  of  the  velocities  of  these 
two  bodies  is  required  ? 

Ans.  the  greater  is  to  the  leos^  aa  0  to  1.^ 

Quest.  12.  There  are  two  bodies,  one  of  whtdi  movew 
40  times  swifter  than  the  ether ;  bm  the  swifter  body  ha» 
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moTed  only  one  minute,  whereas  the  other  has  been  in  mo^ 
tion  2  hours :  the  ratio  of  the  spaces  described  by  these  iW9 
bodies  is  required  ? 

Ads*  the  swifter  is  to  the  slower,  as  1  to  9« 

Qvwn*  18.  Sapposing  oae  body  to  move  80  tioies  swiAer 
than  another,  as  also  the  swifter  to  move  12  miantea,  the^ 
other  only  1 :  what  difference  will  there  be  between  the  spaces 
described  by  them,  suppoiuDg  the  last  haa  moved  6  feet  t 

Ana.  1795  feeU 

Quest.  14.  There  are  two  bodies,  the  one  of  which  has 
passed  over  r>0  mihis,  the  other  only  5  ;  and  the  first  had 
moved  with  5  times  the  celerity  of  the  second  ;  what  is  the 
ratio  of  the  times  they  have  been  in  describing  those  spaces  ? 

Ads.  as  2  to  1. 

QimsT.  16.  What  weieht  will  a  man  be  able  to  raise,  who 
presses  with  the  force  of  a  hundred  and  a  hali^  on  the  end 
of  an  equipoised  handspike,  100  inches  long,  meeting  with 
a  convenient  prop  exactly  7^  inches  from  the  lower  end  of 
the  machine  ?  Ana.  20721b. 

Quest.  10.  A  weight  of  1^  lb.  laid  on  the  shoulder  of  a 
man,  is  no  greater  burden  to  him  than  its  absolute  weight, 
or  24  ounces  :  what  difference  will  he  feel  between  the  said 
weight  applied  near  his  elbow,  at  12  inches  from  the  shoulder, 
and  in  the  palm  of  his  hand,  28  inches  from  the  same  ;  and 
how  much  more  must  his  muscles  then  draw,  to  support  it 
at  right  angles^  that  is,  having  his  arm  stretched  right  out  ? 

Ans.  241b.  avoirdupois. 

QuasT.  17.  What  weight  hung  on  at  70  inches  from  the 
eeotre  of  motion  of  a  steel-yard,  will  balance  a  small  gun  of 
^  cwt,  freely  suspended  at  2  inches  distance  from  Uie  said 
centre  on  the  contrary  side  ?  Ana.  SOflbw 

Quest.  18.  It  is  proposed  to  divide  the  beam  of  a  steel- 
yard, or  to  find  the  points  of  division  where  the  weights  of 
1,  2,  3,  4,  &c.  lb.  on  the  one  side,  will  just  balance  a  constarrt 
weight  of  951b,  at  the  distance  of  2  inches  on  the  other  side 
of  the  fulcrum  ;  the  weight  of  the  beam  being  101b.  and  iU 
whole  length  ^0  indies  ? 

Ans.  30,  15,  10,  TJ,  6, 6,  4f ,  3;,  3i,  3,  2/^,  ^,  &c 

QussT.  10.  Two  men  carrying  a  horden  of  2001b.  weight 
between  them,  hung  on  a  pole,  Uie  ends  of  which  reat  on 
their  shoulders  ;  how  much  of  this  load  is  borae  by  each 
man«  the  weight  hanging  6  inches  from  the  middloi  and  the 
whole  length  of  the  pole  being  4  feett 

Ans.  1261k  and  7dlh. 
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Qt7E8T.  20.  If,  in  a  pair  of  scales,  a  body  weigh  901b.  in 
one  scale,  and  only  lOIb.  in  the  other  ;  required  its  true 
weight,  and  the  proportion  of  the  lenri;ths  of  the  two  arms  of 
the  baJaace  beam,  on  each  side  of  the  point  of  suspension  T 
Am,  the  weight  60ib.  aad  the  proportioa  3  to  3* 

Qucar.  21.  To  find  the  weight  of  a  beam  of  timberi  or 
other  body,  by  means  of  aman^town  weight,  or  any  other 
weight.  For  instance,  a  piece  of  tapering  timber,  24  feel 
being  laid  over  a  prop,  or  the  edge  of  another  beam, 
is  fiiind  to  balance  itself  when  the  prop  is  18  feet  from  the 
less  end ;  but  removing  the  prop  a  foot  nearer  to  Uie  Mid 
end,  it  takes  a  man's  weight  of  2101b,  standing  on  the  less 
end,  to  hold  it  in  equilibrium.  Reqnired  the  weight  of  the 
tree  7  Ans.  26601b. 

Quest.  22.  If  ah  be  a  cane  or  walkin^-stick,  40  inches 
long,  suspended  by  a  string  sd  fastened  to  the  middle  point 
D  :  now  a  body  being  hung  on  at  e,  t>  inches  distance  from  d, 
18  balanced  by  a  weight  of  21b,  hung  on  at  the  larger  end  a  ; 
but  removing  the  body  to  f,  one  inch  nearer  to  d,  the  21b, 
weight  on  the  other  side  is  moved  to  g,  witliin  8  inches  of  d, 
before  the  cane  will  rest  in  equilibrio.  Required  the  weight 
of  the  body?  Ans.  241b. 

Qmr.  23.  If  ab,  no  be  two  inclined  planes,  of  the  lengths 
of  80  and  40  inches,  and  moveable  about  the  joint  al  b  ; 
what  will  be  the  ratio  of  two  weights  p,  q,  in  equilibrio  on 
the  planes,  in  all  positions  of  them :  and  what  will  be  the 
altitude  bd'  of  the  angle  b  above  the  horizontal  plane  ac, 
when  this  is  50  inches  long  ? 

Ans*  BD  s=s  24 ;  and  p  to  a  as  ab  to  bc,  or  as  8  to  4. 

Quest.  24.  A  lever,  of  0  feet  long,  is  fixed  at  right  angles 
in  a  screw,  whose  threads  ;uo  one  inch  asunder,  so  that  the 
lever  turns  just  once  round  in  raising  or  depressing  the  screw 
one  inch.  If  then  this  lever  be  urged  by  a  weight  or  force 
of  «>OLb.  with  what  force  will  the  screw  press? 

Ans.  22619|lb. 

QuBST.  25.  If  a  man  can  draw  a  weight  of  1501b.  up  the 
side  of  a  perpendicnUir  wall,  of  20  feet  high ;  what  weight 
will  he  be  able  to  raise  along  a  smooth  plank  of  80  feet  long, 
laid  aslope  from  the  top  of  the  wall  t  Ans.  2251b. 

Quest.  26.  If  a  force  of  1501b.  be  applied  on  the  head  of 
a  rectangular  wedge,  its  thickness  being  2  inches,  and  the 
length  of  its  side  12  inches;  what  weight  will  it  raise  or  ba- 
lance perpendicular  to  its  side  ?  Ans.  9001b. 

QmsT.  27.  Hl  a  round  pillar  of  30  feet  diameter  be  raised 
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•on  a  plaiiei  inclmed  to  the  horixoa  in  an  an^^e  of  75%  or  the 
flhafl  iDcliBing  15  degrees  out  of  the  perpendicular ;  what 
leiurth  will  It  bear  before  it  overset  ? 
^  Ana.  80(2  +       or  111-0615  feet. 

Quest.  28.  If  the  greatest  angle  at  which  a  bank  of  na- 
tural earth  will  stand,  be  45  * ;  it  is  proposed  to  determine 
what  thickness  an  upright  wall  of  stone  must  be  made 
throughout,  just  to  support  u  bank  of  12  feet  high :  the  spe- 
cific gravity  of  the  stone  being  to  that  of  earth,  as  5  to  4. 

Ans.  y  v^i,  or  4*29325  feet. 

Omm*.  99.  If  the  sume  wall  be  made  like  a  wedge,  or 
hating  its  upright  section  a  triangle,  taporiag  to  a  point  at 
top,  but  its  aide  next  the  bank  of  earth  perpendicular  to  the 
horison ;  what  is  its  thicknen  at  the  bottom,  so  as  to  support 
the  aame  bankt  Ana.  Id  v^|,  or  5-96656  feeU 

Quest.  30.  But  if  the  earth  will  only  stand  at  an  angle  of 
30  degrees  to  the  horizontal  line  ;  it  is  required  to  determine 
tlie  thickness  of  wall  in  both  the  preceding  cases  ? 

Ans.  the  breadth  of  the  rectangle  12v^J,  or  5-3G656. 
but  the  base  of  the  triangular  bank  12y^f^,  or  6*57267. 

QoBST.  81.  To  find  the  thickness  of  an  upright  recUa* 
gular  wall,  necessary  to  support  a  body  of  water ;  the  water 
Seing  10  feet  deep,  and  the  wall  12  feet  high ;  also  the  spe* 
cifie  mvityof  the  wall  to  that  of  the  water*  aa  11  to  7. 

Ana.  4-204874  feet. 

Quest.  32.  To  determine  the  thickilessof  the  wall  at  the 
bottom,  when  the  section  of  it  is  triangular,  and  the  altitudes 
as  before..  Ans.  5*1492865  feeU 

Quest.  33.  Supposing  the  distance  of  the  earth  from  the 
son  to  be  95  millions  of  miles  ;  I  would  know  at  what  distance 
from  him  another  body  must  be  placed,  so  as  to  receive  light 
and  heat  quadruple  to  that  of  the  earth. 

Ans.  at  half  the  distance,  or  47^  millions. 

Quest.  34.  The  distance  between  the  earth  and  the  sun 
being  accounted  95  millions  of  miles,  and  between  Jupiter 
and  the  sun  495  millions  ;  the  degree  of  light  and  heat  re- 
ceived by  Jupiter,  compared  with  that  of  the  earth,  is  required  ? 
Ans.  ^Vt>     nearly  ^\  of  the  earth's  light  and  heat* 

Quest.  85.  A  certain  body  on  the  surface  of  the  earth 
weighs  a  ewt.,  or  1121b.;  the  question  is,  whither  this  body 
must  be  carried,  that  it  may  weigh  only  101b.  f 

Ans*  either  at  8*8466  semi-diameters,  or  ^ 

sesai-diametery  tnm  the  oantie. 


Digitized  by  Qo 


tX  SATVUAL  PHILOSOPHY 


Quest.  86.  If  a  body  weigh  1  pound,  or  16  ounces,  on 
the  surface  of  the  earth  ;  what  will  its  weight  be  at  50  miles 
above  it,  taking  the  earth's  diameter  at  7930  miles  1 

Ans.  15  oz«  9|  dr.  nearly. 

QintT..  87.  Wberaabouts,  in  the  line  be^ireeii  the  earth 
aad  noon,  ie  their  common  centre  of  gravity ;  supposing  the 
eaitb'e  diameter  to  be  7990  miles,  and  the  moon's  3ie^ 
the  density  of  the  former  to  that  of  the  latter,  as  09  to  6a,  or 
sslO  to  7  neariy,  and  thmr  mean  distance  80  of  the  earth's 
diameteis  t 

Ans*  at  parts  of  a  diameter  from  the  earth's  centre, 
or  P^i^  <^  ^  diameter,  or  648  miles  beknv  the 
surface. 

Qjsmn,  88.  WhereabonfcB,  between  the  earth  and  moon,  are 
their  attractions  equal  to  each  other  f  Or  where  most  an- 
other body  be  placed,  so  as  to  remain  suspended  in  eqniK* 
brio,  not  being  more  attracted  to  the  one  than  to  the  other,  of 
having  no  tendency  to  (all  either  way  t  Their  dimensiona 
being  as  in  the  last  question. 

Ans.  From  the  earth's  centre  96^  >  of  the  earth's 
From  the  moon's  centre  8/r  \  diameters. 

Quest.  39.  Suppose  a  sto»e  dropped  into  an  abyss  should 
be  stopped  at  the  end  of  the  11th  second  after  its  delivery  t 
what  space  would  it  have  gone  t^ugh  1   Ans.  194/^^  feet* 

Quest.  40.  If  a  heavy  body  be  observed  to  fall  through 
100  feet  in  the  last  second  of  time,  from  what  height  did  it 
faU,  and  how  long  was  it  in  motion  ? 

Aos.  time        sec.  and  height  209^}  feet» 

Quest.  41.  A  stone  being  let  fall  into  a  well,  it  was  ob. 
8er\'ed  that,  afler  being  dropped,  it  was  ten  seconds  before 
the  sound  of  the  fall  at  the  bottom  reached  the  ear.  What 
is  the  depth  of  the  well  ?  Ans.  1370  feet  nearly* 

QvBST.  42.  It  is  proposed  to  determine  the  length  of  a 
pendnlum  tibratiiw  aeooods,  in  the  latitude  of  London,  where 
a  heavy  body  fidb  throngh  16|^  feet  in  the  first  second  of 
tune?  Ans.  aO*lllnches. 

By  experiment  this  length  is  found  to  be  89(  inches* 

QuasT.  43.  What  is  the  length  of  a  pendulum  vibrating 
in  2  seconds;  also  in  half  a  second,  and  in  a  quarter  second? 

Ans.  the  2  second  pendulum  156^ 
the  j  second  pendulum  9|| 
the  i  second  pendtthm    2|UW  inches. 
Voi^  U.  80 


QuisT.  44.  What  dyference .  will  there  be  in  the  number 
ef  vibrations,  made  by  a  pendulum  of  6  inches  long,  and  an« 
other  of  12  inchee  loog»  ia  an  hour's  time  ?       Am.  2602^ 

Quest.  45.  Observed  that  while  a  stone  was  descending, 
to  measure  the  depth  of  a  well,  a  string  and  plummet,  that 
from  the  point  of  suspension,  or  the  place  whero  it  was  held, 
to  the  centre  of  oscillation,  measured  just  18  inches,  had 
made  8  vibrations,  when  the  sound  from  the  bottom  returned. 
What  was  the  depth  of  the  well  ?  Ana.  412-61  feet. 

QuBST.  46.  If  a  ball  vibrate  in  the  arch  of  a  circle,  10  de« 
grees  on  each  side  of  the  perpendicular ;  or  a  ball  roll  down 
the  lowest  10  degrees  of  the  arch ;  required  the  velocity  at 
the  lowest  point  ?  the  radios  of  the  circle,  or  length  of  the 
pendulum,  being  20  feet.         Ans.  4^18  Ihet  per  second. 

QvxsT.  47.  If  a  ball  descend  down  a  smooth  inclined 
plane,  whose  length  is  lOOfoet,  and  altitude  10  feet;  how 
long  will  il  be  in  descendiag,  and  what  will  be  the  last  Telo* 
city? 

Ans.  the  tsIoc.  35*904  &et  per  sec*  and  time  7«8852  see. 

QunsT.  48.  If  a  cannon  ball,  of  lib.  weight,  be  fired 
against  a  pendukms  block  of  wood,  and,  striking  the  centre  of 
osciUalion,  cause  it  to  vibrate  an  arc  whose  cho^  is  30  inches; 
the  radius  of  that  arc,  or  distance  from  the  axis  to  tiie  lowest 
point  of  the  pendulum,  being  118  incheSt.and  the  pendulum 
vibrating  in  small  arcs  40  oscillations  per  minute,  ftstpdred 
the  velocity  of  the  ball,  and  the  velocity  of  the  centie  of  oseil. 
lation  of  the  pendulum,  at  the  lowest  point  of  the  are ;  die 
whole  weight  of  the  pendulum  being  5001b. 

Ans.  veloc.  baU  1956*6054  feet  per  sec. 
and  veloc  cent  oscil.  8*9064  feet  per  see. 

Quest.  40.  How  deep  will  a  cube  of  oak  sink  in  common 
water ;  each  side  of  the  cube  being  1  foot,  Spec.  grav.=-925  ? 

Ans.  11^  inchea. 

QvEST.  50.  How  deep  will  a  globe  of  oak  sink  in  water ; 
the  diameter  being  1  foot  ?  Ans.  9*9867  inches. 

QvBST.  51.  If  a  cube  of  wood,  floating  in  common  water, 
have  three  inches  of  it  dry  above  the  water,  and  4jlj  inchee 
dry  when  in  soa-water  $  it  is  proposed  to  determine  the  mag- 
nime  of  the  eube,  and  what  sort  of  wood  il  is  made  of? 

Ans.  the  wood  is  oak,  and  each  side  40  inches. 

QimR.  58.  An  imgular  piece  of  lead  ore  weighs,  in  air 
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12  ounces,  but  in  water  only  7 ;  and  another  fragnnent  weighs 
in  air  14^  ounces,  but  in  water  only  9  ;  required  Uieir  com* 
pmralive  densiUefl,  ox  specific  gmvitiee  1 

Ads.  as  145  to  132. 

Qmnr.  58.  Aa  imgnlar  firagoieal  of  glaas»  in  the  aealey 
weigbi  171  graiDSy  and  another  of  magnet  102  grains  ;  bht 
in  water  the  first  fetches  up  no  mora  than  120  grains,  and 
the  other  TO  :  what  then  will  their  qiedfic  grarities  turn  out 
to  bet  Ans.  glass  to  magnet  as  8888  to  5202, 

or  nearly  as  10  to  18. 

Qc7E8T.  54.  Hiero,  king  of  Sicily,  ordered  his  jeweller  to 
make  him  a  crown,  containing  03  ounces  of  gold.  The 
workmen  thought  that  substituting  part  silver  was  only  a 
proper  perquisite  ;  which  being  suspected,  Archimedes  was 
appointed  to  examine  it  ;  who,  on  putting  it  into  a  vessel  of 
water,  found  it  raised  the  fluid  8*2245  cubic  inches  ;  and 
having  discovered  that  the  inch  of  gold  more  critically 
weighed  10-36  ounces,  and  that  of  silver  but  5*85  ounces,  he 
found  by  calculation  what  part  of  the  king's  gold  had  been 
changed.    And  you  are  desired  to  repeat  the  process. 

Ans.  2b'b  ouoces. 

Quest.  55.  Supposing  the  cmhic  inch  of  common  glass 
weigh  1  *4921  ounces  tfoy,  tho  sasse  of  seanwater  *605i2,  and 
of  hrandy  *5368 ;  then  a  seaman  having  a  gallon  of  this 
Uquor  in  a  glass  bottle,  which  weighs  8*84lb.  out  of  water, 
and,  to  conceal  it  fiom  the  officers  of  the  customs,  throws  it 
oferboaid.  It  is  proposed  to  determine,  if  it  will  sink,  how 
muchlbice  will  justbuoyitupl        Aas.  14*1486  ounces. 

Quest.  56.  Another  person  has  half  an  anker  of  brandy, 
of  the  same  specific  gravity  as  in  the  last  qestion  ;  the  wood 
of  the  cask  suppose  measures  J  of  a  cubic  foot ;  it  is  proposed 
to  assign  what  quantity  of  lead  is  just  requisite  to  keep  the 
cask  and  Uquor  under  water  f  Aos.  89*743  ounces. 

QoisT.  57.  Suppose,  by  measurement,  it  be  found  that  a 
nian«of.war,  with  its  ordnance,  rigging,  and  appointments^ 
sinks  so  deep  as  to  diq>lace  500iD0  cubic  feet  of  fresh  water ; 
what  is  the  whole  weight  of  the  vessel  t  Ans.  1885|V  tons. 

Quest.  58.  It  is  required  to  determine  what  would  be  the 
height  of  the  atmosphere,  if  it  were  every  where  of  the  same 
density  as  at  the  surface  of  the  earth,  when  the  quicksilver 
iu  the  barometer  stands  at  30  inches  ;  and  also,  what  would 
be  the  height  of  a  water  barometer  at  the  same  time  ? 

.  Aas.  height  of  the  air  28636^  feet,  or  5-42a5  oilei^ 
height  of  wator  35  feet. 
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QuKST*  00.  With  what  relocHy  would  each  of  iSbxm 
three  jBoidSy  viz.  quicksllTer,  water,  and  air,  iisite  dimf[b 
a  small  erifioe  in  the  bottom  of  TeeaelSt  c^tiie  ieapeetiT» 
heights  of  80  inches,  35  feet,  and  5*5240  miles,  estigaliny 
the  pressure  by  die  whole  altitudes,  and  the  air  rushing 
into  a  facuum  I 

Ana,  the  veloc.  of  quicksilver  12-681  feet. 
.    the  veloc.  of  water    -  47-447 
the  vcloc.  of  air        -  1369"8 

Quest*  60.  A  very  large  vessel  of  10  feet  high  (no  mat- 
ter what  shape)  being  kept  constantly  full  of  water,  by  a 
large  supplying  cock  at  the  top  ;  if  9  small  drcular  holes, 
each  }  of  an  inch  diameter,  be  opened  in  its  perpendicular 
side  at  every  foot  of  the  depth :  it  is  required  to  determine 
the  several  distances  to  which  they  will  spout  on  the  bori- 
sontal  plane  of  the  base,  and  the  quantity  of  water  discharged 
by  all  of  them  in  10  minutes  9 

Ans.  the  distances  are 
.    v^ao  or  6  00000 
-/64  -  800000 
V^84  -  9-16516 
v/9C  -  9-79796 
^100. 1000000 
^96  .  9-79796 
v/84  -  9-16515 
-✓G4  .  8  00000 
^Se  -  6  00000 
and  the  quantity  discharged  in  10  min.  123-8S49  gaUonii 

Note,  In  this  solution,  the  velocity  of  the  water  is  sup- 
posed to  be  equal  to  that  which  is  acquired  by  a  heavy  body 
in  falling  through  the  whole  height  of  the  water  above  the 
orifice,  and  that  it  is  the  same  in  every  part  of  the  holes. 

Quest.  61.  If  the  inner  axis  of  a  hollow  globe  of  copper, 
exhausted  of  air,  be  100  feet ;  what  thickness  must  it  be 
that  it  may  just  float  in  the  air  ] 

Ans.  •02668  of  an  inch  thick. 

Quest.  02.  If  a  spherical  balloon  of  copper,  of  yj^  of  an 
inch  thick,  have  its  cavity  of  100  feet  diameter,  and  be  filled 
with  inflammable  air,  of  ^\  of  the  gravity  of  common  air, 
what  weight  will  just  balance  it,  and  prevent  it  from  rising 
up  into  the  atmosphere  ?  Ans.  212731U 

QuxsT*  6d«  If  a  glass  tube,  36  inches  long,  close  at  top» 
be  sunk  perpendicularly  into  water,  till  its  kiMr  or  opni 
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Md  be  80  iDdm  below  the  ma&ce  of  the  mter ;  how  hi^h 
will  the  water  rise  within  the  tnboy  the  qaickeilvto  in  the 
common  barometer  at  the  same  time  standing  at  29^  inehes  t 

Ana.  2*96645  inehes. 

Quest.  64.  If  a  diving  bell,  of  the  form  of  a  parabolic 
conoidi  be  let  down  into  the  sea  to  the  several  depths  of 
5,  10,  15,  and  20  fathoms  ;  it  is  required  to  assign  the  re- 
^)ective  heights  to  which  the  water  will  rise  within  it :  its 
axis  and  the  diameter  of  its  base  being  each  8  feet,  and  the 
quicksilver  in  the  barometer  standing  at  30*9  inches? 

Ans.  at  5  fathoms  deep  the  water  rises  2*03.546  feet.  . 
at  10  .  -  .  .  3-06393 

at  15  •  .  .  3-70267 

at  20         -         .         .  4*146d8 


THE  DOCTRINE  OP  FLUXIONS. 

DEFINITIONS  AND  PKIMCIELSS. 

Art,  1.  In  the  Doctrine  of  Fluxions,  magnitudes  or  quan- 
tities of  all  kinds  are  considered,  not  as  made  up  of  a  number 
of  small  parts,  but  as  generated  by  continued  motion,  by 
means  oi  which  they  increase  or  decrease.  As,  a  line  by 
the  motion  of  a  point ;  a  surface  by  the  motion  of  a  line  ; 
and  a  solid  by  the  motion  of  a  surface.  So  likewise,  time 
may  be  considered  as  represented  by  a  line,  increasing  uni- 
formly by  the  motion  of  a  point.  And  quantities  of  all 
kinds  whatever,  which  are  capable  of  increase  and  decrease, 
may  in  like  manner  be  represented  by  geometrical  magni- 
tudes, conceived  to  be  generated  by  motion.  Indeed,  not- 
withstanding all  that  has  been  advanced  to  the  contrary,  this 
seems  the  most  natural,  as  well  as  the  simplest,  way  of  con- 
ducting the  higher  investigations ;  since  it  is  impossible  to 
conceive  a  geometrical  magnitude  to  be  brought  into  exist- 
ence, or  to  change  its  magnitude^  figure,  or  place,  without 
motion. 

iL  Any  quantity  thus  generated,  and  Tariable,  is  called  a 
Fluent,  or  a  Flowing  Quantity.  And  the  rate  or  proportion 
accordmg  to  whieh  any  flowing  quantity  increases,  at  any 
position  or  instant,  is  the  Fluxion  of  Ae  said  quantity,  at  that 
position  or  instant :  and  it  is  proportranal  to  the  magnitude 
hy  which  the  flowing  quantity  would  be  uniformly  increased 
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im  ft  giren  time,  with  the  gemritiog  celerdy  xaaSatafy 
ttiroed  dimpg  that  time* 

,  S.  The  small  quantities  thai  are  actually  generaledy  pio^ 
doced,  or  described,  in  any  small  ^ven  time,  and  by  any  c<mk 
liiiaed  motioB,either  eniform  or  vanable,afe€alled  laerMnents^ 

4.  Hence,  if  the  motion  of  increase  be  onifbmi,  by  which 
increments  are  generated,  the  increments  will  in  that  case  be 
proportional,  or  equal,  to  the  measures  of  the  fluxions  :  but 
if  the  motion  of  increase  be  accelerated,  the  increment  sa 
generated,  in  a  given  finite  lime,  will  exceed  the  fluxion ; 
and  if  it  be  a  decreasing  motion,  the  increment,  so  generated, 
will  be  less  than  the  tluxion.  But  if  the  time  be  indefinitely 
small,  so  that  the  motion  be  considered  as  uniform  for  that 
instant ;  then  these  nascent  increments  will  always  be  pro- 
portional, or  equal,  to  the  iluxions,  and  may  be  substituted 
instead  of  them,  in  any  calculation. 

5.  To  illustrate  these  definitions  :  Sup- 
pose a  point  m  be  conceived  to  move  from  ^ 

the  position  a,  and  to  generate  a  line  ap,  t  F 

by  a  motion  any  liow  regulated ;  and  sup- 
pose the  celerity  of  the  point  m,  at  any 
position  p,  to  be  such  as  v/ould,  if  from  thence  it  should 
become  or  continue  uniform,  be  suflicient  to  cause  the  point 
to  describe,  or  pass  uniformly  over,  the  distance  vp,  in  the 
given  time  allowed  for  the  fluxion  :  then  will  the  said  line 
represent  the  fluxion  of  the  Quent^or  flowing  line^  ajp,  at  thafc 
position. 

^  6.  Again,  suppose  the  right 
Bne  flmto  move  from  the  posi. 
tion  AB,  continually  parallel  to 
itselfy  with  any  continued  motion, 
90  as  to  generate  the  fluent  or 
flowing  rectangle  ABQPy  while  the 
point  m  describes  the  line  ap  :  also,  let  the  distance  rp  be 
taken,  as  before,  to  express  the  fluxion  of  the  line  or  base 
AP ;  and  complete  the  rectangle  PO^p.  Then,  like  as  rp  i» 
the  fluxion  of  the  line  ap,  so  is  vq  the  fluxion  of  the  flowing 
parallelogram  aq  ;  both  these  fluxions,  or  increments,  being 
aniformly  described  in  the  same  time. 

7«  In  like  manner,  if  the  solid 
Asap  be  conceived  to  be  gene- 
rated by  the  plane  pur,  moving 
from  the  position  abb,  always 
parallel  to  itself,  along  the  line 
AD ;  and  if  pp  denote  the  fluxion 
of  the  line  ap  :  Then,  like  as  the 
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rectangle  fo^,  or  pqXp/),  denotes  the  fluxion  of  the  flowing 
rectangle  abqp,  so  also  sluill  tlie  fluxion  of  the  variable  solid, 
or  prism  aberqp,  be  denoted  by  the  prism  Fanrqp,  or  the 
plane  pr  X  pp.  And,  in  botli  these  lust  two  cases,  it  appears 
that  the  fluxion  of  the  generated  rectangle,  or  prism,  is  equal 
to  the  product  of  the  generating,^ine,  or  plane,  drawa  into 
the  fluxion  of  the  line  along  which  it  moves. 

B.  Hitherto  the  generatin|^  line,  or  plane,  lias  bjM|A^  con- 
sidered as  of  a  coMtant  and  mfanable  magDitude  ;  iq  yi^Ma 
4a»e  the  fluaat,  or  quaoCity  generated,  is  a  rectangle,  or  a 
prism,  the  former  boing  described  by  the  mtioii  of  a  lipet 
«nd  the  latter  by  the  motion  of  a  plaoe*  SOf  in  manner, 
•are*  other  figures,  whether  plane  or  solid,  conceived  to  be 
'described  by  the  oiodon  of  a  Variable  M«n^nitude,  whether 
it  be  a  iiae  or  a  plane.  Thm,  let  a  vanable  hoe  pq  be  car- 
ried by  a  parallel  motion  along  ap  ;  or  while  a  ||0ittt  p  is  car- 
cied  aiotkgg  and  describes  the  line  ap,  suppoee  ttlod^r 


41  to  be  carried  by  a  motion  perpendicular  to  the  former, 
and  to  describe  the  line  pa:  let  jyq  he  another  poailiqi|«f 
POy  indefinitely  near  te  the  former ;  and  draw  <ir  piMraliel  te 
▲P.  Now  in  this  case  there  are  several .  fluents,  or  Sowing 
quantities,  with  their  respective  fluxions ;  namely,  the  line 
fa  fluent  ap,  the  fluxion  of  which  is  vp  or  or ;  the  line  or 
fluent  po,  the  fluxion  of  which  is  rq;  the  curve  or  oblique 
Ime  Ad,  described  by  the  oblique  motion  of  the  point  a,  the 
fluxion  of  which  is  qq ;  and  lastly,  the  surface  apq,  described 
by  the  variable  line  pq,  the  fluxion  of  which  is  the  rectangle 
Torpt  or  Pd  X  pp.  In  the  same  manner  nuiy  any  solid  be 
4Soaceived  to  be  described,  by  the  motion  of  a  variable  plane 
parallel  to  itself  substituting  the  variable  plane  for  the 
variable  line  ;  in  which  case  the  fluxion  of  the  solid,  at  any 
position,  is  represented  by  the  variable  plane,  at  that  posi- 
tion, drawn  into  the  fluxion  of  the  line  along  which  it  is  car- 
ried. 

9.  Hence  then  it  follows  in  general,  that  the  fluxion  of 
any  figure,  whether  plane  or  solid,  at  any  position,  is  equal 
to  the  section  of  it,  at  that  position,  drawn  into  the  fluxion 
4)f  the  axis,  or  line  along  which  the  variable  section  is  sup- 
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XHE  DIRBCT  MSTHOD  OF  FLUXIONS. 
T9jkidth$Fkunmrftke  Product  or  ReeUfn^^/im  Vmntik 

15.  Let  ARQP  =  ary,  be  the  flowing 
or  variable  rectangle,  generated  by 
two  lines  ra  and  ru,  moving  always  K 
perpendicular  to  each  other,  from  the 
positions  ar  and  ap  ;  denoting  the  one 
by  I,  and  the  other  by  y  ;  su{)po6ing  x 
and    to  be  so  related,  that  the  curve  j 
line  AU  may  always  pass  through  the 
intersection  <i  o(  those  lines,  or  the  opposite  angle  of  the 
rectangle. 

Now,  the  rectangle  consiits  of  the  two  trilinear  spaces 

▲FQ,  ARQ,  of  which,  the 

fluxion  of  the  former  is  pq  X  rpy  or  yi, 

that  of  the  latter  is  -    ru  X  Rr,  or  xy,  by  art.  8 ; 

therefore  the  sum  of  the  two  xy  4'  ^>  is  the  fluxion  of  the 

whole  rectangle  xy  or  arqp. 

The  Same  (kherm$e. 

16.  Let  the  mdeo  of  Iho  lootangle  «  oad  jr,  by  i&mng, 
become  x  +  +  tim  tiM  prabBtof  tiMoe  two^ 
iiiixy  +  xj/  +  yx*  +  xy  will  be  iheiiew  or  oonleiipowMiew 
Tilue  of  tiie  flowing  rectangle  rs  or  «y :  mibtnct  the  one 
Take  from  the  other,  and  the  remainder,  xy'  +  yx'  +  x'y'^' 
will  be  the  moremenl  generated  in  the  same  time  as  or  ; 
of  which  the  last  term  sy  is  nothing,  or  indefinitely  small, 
m  respect  of  the  other  two  terms,  because  ^  and  jr'  are  in. 
definitely  small  in  respect  of  x  and  y ;  which  term  being 
theiefoie  omitted,  theie  remains  xy^  +  9^  fi>r  the  Tahie  m 
the  increment ;  and  hence,  by  substitating  ±  and  f  for  c'  and 
y^,  to  which  they  are  proportional,  there  arises  xy  +ffitat 
the  tme  value  of  the  fiuxion  of  «y ;  the  same  as  befine. 

.  17.  Heooe  may  be  easOy  derived  the  flinuon  of  the 
powers  aad  prodocts  of  any  nmnber  of  flowing  or  variable 
yanHities  whatever j  as  of  syv,  or  wxyz,  or  mxyz,  dEc.  And 
mt,  ftr  the  flmdon  of  eys :  put  p  =  x^^,  and  the  wiiole 
given  fluent  sjisv^,  or 9 » sys Then,  taking  ^ 

fluxions  of  9  cs  !»,  by  the  last  article,  they  are    =  |w  + 

pz ;  but  p  =  xy,  and  so  p  =  xy  +  xy  by  the  same  article  ; 

substituting  therefore  these  values  of  p  and  j»  instead  of 

thesiiinlhe  valoeof  ^,  thisbeosBMSf  oiiys-f  + 
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the  ftttkm  of  xyz  required  j  wbkh  io  tiMltim  oqual  to  the 
Mm  of  tlw  fnimtmf  mnog  ftom  theteioii  of  each  letter, 
or  quttdty,  multiplkd  by  the  product  of  the  other  two. 

Again,  to  detenmne  the  flexion  uxyz^  the  continual 
product  of  four  variable  quantities ;  put  this  product,  namely, 

«"fy«,  or  qu  =  r,  where  q  =  xyz  as  above.  Then,  taking 
the  fluxions  by  the  last  article,  rmMqu  +  qm^  whioh,  by 
nibetituting  for  q  and  q  their  Tahiee  as  abore,  beeooiee  -  • 
r  ss  iuy»  +  pip  4-  uar^  4-  m^,  the  ftndoo  of  wnp  aa 
required :  coiuutlng  of  the  fluxion  of  each  quantity,  mwn 
into  the  produota  of  the  other  three. 

In  the  yery  aame  manner  it  ia  found,  thai  the  fluxion  of 

wuxffz  ia  mzyz  +  vuxpx  +  vudyz  +  mxyz  +  vuxyz ;  and 
no  on,  for  any  number  of  quantities  whi^tever ;  in  which  it  ia 
alwaya  Ibund,  that  there  are  as  many  terms  as  there  ore  ra* 
mUe  quantities  in  the  proposed  fluent ;  and  that  these  terms 
eonaiat  of  the  fluxion  of  each  variable  quantity,  multiplied  by 
the  ofodoct  of  all  the  rest  of  the  quantities. 

lo.  Hence  la  easily  derived  the  fluxion  of  any  power  of 
a  variable  quantity,  as  of  x*,  or  r',  or  s*,  dec.  For,  in  the 
product  or  rectangle  xy,  if  x  s  y,  then  ia  af  «  or  x^, 
and  alao  ita  fluxion  xy  +  ^  ±x  4*  or  2xi,  the  fluxion 
of  «». 

Again,  if  all  the  three  «,  y,  z  be  equal ;  then  la  the  product 
of     three  aad  eonaequently,  ita  fluxion  iyz  + 

xyx  +  xyz  «  ixx  +  x±s  +  9xi  or       the  fluxion  of 
In  the  aame  manner,  it  will  appear  that 
the  floxiea  of  fl^  ia  »  4s'i,  and 
the  fluxion  of  a**  ia  SB  fl^^i^  and,  in  genend, 
the  fluxion  of    ia  as  na*^:( ; . 
wliere  %  ia  any  pomdve  whole  number  whatever. . 
Thai  ia^  the  flomoo  of  amy  peaitive  inltgral  powei^  ia  eqoii . 
to  the  fluxloBof  the  roet  (i),  muhipKei  by  the  exponeal 
of  the  power  (n),  and  by  the  power  of  the  aame  root  whoae 
index  ia  laaa  by  1,  (x^"*)*. 


*  In  the  teit,  the  fluaioii  of  the  piodaet  of  two,  three,  or  more, 
variable  qoaotltiet  is  found,  and  tbenee,  by  supposing  them  to  become 
equal,  the  llaxions  of  the  fqaart,  cube,  Slc.  of  a  variable  quantity,  ard 
inferred.  Sometimes,  the  invorttgation  commences  with  to6  anim  of 
a  square,  and  proceeds  thence  to  that  of  a  rectangle. 

Let  K — f  and  x  be  two  states  of  the  same  line  generatet]  by  an  equa- 
ble 8u>tloa :  then,  whlla  the  liaa  i>-e  by  aowing  equably  beooaMt 
its  square  (x~s)>  will  become  z>.  That  while  the  space  s  is  desmfl>- 
ed  equably  by  the  flowing  line,  the  space  z** — (x — 5)»=25x — 5*  will 
be  deicrit>ed  by  the  flowing  square  of  that  line,  and  this  latter  is  the 
space  which  would  have  been  generated  in  the  same  time  by  a  certain 
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And  thus,  the  fluxion  of  a  +  cx  being  dt, 
that  of  (a  +  exY  is  2cx  X  (a  +  cx)  or  2ac±  +  2eh±, 
that  of  (a  4-  cx^y  is  4cx±  X  (a  +  cx')  or  4acx:t  +  4c^i^ 
that  of  (x^  +  f  f  is  (4x1-  +  4yy)  X  (x^  +  y") 
that  of     +^}'  w  {B±  +  <k^)  X  \x  +  cf)\ 

16.  ^wn  the  amdoMoiw  m  the  same  aitidei  we  may 
alflo  deri?e  the  fluzien  of  any  fmetioDy  or  the  qaotieBt  ef  one 
Tariable  quantity  divided  hy  anather,  as  of 

For,  put  the  quotient  or  firaction — saq;  then  multiply* 

iog  by  the  denomioatory  s  ^  fy ;  and,  taking  the  fluxions, 

i  8B  ^  -I-      or  9y  »  f  —       and,  by  diyisinn» 

£     oy  X  . 

a  =  =  (by  iubotitttting  thevaiueof    or  — 

•    y     y  9 

JL  —  ,  the  ftution  of  ~,  as  required* 

n    r     ft  y 

That  l«9  the  fluxion  of  imy  (iractiony  is  equal  to  the  fluiion 
of  the  numerator  drawn  iptp  the  denominator*  minus  the 
ihiiiop  of  the  denominator  drawn  into  the  numerator,  and 
^e  repnaindmr  divided  by  the' square  of  the  denominator, 

ax  — xy    fffy  nffj 
£k»  that  tbe  fluziOQ  ofy  ia  a  X 

20.  Jienqe  too  is  easily  derived  the  fluxion  of  any  negative 


nsfaitude  (whsthsr  atsiginabls  or  aot)  movteg  milfaMBly.  Heaee,  the 
ftnsion  of  the  flowiag  oMgoltude  (x— «),  b  to  the  fluxioa  oC  the  flowing 
magnitude  (x— s  to  2^x— I'S  or  as  1  to  2x  — *:  and  as  this 
must  obtain  in  all  possible  values  of  x — s,  it  must  obtain  in  the  ultimate 
•tiUe,  when  (z— *)  by  flowing,  becomes  z;  and  then.  «  vanishioe.  the 
ratio  becomes  1  te  8s.  That  it,  the  fstto  of  the  fluxions  of  x  and  9fi  Is 
that  of  1  to  2z.  Consequently,  if  &  dssots  the  fluxion  of  thsa  will 
2zx  denote  the  fluxion  of  /=. 

The  fluiion  of  the  square  of  a  quantity  being  thus  found,  that  of  any 
product  is  easily  assigned.  Thus,  to  detsrailoe  tke  issloa  of  the  prot 
flnet  of  zy : 

Puts-l-y^'i  tbsBf(«+jr)-«sc+jr=.ii 

Miilav«4^-^««-to^ 

by  ths  abovs       =       »t  —  yjf, 

=  s(x-]-'y)  —  xx—yy,  • 

=  (» -i- Jf)  (« -f  i)  —  «  —  w» 
Sirfsing  wMh  the  fssoit  la  sit  10, 
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liitefBr  power  of  a  miablo  qaanti^,  ao  of  ar*»  or  ^  wlikk 

is  the  same  ih'ing.  For  here  the  numerator  of  the  fraction 
is  1,  whose  fluxion  is  nothing  ;  and  therefore,  by  the  Uwl 
article,  the  fluxion  of  such  a  fraction ,  or  negative  power* 
is  barely  equal  to  minus  the  fluxion  of  the  denominatort 
divided  by  the  square  of  the  said  denomiDator.   That  i«»  the 

fliudonof  a^-^  or  ~  is  ^  or  — ^or  — iiar»-»x;or 

the  fluxion  of  any  negative  integer  power  of  a  variable  quan- 
tity, as  ac~*,  is  equal  to  the  fluxion  of  the  root,  multiplied  by 
the  exponent  of  the  power,  and  by  the  next  power  less  by  1 ; 
the  same  rule  as  for  positive  powers. 

The  same  thiog  is  otherwise  obtained  thus :  Put  the  pro* 
posed  fraction^  or  quotient  ^  =^  q;  then  is  qx^  =  1 ;  and, 
taking  the  fluxions,  we  have 

fac*  +  ga**"***  =  0 ;  hence  gat"  =  — qnx'^^i ;  divide  by  x\ 
then  j[  =  —  2 —  =  (by  substituting  —  for  g),  — ^rr  or  =  — 
;  the  same  as  befor^. 


1  ^ 
Heneo  the  fluxion  of  or-*  or-  ie  —  jr-*^or  — 


that  of 

or     is  —  2x^i  or  - 

diatof 

ar^or  \  ia  —  3r-*ior- 

that  of 

ox—*  or  ~  is  —  4fl4r'*i*  or- 

thai'Of 

1  .  n± 
^or-..-^., 

thatof  (a+ar)~» 

or  -i-  is  —  (a  +  «)"^  Of 
a+x  ^ 

2f 

3x 
4al' 


that  of  £  (a+8««)-»  or  T^^a 12c*±X(«+a«0-», 
21.  Much  in  the  sane  manner  ia  obtained  the  floxioD  of 

m 

aojr  fraetieiial  power  of  a  flnent  qaaotity»  aa  of  or 


Digitizedby  Go. 


p 


Alt,  put  the  proposed  qoaotity    «  9^  tfieDi  laimng  aadi 

side  to  the  n  power,  givet     «  ^* ; 

taking  tiie  fluxioos,  gives  mx"*~*i  =  ng*^'^ ;  then  dividing  by 


j|f»-",  gives  g  a i- «  -  *. 


Which  is  still  the  same  nde,  as  befbie,  for  finding  tbefiuzioii 
of  any  powor  of  n  ftient  qpantity,  and  which  thofofoie  is  go*' 
nera),  whether  the  exponent  be  positiTO  or  negaiti?o,  integral 

or  finiiiiffitV   And  hence  the  fluxion  of  mr^  is  iam^x ; 

that  of  axi  is  4a««  ~^i=4«r"ii  =  ^  =^        ;  and  that  of 

v/(a«-x«)  or  (cr'-r')i  is  i(«'-^r*X  —  2a:i=-^^- 

5K2.  Having  now  found  out  the  fluxions  of  all  the  ordinaiy 
forms  iii  algebraical  quantities ;  it  remains  to  determine  those 
of  logaiMimic  expreosionB ;  and  also  of  exponential  one< 
that  iS|  sudi  powers  as  have  their  exponents  tntiable  or  flow* 
ing  quantities*  And  fiitt,  for  die  fluxion  of  Napier^  or  fho 
hyperbolic  logarithm. 

23.  Now,  to  determine  this  from 
the  nature  of  the  hyperbolic  spaces. 
Let  A  be  the  principal  vertex  of  an 
hyperbola,having  its  asymptotes  cd, 
CP,  with  the  ordinates  da,  ba,  pq, 
&c.  parallel  to  them.  Then,  from 
the  nature  of  the  hyperbola  and  of 
logarithms,  it  is  known,  that  any  space  abpq  is  the  log.  oT 
the  ratio  of  cb  to  cp,  to  the  modulus  abco.  Now,  put 
1  =  CB  or  BA  the  side  of  the  sqjuare  or  rhomims  db  ; 
m  =  the  modulus,  or  cb  X  ba  X  sin.  o ;  or  aren  of  ]m»  or 
sine  of  the  angle  c  to  the  radius  1  ;  also  the  absdiss  CP  = 
and  the  ordinate  VQ  =  y.  Then,  by  the  nature  of  the  hyper- 
bola, CP  X     is  always  equal  to  db,  that  Is,  xjf  =  m ;  hence 

mm  tHJC 

y     — ,  and  the  fluxion  of  the  space,  is  

the  fluxion  of  the  log.  of  x,  to  the  modulus  m.  And,  in 
the  hyperbolic  logarithmsi  the  modulus  si  being  1,  there- 

fore  —  is  the  fluxion  of  the  liyp.  log.  of  x  j  which  is  there- 

X 

fore  equal  to  iho  iluxion  of  the  quantity,  divided  by  the  quan* 
tity  itself. 
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a— X  (a— x)^  o+x     a' — x** 

.  iiax*^'x.  fix 

24.  By  naMDS  of  Ibo  imioiis  of  logonthas*  m  iMHilly 
deteniaed  iImmo  of  oxponeiituil'  oimiiiios^  tluil  iiv  qosnti- 
ties  wbick  laavo  tlieir  OKpoooDt  a  flowiag  or  waaUe  knsr. 
These  exponeotiali  are  of  two  kind^  nanie^,  whcpi  tke.iooC 
is  a  coDstaot  ^oaatily,  as  e*i  ond  whoa  the  root  is  ▼asiaUaas 
weH  aatho  eapooepr,  as  y** 

36.  late  fink  ease,  put  the  aaycasliiil,  wisse  i^rieii 
is  to  be  feond,  eqaal  to  asingle  wiaMe  qoaatky  Baniely, 
xssF;  theiitakediekgarillimofeaeh,soshaltlog.ea»oX 

i 

log.  e;  take  the  diuuons  of  these,  so  shall     ss  ;t  X  )i§* 

by  the  last  article  ;  hence  i  =  zx  X  log.  e  =  e*x  X  log.  «,  * 
which  is  the  fluxioo  of  the  proposed  quantity  e*  or  z  ;  and 
which  therefore  is  equal  to  the  said  given  quantity  drawn  into 
the  fluxion  of  the  exponent,  and  into  the  log.  of  the  root. 

Hence  also,  the  fluxion  of  (a  +  c)***  is  (a  +  c)"'  X  nx  X 
log.  (a  +  c). 

26.  In  like  manner,  in  the  second  case,  put  the  given 
quaiiti^yss;  then  the  logarithms  give  Ic^.s^x.X  log. 

i  y 
and  the  fluxions  give  -j^  ss    ,  log.  y  +  x  .      ;  hence 

i  s  sx ,  k>g.  y  +  —  »  (hy  substitutkig    lor  %)y^^  •  log. 

If  +  which  is  the  fluxion  of  the  proposed  quantity  y*; 

and  which  therefore  consists  of  two  terms,  of  which  ihe  one 
is  the  fluxion  of  the^'given  qtiantity  considering  the  gapsnuul 
as  constant,  and  the  other  the  fluxion  of  the  Same  quants^ 
considering  the  root  as  constant. 

27.  The  fluxions  of  the  usual  trigonometrical  quantities^ 
sm.  s,  cos.  z,  are  easily  found  by  blewUng  these  prin- 
ciples mik  the  analytical  foramto  at- pa.  905,  vol.  i. 
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We  aMine  the  proportieiMlitjr  ef  the  jBcraneiitB,  and  of 
their  eontemporaaeooi  fluziou,  end  proceed  thus : 

To  find  f  mu  Xf  we  euppose  that  by  a  motkm  of  one  of 
the  legs  incladin^  the  angle,  it  heoomee  %'\r9^at»  +  g. 
Then  ^ein. »  =  nn.  (z  +  z)  —  nn.  tm   But  hy  eqiuu  9.  p« 
tel.  i.  we  have 

sin.  («  +  i)  =  sin.  %  .  cos.  z  +  sin.  i  cos,  2. 

But  the  sine  of  an  arc  indefinitely  small  does  not  differ  sensi- 
bly from  that  arc  itself,  nor  its  cosine  differ  perceptibly  from 
radius ;  hence  wc  have  sin.  i  =  i,  and  cos.  i  =  1  ;  and 
therefore  sin.  (s  +  z)  =  'sin.  z  +  i  cos.  z  ;  whence  sin. 
(z+i) — sin.  J,  or  ^(sin.  2)  i  cos.  z,  viz.  tlie  fluxion  of  the 
sine  of  an  arc  whose  radius  is  unity,  is  equal  to  the  product 
of  the  fluxion  of  the  arc  into  the  cosine  of  the  same  arc. 

28.  In  hke  manner,  the  fluxion  of  cos.  z,  or  cos.  (2  +  i) 

—  COS.  z  =  cos.  2  cos.  z  —  sin.  z  sin.  z  —  cos.  z,  or  since 
cos.  (z  +  i)  =  COS.  2  cos  z  —  sin.  2  sin.  i  ;  therefore,  bo- 
cause  sin.  i  =  i,  and  cos.  z  =  1,  we  have  (p  cos.  2  =  cos.  2 

—  z  sin.  z  —  COS.  2  =  —  i  sin.  2,  that  is,  the  fluxion  of  the 
cosine  of  an  arc,  radius  being  1,  is  found  by  multiplying  the 
fluxion  of  the  arc  (taken  with  a  contrary  sign)  by  the  sine  of 
the  same  arc 

29.  By  means  of  these  two  formul®,  many  other  fliuuonal 
expreauoDs  may  be  found,  viz. 

9  CO0.  m»    — flii  ain.  m%m 

^  ain«  eif  »  +  Mi  eoe.  eu. 


9tan«s  ^=i:aec.%. 

cos.'z 

9  coUuu  «  »  At  a=  —  i  coeeeA. 

zmn.z  itan«a 
coa.^      eoe.  % 

z  COS.  z         z  cot.  s 
fiin.^z       •    ain.z  ' 


^ooeec.'«8B  — 


^mnJH.  »  ai  8in.*-'*eicoe.2. 

9  eoe."^  «     ai  eo8."**'s  i  an.  a« 

80.  Hence,  by  the  way,  will  flow  this  uaefkl  practical  con- 
ehiaion,  that  if  «  he  any  arc,  then 

(p  sin.  z  — .  m  COS.  z  . 

i  —  SB  — ~.  HE  coe.^  e  tea.  s« 

CO0.  z         aio.  z 

<p  tan.  c  —  *  cot.  X 
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OF  SECOND,  THIBO,  4M.  FLUXIONS. 

  • 

Havuto  ezpfauBod  the  maimer  of  eoiuidefiiig  end  deter* 
minuig  the  mt  fliixtoDs  of  flowing' variable  qoanlitiea  ;  it 
remains  now  to  consider  those  of  the  higher  ordeis,  as  seocDd, 
thirdy  fourth,  dec.  flnzions. ' 

81 .  If  the  rate  or  celerity  with  which  any  flowing  quan- 
tity changes  its  magnitude  be  constant,  or  the  same  at  every ' 
position  j  then  is  the  fluxion  of  it  also  constantly  the  same. 
But  if  the  variation  of  magnitude  be  continually  changfng, 
either  increasing  or  decreasing  ;  then  will  there  be  a  certain 
degree  of  fluxion  peculiar  to  every  point  or  position  ;  and 
the  rate  of  variation  or  change  in  the  fluxion,  is  called  the 
Fluxion  of  the  Fluxion,  or  the  Second  Fluxion  of  the  given 
fluent  quantity.  In  like  manner,  the  variation  or  fluxion  of 
this  second  fluxion,  is  called  the  Third  Fluxion  of  the  first 
proposed  fluent  quantity  ;  and  so  on. 

These  orders  of  fluxions  are  denoted  by  the  same  fluent 
letter  with  the  corresponding  number  of  points  over  it  : 
namely,  two  points  for  the  second  fluxion,  three  points  for 
the  third  fluiion,  four  points  for  the  fourth  fluxiooy  and  so 

on.   So,  the  different  orders  of  the  fluxion  of  ar,  are  i 
&c.  ;  where-each  is  the  fluxion  of  the  one  next  heibre  it. 

32.  This  description  of  the  higher  orders  of  fluxions  may 
he  illustrated  by  the  figures  exhibited  in  art.  8,  where,  if  x 
denote  the  absciss  ap,  and  y  the  ordinate  pq  ;  and  if  the  or- 
dinate  pq,  or  y  flow  along  the  absciss  ap  or  x,  with  a  uniform 
motion  $  then  the  fluxion  of  x,  namely,  i*  =  pp  or  or,  is  a 
constant  quantity,  orx  0,  in  all  the  figures.  Also,  in 
fig.  If  in  which      ia  a  right  line,  y  =  r^i  or  the  fluxion  of 

r<i»  is  a  constant  quantity,  or  i/  =  0  ;  for  the  angle  a*  =  the 
an^le  a,  heing  constant,  ^  is  to  rgr,  or  :0  to  y,  in  a  constant 
ratio.  But  in  the  2d  fig.  r^,  or  the  fluxion  of  ro,  oontinoally 
increases  more  and  more ;  and  In  fi|[.  8  it  continually  de» 
creases  more  and  more,  and  therefore  in  hoth  these  cases  jf 
has  a  second  fluxion,  heing  positive  in  fig.  2,  but  negative  in 
fig.  8.   And  so  on,  for  the  other  orders  of  fluxions. 

Thus  if,  for  instance,  the  nature  of  the  curve  he  such, 
that  is  every  irhere  equal  to  ;  then,  taking  the  fluxions, 
it  Is  1^  s  8W  ;  and,  considering  x  always  as  a  constant 
imantity,  and  taking  always  the  fluxions,  the  eqUHtloos  of 
the  several  orders  of  fluxions  will  be  as  below,  tIx. 

Vol.  U.        •  41 
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the  l«t  fluxions  = 

the  2d  fluxiona  nfy  s  Oxf, 
the  dd  111  xioiw  » 
the  4th  fiaxioos  offy  «s  0, 

and  all  the  higher  fluxions  also     0,  or  nothing. 

Aleo  the  higher  orders  of  fluxiootm  ANUid  in  the  eem^ 
manner  aa  the  lower  onea.  Thiia» 

the  first  fluxion  of  y"*  ia       -      •      •      S/y ; 

ia  2d  flux»  or  the  flux,  of  Sy'y,  con-  ^ 

sidered  as  the  rectangle  of       >  ^tfy  +  ^yf  \ 

and  y,  is   •      •      •      •  7 
and  the  flux,  of  this  again^or  the  8d  (        *  iq.-!;::  _i- 

flux,  of     is  .  .  + 

33.  If  the  liincfion  proposed  were  ax",  we  should  find 
<pa/"  =  nax^^^  x  ;  the  factors  »,  a,  and  x  being  regarded  as 
constunt  in  the  rtrst  fluxion  nwa"-'  f,  to  obtain  the  second 
fluxion  U  will  yufficc  to  make  t"-'  flow,  and  to  multiply  the 
result  by  noi  ;  but  9  x*— *  =  —  ij  \  we  bave,there« 
fore, 

2nd  9  fix"*  =  n  (n  —  1)  ai'^  i*. 

3rd  90X*  =  »  (n  -  I)  (w  -  2)  ox^ ±\ 

4th  41 II*'*  =«n(ji— l)(fi-2)(ii— 8)«f-»i*. 
4kc.     =  ftc* 

mih  9  ar*  as  II  (n—  1)  (ft  —  2)       .  («  — ai  +  1) 

m  bcin«;  supposed  not  to  exceed  n,  for  it  is  manifest  that  in 
the  case  of  n  beinpr  integral,  the  function  ax*  has  only  a 
limited  number  of  fluxions,  of  which  the  most  elevated  is  the 
nthi  aud  whtch  of  course  is  expressed  by  the  formula, 

fith  (pax**  =  n  (n  —  1)  (n  •i.2).  .  .  •  3«2.  I  .Hi" 

in  which  state  it  admits  no  longer  of  being  put  into  lluxions» 
as  it  contains  no  wiahte  quantity,  or*  in  other  words^  Its 
fluxion  is  equal  to  zero. 

84.  In  the  foregoing  articles,  H  baa  been  tuppoeed  that 
the  fluenta  increase,  or  that  their  fluxiona  are  poaitive ;  but 
it  often  happens  that  some  fli|ents  decrease,  and  that, there- 
fore their  fluxiona  are  negative  :  and  whenever  this  ia  the 
case,  the  sign  of  the  fluxion  must  be  changed,  or  made  oon« 
trary  to  that  of  the  fluenL  80,  of  the  reetanglo  ay,  when 
both  X  and  y  increase  together,  the  fluxion  is  +  xj^  r  but 
if  one  of  them,  as  y,  decrease,  while  the  other,  x,  increases ; 
then,  the  fluxion  of  y  being  —  ^,  the  flution  of  xy  will 
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in  that  cnst  be  iy  —  jy.  This  may 
be  illustrafed  by  the  annexed  rectangle 
APQR  =  TV,  supposed  to  be  generated     ^  Q 

by  the  mntion  of  ihe  lino  ru  from  a  to-  Ri  

wards  c,  and  by  the  motion  of  the  line  ' "j 

MQ  from  B  towards  a  :  For,  by  the  ino.       ^  ^  | 

lion  of  I'o,  from  a  towards  c,  the  rect.  i 
angle  is  incrensed,  and  it9  fluxion  is  +  g?  j 

iy  ;  but,  by  the  motion  of  kq,  from  a     A  PC 
towards  a,  the  rectangle  is  decreased, 
and  the  fluxion  of  ihe  decrease  in      ;  therefore,  taking  the 
fluxion  of  the  decrease  from  thai  of  ihe  increase,  the  fluxion 
of  the  rectangle  xjf,  when  t  increasea  and  y  decreaaea,  ia 

85.  We  may  now  collect  the  principal  ralea^  which  have 
hmn  demonatrated  in  the  fhre^ng  asitclea,  fyt  finding  the 
flnzione  of  all  aorta  of  qoantitiea.    And  hence, 

1st,  For  the  Jluxion  of  any  Power  of  a  Jhwing  quantity, 
•-Multiply  all  together  the  exponent  of  the  power,  the 
fluxion  of  the  root|  and  the  power  next  lesa  by  1  of  the 
aame  root. 

%Aj  Af  Ike  Jbnmi  ef  Ihe  JSeetangh  of  two  ^iMmfttiet.— 
Multiply  each  quantity  by  the  fluxion  of  the  other,  and  con- 
nect the  two  prodttcta  together  by  their  proper  signs. 

3d,  For  the  fiurion  of  the  Continual  Product  of  any  num- 
her  of  flowing  quantities,  —  Multiply  the  fluxion  of  each 
quantity  by  the  product  of  all  the  other  quantities,  and  con* 
aect  all  the  producta  together  by  their  proper  tigoa. 

4thy  ForikeJIiixkmof  a  F^ra€ikm*-^Ffom  the  fluxion  of 
the  numerator  drawn  into  the  denominator,  subtract  the 
fluxion  of  the  denominatpr  drawn  into  th6  nomerator,  and 
divide  the  reanlt  by  the  square  of  the  denominator. 

5th,  Or,  the  2ri,  3<f,  and  4th  cases  may  be  all  included 
under  oiwj,  and  performed  fAi/^.  — Take  the  fluxion  of  the 
given  expression  as  often  as  there  are  variable  quantities  m 
il,  supposing  first  only  one  of  them  variable,  and  the  rest 
constant  ;  then  another  variable,  and  the  rest  constant ;  and 
so  on,  till  they  have  all  in  their  turns  been  singly  supposed 
variable  ;  and  connect  all  these  fluxions  together  with  their 
own  signs,  ' 

Htht  For  Ae  Jkatim  -of  a  Logmiihm, — ^Divtdtf  the  fluxion 
ef  the  quantity  by  the  quantity  itself*  and  multiply  the  iw* 
sail  hy  ^  moimB  of  the  system  of  kg  arithma.  . 
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iVote. —Tho  modulus  of  the  hyperbolic  loganthms  is  1^ 
and  the  modulus  of  the  common  logs.,  is  0'4342944d«  &c. 

Tthy  For  the  Jkuekm  of  an  Exponmtial  mmUly^  hadng 
fAeJKoof  Cimflaiil.— Multiply  all  together,  the  given  quan- 
tity, the  fluxion  of  its  exponent,  and  the  hyp.  log.  of  the  root. 

8th,  For  the  fluxion  of  an  Exponential  qtumiU^,  having 
the  Root  Variable. — To  the  fluxion  of  the  given  quantity, 
found  by  the  1st  rule,  aa  if  the  root  only  were  variable,  add 
the  fluxion  of  the  same  quantity  found  by  the  7th  rule,  as  if 
the  exponent  only  were  wiable  ;  and  the.  sum  will  be  the 
fluxion  for  both  of  them  variable. 

2Vble.— When  the  given  quantity  consists  of  several  terms, 
find  the  fluxion  of  each  term  separately,  and  connect  them 
all  together  with  their  proper  signs  ;  also,  for  the  fluxions  of 
trigonometricaUormulae,  take  the  formulas  in  arts.  27—30. 

4 

86«  nuonoAL  BXijiPus  to  ^ibctw  tbm  rauMomu 

nvua. 

1.  The  fluxion  of  oiy  is 

2.  The  fluxion  of  bxyzia 

9,  The  fluxion  of  cx  X  (ox — cy)  is 
4.  The  fluxion  of  is 

6.  Tha  fluxion  of  sfi^iT^  is 

0.  The  fluxion  of  (x  +     X  (x  —  is 

7.  The  fluxion  of  2aar»  is 

8.  The  fluxion  of  2xMs 

9.  The, fluxion  of  ac Vie 

10.  The  fluxion  of  4x  Y  i« 

11.  The  fluxion  of  ax^  — x^'y^is 

12.  The  fluxion  of  4^—^  +  fSipa  is 

13*  The  fluxion  of      or  ^  is 

m 

14.  The  fluxion  of        or  j;*»is 

15.  The  fluxion  of  n/j^m  or  j- 

•» 

16.  The  fluxion  of  v^sor^^is 
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17.  The  fluioii  of  V«  » 

18.  The  fluxion  of        or  is 

19.  The  flouon  of  or  «^  ie 
90.  The  flusion  of  or  is 
21.  The  fluxioa  of  ^x*  or  is 

S3.  The  fludoii  of  ^{9^  +     or  (1^  +  is 

28.  The  fliuu(Ni  of  ^/(^  —     or  (a*-  oe')^  ie 

24.  The  fliDLion  of  v^(2rx  -  xx)  or  (2rx  ~  xx)«  ifl  - 

85.  The  flpiioD  of  — -4— 3;  or  (a*-  is 

V/CO*— 01*) 

28.  The  fluxion  of  (ox  -  xx)»  is 

87.  Thefluzuttof  8«v^i^  db  aPis 

2a  The  fluxion  of  (a"  -  x^)^  is 
89.  The  fluxion  of  V««  or  " 

80.  The  flozioii  of  or  (si-ss)^  k 

81.  The  fluxion  of  V-or-~«""*ii 

88.  The  flnzkm  of it 

88.  The  fluxion  of  ^  is 
84.  The  fluxion  of  ^^±1^  is 

35.  The  fluxion  of  is 


.  The  fluxioa  of  is 

a— jc 

87.  The  fluxion  of  -4-  is 

88.  The  flusion  of  ^(a  +  ^  +  es*  +  ^ie 

39.  The  fluxion  of  y  (a  +  6x  +  cx^  +  <&c.  to  jwc»)  is 

40.  Thefluzioiior^ie 

^  s 
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8 

41.  The  flttxioo  of  -77  -^  — \ 

\/(-»  —3/ ) 

42.  The  flttxioii  of  tho  hyp.  logv  of  ax  is 
48.  The  floxion  of  the  hyp.  lo|;.  of  1  4*  '  is 

44.  The  fluxion  of  the  hyp.  log •  of  1  — •  ai  w 

45.  The  fluxion  of  the  li\  p.  log.  of  x*  is 

46.  The  fluxion  of  the  hyp.  log.  of  ^/z  is 

47.  The  fluxion  of  the  hyp.  log.  of  x*  ie 

2 

48.  The  fluxion  of  tho  hyp.  log.  of  iff 
40.  The  fluxion  of  the  hyp.  log.  of  - — -  ie 

.  1  —  T  . 

50.  The  fluxion  of  the  hyp.  log.  of  w 

51.  The  fluxion  of 

62.  The  fluxion  of  lOMs 

63.  The  fluxion  of  (a  +  c)»  i§ 

64.  The  fluxion  of  100^  ii 

65.  The  fluxion  of    is  ' 
56.  The  fluxion  of  is 

67.  The  fluxion  of  is 

68.  The  fluxion  of  (ry)"  is 
The  fluxion  of  «y  is 

60.  The  fluxion  of  is 

61.  The  second  fluxion  of  xy  is 

62.  The  second  fluxion  of  yy,  when  i  is  constant|  is 
68.  The  second  fluxion  of  jc"  is 

64.  The  third  fluxion  of     when  i  is  const«nt»  is 
The  thifd  fluxion  of  xy  is 
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THE  INVERSE  METHOD,  OR  THE  FINDING 

OF  FLUENTS. 

37.  It  has  been  observed,  that  a  Fhient,  or  Flowing 
Quantity,  is  the  variable  quantity  which  is  considerecTas  in* 
creasing  or  decreasing.  Or,  the  fluent  of  a  f(iven  fluxion, 
is  such  a  quantity,  thai  it»  fluxion,  found  according  to  tho 
foregoing  ruies,  ahaU  be  the  same  as  the  fluxion  given  or 
proposed. 

88.  It  may  be  further  observed,  that  Contempurary 
Fluenfty  or  Coniemporary  Fhixiona,  are  aach  aa  How  to* 
getber,  or  for  tbe  same  time — When  contemporary  fluents 
are  alwaya  equal,  or  in  any  conatant  ratio  ;  then  alao  ate 
tbeir  fluxlooa  respectively  either  equal,  or  in  that  aaane 
eooaCant  ratio.  That  ia,  if  »  »  then  is  ±  y ;  or  if 
«  :  jf : :  s  :  1,  then  iai:y::»:l;  or  ifj;3sji|f,  then  to 
^  B  My. 

39.  It  is  easy  to  find  the  tluxions  to  all  the  piven  forms  of 
fluents  ;  but,  on  the  contrary,  it  ia  diflicult  to  Hnd  the  fluents 
of  many  given  fluxions  ;  and  indeed  there  are  numberless 
cases  in  which  this  cannot  at  all  be  done,  excepting  by  the 
quadrature  and  rectification  of  curve  lines,  or  by  logarithms, 
or  by  infinite  series.  For  it  in  only  in  certain  particular 
forms  and  cases  that  the  fluents  of  given  fluxions  can  be 
found;  there  being  no  method  of  performing  this  universally, 
a  prioriy  by  a  direct  investigation,  like  flnding  the  fluxion 
of  a  given  fluent  quantity.  We  can  only  therefore  lay  down 
a  few  rules  for  such  forms  of  fluxions  as  we  know,  from  the 
direct  method,  belong  to  such  and  such  kinds  of  flowing 
quantities  :  and  these  rules,  it  is  evident,  much  chiefly  consist 
in  performing  such  operations  as  are  the  reverse  of  those  by 
which  the  fluxions  are  found  of  civen  fluent  quanlities.  The 
principal  cases  of  which  are  as  follow. 

40.  To  find  the  Fluent  of  a  Simple  Fluxion  ;  or  of  that  m 
which  there  ie  no  variaole  qmuUkyt  tmd  only  eimjbukmd 
qmmtiiy* 

This  is  done  by  barely  substituting  the  variable  or  flowing 
quantity  instead  of  its  fluxion ;  being  ihe  result  or  reveme  of 
the  notation  only. — Thus, 

The  fluent  of  a±  is  ax. 

Tbe  fluent  of  ay  +  3y  »  ay  +  2y. 

The  fluent  of  9  y'o^  +    ia  y/a^  +  x\  ' 
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41.  Wkm  My  Power  of  a  flowing  quanlitjf  it  MMjfilM  5y 

ik$Fhutkmof  IheRvds 

Then,  haviog  flobedtated,  as  before,  the  flowing  quantity, 
for  its  flindon,  divide  the'  reaidt  by  die  new  index  of  tto 
power.  Or,  which  ia  the  same  thing,  take  out,  or  divide  by, 
the  fluxion  of  the  root ;  add  1  to  the  index  of  the  power  ; 
and  divide  by  the  index  so  increased*  Which  is  there* 
Terse  of  the  Ist  rule  for  finding  fluxions. 

So  if  the  fluxion  proposed  be       -       -  3x*i, 
Leave  out,  or  divide  by  i',  then  it  is     -  3x*; 
add  1  to  the  index,  and  it  is        .       •    30:" ; 
divide  by  the  index  6,  and  it  is     -       -    Jx*  or  Jx*, 
which  is  the  fluent  of  the  proposed  fluxion 

In  like  manner, 

The  fluent  of  Soxi  is  as*. 
The  flaem  of  8aAfr  is  x*. 

The  fluent  of  4**i  is 

The  fluent  of  2j^^y  is  \f^. 

5  JJ. 

The  fluent  of  az^z  is  ^^ciz  '  . 

The  fluent  of  s^i  +  8y^y  is  {«^  +  f^^. 

The  fluent  of  x'^^ii  is  j^^. 

The  fluent  of  nyT—^y  is 
z 

The  fluent  of  -j-,  or  zr^z  is 
The  fluent  of  ^  is 

r 

The  fluent  of  (a  +  x)*i-  is 
Tbe  fluent  of  (a«  +  » 
The  fluent  of  (a'  +  2^)  Vf  is 

The  fluent  of  (a'*  +  x*)"»2"-'i-  is 
The  fluent  of  (a*  +  tf^Yuif  is 

The  fluent  of  is 
v^(«  +  ^) 

The  fluent  of  —7-^ — is 
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42.  When  the  Roof  under  a  Vinculum  is  a  Compound  Quan. 
tity ;  and  the  Indejc  of  the  part  or  factor  Without  the  Ftn. 
culum,  increased  by  I,  is  some  MuUiple  of  thai  Under  the 
Vinculum  : 

Put  a  single  variable  letter  for  the  compound  root ;  and 
substitute  its  power  and  fluxion  instead  of  those  of  the  same 
value,  in  the  given  quantity  ;  so  will  it  be  reduced  to  a  simplef 
form,  to  wbich  the  preceduag  rule  can  then  by  applied. 

Thus,  if  the  given  fluxion  be  y  =  (a*  +  x^^x^Xy  where 
3,  the  index  of  the  quantity  without  the  vinculum,  increased 
by  1,  making  4,  which  is  just  the  double  of  2,  the  exponent 
of  within  the  vinculum  ;  therefore,  putting  i  =  a*  -f  ar*, 
thence  **  =  ^  —  a",  the  fluxion  of  which  is  2xx  =  i  ;  hence 
then  x'i  =s  ^jFz  =^  {z(z     a*},  aod  the  given  fluxion  or 

(a^+aE*)f«'f,ifl«iisti(s— i^or»|s^i--;Afi;  and 

iMDce  the  fluent  y  is  as  ^z^-^  ^z^^  Sz^^^x^/^. 
(hf  by  flobatinituig  the  Tiilue  of  z  inatead  of  it,  the  same 

fluent  is  8  (a'+«»)*X(A«»— A«')tO'f 

In  like  mamier  for  the  following  esaaiples* 


To  find  the  fluent  of  v^a  +     X  as'iu 
To  find  the  fluent  of  {a+cx)^0^'±. 

To  find  the  fluent  of  (a+ec*)^  Xdai^±. 

ezi  \ 
To  find  the  fluent  of or  (a  +  sr«si. 


To  find  the  fluent  of  --^  or  (a+«'»)-icar»*-"i. 

i/a+s* 

1V>  find  the  fluent  of  ^^^"^^  er  (d«+s»)« 


To  find  the  fluent  of  "^^f      or  (a-**)-isi"**je. 


YouU. 


4S 
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43.  When  there 

Variable  Quantities,  fuming  the  Fhuekm  Of  dock  MMflUtd 
bjf  the  ether  QuaniUy  ar  Qyonftfief* 

Take  tbo  flaont  of  each  term,  on  if  there  were  only  ooe 
variable  quantity  in  it,  namely,  that  whooo  flozioo  is  con* 
tained  in  it,  supposinff  all  the  others  to  be  eooilaiit  ia  that 
term  ;  then,  if  the  fluents  of  all  the  tenrnii  eo  found,  be  the 
▼ery  same  quantity  in  all  of  them,  that  quantity  will  be  the 
'  fluent  of  the  whole*  Which  is  the  reveree  of  the  5th  rule 
for  finding  fluiions :  Thus,  if  the  gifen  flexion  be  iy  +  xy, 
then  the  flnent  of  ^  b  xy,  aoppoaing  y  oonstant :  and  tliie 
fluent  oi  x^i9  ako  m  sttp|Hinn|t  x  oonatani :  flmefiise  19  in 
the  required  fluent  of  the  given  fluxion  + 

In  like  manner^ 

The  fluent  of  iys  +sys  +  eyi  ie 

The  fluent  of  2xyi  +      is  x^. 

The  fluent  of  |r-^iy^  +  S»^ys^ii 
The  fluent  of  or  ^  —  ^  ie 

n»e  fluent  of  ^t^i^Cdl^^ 

y  %/y 


le 


44.  When  the  given  Fhueumal  Expreuion  ie  m  this  Form 

^^L^^  noms/y, c/nMfiM»  mdudSmg  Tua  Qmnikiee^hemg 

the  Fluxion  of  the  former  of  them  drawn  into  the  latter^  mi. 
nus  the  Fluxion  of  the  latter  draum  uUo  the  formert  mid  lU- 
pided  by  the  Square  of  the  latter. 

Then,  the  fluent  is  the  fraction  — ,  or  the  former  quantity 

divided  by  the  latter,  by  the  reverse  of  rule  4,  of  flndiDg 
fluxiona.   Thai  is, 

The  fluent  of  ^  'T  *^  in  — ■  And,  in  like  mnnner, 

f  y 

The  fluent  of  is  ^. 

r  y" 
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Tlwoghi  indwd,  the  axinpiw  of  tbiB  cue  may  bo  per. 
fbfmod  by  fkm  fcfogoing  quo*  Tfaiu»  tbo  ^roa  fluiioo 

^^^^^lodiicoito— — or— ar^ir*;  of  which. 

the  flaom  ^-"^       supposing  y  eooiUuit ;  uid 

the  fluent  of  —  syy"*  ie  alao  jry~~*  or  when  x  ia  conatant ; 
tbereforat  by  that  eaae,  ^  ia  the  floeat  of  the  whole 

4Sb  Whm  tJk  Fhmhn  of  a  Quantity  i$  Diviied  Oe 

Quantity  itself : 

Then  the  iloefll  ia  equal  to'the  hypeii>olic  logarithm  of 
that  qoanttty ;  or,  whicli  ia  theaame  thing,  the  floeat  ia  equal 
to  H*a08SeW  aMiltipKed  by  the  eommoa  logarithm  the 
lity,  by  rule  6»  for  finUng  fluziooa. 


So  the  fluent  of  —  or  ar^i»  ia  the  hyp.  log.  of  js. 

c 

2± 

The  flueol  of  —  ia  2  X  hyp.  log.  of  x,  or  s  hyp.  log.  a^. 

9 

The  fluent  of     ia  a  X  hyp.  log.    or  =  iyp.  log.  of 
The  fluent  of  ^,ia 

The  fluent  of  —r-so  i* 

46b  Mm^JbientMimi^flHffomdhytkeDireaJ^ko^ 

Take  the  fluxion  again  of  the  given  fluxions  or  the  3econd 
fluxion  of  the  fluent  sought ;  into  which  aubatitute  —  for  ir, 

^{(Ogif  itci  that  ia,  make  «>    a,  aa  alao    y,    dec.  to 

be  in  continual  proportion,  or  so  that  x  i  x  : :  x  :  x,  and 
y  I  ^::^:ff  dEc;  ^en  divide  the  aquaie  of  the  given 
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fluxional  expression  by  the  second  fluxion,  just  founds  and  tbo 
quotient  will  be  the  fluent  required  in  many  cases. 

Or  the  same  mb  im^  be  otherwise  ddioered  thus  : 

In  the  given  fluxion  f,  write  x  for  i,  y  for     dec.  and  call 

the  result taking  also  the  Huxion  of  this  quantity,  o ;  then 

make  o  :  p  t :  g  :  f  ;  so  ^hall  the  fourth  proportional  v  be 
the  fluent  sought  in  many  cases. 

It  may  be  proved  if  this  be  the  true  fluent»  by  taking  the 
fluxion  of  it  again,  which  if  it  agree  with  the  proposed 
flusiooy  will  show  that  the  fluent  is  right  |  otherwise,  it  is 
wrong. 

BUHFUMI. 

£xAK.  1.  Let  it  be  required  to  find  the  fluent  of  itz"— 'i. 

Here  f  =  ni""^f .   Write  x  for  i',  then  ni**~'j:  or  nx"  =  c  \ 
the  fluxion  of  this  {90  =  fj^i«— therefore  «  :  p  :  :  o  : 
becomes  v^x^-*x  :  nx'^^x  : :  nx*  i        f»  the  fluent  sought. 

Exam.  2.  To  find  the  fluent  of  iy  +  xy. 
Here  f  a      +  ^y  ;  then  writing  x  for  i,  and  y  for 

it  is  ly  +  xy  or  2ary  =  g  ;  hence  g  =  2xy  +  2xy  ;  then 

o  :  F  : :  o  :  F,  becomes  2xy  4-  ^xy  :  i:y  +  : :  2xy  ixy^w^ 
the  fluent  sought.' 

47.  nfaidflueTUsbymean»ofaTal4iofFmm»cf 

In  the  following  Table  arc  coniained  the  most  usual  forms 
of  fluxions  that  occur  in  the  practical  solution  of  problems, 
with  their  corresponding  fluents  set  opposite  to  them ;  by 
nieans  of  which,  namely,  by  comparing  any  proposed  fluxion 
with  the  coiresponding  form  in  the  table,  the  fluent  of  it  will 
be  fiMindL 
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1  1 

n 

*  J 

db  — (a±x»)"» 

3 

1                   mt»  1 

(a  ± 

X 

fitna  (aiaf*)** 

-1  ^  (a±x»)- 
mna  "  x"* 

or  (—  +  -f  )x«sr 

x*j^  1 

■ 

X        y        2  ^ 

X 

lo^.  of  s  1 

«  x*-*x 
8 

2  1 

±  -  log.  of  a  d:  X*  1 
n   *  1 

—  loff.  of  — :   1 

w   ®      a±x»  1 

10  X 
a — jic» 

-l.log.ofi$±^  1 

■ 

11*  ^ 

2                       x»  1 
—7z  X  arc.  to  tan.  a/ — ,  orl 
n-v/a                    a  1 

—7-  X  arc.tocoiiiie-7— 

12  x**^* 
%^(±«  +  »*) 

2 

-  log.  of  ^x"  +    ( ±  a+x«) 
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Forms. 

FUuBktu. 

mm  w^^V^v^W  V 

• 

13 

✓ 

2  a?** 

-  X  arc  to  sin.  — ,  or 
fi  a 

I  2^ 

-  X  arc  to  vera.  — 

II  a 

14 

15 

16 
17 
18 

n^a  ^  ^a+-v/(a±x») 

v/  — 

« 

2  ^ 
  X  aie  to  aecant  v'— ,  or 

1                      2a — X* 
— T  X  arc  to  cosio.  — 

x^dx — 

^  circ.  seg.  to  diam.  d  and  vers,  x 

2i  art 

circ.  zonOi  sad*  dt  and  haight  ftoni  centia  jr» 

n  loff.  c 

19 

20 

21 
22 

23 
24 
25 

jr 

,  x^(2fcx— a)>/(a— Jx)  ,   a«  .  „^   ,  hx 

x>/(DX±:a) 

X* 

+  x^y/{px±a)±^X  kg.  J  1 

xs/{a — 6x) 
X* 

J:>/[a±hx) 

X 

iV  (6x— a) 

S^(&»— a>— Sa*  Xaro.  tang.  V— r— 
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Fluxions. 


FlvMU. 


26 


27 


28 


29 


30 


81 


6x«— a 


X  aro.  ten. 


5-f  2c.T 


—  X  lor.  :il(2±^£±££l) 


prX  trctan. 


V(4ac — 6^* 


32 


33 


5jXlog.(a+A»+c««) 


34 


35 


icx-Jb 


B 


36 


+~X  log.  (a+5«+cx») 


+ 


2c  A — 6  b 


X  tro.  tuk 


7  V(4ac-6«)  I 
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37 


38 


39 


X  aic  tao. 


Sex— ft 


40 


5  2a+6x+ggV(a+&j+cg«) 


41 


Xtro.  tan. 


2a— 6x 


iVbl0.  The  logaritlims,  in  the  nbove  forms,  are  the  hyper- 
bolic ones,  which  are  found  by  multiplying  (he  commoQ 
logarithms  by  2-302585092994.  And  the  arcs,  whose  sine, 
or  tangent,  &c.  are  mentioned,  have  the  radius  1,  and  are 
those  in  the  common  tables  of  sines,  tangents,  and  secants. 
Also  the  numbers  m,  n,  &c.,  arc  to  be  some  real  qttantitt6«» 
as  the  (orms  fail  when  m  =  0»  or  n  »  0,  &C 

The  Use  of  the  Foregoing  Table  of  Forms  of  Fluxions  and 

Fluents, 

48.  In  ufriog  the  foregoing  table,  it  is  to  be  observed,  that 
the  first  column  serres  only  to  show  the  number  of  the  form ; 
in  the  second  column  are  the  several  forms  of  fluxions,  which 
are  of  different  kinds  or  classes ;  and  in  the  third  or  last 
column,  are  the  corresponding  fluents. 

The  method  of  using  the  table,  is  this.  Having  any 
fluxion  given,  to  find  its  fluent :  First,  Compare  the  civsQ 
fluxion  with  the  several  forms  of  fluxions  in  the  second  co» 
lumn  of  the  table,  till  one  of  the  forms  be  found  that  agrees 
with  it ;  which  is  done  by  comparing  the  terms  of  the  giTsn 
fluxion  with  the  like  parts  of  the  tabular  fluxion,  aamely, 
the  radical  qoantity  of  the  one,  with  that  of  the  other ;  m 
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ihib  «t|Miiioiiit  of  the  vaxiable  quantities  of  each,  hoth  wtthia 
•nd  without  the  vracalmii ;  all  which,  being  fbund  to  agree 
or  correspoDd,  will  giye  the  particolar  values  of  the  general 
^piantities  in  the  tabular  ftran ;  then  substitute  these  partku* 
lar  values  in  the  general  or  tabular  form  of  the  fluent,  and 
the  result  will  be  the  particular  fluent  of  the  given  fluxion ; 
after  it  is  nwdtiplied  by  any  co^fficieot  the  propoaed  fluxion 
any  have. 


Exam.  1.  To  find  the  fluent  of  the  fluxion  Zx^i. 


is  found  to  agree  with  the  first  fina.  And,  by  com* 
paring  the  fluxions,  it  appears  that  x  =  x,  and  n  —  1  ^  f , 
or  n  8B  f ;  which  being  snbstituted  in  the  tabular  fluent,  or 


givMf  After  multiplying  by  3  the  co-efficientp  3  X 
or  fa^,  finr  the  fluent  sought. 

ExAH.  2.  To  find  the  fluent  of  or  5r»i(c'— x')^ 

This  flttxieny  it  appeals,  belongs  to  the  2d  tabular  form : 
for  a  SB  c?,  and  —  »  — '  a^,  and  n  =  3  under  the  vincu- 
lum, also  m  —  la^,  or  »^f,  and  the  exponent  ^  of 
^n-i  without  the  vinculum,  by  using  3  for  n,  is  n  —  1  =s  2, 
which  agrees  with  in  the  given  fluxion  :  so  that  all  the 
parts  of  2ie  form  are  found  to  ooirespond.   Then  substituliog 

these  values  into  the  general  fluent,  — ^(a—x^)*", 

it  becomes  -  f  Xf  (c?— =  -  V(c»-a»)i 
Exam.  3.  To  find  the  fluent  of 

.  1  -px^ 


is  fbund  to  agree  with  the  8th  form  •  where  -  -  . 
±  X*  s= .+  in  the  denominator,  orn  =  3  ;  and  the  nume- 
rater  x*-^  then  becomes  x^,  which  agrees  with  the  numerator 
in  the  given  fluxion;  also  a  =  1.    Hence  then,  by  substi* 

tnting  in  the  general  or  tabular  fluent,  ^  log.  of  a+jc^,  it  be- 
comes ^  log.  1  +9*. 
EzAK.  4.  To  find  the  fluent  of 

Exam.  5.  To  find  the  fluent  of  2{l0+v^)hi.  * 

Exam.  6.  To  find  the  fluent  of  .-rr^rf. 
Vol.  n.  48  . 
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EziUii.  7.  To  find  the  fluent  of 


Exam,  a  To  find  the  fluent  of  — r-f. 
£xAX.  U.  To  find  the  fluent  of  ^-^i. 
Exam..  10.  To  find  the  fluent  of  (-  +  —  )xV. 

•  •  . 

Ejl^.  11.  To  find  the  fluent  of  + 

Exam.  12.  To  find  the  fluentof  —  or  -v^±. 

ax  a 

Exam.  13.  To  find  the  fluent  of  ^ 


8Sf 

Exam.  14.  To  find  the  fluent  of -c  ^  or^ 

Ux'-ar    8 — x 

Exam,  15.  To  find  the  fluent  of  ^  ..  or  jj^I^ 


Exam.  IG*  To  IM  the  fluent  of 


1— 

KxAM.  17.  To  find  (he  flnent  of 

Exam.  18.  To  find  the  fluent  of 


2— x*^'* 

2xx 


Exam.  19.  To  And  Uie  liuent  of 


ExAM.ao.  To  find  the  fluent  of -^=r. 
Exam.  21.  To  find  the  flue^at  of 
Exam.  93.  To  find  the  flueat  of— 


✓  1— «• 

Exam.  28.  To  find  the  fluent  of  ^  . 
Exam.  i^.  1  o  find  the  fluent  of 


y/  1— 
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Exam.  25.  To  find  the  fluent  of 


ax 


EiAM.  26.  To  find  the  fluent  of 


Exam.  27.  To  find  the  fluent  of 


Exam.  28.  To  And  the  fluent  of  2f  ^2x^2*. 

Exam.  29.  To  find  the  fluent  of  a'x. 

ExAJf.  30.  To  find  the  fluent  of  Sa-^x. 

Exam.  81.  To  find  the  fluent  of  d^-^Iog.  x+Bxuf^i. 

Exam.  82.  To  fmd  the  fluent  of 

ExA3k.  83.  To  find  the  fluent  of  {2+:i*)xh. 
Exam.  84.  To  find  the  fhieni  of  «^ 


49.  When  a  given  fluxion,  whose  fluent  is  required,  is  so 
complex,  that  it  cannot  he  made  to  agree  with  any  of  the 
forms  in  the  foregoing  tahlc  of  cases,  nor  made  out  from  the 
general  rules  before  given  ;  recourse  may  then  be  had  to  the 
method  of  infiuito  series  ;  which  is  thua  perfomed : 

Expand  the  radical  or  fraction,  in  the  giren  fluxum,  into 
an  infinite  seriee  of  stimile  terms,  by  th#  aethode  given  fer 
that  purpose  in  bodes  of  algebra,  tiz.  either  by  division  or 
extraction  of  roots,  or  by  the  binomial  theorem,  &c. ;  end 
nniltiply  every  term  by  the  floxional  letter,  and  by  such'bim. 
pie  variable  factor  as  the  given  fluxional  expression  may  con- 
tain. Then  take  the  fluent  of  each  term  separately,  by  Uie 
foregoing  rules,  connecting  them  all  together  by  their  proper 
signs;  and  the  series  wiU  he  the  fluent  Sought,  aftw  it  M  mul- 
tiplied  by  any  constant  factor  or  co-eflicient  which  may  be 
contained  in  the  given  fluxion  expression. 

50.  It  is  to  be  noted,  however,  that  the  quantities  must 
be  so  arranged,  as  that  the  scries  produced  may  be  a  con- 
verging one,  rather  than  diverging  :  and  this  is  efl^ected  by 
placing  the  greater  terms  foremost  in  the  given  fluxion. 
When  these  are  known  or  constant  quantities,  the  infinite 
series  will  be  an  ascending  one  ;  that  is,  the  powers  of  the 
variable  quantity  will  ascend  or  increase  ;  but  if  the  variable 
-quantity  be  set  foremost,  the  infinite  series  produced  will  be 
a  descending  one,  or  the  powers  of  that  quantuy  will  de- 


7b  find  FluenU  by  Injiniie  Series. 


332  fniDUlo  OF  nvMrt* 


crease  always  more  and  moie  in  the  aaceeeding  tenna»  or  in* 
crease  in  the  denominatoTi  of  them,  which  is  the  same  thiiig» 

For  example,  to  find  the  floeni  of  *• 

Here,  by  dividing  the  numerator  by  the  denominator,  the 
proposed  fiiudon  becomes  ±  —  2xx  +  Sj^i  -  br^x  +  Sx*x  — 
dec  ;  then  the  fluents  of  all  the  terms  being  taken,  give 

X  4>  ^r*  i«*  +  {Jc*  —  &c.  for  the  fluent  sought. 

^gnin^  to  find  the  fluent  of  x  ^1—2^. 

Here,  by  eztraeting  the  root,  or  expanding  the  radical 

quantity  -v/l-r*,  the  given  fluxion  becomes  

±  ^-cair— —  J^af'x  —  dec  Then  the  fluents  of  all 
the  terms,  being  taken,  give  x  —  ix"  —  j^^x*  —  j\ja? — dw. 
ibr  the  fluent  soughu 


ExAx.  1.  To  find  the  fluent  of both  in  an  ascending 
and  descending  series. 
ExAK-  %  To  find  the  fluent  of  — 7-  m  both  series* 

3i 

Exam.  3.  To  find  the  fluent  of     ^  ^y. 

Ejuic.  4.  To  find  the  fluent  of  'JlfxZIJ^^ 

bx 

Exam.  5.  Given  i  =:  ^-^p-^t  to  find  s. 
Exam.  a.  Given  i  == 

ExAJi.  7.  Given  i  =  3i       +  Jr,  to  find  s» 
ExAX.  8.  Given  i^f6±       +  at",  to  find 
ExAX.  9»  Given  i=s4±  v"?^,  to  find  s. 

Exam.  10.  Giveni  »  ,  to  find  «. 

Exam.  11.  Given  it  «  3^ V^"^  ^>  ^ 
Exam.  12.  Given  i  =  — : —  — ,  to  find 

<w  —  r.r 

Exam.  18.  Given  z  «  2±(/x*       +  find.s* 
ExAX.  14.  Given  i  =  ^st^ax  —  xx,  to  find  z. 
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To  Correct  the  Fluent  of  any  given  Fluxion, 

The  fliizioB  found  from  a  giten  flaenl  is  always 
]periecl  sod  complete ;  but  Hhb  fiuoot  foand  from  a  girai 
imioii  is  mi  always  so  ;  as  it  often  wants  a  ooneetion,  to 
make  it  contamporaneocis  with  that  required  by  the  problem 
ander  consideratioDt  dec* :  fi)r>  the.flaent  of  any  giyen  fluiioiiy 
as  ±,  may  be  either  which  is  found  by  the  ratoy  or  it  may 
be  «  +  Cy  or  s— -  that  is  x  plus  or  minus  some  constant 
quantity  e ;  because  both x  andx  db  e  have  the  same  fluxion f  » 
and  the  finding  of  the  constant  quantity  to  be  sdded  or 
subtracted  with  the  fluent  as  found  by  the  foregoing  rules, 
is  called  corre^mg  the  fluent* 

Now  this  correction  is  to  be  determined  from  the  nature 
of  the  problem  in  hand»  by  which  we  come  to  know  the  re- 
lation which  the  fluent  quantities  have  to  each  other  at  some  • 
certain  point  or  time.  Reduce,  therefore,  the  general  fluen^ 
tial  equation,  supposed  to  be  found  by  the  foregoing  roles^ 
to  that  point  or  time  ;  then  if  the  equation  be  true»  it  is ' 
correct ;  but  if  iiot»  it  wants  a  correction ;  and  the  quantity 
of  the  correction,  is  the  difierence  between  the  two  generad 
sides  of  the  equation  when  reduced  to  that  particular  point* 
Hence  the  general  rule  for  the  correction  is  this  : 

Connect  the  constant,  but  indeterminate,  quantity  c,  with 
one  side  of  the  fluential  equation,  as  determined  by  the  fore* 
going  rules  ;  then,  in  this  equation,  substitute  for  the  variable 
quanlites,  such  values  as  they  are  known  to  have  at  any 
particular  state,  place,  or  time  ;  and  then,  from  that  par- 
ticular state  of  the  equation,  find  the  value  of  c,  the  constant 
quantity  of  the  correction. 

JCXAMFLB8* 

I 

52.  £xAM.  1.  To  find  the  correct  fluent  of  z  =  ax'f. 

The  general  fluent  is  s  =  lu^,  or  s  »  ox*  +  c,  taking  in 
the  correction  c. 

Now,  if  it  be  known  that  z  and  x  bma  together,  or  that 
it  8  0,  when  x  »  o ;  then  writing  0  for  boSi  x  and  x,  tfie 
general  equation  becomes OsQ  +  CyOrBc;  so  Umt,  ibm 
value  of  c  being  0,  the  correct  fluenti  are  x  =»  ox*. 

But  if  X  be  0,  when  x  is  as  ^|  any  known  quantity  ; 
then  substituting  0  for  x,  and  6  for  x,  in  the  genenl  eqim* 
tion,  it  becomes  0  =  aJ*  +  c,  and  hence  we  find  c  = «—  oft* ; 
which  being  written  for  c  in  the  general  -fluential  equation, 
it  becomes  x  vex*— o&S  for  the  correct  teents. 
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384  OF  FurzioNs  and  rtimmB, 

Oty  if  it  be  known  that  z  is  ss  some  quantity  when  x 
If  ss  some  other  quantity  as  b ;  then  substituting  d  for  and 
h  for  X,  in  the  general  fluential  equation  x  =^(tz*  +  c,  it 
becomes  d  s=ab*  +  c  ;  and  hence  is  deduced  the  value  of 
the eorreetion,  namely,  c  ^  ah*;  consequently,  writing 
this  value  for  c  in  the  general  aquation,  it  becomes  .  •  . 
s  =  ax*  — ah*  +  d,  for  the  correct  equation  of  the  fuents 
in  this  case. 

5S.  And  hence  arises  another  easy  and  general  way  of 
correcting  the  fluents,  which  is  this  :  In  the  general  equation 
of  the  fluents,  write  the  particular  values  of  the  quantities 
which  they  are  known  to  have  at  any  certain  time  or  po- 
sition ;  then  suhtract  the  sides  of  the  resulting  particular 
equation  from  the  corresponding  sides  of  the  general  one, 
and  the  remainders  will  give  the  correct  equation  of  the  flu- 
ents souf;ht. 

So,  the  general  equation  being  z  =  ar'^  ; 

write  d  for  z,  and  b  for  x,  then  d=^  ab*  ; 

hence,  by  subtraction,    -    z  —  d  =  ax*  —  ab*y 

or  c  =  ax*  —  ab*  +     the  correct  fluents  as  before. 

SlxAM.  2.  To  find  the  correct  fluents  of  i  =s  5xx ;  z  being 


BxiM.  8.  To  find  the  correct  fluents  of  i  ~  Siy^  a  +  x ; 
»  and  X  being  «  0  at  the  same  time. 

ExAV.  4.  To  find  the  correct  fluent  ofz     — •  sup- 

posing  z  and  x  to  begin  to  flow  together*  or  to  be  each« 
=  0  at  the  same  time. 

£xAM«  5.  To  find  the  correct  fluent  of  i  =         ■ ;  sup* 

flr  -r  ar 

'  posing  z  and  x  to  begin  together. 


OF  FLUXIONS  AND  FLU£NT& 

Art.  54.  In  art  47,  ^c.  is  gnren  a  compendioiui  table  of 
▼arious  fbrms  of  fluxions  and  fluents,  the  truth  of  wMeh  it  may 
be  proper  here  tn  the  first  place  to  prove. 

55,  As  to  most  of  those  forms  indeed  they  will  be  easily 
proved,  by  only  takinjr  the  fluxions  of  the  forms  of  fluents, 
in  the  last  column^  by  means  of  the  rules  before  given  in 
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wLMof  the  diieec  method;  by  which  thoy  will  beibuid 
to  produce  the  corresponding  fluxions  in  the  2d  column  of 
the  table.  Thus,  the  1st  and  2d  forms  of  fluents  will  be 
proved  by  the  1st  of  the  said  rules  for  fluxions:  the  8d 
and  4th  forms  of  the  fluents  by  the  4th  rule  for  fluxions : 
the  5th  and  6th  forms,  by  the  3d  rule  of  fluxions  :  the  Tth^ 
8th,  0th,  lOth,  12th,  14th  forms,  by  the ^ rule  of  fluxions; 
the  17th  form,  by  the  7th- rule  of  fluxions':  the  16th  formi 
by  the  8th  rule  of  fluxions.  So  that  there  remains  only  to 
prove  the  11th,  13thy  Idth,  and  16th  forms* 

56.  Now,  as  to  the  16th  form,  that  is  proved  by  the  2d 
example  in  art.  67,  where  it  appears  that  i^(dx — o:^  is  the 
fluxion  of  the  circular  segment,  whose  diameter  is  d,  and 
versed  sine  x.  And  the  remaining  three  forms,'  viz*  the  1  Ith^ 
13th,  and  Idtb,  will  be  proved  by  means  of  the  ssctifications 
of  circular  arcs,  in  art*  100* 

tff.  Tbos,  far  the  11th  finrm,  it  appears  by  that  art*  thst  th6 
fluxion  of  the  circular  arc  s,  whose  radius  is  r«  and  taii0ont% 

isis=j5q-^.  Now  put  ( s  0?^*,  ori?  ■»  and  «=*f*  : 
then  is  i  =  inxi     4,  and    +    =  a  +      and  i  » 

Bs  2 — .  J  hence  — ; —  =  —  =  — i>  and  the  fluent  is 

.  a+ap*     ion  on 

2z     2  In  2 

—  s«  —  X  arc  to  radius  t/  a  and  tang,  x  -  ,  or  ^  — r-  X  are 

to  radius  1  and  tanir* «/  — ,  which  is  the  first  form  of  the 

a 

flUCiiL  ill  U".  XI. 

56.  And,  for  the  latter  form  of  the  fluent  in  the  same  n^; 

2 

becanse  the  coefficient  of  the  former  of  these,  viz.  — y  is 

double  of  — ^  the  coeflicient  of  the  latter,  therefore  the  arc 

^  in  the  latter  case,  must  be  double  the  arc  in  the  former* 
'  But  the  cosine  of  double  the  arc,  to  radius  1  and  tangent  I,  is 

7-7—0 ;  and  because    =  —  by  the  former  case*  this  substi- 

i-tr  .  a  ^ 

1  — •  a  — 

tuted  fl>r  f  in  the  cosine  ^-r—n  it  becomes  — , — ,  the  cosine 

as  in  the  latter  case  of  the  11th  form. 
50.  Agmo»for  thefiislcaieorteiiMnlia11wiaiiiflm< 
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88$  whvnoim  and  flusnts. 

By  axticle  lOQ,  the  flu^on  of  the  circular  arc  2,  to  radius  r 
and  sine    is  i  =  ^^^^^  or  =  ;^:;;yj-.to  the isdiui  I. 

Nowputjf  =^  j,or^  =  ~;  hence     (1  —  ^)  =  ^ 

—  ^  ssy/ix  ^/(a— a*),  and  y  «  Xjiix**^  *;  then 
theae  two  being  aubatituted  in  the  vahie  of      give  i 

"7(r-^  =1  ^  '  «>iM«iD«iUy  the  gifw 


■  2  2 

ihizion  -77  r  is  =  -  i,  and  therefi>ie  ita  fluent  is  - 

2  ar* 
Uiat  ia  -X  arc  to  sine     — ,  as  in  tlie  table  of  fornis^  for  the 
II  a 

ftnt  eaae  of  fimn  xm* 

60*  And.  aa  the  coefficient  \  in  the  latter  case  of  the  said 

fi 

2 

fimny  ia  the  half  of  -  the  coefllaient  in  the  former  caac^ 

n 

therefore  the  arc  in  the  latter  case  must  be  double  of  the  arc 

in  the  former.    But,  by  trigononietry,  the  versed  sine  of 

double  an  arc,  to  sine  y  and  radius  1,  is  2^^,  and,  by  the 

2x*  1 
fivmercaa^  2^     —  •  therefore -X  are  to  the  veiaedaine 

a  n 

—  m  the  fluent,  aa  in  the  2d  case  of  form  xm. 

61.  Again,  for  the  first  eaae  effluent  in  the  15th  form.  By 
art.  100,  the  fluxion  of  the  circular  arc  a,  to  radfaw  r 

and  aecant  #,  ia  i  s= or  »  -___toradiual. 
Now,  putassy'—  =      or#«  s=:  —  ;  honco # ^(j*— 1)  « 

X«  In 


_  V  (-_l)=_^(a:n-a),  and  *  =  v'  ^  X  >r»  ±  ; 
then  theae  two  being  aubatituted  in  the  value  of  jr,  give  i  or 

" 't^^  vC^^y  givenfluxion 


3  2  2 

nTCiIzrN^;r7;^»  and  tharefc  ila  fluent  is  — -  r,  thutis  — 7- 
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2C* 

X  arc  lo  secant  4/  — ,  as  in  the  table  of  (otms,  for  the  "fint 
oaae  ef  fimn  xv. 

62.  And  as  the  coefiicient  — V-f     the  latter  case  of  the 

eaid  form.  U  the  half  of  -—-f  the  coefficient  of  the  former 

x^aae,  therefore  the  are  in  the  latter  ease  moat  be  double  the 
arc  in  the  former.   But,  by  trigonometry^  the  cosine  of  the 

2 

dkwble  are,  to  eeeant «  and  radius    ie     —  1 ;  and,  by  the 

2  2a         2a  x* 

ibniiercaae--r— 1  «s— «— 1  a — -r?— 4  therefore 


2ci— X** 

arc  to  cosine  —  is  the  fluent*  as  in  the  2d  case  of  form  xv. 

2  a 
Ou  the  same  fluent  will  be  X  arc  to  coeine  4J  be- 

cause  the  cosine  of  an  arc  is  the  reciprocal  of  its  secaiit. 

63.  It  has  been  just  above  remarked,  thai  iMveral -of  the 
iabolar  forms  of  fluents  are  easily  shown  to  foe  triie,  by  takiof 
iOba  fluxions  of  those  forms,  and  finding  they  come  out  the 
same  as  the  given  fluxions.  Rut  they  may  also  be  deter- 
mined  io  a  more  direct  mamier,  by  the  transformation  of  Uie 
^given  fluxions  to  another  form.  Thu%  omitting  the  first 
fbrm,  as  too  evident  to  need  any  explanationi  the  2d  fiirm  is 
%  =  (a+«*)*-'«-**,  where  Uie  exponent  of  the 

unknown  qoantity  without  the  vinculum,  is  1  less  than  (n) 
that  under  the  same*   Here,  putting  y  =  the  compound 

n— I . 

quantity  a+Jf»:  then  is  #  a  ii3S^*i,  and  iai?L-J^  hence, 
by  art.  88.  2  =        ^  as  in  the  table* 


64.  By  the  above  example  it  appears,  that  such  form  of 
fluxions  admits  of  a  fluent  in  finite  terms,  when  the  index 
(ji — 1)  of  the  variable  quantity  (jc)  without  the  vinculum, 
is  less  by  1  than  n,  the  index  of  the  same  quantity  under  the 
vinculum.  But  it  will  also  be  found,  by  a  like  process,  that 
the  same  thing  takes  place  in  such  forms  as  (a+^'*)"Hc<^*:fr, 
where  fiie  exponent  (cn — 1)  without  the  vinculum,  is  1  les5r 
thanVny  multiple  (c)  of  that  (n)  under  the  vinculum.  And 
further,  that  the  fluent,  in  each  case,  will  consist  of  as  many 
terms,  as  are  denoted  by  the  integer  number  o ;  vis*  of  one 

Tos.IL  44 
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term  whao  c  « 1|  of  two  terms  when  e  »  S^pf  three  tonne 
when  C88,  and  bo  on. 

65.  Thus,  in  the  general  form,  i  •=  (a  -f  x")*a5*— 'f, 
puUiog,  aa  before,  a  +         y ;  then  is     =  ^  —  a,  aud  its 

y 

fluxion  nx'^~^x  =  v  or  x  '      =  — ,    and  a***— 'i-  or  a;^*-^ 

as  ^  (y  —  a)»-*y ;  elflo  (a  +  =  y» ;  these  va- 
lues being  now  substituted  in  the  general  lorm  proposed, 
give  i  =  — — ay—^y"^y»    Now,  ii"  the  curapound  quantity 

(t^ — a)<>-i  be  expanded  by  the  binominl  theorem,  and  each 
term  multiplied  by  i/^y,  that  fluxion  becomes 

dsc.) ;  then  the  fluentof  ev^term  being  taken  by  art.  86.  it  ie 

dEC.),  putting  d  s  m  +  c,  for  (he  general  form  of  the  fluent ; 
where,  c  being  a  whole  iramber,  the  multipliers  1,  c — 2, 
iH-8,  dec.,  will  become  equal  to  nothing,  afler  the  first  c 
terms,  and  therefore  the  series  will  then  terminate,  and  ex- 
hibit  the  fluent  in  that  number  of  terms  ;  viz.  there  will  be 
only  the  first  term  when  e  s=  1,  but  the  first  two  terms  when 
c  =  2,  and  the  first  three  terms  when  e  =  8,  and  so  on.— 
Except,  however,  the  cases  in  which  m  is  Aome  negative  num* 
ber  equal  to  of  less  than  c ;  in  which  cases  the  divisors,  m+c, 
m'^'C'^ly  m-|-c — 2,  &c.  becoming  equal  to  nothing,  before 
the  multipliers  c— 1,  c — 2,  dec.  the  corresponding  terms  of 
the  series,  being  divided  by  0,  will  be  infinite  :  and  then  the 
fluent  is  said  to  Ml,  as  in  such  case  nothing  can  be  determin- 
ed from  it. 

66.  Besidee  this  form  of  the  fluent,  there  are  ether  me- 
thods of  proceeding,  by  which  other  forms  of  fluents  are 
derived,  of  the  given  fliiudon  ii  =  (cf+£'')'"2«**-%  which  are 
of  use  when  the  foregoing  form  fiuls,  or  runs  into  an  in- 
finite series  ;  some  results  of  which  are  given  both  Mr. 
Simpson  and  Mr.  Landen.  The  two  following  processes  are 
after  the  manner  of  the  former  author. 

67.  The  given  fluxion  being  (a+x*)"*a;<^-»i  ;  its  fluent 
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raayb«  assumed  equal  to  (a+i*»)"'+^  mulliplied  by  a  general 
aeries,  in  terms  of  the  powers  of  x  combined  with  assumed 
unknown  coefficients,  which  series  may  be  either  ascending 
or  descending,  that  is,  having  the  indices  either  increa«ing  or 
decreasing  ; 

riz.  (a+x**)**'  X  (ox'  +  i«r-'  +  cx*^'*  +imc'^  +  dec), 

or  (a+a*)«»»  X  (Aif  +  sat^^  +  cx^"*  +         +  Ac). 

And  first,  for  the  ibrmer  of  tbeee,  take  Ha  flnzioii  in  the 
vaual  way»  which  put  equal  to  the  ghren  fluxion  {a+x"")^ 
9f^±t  then  diyide  the  whole  equation  by  the  faetora  thai 
may  be  eonunon  to  all  the  terma.;  after  wmch,  by  comparing 
the  like  indieea  and  the  ooeffictenta  of  Uie  lilw  tomB» 
values  of  the  aaaumed  indtcea  and  coefficienta  will  be  detotw 
mined,  and  consequently  the  whole  fluent.  Thus,  the  Ibrmer 
assumed  series  in  fluxions  is, 

n(m  +  (a  +  .!;»)■•  X  (ax*-  +  +  cx»^',  dtc.)+ 

{a  +  X  (rAA»^'+(r-s)  aaCt^*  +  (r  —  2s)  c**^-*-* 

&c.);  this  being  put  equal  to  the  given  fluxion  (a+ag^)**** 
and  the  whole  equation  divided  ^  (a-hfl^)"^*;t»  there  leaalta 

n(iii+lx»)  X  (ai'^  +  Bar-*+c»^+iMr^  +  dKC.)  \  _ 


Hence,  by  actually  multiplying,  and  collecting  the  coeflicients 
of  the  like  powers  of  x,  there  results 

— X**  raAX    .  • .  +(r— #)aBX  &c. 

Here,  by  comparing  the  grealeat  indieea  of  ar,  in  the  firat  and 
second  terma,  it  gives  r  -{-n  "=^019  and  r  +  it  —  *  =  r ; 
which  give  r  =  (c  —  l)fi,  and  n  =  #•  Then  these  Vttluea 
being  substituted  in  the  laat  aeries,  it  becomes 

— «**+(c— l)na  Ax**^+(c— 2)naBx       isom  ' 
Now,  comparing  the  coefficients  of  the  like  torma,  and  put- 
ting e+m^df  there  result  these  equalities : 
_  1  c — l.flA^      c— 1  .  a  c— 2.aB 

+  3 — 7  3 — »  which  values  of  a,  b,  c*  ftc.  with 

a — I  .a — ".an 

those  of  r  and  s,  being  now  substituted  in  the  first  assumed 
fluent,  it  becomes 
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il — — ^2,a— 

exactly  agreeing  with  the  first  value  of  tho  19th  ibrm  in  the 
table  of  fluents  in  my  Dictionary*  Which  fluent  therefore, 
when  e  is  a  whole  pontive  number,  will  always  terninalo 
in  that  number  of  terms  ;  subject  to  the  same  exception  ae 
in  the  former  case.  Thus,  if  c  =  2,  or  the  given  fluxion  be 
(«+3e*)"^r^i ;  then  c+«  or  d  being  ■=  m+2,the  flnent  be- 
comee 

And  if  c  =  3,  or  the  given  fluxion  be  (a+x*)'"*^"'*  x ;  then 
m-{-c  or    being  =  m+3,  the  fluent  becomes 

(s»+5>i         ^      111+2  "^m+S-w+l'  » 

 ^  I  .     And  so  on, 

m+8      m+8.«+2  ^ m+8.m+«.in+l 

when  c  is  =  other  whole  numbers  :  but,  when  c  denolea 
either  a  fraction  or  a  negative  number,  the  leriea  will  then  be 
an  infinite  one,  as  none  of  the  multipliers  ^—1,  ©—2,  c — 3, 

can  then  be  equal  to  nothing. 

68.  Again,  for  the  latter  or  ascending  form,  (a+x")"'+*  X 
{ax^  4-  BxH-*  4-  carH-^  -f-  dx'+^  +  &c.),  by  making  its 
fluxion  equal  to  the  proposed  one,  and  dividing,  Arc.,  as  be- 
fore, equating  the  two  least  indices,  &c.  the  fluent  will  be 
obtained  in  a  diflferent  form,  which  will  be  useful  in  many 
cases,  when  the  foregoing  one  fails,  or  runs  into  an  infinite 
series.  Thus,  if  r  -f  ^  +  '-^'f,  «^c.,  be  written  instead  of 
r  —  Sy  r  —  2^,  Sic,  respectively,  in  the  general  equation  ^ 
the  last  case,  and  taking  the  flrst  term  of  the  2d  line  into  the 
first  line,  there  results 

( ^'tX'^'^  \«^'^]  -0. 

+rax'  +  {r+s)ai\j:'*'  +  (r4-2*)aci''+^  &c.  ) 

Here^  comparing  the  two  least  pairs  of  exponents,  and  the 

coefficients,  we  have  r=cn.  and  #  =  n ;  then  A  «  —  w  —  ; 

c+w»4-2        ,  c+m4-l  .  c+m-f2  jt      1^  c 
o  — ,  ,      »  =  H  n — To — ^*  Theraf«re, 

(c+2)a  c  .  c+1  .  c+2  .ficr 

denoting  c  Hh  m  by  (2,  as  before,  the  fluent  of  the  same  flux* 
ion  (a  +  X will  also  be  truly  expressed  by 
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^  A     d+l  .      ,  d+l .  d+2  .      '  .  . 

>  '    ^X(r-  —  r-,  -r^  =  «C.); 

^1      cH-l.a       c+l.c4-2.o"  " 


igreeioff  with  the  2d  value  of  the  fluent  of  the  19th  fonii  in 
my  Dietionary.  Which  feriei  will  tenoinate  when  d  or  e+m 
if  a  iMgatt¥«  integer ;  except  when  e  is  also  a  negative  in* 
tig«r  Ion  than  d ;  for  then  the  fluent  fails,  or  will  be  infinita, 
the  diviaor  in  that  case  first  becoming  equal  to  nothing. 

To  show  now  the  use  of  the  foregoing  senes*  in  fome  ex- 
nmple  of  finding  fiaentSi  take  first, 

60.  Example  1.    To  find  the  fluent  of 


This  example  being  compared  with  the  geneM  form 
'«"^i(a4'^)*'»  in  the  several  eoneeponding  parte  of  the 
liniteenefygiyeo  these  following  qoalitiee:  viz.  asa,ii«  1, 
en     1     1»  ore  —  1  «  1,  or  e=2;  m  =  —  i  ;  y  *«+  «, 

*««  +«=8-i  =  I.  ^«(«  +  *)*.5  =  |. 

^      ^     here  the  series  ends,  an  ^  terms  alter  this 


y      a+x ' 

become  equal  to  nothing,  because  the  following  terms  con- 
tain  the  factor  c  —  2  =  0.    These  values  then  being  substi- 

tnledin^  (3--^^  . itbecomea  (a  +  a?)'  X 
It  ^d     d— 1  y  .  ^  ' 

•  j+i^ "  '~8 — ^"^^  ^  + *)**'-]r"^^^+'^^  • 

which  maltiplled  by  6,  the  given  coefficient  in  the  proposed 
example,  there  results  (4«-8a)  •  ^(a+«)f  for  tlta  fioent 
fetpnred* 

70.  Exam.  2.    To  find  the  fluent  of  ' 

.  The  seTeral  parts  ofthis  quantity  being  compared  with  the 
coResponding  ones  of  the  general  form,  give  a  s     n  8, 

1.6 

m»J,  en— lor2c  —       —  6,  whence  e  a»— —  |, 

and  ci=m+c=i  —  |=  —  f  =  —2,  which  being  a  nega- 
tive integer,  the  fluent  will  be  obtained  by  the  3d  or  last  form 
of  series  \  which,  on  substituting  these  values  of  the  letters. 
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X  (2--^  ^  ^«  required  fiutat 

of  the  proposed  fluxion. 
71*  Exam.  3.   Let  the  fluxioii  propoeed  be 


.Here,  by  proceeding  as  before, we  have a^h^n^n^ 
»  at  c  =  8,  and  3  «s  <•  +  M  ^  i ;  wheiiee  e  being  a 
poaitive  integer,  this  caae  beliMi^  to  the  2d  aeriea;  into 

which  therefore  the  above  valuea  being  substituted^  it  becomes 

"^1  

72.  JSmmi.  4.  Let  the  proposed  fluxion  be  5(^«^}^jr~V. 
Here,  proceeding  as  above,  we  have  a     |,  ii=2,  m^\j 

en  —  1  or  2e  —  1  =  —  8,  and  c  =  —  i»  *  =  — a,  i=  c  + 
m*'  — •  8,  wbicb  being  a  negative  integer,  the  caae  belongs 
to  the  8d  or  last  series :  which  therefore,  by  substittttiDgthcSe 

values,  becomes-^^        + + —^j^)^ 

15Si:^!!)!  +  a  +  — +— )=— .  .  .  . 

X(5  +  12«"  +  24jj*),  the  true  fluent  of  the  proposed  fluxion. 
And  thus  may  many  other  similar  fluents  be  exhibited  in  fi- 
nite  terms,  as  ia  these  foUowiag  examples  for  practice* 

Ex.  5*   To  find  the  flaeni  of -SaPi  ^{t^^9^. 
Ex.  6.    To  find  the  fluent  of  -6z^i' .  (a=  —  r»)~*. 

Ex.  7.   To  find  Ibe  fluent  of  ^^^"^  ^  or    -  -   -  - 

-i« — * 

73.  The  case  mentioned  ia  art.  42,  p.  321,  viz.  of  compooad 
quantities  under  the  vinculum,  the  fluxion  of  which  is  in  a 
given  ratio  to  the  fluxion  without  the  vinculum,  with  only 
one  variable  letter,  will  equally  apply  when  the  compound 
quantities  conaisi  of  several  variables.  Thus, 

Example  I.  The  given  fluxion  being  {4x±  +  Byy)  X 

^{x'  +         or  (4x2-  +  %yy)  X  (r^  +  2y-)^  the  root  being 
+  2y*,  the  fluxioa  of  which  is  2xx  +  4yy.    Dividing  the 
former  fluxional  part  by  this  fluxion,  gives  the  quotient  2 : 
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nexli  the  expoaent  i  increaMd  by  1,  gives  | :  lastly,  dividing 

by  this  |,  there  then  results  ^{3^  +  2y^)^,  for  the  sequired 
ifluenC  of  the  proposed  fluxioa. 

Exam,  2.  In  like  manner,  the  fluent  of 

+     +        X  (djfi  +  iay»y  +  18s»i)  is 

{2x±  4-  4y'y  +  Oi'z)  X  f  f  v*'-r3f  f*-;  . 

Exa$n*  3.  In  like  mannerj  the  fluent  of 

74.  The  fluents  of  fluxions  of  the  forms 

■Tnr-*  4i^i5i      or  where  c  and  n  are  whole 

nurabersy  will  be  found  in  finite  terms,  by  dividing  the  nu- 
merator  by  the  denominatofi  uangthe  variable  letter  x  as  the 
flrst  term  in  the  divisor,  continuing  the  division  till  the 
powers  of  x  are  exhausted  ;  after  which,  the  last  remainder 
will  be  the  fluxion  of  a  logarithm,  or  of  a  circular  arc,  dsc. 

Examph  !•  To  find  the  fluent  of  — i — or-^-r— • 

By  division,   where  the  remainder  is 

evidently  =  a  X  the  fluxion  of  the  hyperbohc  logarithm  of 
a     X  :  therefore  the  whole  fluent  of  the  proposed  fluxion 
is  X  —  a  X  hyp.  log.  of  (a  4-  x)*       hko  manner  it  will  be 
found  that, 

TX 

Ex.  2.  The  fluent  of ,  m»+aX  hyp. log*  of  («^a). 

x+a 

Ex>  3.  The  flu.  of  ,  is— a:  —  a  X  hyp.  log.  of  (a— «). 

E*.  4.  The  flu.  of  is  |«>-.a«+a'Xhyp.  log.  (a+x). 
Ex.  5.  The  flu.  of        is  — Ix'-iup-i^Xh.  1.  of  (a— x). 


Ex.  6.  The  flu.  of—.  ial«»  +  a«  +  <r'xh.l.  («— a). 


Ex.  7.  The  fluent  of 


^  —  ^  +  €?x—€?  X  hyp.  log.  of  («  +  a). 
Ex.  a.  The  fluent  of  ,  la 
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ix'  +  i««'  +  «Ap  +  «^  +  i»yp«  log.  of  — 
Ex.  9.  Tho  fluent  of  is 


—  Jjf*  —  la*'  —  a'ar  +     X  hyp.  log.  of  (a  —  x). 


10.  The  floentof-^r-,  is 
J«* — 4a«»  +  Jo"*"  -  a**  +  a*  X  hyp.  log.  («  +  «). 


JBr.  11.  The  fluent  of——,  le 


5^_a£-  «^_<^  +  ±  X  h.  I.  (.  +.). 
fi     «— 1     »-2      «— S 

£«.  12.  The  fluent  of  is 

^^^^-^--y::^  Ac        X  h.  L  (.-.). 
ft  n — I     ti-2      n— 3 

Ex.  13.  The  fluent  of       ,  is 

«— a 


+  '^+^  +  '^1  *c.  +  *•  X  h.  1.  («-a). 

n      n— 1     »— 2  n-3 

.  JBv.  14*  Hie  inent  o£-^^^=  (by  divkion)  ^-:^-^» 
is,  (by  form  11)  «  ^  cir.  arc  of  ledius  a  and  taqg*  «^  or 

«  ~     X  cir.  uc  of  rad.  1  and  cosine  j^qp^  ^ 
manner, 


JBst.  15.  Thefiuemof^i---^  or  of  ^i^- 
is  —  »  +     X  h.  1.        by  form  10.  And 

£»•  16.  The  fluent  of  ^^i^^  =«  +  ^^sr^ 
is  X  +  i<>  X  hyp.  log.         by  the  same  form. 

75.  In  like  manner  for  the  fluents  of  ^  Thu8» 

a*j:x' 

JSat.  17.  The  fluent  of  3^-%  =«^--a";fe « 
(by  form  11)»  ^x*— «^«4-i^  X  cir*  are  to  rad.  a  and  tang, 
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«rij^-a%4.iflPXeir.aie  Id  nd.liiid  cosine  ^^il  Aiul 
M-{«»-rf«  + Jo"  Xhyp.k)g.H±;,byfonalO.  Alw 


• 

£«.  19.  Tlie  fluant  of  + 


it  Ji?  +  iAt  +  l.r'  X  hyp.  log.         by  foim  10. 


even  positive  number,  by  dividiof  till  the  powm  of  9  in  the 
numerator  are  ezhtusted,  the  fiuents  will  be  foond  «e  befeie. 
And  firH  for  the  denoninator    + 1^,  m  in 


Bk.  20.  For  the  floenl  of  =  (by  aetnil  iMA 

;fc#^qz^,.  thenmn. 


Iier  of  tenni  in  Ae  t|aoCienl  being  Jn,  and  the  leaainder 
T  ^^ip^  ni. — or  +  eceoiding  an  diei  nnmber  of 
oddoreven.   Heaee»  as beliirey the  fluent 

*»iZT  — JZf •  •  •  Xarctorad. 


«aadtan.i^or|^-— j-^-^^-^  +  kc.  •  .  .  ±a'--a;+ia^^ 
X  arc  to  rad.  I  and  coo.  -tt— 
&.  31.  In  lihe  manner,  the  fluent  of  ^    ,  is 

-  rrr-.-:^       -  *«. + j.-  x  hyp.  iog.J±f . 

£x.  SS.  And  of  w 
:;:X  +  +  l«"^5<hyp.  log.  fzf. 

77.  In  a  ainuiar  maoner  we  are  to  proceed  for  the  fluenUof 
Vol-  n.  45 


Digitizedby  Go. 


# 


846  wimaxan  AMD  wmam^ 

■  w> 

-~- ,  when  n  ii  any  odd  number^  by  dividing  by  tlie  de- 

nominator  inverted,  till  the  first  power  of  x  only  be  found  in 
the  remainder,  and  when  of  course  there  will  be  one  term 
leM  in  the  quotient  than  in  the  foregoing  case,  when  n  was 
in  even  number  ;  but  in  the  present  case  the  lo^.  fluent  of 
the  remainder  will  be  found  by  the  6th  form  in  the  table  of 
fliifynftit 

^± 

Ex.  28.  Thu8»  for  the  fluent  of  where  » is  an  odd 

number,  the  quotient  by  division  as  before,  is  a^-'x  —  c^x^ 
±  +  —  d^*  ^  a'^xxy  the  number  of  terms  being 

and  the  lemaiiider     ^/^^^   Therefore  the  fluent  is 

- ^+*c. . . .  ±  ^^Tirf^Xh.  L  *•+«•. 
n— -8  * 

Ex.  24.  The  fluent  of -3 — -5  is  obtained  in  the  siame 

manner,  and  has  the  same  terms,  but  the  signs  axe  all  po«- 
tive,  and  the  remainder  is  +  Jil^^X  hyp.  log.  a^— 1^. 

Ex.  25.  Also  the  fluent  of  •:;= — ^  is  still  the  same,  but  the 


signs  are  all  negative,  and  the  remaii^ffr  in — Ji^^  X  hyp* 
log.  a*— «*•   Hence  also, 

Ex.  98.  The  fluent  of  -rr-i* 

it        )a*Xhyp.  kg.  of 

Ex*  27.  The  fluent  of 

is        >^  hyp-     «f  *' — 

Ex.  28.  The  fluent  of  —-3^ 


is— 4j;"-ia"  X  hyp.  log.  ofa*  — 


29.  The  fluent  of  -^-i, 

is  ix*--JaV  +  Jtf'X  hyp.  x^'  -f-  a\ 

£x.  30.  The  fluent  of  -t-Zm* 


U  ix*  +  ia^x*  +  ia*X  hyp.  log. 
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JB»,  31.  The  fluent  of  -f-—,, 

w—     — }aV  —  |a*  X  hyp.  log.  a*  , 
78.  JSr.  82.  In  a  nmilar  manner  may  be  found  the 

fluents  of  j^.^>*  where  e  ie  any  whole  poritiTe  numliery  by 

dividing  till  the  remainder  be  — ^  which  can  always 

bo  done,  and  die  flaeni  of  that  remainder  will  be  had  by  the 
8th  Ibnn.  ■  ThnSi  by  difiding  first  by  sc*  +  fit*,  the  terms  are, 

+  —  +  dec.  till  the  last 

term  be  fl(*-»)«xfr  ^     and  the  remainder  -   .   .   .  . 

~^+^  ^  -^^i:^-        ^  "  or  1  lew  than 

Ct  which  is  also  the  number  of  the  terms  in  the  quotient;  and 
therefoife  the  fluent  is 

;:;rji;. "~  ^     +  ^-  ±  '>»x 

en — n      cn — 2n       cn — 3n  A  ^jl 

hyp.  log.  of  x*"  -^a^   la  like  manner, 

Ex.  33.  The  fluent  of  .    .  has  all  the  same  tonns  as 

the  former,  but  their  signs  all  +  or  positivoi  and  the  remain* 

der  -  aC*'-')*  Xhyp.  log.  of  a;**  —  a\    Also  in  like  manner 

Mx*  34.  The  fluent  of  ^ — -  has  all  the  very  same  tenns. 

but  all  negative,  and  the  remainder  —  i  aC«->)«  x  hyp,  log, 
of  a* — x». 

&.86.  The  fluent  of  ^^=ix^^  is  also  the 

same  with  the  preceding,  by  substituting     for  a%  and  mul. 

e 

tiplying  the  whole  series  by  the  fraction 

70.  When  the  numerator  is  compound,  as  well  as  the  de. 
nominator,  the  expression  may,  in  a  similar  manner  by  di. 
Tision,  bo  reduced  to  like  terms  admitting  of  finite  flsymtt. 
Thus,  for 
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80.  IVrfind  the  flaaot  of         X     »  c-fdg^ 
By  divi*othi»l»o««8  — ^i+--jj'-X^j — ;  tnl  tm 

+  of  ^  + 

80.  There  are  certain  methods  of  finding  fluents  one  from 
another,  or  of  deducing  the  fluent  of  a  proposed  fluxion  from 
another  fhicnt  previously  known  or  found.  There  are  hardly 
any  general  rules  however  that  will  suit  all  cases ;  but  they 
mostly  consist  in  assuming  some  quantity  y  ia  the  fom  of  ft 
rectangle  cr  product  of  two  factors,  which  are  such,  tkal  tbft 
one  of  them  drawn  into  the  fluxion  of  the  other  may  ht  of  the 
fbrm  of  the  proposed  floxion ;  then  taking  die  fluxion  of  the 
assumed  rectangle,  there  will  thence  lie  dedoced  a  value  of 
the  proposed  fluxion  in  terms  thet  wiH  often  etoit  of  finne 
fluents.  The  manner  in  fucb  cases  will  better  appear  fions 
the  following  examines. 

Ex.  I.  To  find  the  fluent  of  ^^^^^y 

Here  it  is  obvious  that  if  y  be  assumed  =  x  y^{x^  +  a*), 
then  one  part  of  the  fluxion  of  this  product,  viz.  x  X  flux, 
of  ^(x* -fa'),  will  be  of  the  same  form  as  the  fluxion  pro- 
posed.  Putting  theref.  the  assumed  rectangle  y=x^(x«  +a* ) 

intofliiaioos,itis#==*v^(«»+«^  +  -^~  Butasthe 

former  part,  viz.  x  ^(x^  +  o*),  does  not  agree  with  any  of 
our  preceding  forms,  which  have  been  integrated,  multiply 
it  by  +  a* )»  and  subscribe  the  same  as  a  denominator 
lo  the  product,  by  which  that  part  becomes 

i  sa  —r-z-r-2\^  ^  ^  former  part, 

makes  the  whole  jlj^i 

^"^^"^  ;7(?T^  =   -  i-'  X  ^ 

therefore - X /  j^:^^  =  v^(^+^) 

hyp.  log,  of  X  +  ^{x"  +  a),  by  the  12th  form  effluents. 

JBdk  %.  In  like  manner  the  floent  ^—j^—jx  ^  ^ 

it  » 
found  from  that  of-^r^—sr  by  the  same  12th  form,  and 
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flueatof    '  .  _^  will  be  found  firomlhat  of -77-5 — -j-,  and 

comes  out  —  {W(<^'-^  +  ia  X  eir.  aic  to  faoiua  a  and 
aino  iR« 

4*  In  like  manner  the  fluent  of  -rrzij—r,  ^  ^® 

ar'i 

fonnd  from  that  of — t-tt— ^-   Here  it  is  manifest  that  « 

must  be  aasnmed  ^  V  (^^  4-  in  order  that  ooe  part  of 
its  fluxion,  viz,  ±  X  flux,  of  ^(a:*  +  a^)  may  agree  with  the 
pioposed  fluxion.  Thus,  by  taking  the  fluxion,  and  le. 

duciu£  as  before,  the  fluent  of     '  ^  ,  ^  will  be  found  « 


Ex.  6.  Thus  also  the  fluent  of --7-. — 

isii«v^(xW)+ia^X/^^ry 

jQr.  6.  And  the/  -tt^—^^, 

is-i^^(o-  -      +  fa'  X  f-^A^y 
In  like  manner  the  student  may  find  the  fluents  of 

even  number,  each  from  the  fluent  of  that  which  immediately 
precedes  it  in  the  series,  by  substituting  for  y  as  before. 
Thus  the  fluent  of 

81.  In  like  manner  we  may  proceed  for  the  series  of 
similar  expressions  where  the  index  of  the  power  of  a;  in  the 
numerator  is  some  odd  number.  * 

Ex.  li  To  find  the  fluent  of  ^,  , ,         Hera  assuming 

y  =:  a>),  and  taldng  the  fluxion,  one  part  of  it 

wiU  be  similar  to  (ha  fluxion  proposed.  Thus,  f^fUx 
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1  • 
X  x 

V  +  a«)  +  "y^^S+J^  '  ^^oce  at  once  the  given  fluxion 
^^j2-j-aa^  »  ^— V  («*  +a«  ) ;  theref.  the  required  fluent 

by  the  2d  form  of  fluents. 
Ex*  2.  In  like  mamier  the  fluent  of — ~-\ — -.m 

£v.  8.  And  the  fluent  of 


Em.  4.  To  find  the  flu.  of  ■  , ,  from  thnt  of 

-  ,  ,      «   Here  it  is  manifest  we  must  assume  y  =  «* 

+  a*).    This  in  fluxions  and  reduced  gives  y  = 

-  *«•  ^  («•+••)-♦«•  X  ,tlM  flnentoTdw 

latter  part  being  as  in  ex.  1,  above. 
In  like  manner  the  student  may  find  the  fluents  of 

--7-r  -r-^  and  — rr-r  r\»    He  may  then  proceed  in  a 

•imilerway  for  the  fluenta  of — —  ,  -~-^^tn-»  ^c- 

"^(**3^*y*  *  number,  viz.  always  by 

meant  of  the  fluent  of  each  preceding  term  in  the  seriee. 

82.  In  a  similar  manner  may  the  process  be  for  the  tiuents 
of  the  series  of  fluxions, 

±  XX  x^x  ««f 

v^drj:*) '    •  •  • 

using  the  fluent  of  eaeh  preceding  term  in  the  aeries  as  a 
part  of  the  next  term,  and  knowing  that  the  fluent  of  the  fine 
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« 

lenn  —r-jzx  ^  ^  foim  af  fluents,  b  8  ^ 

(a+x),  of  the  aame  sign  as  »• 
£r.  1.  To  find  the  flaeni  of  -jt-t-k*  having  nven  dint 

of  — ^^^^  =  2  (a?  +  a)  =  A  suppose.  Here  it  is  evi- 
dent we  molt  assume  y=^x^{x+a),  for  then  ite  flux,  f 

and  the  required  fluent  is  |jr  —       =  f*v^(*+a)— Jay' 
(x+a)=(x— 2a)  X  fv/(x+a). 
In  itke  manner  the  atndent  will  find  the  fluents  of 

and 


Ex.  2.  To  find  the  fluent  of  '^f^JIJ.'jy"*  having  g$ven  that 
of  ^^^I^Iaj  ~^  ^^'^  y mustbe  assumed  =  V  ; 
fiwUien  taking  the  flu.  and  reducing,  tbeieiafiNiiid 


=  fy  —  JOB  ;  theref./;^^5^=Jy-iaB  =  |«V(*+a) 

—  fan  =  +  a)  —        —  2a)  X  iv^(x  +  a)  = 

(9xa  —  4ax  +  8tt2)  X  f'jv/Cx  +  a). 
In  the  same  manner  the  student  will  find  the  fluents  of 

-■f*^  ^  and  of       ^  V '  general,  the  fluent  of 

f  r—    being  given  =  c>  he  will  find  the  fluent  of 

"  2H-"!  *      +  «)  -  2S+ T 

83.  In  a  similar  way  we  might  proeeed  to  find  the  fluents 
of  other  classes  of  flujrions  by  means  of  other  fluents  in 
the  table  of  forms  ;  as,  for  instance,  such  as  wx^dx — x'), 
a^±^(dx — x^),  3px^{dx — x^),  &c.  depending  on  the  fluent 
ot  x\f  {dx  —  the  fluent  of  which,  by  the  16th  tabular 
flurm,  is  the  oircular  semisegmsnt  to  diameter  4  and  irenK 
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an  arc  with  ita  right  nne  and  vmed  ainOi  the 
being  li. 

Ex.  !•  Putting  then  the  aaid  temiaeg*  or  flu.  of  i^^dg^if) 
CB  A,  to  find  ihe  fluent  of     ^(dsr  —  2^).   Here  aammng 

y  SB  (dg  —        and  taking  the  fluxions^  they  aie,  f  &» 

— Sxx)  y/(dx  —  0^ ;  hence  9±  ^{dx  ^aF)m 
ldx^{dx — V)  —  iy  =  {diL  —     ;  theref.  the  required  flu. 

fidt  ^(ib-i^,  ie  idla-if  a  idA-K^^s^^-iB  mippeie. 

Ex.  2.  To  find  the  fluent  of  s^x  ^{dx  —  i*),  having  that 
xxy/{dx — ar^)  given  =  B.    Here  assuming  y—x{dx  —  r"), 
then  taking  the  fluxions,  and  reducing,  there  results  y  = 
(fdrf— •4x^i)  ^{dx  -  x")  ;  hence  x'i^idx  '-s^  = 

\dxi^i^dx  -  «»)  —  iy  =  Ida  —  ^y,  the  flu,  theref.  of 

i^±^{dx  -  «^  is  \dB  -  Jy  =  fifB  -  |x(c2r  —  a^*. 

£x.  3.  In  the  same  manner  the  series  may  be  continued 
to  any  extent ;  so  that  in  general,  the  flu.  of  x*~*x/(^^ — 
being  given  ^     then  the  next,  or  the  flu.  of  X^X'^i^dx — x^) 

f 

.  84.  To  find  the  fluent  of  such  expressions  as    .  «  ^g>-r, 

Aoaae  not  included  in  the  table  of  fenns. 

Put  the propoeed  radical  y/{f±2ax)  as,  or  db  Sos 
«  sF;  then,  completing  the  square,  s'±2ax  +  ^  ^  ^  4*  ePf 
anddiei€otia»±aB  v^(;s'  +  a^.  The  flnxieiief  this  is 

ent  of  whiohy  hy  the  12th  fbrro,  is  the  hyp.  log.  of  z  +  \/  ' 
(1^+^)  as  hyp.  log.  of  «  ±  a  +  ^(9^  ±  2ax),  the  flneni 
required. 

x^ 

Ex.  2.  To  find  now  the  fluent  of  ,  ^ — r,  haying 

V  (ar  4-  2ax) 

giTea,by  the  above  example,  the  fluent  of  ^^^^^       =3  ▲ 

ttppose.  AMume  ^{?^  +  2as}  »  y;  then  ita  flnxien  is 

as(*^A^  icjfr 

v/(x»+2ax)  '^^^  ^(.x-+2ax)  *  ^  +  8cix) 

=  y  .  OA  ;  the  fluent  of  which  is  y  —  oa  =  ^(x'  +  203?)  — 
OA,  the  fluent  sought. 
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Bx»  S.  Tbns  altOy  this  flneat  ^  ^^^^2axj  ^''^  B^^^^ 
the  flu.  of  the  next  in  the  eerie*,  or —^q;^^^  will  he  found, 


by  aMuming  x^{x^  +  2ax)  =  if ;  and  so  on  for  any  other 
of  the  same  form.    As,  if  the  fluent  of  he  given 


»  o ;  then,  by  aminiiig       ^{a^  4-  Saa?)  » Jfi  the  fioent 

Ex.  4.  In  like  manner,  the  fluent  of  being 

given,  ai  m  the  £nl  exainple,  that  of  ^^J^^^^  ^ 

found ;  and  thus  the  seriee  may  be  continued  exactly  as  in 
tiie  8d  ex.  only  takmg  —  %a»  for  +  Soar. 

± 

85.  Again,  having  given  the  fluent  of  ^^2ay>*a^*  which, 
by  P*  89tl,  is  -  X  dievlar  arc  to  radiae  a  and  venad 

«ne     the  fluents  of  -^73^^,  7(55=J^       '  ' 


,  may  be  anigoed  by  the 


ation.  Thus, 

Ex.  1.  For  the  fluent  of  ^^c^_jty  v^(2g«*-a^ 

s  y ;  the  required  fluent  wUi  be  found  »  —  v^2«r-«^-f  a 
er  are  to  radius  a  and  van*  ar* 

£«.  2.  In  Uke  manner  the  fluent  of  ^^2aa;— a:') 

where  a.  denotes  the  arc  mentioned  in  the  last  example. 
Ex.  3.  And  in  general  the  fluent  of   ^^^^^  ^  is 

*     .«!  ——«^v^(3«v ->«*),  wheno  niIm  fliMot  of 


n 

Voft.  n.  46 
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8G.  Thus  also,  the  fluent  of  i  y/{x  —  a)  beiog  glTea^ 

|(x  —  o)*,  by  the  2d  fonn,  the  flueDts  of  xi-  ^{x  —  a), 
—  a),  ^c.  .  .  i^x       —  a),  may  be  found.  And  in 
general*  if  the  fluent  of  2<*-*j&^(;r— a)  =sc  be> given;  then 

by  assfUining       —  a)^  =  y,  tbe  fliient  of      v^(a:  —  a)  i» 

87.  Also,  given  the  flaent  of  (x  —  a)"*i,  wftlc^  te 

— ^-tC*  —  0)?    by  the  2d  fbnn,  the  fluents  of  the  series 

(ar  —  a)'r»jri',  (.c  —  a)"*x^iv  Acc.  .  .  (x  — a)'"x"i-  can  be  fGun<L 
And  in  general,  th€  fluent  of  (i  —  a)"'x"-'x  being  given 
5=  c ;  then  by  assuming  (x  —  a)"'*'x'*  ■=  y,  the  fluent  # 

•f  (r  -  i.  foa»l  =  £^5- '')-;^. 

si*T*ii"r** 

Also,  by  the  same  way  of  eontinuation,  the  fluents  of 
z^xy/{a     x)  and  of  a;*i:(a  j;:  a;)*  may  be  found. 

88.  When  the  fluxional  expression  contains  a  trinomial 
quantity,  as  v^(6  +  c2?  +  j?)^  this  may  be  reduced  to  a  hi* 
'neniely.  1^  substituting  another  letter  for  the  unknown  one 
X,  connected  with  half  the  coefficient  of  the  middle  term 
with  its  sign.  Thus,  put  s=5ap+aC  :  then  2;*=x»+rx+Jc»  ; 
theref.2<— Jes  +  rar,  and  +6  —  {c»  =  +car-H 
the  given  trinomial ;  which  is  »  s'  -f*  a't  by  puttiog  a'  » 

Ex.  1.  To  fiod  the  fluent  of       ,  ^ — ; — 

Here  2  =  r  +  2  ;  then  2'  =  +  ^»  +  1  = 

5  4-  ^  +    >  &^8o  X     i  ;  tberef.  the  proposed  fluxion  re- 

duceslo-      ,        fhe  fluent  of  which,  by  the  ISth  kam 

is  3  hyp.  log.  of  r  +  ^  (1  +  =  3  hyp*  log.  x  +  2l  + 
V(5  +  4j  +x3). 

J5ar.2.  To  find  the  fluent  of  x  v^(& +     +  da^)^ 

he  ' 

Here  assuming  ^  ^  ^  ^  >  ^^^^  x^^z,  and  the  proposed 
flux,  reduces  to  z  v^<^^v'(«'+^— 4^  =iv^<JXv^(s«+a«)p 
fitting  a'  ibr  ^l***^'       ^  ^  '^'^  ^  ^ 
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Ex.  8.  In  like  manner,  (at  the  flu.  nffaf^^i  ^(6  +  ea<»  ^ 

aasuming     "f  g|  ■=    n^'x  =^  i»  and  «*-'ir=i  i*; 
hence +  —  =  ««,  «ul  i/(iIe^  +      +  » 

X          ±    );  putting  ±  a'  «  ^—  — ;  hence  the  given 

fluxion  becomes  ^  iy^ci  X  ^{z"  ±  a«),  and  ita  fluent  at  itt 
the  last  exaidple. 

4.  Also,  for  the  flneat  of^^_^^^j^ ;  assume 
+  2^  =  *i  then  the  fluxion  may  be  reduced  to  Ae  form 

1  X 

£  X  "^^rip^  >  fluent  found  as  before. 

So  far  on  this  subject  may  sufiico  on  the  present  occasion. 
But  the  student  who  may  wish  to  see  more  on  this  branch, 
may  profitably  consult  Mr.  Dealtry'a  very  methodical  and 
ingenious  treatise  on  Fluxions,  lately  published,  from  which 
several  of  the  foregoing  cases  and  examples  have  been  ta]$ea 
or  imitated. 


OF  MAXIMA  AND  MINIMA  ;  OR,  THE  GREATEST 
AND  LEAST  MAGNITUDE  OF  VAltlABLK  OR 
FLOWING  QUANTITIES. 

89.  MaximuKi  denotes  the  greateat  state  or  quantity  attain, 
able  in  any  given  case,  or  the  greatest  value  of  a  variable 
quantity  :  by  which- it  stands  oppoeed  to  Minimum}  which  ia 
the  least  ponible  quantity  in  any  case. 

Thuiy  the  expression  or  sum  a'  +  bx,  evidently  inoreaaea 
as  «y  or  the  term  te,  increaaea  ;  therefore  the  given  ezprea. 
sion  wiH  be  the  greatest,  or  a  maiimum»  when  z  ia  the 
greateaty  or  infinite  ;  and  the  same  expreasion  will  be  a  miaH- 
mumi  or  the  leaaty  when  x  ia  the  least,  or  nothing. 
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Again,  in  the  algebraic  expression  — where  a  and  h 
denote  constant  or  invariable  quantities,  and  z  a  flowing 
or  variable  one,  it  is  evident  that  the  value  of  this  re- 
mainder or  difference,  a*  —  ftx,  will  increase,  as  the  term  bx, 
or  as  X,  decreases  ;  therefore  the  former  will  be  the  greatest, 
when  the  latter  is  the  smallest  ;  that  is,  ^  6x  is  a  maxi* 
mum,  when  x  is  the  least,  or  nothing  at  all ;  and  the  differ- 
ence is  the  least,  when  x  is  the  grealeat. 

90.  Seme  Yariable  quantities  increase  continually  ;  and  m> 
ka?a  no  maximum,  but  what  is  infinite.  Others  asainde- 
mase  continually  ;  and  ss  have  no  minimum,  but  what  is  of 
so  magnitude,  or  nothing*  But,  on  the  other  hand,  some 
rariable  quantities  ineresse  only  to  a  certain  finite  magnitude, 
called  their  Maximum,  or  greatest  state,  and  afterthsil  they 
decrease  again.  While  others  deeiease  to  a  certain  finite 
mgnitttde,  eaUed  their  Minimum,  or  least  state,  and  after- 
wards increase  again.    And  lasdy,  some  quantities  havo 

and  mintwHh 


Thns^  Ibr  example,  the  ordinate  bo.  of  the  parabola  or 
sochJiko  cnrre^  mring  along  the  axis  ab  firom  foe  Toitax 
oonlinnally  increases^  and  has  no  Knil  or  maximmn*  And 
tfie  ofdhMte  of  of  the  ciir?e  bib,  flowii^  fiom  x  towards 
w,  eonthMNlly  decreases  to  nothing  when  it  aniTes  at  the 
point  B.  Bot  in  the  circle  nw ,  the  ordinate  only  mcreases 
to  a  ooilain  magnitnde,  namely,  the  radios,  when  it  anises 
at  Ao  middle  as  at  kl,  which  is  its  maximnm ;  and  after 
that  it  decreases  again  to  nothing,  atthe  nointx.  Andin 
tto  curfo  iroo,  the  ordinate  decreases  only  to  the  pesitien 
or,  where  it  is^  knist,  or  a  mininwm ;  and  after  that  it  con- 
timiially  ibcreasei  towards  a*  But  in  the  curre  bsu,  d^e,  die 
ordinatoi  have  several  maxima,  as  st,  wx,  and  seroral  ni* 
nima,  as  tv,  tz,  d^c. 

91.  Now,  because  the  fluxion  of  a  variable  quantity,  is  the 
rate  of  its  increase  or  decrease  ;  and  because  the  maximum 
or  minimum,  of  a  quantity  neither  increases  nor  decreases,  at 
those  points  or  states  ;  therefore  such  maximum  or  minimum 
has  no  Huxion,  or  the  fluxion  is  then  equal  to  nothing* 
From  which  lye  have  the  fiiUowing  rule* 
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MAXIMA  AND  MINIMA.  ZSt 

To  fnd  ih$MaxkMm  or  BBmmum, 

92.  From  the  nature  of  the  questkm  or  pfobleiti,  find  ail 
algebraical  ez|irefl8ion  for  the  value,  or  general  statOy  of  the 
quantity  whoae  maximum  or  minimum  is  required ;  then 
take  the  fluxion  of  that  expression,  and  put  it  equal  to  no- 
thing ;  from  which  equatioDf  by  dividing  by,  or  leaving  out, 
theniixional  letter  and  other  common  qoantitieat  and  per* 
fiimung  other  proper  reductions,  as  in  common  algebras  the 
value  of  the  uiumown  quantity  will  be  obtained,  deteimining 
the  point  of  the  maximum  or  minimum. 

So,  if  it  be  required  to  find  the  maximum  stale  of  tfie 
compound  expression  100b?  «-  fix*  ±  c,  or  the  value  of  s 
when  lOOx  —  Gap"  db  c  Is  a  maximum.  The  fluxion  of 
this  expressien  is  lOObfr—  lQx± ;  which  being  made  ^0, 
and  divided  by  lOtf,  the  equation  is  10  »  x  s  0 ;  and  hence 
9  »  10.  That  is,  the  value  of  « is  10,  when  the  expression 
lOOc— 5s*  ±  c  is  the  greatest.  As  is  easily  tried  :  for  if  10 
be  substituted  for  « in  £at  expression,  it  becomes  ±c4-500 1 
but  if,  ioT  there  be  substitnted  nny  other  number,  whether 
greater  or  less  than  10,  that  expression  will  always  be  firand 
to  be  lessthsin  ±€  +  500,  which'  is  therefore  its  greatest 
possible  value,  or  its  maximnm. 

•  93.  It  is  evident,  that  if  a  maximum  or  minimum  be  any 
way  compounded  with,  or  operated  on,  by  a  given  constant  • 
quantity,  the  result  will  still  be  a  maximum  or  minimum. 
That  isy  if  a  maximum  or  minimum  be  increased,  or  de* 
creased,  or  multiplied,  or  divided,  hy  a  given  quantity,  or 
any  gioen  power  or  root  of  it  he  taken ;  the  result  will  still 
bo  a  maximum  pr  minimum.    Thus,  if  x  be  a  maximum  or 

X 

minimum,  then  also  is  s  +  «^  er  «  —  a,  oroar,  or  — ,  or 

a 

or  ^x,  still  a  maximum  or  minimum.  Also,  the  logarithm 
of  the  same  will  be  a  maximum  or  a  minimum.  And  there- 
fore, if  any  proposed  maximum  or  minimvm  can  he  made 
simpler  by  performing  any  (f  these  operations,  it  is  bfiUer  to 
do  so,  before  the  expression  is  put  into  fluxions. 

94.  When  the  expression  for  a  maximum  or  minimum 
contains  several  varisble  letters  or  quantities ;  take  the  fluxion 
of  it  as  often  as  therq  are  variable  letters ;  'supposing  first  one 
of  them  only  to  flow, 'and  the  rest  to  be  constant ;  then  an- 
other only  to  flow,  and  the  rest  constant ;  and  so  on  for  all 
of  them  :  then  putting  each  of  these  fluxions  =  0,  there  will 
be  as  many  equations  as  unknown  letters,  from  which  these 
may  be  all  determined.  For  the  fluxion  of  the  expression 
must  be  equal  to  nothing  in  each  of  these  cases  odierwise 

\ 
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the  expieaaioo  migfat  become^greater  or  iesi,  withottt  wkeis 
kkg  the  values  of  the  other  letters,  whick  are  coosidered  as 
GonstaDt. 

80,  if  it  be  required  to  find  the  values  of  x  andy,  wh6n 
4x' — xy+2piMtL  mimmuin.   Then  we  have» 
First,  -   Sxx  —  xy  =  0,  and  8x     y  »  0,  or  y  s  gr^ 
Secondly,   2y  —        0,  and  2  —  x^OfOt  X^2* 
And  hence  y  or  83c  =•  16. 

* 

85.  7b  Jmd  whether  a  proposed  quantity  admiii  if  a  Han,* 

mtim  or  a  i£Maimu 

Every  algebraic  expression  does  not  admit  of  a  maximum 
or  minimum,  properly  so  called ;  for  it  may  either  increase 
continually  to  infinity,  or  decrease  continually  to  nothing'; 
and  in  boUi  these  eases  there  is  neither  a  proper  maximum 
nor  minimum.;  for  the  true  maximum  is  that  finite  value  .to 
which  an  expression  increases,  and  after  which  it  decreases 
again :  and  the  minimum  is  that  finite  value  to  which  the 
ex|iression  decreases,  and  aAer  that  it  increases  again.  There- 
fore, when  the  expression  admits  of  a  maximum,  its  fluxion 
is  positive  before  the  pointy  and  negative  aAcr  it  :  but  when 
it  admits  of  a  minimum,  its  fluxion  is  ne^tive  before,  and 
positive  afler  it.  Hence  then,  taking  the  fluxion  of  the  ex- 
pression a  little  before  the  fluxion  is  equal  to  nothing,  and 
again  a  little  after  the  same;  if  the  former  fluxion  be  posi- 
tive,  and  the  latter  negative,  the  middle  state  is  a  maximum ; 
but  if  the  former  fluxion  be  negative,  and  the  Latter  positive, 
th^  middle  state  is  a  minimum. 

So,  if  we  would  find  the  (juaniity  ax  —  x*  a  maximum  or 
'  minimum  ;  make  its  fluxion  equal  to  nothing,  that  is,  •  < 
O^fc—  2xi-  =  0,  or  (a  ^  2j)  i*  =  0  ;  dividing  by  i,  givci» 
a  —  2x  =  0,  or  a  —  \a  at  that  state.  Now,  if  in  the  fluxion 
(a  —  2x)i-,  tlic  value  of  x  be  taken  rather  less  than  its  true 
value,  ^a,  that  fluxion  ^vilI  evidently  be  positive  ;  but  if  i  be 
taken  somewhat  f^reatci  than  lathe  value  of  a  —  2r,  and 
consequently  of  the  fluxion,  is  us  evidently  negative.  There- 
fore, the  fluxion  of  ax —  x-  being  positive  before,  and  nega- 
tive after  ilic  state  when  its  fluxion  is  =  0,  ii  follows  that  at 
this  state  the  expression  is  not  a  minimum,  but  a  maximum. 

Again,  taking  the  expression  x^  —  ox-,  its  fluxion  Sr"!'  — 
2axx  —  (3x — 2a)  ai  — 0  ;  this  divided  by  xi  gives  3x — 2<i=0, 
and  X  ~  its  true  value  when  the  fluxion  of  x^  —  ai'  is 
equal  to  nothing,  IJut  now  to  know  whether  the  given  ex- 
pression be  a  inaximuiH  or  a  tniuimum  at  that  time,  take  x  a 
little  less  than  ^a  in  the  \ahie  of  the  fluxion  (3x  —  2a)  xi*, 
and  this  will  evideotiy  be  negative    and  again,  taking  z 
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little  more  than  J  a,  the  value  of  3a;  — 2a,  or  of  the  fluxion, 
is  as  evidently  positive.  Therefore  the  fluxion  of  — cw* 
being  negative  before  that  fluxion  is  =  0,  and  positive  after 
it,  it  follows  that  in  this  state  the  quantity  7?  —  aa^  admits 
of  a  rainimumi  but  not  of  a  maximum. 

801IB  XXAMPLW  FOR  PSACTICB.  ' 

Exam.  1.  Of  all  triangles,  a rn,  constructed  on  the  same 
base  AB,and  havinp;  the  same  perimeter,  to  determine  that 
whoso  area  or  surface  is  the  greatest. 

Let  "p  denote  the  semiperimeter,  h  the  base  ab,  x  the  side 
AC,  then  Bc  will  =  2p  —  6  —  x.  Therefore  putting  s  for 
the  surface,  we  have  by  rule  3  for  the  area  of  triangles 
(pa.  408,  vol.  i.) 

Expressing  this  equation  logarithmically,  we  have,  2  log. 
»  =  log.  |>  +  log.  —  6)  4-  log.  (p  — x)  +  log.  (A+j:  —  p) 
which  (art.  93)  is  to  be  a  max.  or  when  put  into  fluxions 
equal  to  zero  or  nothing. 

2i        —  .r    .  J- 

Hence  — 


—  ax  —  4-  J  ; 

»     p— X    a+^tP  ' 
or  diyiding  by      Bnd  mtdtiplying  by 


Nowy  here  it. is  evident,  since  s  must  be  a  max.  that  4 can* 

not  =  0  ;  consequently  the  second  factor  must :  that  is, 

J—  'ssQ  orb  +  X'^p^p  ^x. 

6-t-x— p     p— a; 

Therefore,  2p  —  b  —  «  »  x,  or  ao  s  bo  ;  that  is,  the  tri. 
angle  mast  be  isosceles. 

Cor.  Hence  it  foUows  that  of  all  iMpsiwnefrteal  triangl^^^ 
the  one  which  has  the  greatest  surface  is  equilateral.  A 
truth,  indeed,  which  may  be  readily  showu  by  a  direct  in* 
TOftigation. 

ExAX.  3.  Amongst  all  parallelopipedons  of  given  magni- 
lode,  whose  planes  are  respectively  perpendicular  to  one 
another,  to  determine  tfiat  which  has  the  least  surface. 

.  Let  X,  jf,  and  s,  be  tl|e  measures  of  the  three  edges  of  tfie 
required  parallelopipedoo.  Then^  since  the  magnitude  is 
given, 

we  have  jyz  =  a,  a  given  ma|;Qitude 
and  2xy  +  2xz  -f  2yz  s  a  munmuin. 
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or9if»«y  +  —  H  m  mnHji. 

y  ^ 

Tbereforoy  adoptaog  the  principle  of  art.  94, 


9  ^ 


bothobtaia. 

ind 


Conae^pieDtfyjf         /  and  thus  it  appears  that  the  required 

X  =     /    parallelopipedoo  \s  a  cvhe. 
2  =  a*} 

Exam.  8*  Divide  a  given  arc  a  into  two  such  parts,  that 
the  Mtli  power  of  the  sine  of  one  part,  multiplied  into  the  nth 
power  of  the  sine  of  the  other  partf  ahall  be  a  naximum. 

Let  ^  and  y  be  the  parts  :  then  a;  +  y  »  and  iin."*x  X 
■ui.**)f  a  amax» 

In  logs,  m  log.  sin  9  + 11  log.  sih.  |f »  a  max* 

*         '  Sin.  X  sin.  y  .  ^ 

.  B«^,_i...!!!if2fl£_!;if2!J[  =  0. 

'  sm.  X        sin.  sf 

Hence  si  cot.   =  n  cot    or  si  tan.  y     n  tan.  x. 

SI      tan.  X        J  m+n  ^  tan.  ar+tan.  y    sin.  (ar+y) 

.%  —  « ^  . .  •  and  —  '  ==-: —   • 

n      tan.  y  m— n     tan.  x — tan.  y    sin.  — y) 

(See  equa.  9  anc]  10,  p.  894,  vol.  i.) 

Hence  x  and  y  beconio  known  ;  and  the  same  principle  is 
evidently  applicable  to  three  or  more  arcs,  making  together 
a  given  arc. 

Exam.  4.  To  find  the  longest  straight  pole  that  can  be 
put  up  a  chimney,  whose  height  rx  =  a,  from  the  floor  to 
the  mantel,  and  depth  xn  ^  firom  front  to  back,  are 
given.  ' 

Here  the  longest  pole  that  can  be  put  up  the  chimney  ts^ 
in  fact,  the  shorteMt  line  no,  which  can  be  drawn  through  it» 
and  teminated  by  ba  and  bc. 
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=  sine  )  - 


jp:  kb(«s€i)  : ;  1 :     as  ni 

f :  mk(=6)  : :  ]  :  -^ss  xo 

If 

—  4-  ^  8  a  miftt 

Sttbstuming  tbk  for  y  above,  it  becomes 

.  bxx 

^=  J?. 

9  a 

—  =  tan.  p  =i/-r- 
y  ^  * 


/       5*         /  a* 
po  =  a  cosec.  p  +  6  sec,  p  =  a\/  1  +  -7  +  ^S/  1  +  -r. 

a*  ft* 

Exam.  5.  To  divide  a  line,  or  any  other  given  quantity 
into  two  parts,  so  that  their  rectangle  or  product  may  be  the 
greatest  possible. 

Exam.  6.  To  divide  the  given  quantity  a  into  two  parts 
such,  that  the  product  of  the  m  power  of  one}  by  the  n 
power  of  the  other,  may  be  a  nuupmum. 

£zAx.  7.  To  divide  the  giTen  quantity  a  into  three  parte 
lacha  thai  the  eentinual  product  of  them  all  may  be  a  maxi* 
mum. 

Exam.  8.  To  divide  the  given  quantity  a  iDlo  three  parts 
such,  that  the  continual  product  of  the  1st,  the  square  of  the 
2d,  and  the  cube  of  the  Sd,  may  be  a  maximum. 

Exam.  0.  To  delermiiie  a  fraction  each,  that  the  differ, 
ence  between  its  at  power  and  n  power  ahall  be  the  greatest 
'  possible. 

» 

ExAX.  10.  To  divide  the  number  80  into  two  such  parts, 
s  and  y,  that  2x'  +  ^y  +  3^/^  may  be  a  mimmum. 
Vol.  II.  47 
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Exam.  11.  To  find  the  greatest  rectangle  that  can  be  iiH 
■Gxibed  in  a  given  right-angled  triangle. 

ExAif.  12«  To  find  the  greatest  rectangle  that  can  be  in* 
achbed  in  the  quadfant  af  a  given  ciiele* 

Exam.  18.  To  find  the  least  ii|^it«agled  trian|^e  that  can 
eureomacribe  the  quadrant  of  a  given  cirele. 

Exam.  14.  To  find  the  greatest  rectangle  inscribed  in, 
and  the  least  isosct^lc^  triangle  circumscribed  about,  a  given 
semi-ellipse. 

£xAX«  15.  To  determine  the  same  for  a  given  parabola. 

ExAtu  16.  Todeftennine  the  same  for  a  given  hyperbola. 

Exam*  17.  To  inacnbe  the  greatest  cylinder  in  a  given 
eooe  ;  or  to  eat  the  greatest  eylmder  out  of  a  given  cone* 

Exam.  18.  To  determine  the  dimensioos  of  a  rectangular 

cistern,  capable  of  containing  a  given  quantity  a  of  water,  so 
as  to  be  lined  with  lead  at  the  least  possible  expense. 

Exam.  10.  Required  the  dimensions  of  a  cylindrical  tan- 
kard, to  hold  one  quart  of  ale  measure,  that  can  be  made  of 
the  least  possible  quantity  of  silver,  of  a  given  thickness. 

Exam*  2%k  The  cut  the  greatest  parabola  fjEom  a  given 


EzAM*  21.  Tocutthe  greatest  dlipse  from  a  given  eons* 
Exam.  22*  To  find  the  value  of  x  when  oc'  is  a  minimum* 


THE  METHOD  OF  TANGENTS  ;  OR  OF  DRAW. 

ING  TANGENTS  TO  CURVES. 


96.  TuE  Method  of  Tangents,  is  a  method  of  determining 
the  quantity  of  the  tangent  and  subtangenl  of  any  algebraic 
curve  ;  the  equation  of  the  curve  being  given.  Or,  vice  versOr 
the  nature  of  the  curve,  from  the  tangent  given* 

If  AE  be  any  curve,  and  e  be  any 
point  in  it,  to  which  it  is  required 
to  draw  a  tangent  te.  Draw  the 
ordinate  ed  :  then  if  we  can  deter^ 
mine  the  subtangent  td,  limited  be* 
tween  the  ordinate  and  tan^nty  in 
the  axis  produced,  by  joinmg  the 
points  T,  £,  the  line  tb  will  be  the 
tangent  sou^it* 


T  Al^Dtt  C 
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07.  Let  dae  be  another  ordinate,  indefinitely  near  to  db, 
meeting  the  curve,  or  tangent  produced  in  e  ;  and  let  Ea  be 
parallel  to  the  axis  ad.    Then  is  tho  •lemeotaiy  tmiiglo 
timiiar  to  the  triangle  tds  ;  and 

therellm  •  ia:«B::sD:Mu 

Bin .  •    •    ««:«■::  flax,  wo  :  flax.  a]». 

Therefore •     fhiz.  mo  s  flux*  Aonvrnz dt« 

That  IB,    .  y:^::|r:^ss]»T; 

which  is  thcrGforc  the  general  value  of  the  subtangeniflOllght; 
where  x  is  the  absciss  ad,  and  y  the  ordinate  !»• 
Hence  we  have  this  general  rule. 

OBNBSAL  BOLE. 

98.  By  means  of  the  given  equation  of  the  curve,  when 
put  into  flindoBS,  find  the  Take  of  oither    or  ^,  or  of 

which  value  substitute  for  it  in  the  expression  i>t 

and,  when  rediteedtoilstimpleal  toiMt,  if  will  be  the  value 
«f  the  aubtangent  aought*  • 


ExA3i.  1.  Let  the  proposed  curve  be  that  which  is  defined* 
or  expressed,  by  the  equation  ax^  +  xy^  —  y*^  =  0. 

Here  the  fluxion  of  the  equation  of  the  curve  is 
2«R*  +  y%  +  2xyy  —  3/y  =  0 ;  then,  by  transpoaitioB, 
dojBf  4-^^  ^  8jf^  — Sa^S^ ;  and  hence,  by  divinon, 

£    3^_2^  .  con^HiuenUy 

which  is  the  value  of  the  subtangent  td  sought. 

ExAH.  2.  To  draw  a  tangent  to  a  circle  ;  tho  equation  of 
which  is  ox — =  ;  where  « ia  the  abicise,  y  .the  onli« 
nate,  and  a  tho  diameter. 

ExAH.  8.  To  dmw  a  tangent  to  a  parabola ;  its  equation 
being |»»  9* ;  where  p  denotoi  the  parameter  of  the  axia. 

Exam.  4.  To  draw  a  tangent  to  an  ellipse  ;  ita  equation 
being  r      —     =  ay ;  where  a  and  e  are  the  two  axea. 

Exam.  5.  To  draw  n  tangent  to  an  hyperbola  ;  its  equa- 
tion  being  c'  {ax  +  x^)  =  a'V  j  \Khere  a  and  c  are  the  two 
axes. 
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Exam.  6.  To  draw  a  tangent  to  the  hyperbola  referred  lo 
the  asymptote  as  an  axis  ;  its  equation  being  xy  =  a' ;  where 

denotes  the  rectangle  of  the  absciss  and  ordioale  answer- 
ing to  the  vertex  of  the  curve. 

By  slight  and  obvious  extensions  of  the  same  principles, 
tangents  may  be  drawn  to  spirals,  and  asymptotes  may  be 
drawn  to  such  curves  as  admit  of  them. 


OF  RECTIFICATIONS  ;  OR,  TO  FIND  THE 
LENGTHS  OF  CUEVE  LINES. 

99.  Rectification,  as  the  finding  the  length  of  a  curve 
line,  or  finding  a  right  line  equal  to  a  proposed  curve* 

By  art.  10  it  appears,  that  the 
elementary  triangle  zae,  formed  by 
Iheinerementsof  the  absciss,  ordinate, 
and  curve,  is  a  right-angled  triangle, 
of  which  the  increment  of  the  curve  is 
the  hypothenuse  ;  and  therefore  the 
square  of  the  latter  is  equal  to  the  sum 
of  the  squares  of  the  two  former  ;  that  is,  Be"  as  bo*  +  ^« 
Or,  substituting,  for  the  increments,  their  proportional 
fluxions,  it  is  ;c3&  +  3^f  or  i  »  ^{i^+f) ;  where  z  de- 
notes any  curve  line  ab»  s  its  ahseiss  ad,  and  jf  its  ordinate 
Henoe  this  rule* 


BULK. 

100.  From  the  given  equation  of  the  curve  put  into 
fluxions,  find  the  vahie  of  P  or  y^,  which  value  substitute 
instead  of  it  in  the  equation  i  =  \/  (r'+y^)  ;  then  the  Buents, 
being  taken,  will  give  the  value  of  or  the  len|^  of  the 
curve,  in  terms  of  the  absciss  or  ordinate* 

BZAXPLBS. 

Exam.  1.  To  find  the  length  of  the  are  of  a  circle,  in 
terms  both  of  the  sine,  vers^  sine,  tangent,  and  secant. 

The  equation  of  the  circle  may  be  expressed  in  terms  of 
the  radius,  and  either  the  sine,  or  the  versed  sine,  or  tangent, 
or  secant,  dtc.  of  an  arc.  Let  therefore  the  radius  of  the 
circle  be  ca  or  ce  =  r,  the  versed  sine  ad  (of  the  arc  ae)=x, 
•the  right  sine  de  =  i/,  the  tangent  te  =  and  the  secant 
CT  =  5 ;  then,  by  the  nature  of  the  circle,  there  arise  iiw^Q 
equations^  viz. 
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« 

Then,  by  means  of  the  floxions  of  these  equations,  with 
the  general  fluxional  equation  =  +  y*,  are  obtained  the 
following  fluxional  forms,  for  the  fluxion  of  curve  ;  the 
fluent  of  any  one  of  which  will  be  the  curve  itself ;  viz* 

ri       _     ry     _         _  ^ 

Hence  the  value  of  the  curve,  from  the  fluent  of  each  of 
these,  expressed  in  series,  gives  the  four  following  forms,  in 
«erieSy  vis.  putting  d  ==2r  tlie  diameter,  the  curve  is 

X        ar»  3.5ar*   

.     ^^+2:3?  +  2A.5r*  +  2.4.6:77  + 

f       t*       ^       i»  • 

=  0  -     +  V -7>  +  97- - 

"  N0W9  it  is  evident,  that  the  simplest  of  these  seriesy  is  the 
ihiid  in  order,  or  that  which  is  expressed  in  terms  of  the 
Mgent.  That  form  will  therefore  be  the  fittest  to  calculate 
an  example  by  in  numbers.  And  for  this  ptupose  it  will  be 
convenient  to  asanme  some  arc  whose  tani^nt,  or  at  least 
•the  square  of  it»  is  known  to  be  some  smkll  simple  ninnben 
Now»  the  arc  of  45  degrees,  it  is  known,  has  its  tangent 
-equal  to  the  radius ;  and  therefore,  taking  the  radius  =  If 
and  consequently  the  tangent  of  45^,  or  I,  s  1  also,  in 
4his  ease  the  arc  of  45^  to  the  radius    or  the  arc  of  the 


♦  These  formulae  are,  obviously,  analogous  to  those  eiveo  in  art.  30, 
p.  312,  and  are  so  many  forms  of  fluxions  whOM  llMBti  Mcome  koown. 

Trhm  the  floeat  of  so  siprenbii,  «ttch  as  y^^^^~ry  ^  ^  circular  arc 
whose  radios  is  =  r  and  versed  sloe  =  ».  The  flueot  of  an  expression 
fueh  as  — ■  ■  is  a  circular  arc  whose  radios  is  =  r  and  tangent  =  1 1 

and  to  ofttiTrest. 

Conversely,  the  same  formala?,  orthose  just  referred  to,  serve  to  as- 
sign the  relative  magnitudes  of  the  differences  in  any  parts  of  a  table  of 

aaleralebes, of naturd tangents, dbc  Tboafs s  =  iXiee*'of 

arc  to  tan.  t,  consequently,  the  tabular  differences  of  the  tangents  vanr 
as  the  sqaaiet  of  toe  secants.  Heoee,  those  dllTeieaeas,  at  OQ,  at  4Br, 
and  at  60°,  are  at  1*,  (V  2)',  and  2',  or  as  1, 2,  and  4.  This  sogfSiti  sn 
•llplication  ef  these  formate  whkh  will  often  be  found  utefol. 
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qa&drant  to  the  diameter  1,  will  be  equal  to  the  infinite  teriee 

But  M  this  series  cenverges  very  dowly,  it  will  be  proper 
to  take  aome  smaller  arc,  that  the  aeiiea  nay  convei]g[e 
^»a(er ;  ttadsk  aa  the  aic  of  30  degrees,  the  tangent  of  wfaieh 
ia  =  v^^9  or  its  square  ^  s  j. :  which  being  aubetitnted  in 
the  aeriea»  the  length  of  the  arc  of  30^  comea  out  •    -  • 

(1—  3^+^  — ^3  +  ^-&c.Vi-  Hence,tocom. 

pute  theae  terma  in  decimal  numbers,  after  the  first,  the  sue- 
eeeding  terma  will  be  found  by  dividing,  always  by  3,  and 
theae  quelienta  again  by  the  absolute  numbers,  3,  5,  7,  9, 
^BC» ;  and  laetlyy  adding  every  other  term  together,  into  two 
anma,  the  one  the  sum  of  the  positive  terms,  and  the  other 
the  sum  of  the  negative  ones  ;  then  lastly,  the  one  sum  taken 
from  the  other,  leaves  the  length  of  the  arc  of  30  degrees  ; 
which  being  the  12th  part  of  the  whole  circumference  when 
the  radiua  is  1,  or  the  6th  part  when  the  diameter  is  1,  con- 
sequently 6  times  that  arc  will  bo  ilic  length  of  the  whole 
circumference  to  thfe  diameter  1.  Therefore,  multiplying 
tile  first  term  by  6,  the  product  is  ^12  =  3-4641010  ; 
and  hence  the  operation,  true  to  7  places  of  decimals,  will  be 
conveniently  made  as  follows  : 

+  Terms. 
8*4641016 


1 
3 

5 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 
27 


3'4641016 
M 547005 
3849002 
1283001 
427007 
142556 
47519 
15840 
5280 
1760 
587 
196 
65 
22 


^  Terms. 


( 
( 

( 
( 
( 
( 
( 
( 
( 


( 


769800 
47519 
3655 
811 


38 


8 


0-3849002 
183286 

m 

12960 
105$ 


03 


+3«540'2332 
—0-4046406 


—0*4046406 


So  that  at  last   3*1415926  is  the  whole  circum* 

ference  to  the 
meter  1*. 
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Exam.  2.  To  find  the  length  of  a  parabola. 

Exam.  3.  To  find  the  length  of  the  scmicubical  parabola, 
ivhose  equation  is  oar'  =  ^. 

« 

Exam.  4.  To  find  the  length  of  an  elliptical  curve. 
Exam*  5«  To  find  the  length  of  an  hyperbolic  cuff e» 


OF  QUADRATURES  ;  OR,  FINDING  THE 
AREAS  OF  CURVES. 

101.  The  Quadrature  of  Curves,  is'  the  measuitng  dieir 
areaiy  or.  finding  a  square,  or  other  right-lined  space,  equal 
to  a  proposed  curvilineal  one. 

By  art.  9,  it  appears,  that  any  flowing 
<piaiitity  being  drawn  into  the  fluxion  of  th» 
hne  along  which  it  flowe,  or  in  the  direc. 
tkm  of  its  motkniy  there  ia  produced  the 
fluxion  of  the  cpiantitjr  generated  by  the 
flowing.  That  is,  db  X  nd  or  ia  the 
fluxion  of  the  area  adb.  Hence  this  rule. 

102.  From  the  given  equation  of  the  curve,  lind  the  valiTc 
either  of  x  or  of  y  ;  which  value  substitute  instead  of  it  in 
the  expression  yJt ;  then  the  fluent  of  that  expression,  being 
taken,  will  be  the  area  of  the  curve  sought. 

KZAHPI.B8. 

Exam.  1.  To  find  the  area  of  the  common  parabola. 

Tlic  equation  of  the  parabola  being  ax  =     ;  where  a  is  ^ 
the  parameter,  x  the  abscias  ad,  or  part  of  the  axis,  and  y 
the  ordinate  de. 

From  the  equation  of  the  curve  is  found  y  =  ^ox.  This 

substituted  in  the  general  fluxion  of  the  area     gives  x^az 

J.  1 

or  a'r'x  the  fluxion  of  the  parabolic  area  ;  and  the  fluent 

1  1 

of  this,  or  fa^x*  =12:^03?  =  \xy,  is  the  area  of  the  para- 
bola ABB,  which  is  therefore  equal  to  }  of  its  cncumscribing 
rectangle. 


curious,  and  important  investigations  iii  reference  to  vecttficatioof,  qiUld- 
rature*,  &c.  see  Umon't  JUtmwaltiotu, 
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Exam.  2.  To  square  the  circle,  or  find  its  area. 

The  equatiuii  of  the  circle  being  i/'  =  ar  —  or  y  ^ 
^  ax  "  x\  where  a  is  tlie  diameter  ;  by  substitution,  the 
^nenU  fluxion  of  the  area  yxj  becomes  ±  ^  ax  —  x',  for  the 
flozkm  of  the  circidar  area.  But  as  the  fluent  of  this  canaot 
be  ibund  in  finite  tenns,  the  qoantity  \/ax  —  is  thrownr 
into  a  seriesy  by  extractiDg  the  root,  and  then  the  flunon  of 
the  area  becomea 

and  then  the  fluent  of  every  term  being  taken,  it  gives 

2    l.x     l.x^      1.3x3         1.3.5X*        .  . 

Ibr  the  general  ezpreaeion  of  the  aemuegment  ads. 

And  when  the  point  d  arrives  at  the  extremity  of  the  dia« 
meler»  then  the  apace  becomea  a  aemicircle^  and  x  as  a ;  and 
then  Uie  aeries  above  becomes  barely 

2     11      1.8  1.8.5 

for  the  area  of  the  semicircle  whose  diameter  is  a. 

If,  instead  of  taking  the  equation  of  the  circle  having  the 
origin  of  the  co-ordinates  at  the  circumference,  the  equation 
y^  =  r^he  taken,  regarding  the  origin  of  the  co-ordi- 
nates at  the  centre  ;  and  if,  still  farther,  r  be  taken  =  1 , 
then  y  =  ^/l  —  x' =  1  —  ix=  —  Ix*  —  j^x'^^&c.  Taking 
this  value  of  y  for  it,  in  tlic  expression  y±,  the  correct  fluent 
x^     X'      a:"      dx"  7x" 

wai  be  *  -  for  the  area  of  the 

portioii  oiBD  (fig.  pa.  878,  vol.  1  •)  Now,  if  arc  m^dO^,  then 
CF  as  a?  s  and  the  sum  of  the  series  «  •4788057.  From 
which  deducting  the-  area  of  the  triangle  orass )  *  f  ^  8 
ss  •2166063,  there  remains  -2617994  for  the  area  of  the  1 


tor  OBD.  Twelve  times  this,  or  8*141 5928»  dec.  expresses 
the  area  of  the  circle  whose  diameter  is  3. 

Exam.  8.  o  find  the  area  of  any  parabola,  whose  equa* 
tion  is       » 3^*,  * 

ExAx.  4.  To  find  the  area  of  nn  ellipse. 

Exam.  5.  To  tind  the  area  of  an  hyperbola. 

KxAM.  6.  To  fiu(\  the  area  between  the  curve  and  asymp- 
tote  of  an  hyperbola. 

ElxAX.  7.  Tu  find  the  like  area  in  any  other  hypertx>la 
whose  general  equation  is  sf^y*  =  a^i\ 


Digitized  by  Google 


•VEFACBI.  368 


TO  FIND  THE  SURFACES  OF  SOLIDS. 

103.  In  ihe  solid  formed  by  the  rota* 
tion  of  any  curve  about  its  axis,  the 
surface  may  be  considered  as  generated 
by  the  circumference  of  an  expanding 
circle,  moving  perpendicularly  along 
the  axis,  but  the  expanding  circum- 
ference moving  along  the  arc  or  curve 
of  the  solid.  Therefore,  as  the  fluxion 
of  any  generated  quantity,  is  produced  by  drawing  the  ge« 
nerating  quantity  into  the  fluxion  of  Ihe  line  or  direetion  in 
which  it  moves,  the  fluxion  of  the  surface  will  be  found  by 
drawing  the  eireoniferefice  of  the  generating  circle  into  the 
fluxion  of  the  curve.  That  is,  &e  fluxion  of  the  surface 
whose  radius  is  Ihe  ordinate  de. 

104.  But  if  AT  be  =  3*141 ihe  circuinference  of  a  circle 
whose  diameter  is  1,  .r  =  au  tlie  absciss,  y  =  dk  tbe  ordi- 
nate, and  2  =3  AE  the  curve  ;  then  2y  =  the  diameter  be, 
and  ^t€y  =  the  circumference  bcef  ;  also,  ae     i  a 

4-  :  therefore  2tj/z  or  2'rij  ^  ^  yi  is  the  fltixifm  of 
the  surface.  And  consequently  if,  from  the  given  equation 
of  the  curve,  tho  value  of  i- or  y  be  found,  and  substituted 
in  this  expression  2iry  y/  1-^  -j-  i/^  the  fitimt  of  the  expression, 
being  then  taken,  will  i>e  the  surface  of  the  splid  required. 

EXAMPLES,  ^ 

Exam*  !•  To  find  the  surface  of  a  sphere,  or  of  any 
segment. 

In  this  case,  ab  is  a  circular  arc,  whose  equation  is 

Tbe  fluxioq  of  this  gives  y  =  x  = 

hence    =  =  — 4^""  ^  *  consequently 

^  +     =  7^  and  i  =    (i»  +  y»)  -  g. 

This  value  of  i,  the  fluxion  of  a  circular  arc,  maybe  found 
more  easily  thus  :  In  the  fig  to  art.  99,  the  two  triangles 
EDC,  Eflc  are  equiangular,  being  each  of  them  equiangular  to 
the  triangle  etc  :  conseq.  kd  :  eg  :  :  ra  ;  £e,  that  is,  -    -  « 

f :     ; :  i  ;  i  =      the  same  as  before* 

Vol.  U.  48 
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The  value  of  z  beinp;  found,  by  substitution  is  obtained 
2«'yz  =  a'sx  for  the  fluxion  of  the  spherical  surface,  generated 
by  the  circular  arc  in  revolving  about  the  diameter  ad.  And 
the  fluent  of  t<liis  givci^  utx  for  the  said  surface  of  ihe  sphe- 
rical segment  bae. 

Bui  a'T:  is  equal  to  the  whole  circumference  of  the  gene- 
rating circle  ;  and  therefore  it  follows,  that  the  surface  of 
any  spherical  segment,  is  equal  to  the  same  circumterence  of 
the  generating  cirole,  drawn  into  x  or  ad,  the  height  of  the 
segment. 

Also  when  x  or  ad  becomes  equal  to  the  whole  diameter  a, 
the  expression  ai:x  becomes  a-wa  or  na^ ,  or  4  times  the  area  of 
the  generating  circle,  for  the  surface  of  the  whole  sphere. 

And  these  a^i^ree  with  the  rules  before  found  i&  MeQ« 
suration  of  Solids. 

Exam.  2.    To  find  the  surface  of  a  spheroid. 

BzAM.  3.   To  fiod  the  surface  of  a  paraboloid. 

EiAX.  4.   To  find  the  sur&ce  of  an  hyperboloid. 


TO  FIND  THE  COiN  TENTS  OF  SOUDS. 

105.  Ant  solid  which  is  formed  by  the  revolution  of  a 
curve  about  its  axis  (see  last  fig.),  may  also  be  conceived  to 
be  generated  by  the  motion  of  the  plane  of  an  expanding 
circley  moving  perpendicularly  along  the  axis.  And  there- 
fore the  area  of  that  circle  being  drawn  into  the  fluxion  of 
the  axis  >yill  produce  the  fluxion  of  the  solid.    That  is, 

• 

AD  X  area  of  the  circle  bci',  whose  radius  is  dk,  or  diameter 
BE,  is  the  fluxion  of  the  solid,  by  art.  9. 

.  106.  Hence,  if  AD=x,  DE  =  y,  AT  =  3*141593  ;  because 
id  equal  to  the  area  of  the  circle  bcf  ;  therefore  cy'^x  is  the 
fluxion  of  the  solid.  Consequently  if,  from  the  given  equa- 
tion of  the  curve,  the  value  of  either  or  x  be  found,  and 
that  value  substituted  for  it  in  the  expression  fty^x^  the  fluent 
ot  the  resulting  quantity,  being  taken,  will  be  the  solidity  of 
the  £gure  proposed. 

BlAMI'LKS. 

ExAii«  1.  To  find  the  solidity  of  a  sphere,  or  any  segment 

The  equation  to  the  generating  circle  being  ya=  ax  —  x*, 
where  a  denotes  the  diameter,  by  substitution,  the  general 
fluxion  of  the  solid  vy^i-,  becomes  *qxx  —  %z^x^  the  fluent  of 
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nMdi  gifM  i^NESf  — }4nr',  or  ^WiSa-^^V  forthe  iolid  coii- 
toBl  of  tKe  opierioal  tegneift  bak,  whose  tieight  ad  is  «. 

Whoa  the  seffinent  becomee  espial  to  the  whole  sphere, 
then  jr  =  a,  and  the  above  expression  for  the  eolidity,  be- 
eomes  l^s*  for  the  solid  content  of  the  whole  sphere. 

And  these  deductions  agree  wkh  the  rules  before  given 
and  demoDirtrated  in  the  mnsumtion  of  Solids. 

EsAM.  2.   To  fold  the  solidity  of  a  spheroid. 

Exam.  8.    To  find  the  solidity  of  a  paraboloid. 

Exam.  4.    To  find  the  solidity  of  an  hyperboloid. 

Exam.  5.  To  find  the  solidity  of  a  body,  or  sef^ment,  or 
firostum,  produced  by  the  revolution  upon  its  axis  of  any 
curve  denoted  by  the  general  equation 

Jf*=s  A  +  B«  4"  cx«. 
Where  ap  »  x,  pm  =  y  ;  and  taking  the  several  cases  when 
A,  B,  or  c,  become  e^al  to  nothing,  and  those  in  wliich  they 
have  finite  values. 


TO  FIND  LOGARITHMS. 

107*  It  has  been  proved,  art.  76,  that  the  fluxion  of  the 
hyperbolic  logarithm  of  a  quantity,  is  eqnal  to  the  fluxion  of 
the  quantity  divided  by  the  same  quantity.  Therefore,  when 
any  .quantity  is  proposed^  to  find  its  logarithm  ;  take  the 
fluxion  of  that  quantity,  and  divide  it  by  the  same  quantity ; 
^n  take  tfie  fluent  of  the  quotient,  either  in  a  series  or 
otherwise,  and  it  will  be  the  logarithm  sought ;  when  cor« 
reeted  as  usual,  if  need  be ;  ti»t  is,  the  hyperbolic  logarithm. 

106.  fiut,  for  any  other  logarithm,  multiply  the  hyperbolic 
logarithSfi,  above  found,  by  the  modulus  of  the  system,  for 
the  logarithm  sought. 

Note.  The  modulus  of  the  hyperbolic  logarithms,  is  1  ; 
and  the  modulus  of  the  common  logarithms,  is  '43429448190 
&c. ;  and,  in  general,  the  modulus  of  any  system,  is  equal  to 
the  logarithm  of  10  in  that  system  divided  by  the  number 
2-3025850929940,  &c.  which'is  the  hyp.  log.  of  10.  Also, 
the  hyp.  log.  of  any  number,  is  in  proportion  to  the  com.  log. 
of  the  same  number,  as  unity  or  1  in  to  '43429,  Arc.  or  as  the 
number  2'302585,  A:c.  is  to  1  ;  and  therefore,  if  the  con;mon 
log.  of  any  number  be  multiplied  by  2*302585,  <kc.  it  will 
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(n— )  (nH-l)'^  ^  ~  ^) 

log.  (n  +  1)  ;  therefore,  putting  n  for  the  series 

wo  have  this  formula, 

2  log.  n  -  log.  (fi  —  1)  —  log.  (n  +  1)  =  w ! 

and  hence,  as  often  as  we  have  the  logarithms  of  any  two  of 
three  numbers  whose  common  ditlerence  is  unity,  the  loga- 
rithm of  the  remaining  number  may  be  found.  Example. 
Having  given 

the  common  log.  of  9  =  0.95424250943 

the  common  log.  of  10  =  1 ; 
it  is  required  to  find  the  common  logarithm  of  ]  1.  - 

Here  we  have  n  »  10»  so  that  Uie  formala  gnrei  iiulhia 
ease  8  log.  10  —  log.  9  —  log.  11  »  n,  and  hence  we  have 
log.  11  es  2  log.  10  —  log.  9  — 

2v  9m 

where  If  =  ^^,^^  +  j^j,,j^+&c. 

M  being  •4342i)448190. 

Calculation  of  n. 

▲     ^  »  H)0430476866 

«  •00000008674 


X  =  -00436480510 
2  log.  10  =  2  0000UOOOOOO 
log.  9  =  0  95.12  4250943 
2f  =  0-0043G480540 


log.  »  +  N  =  0-95^00731 4S3  :  taken  from 

2  log.  10,  leaves  lorr.  11  =  1  •01131)208517 

110,  Here  the  series  cxpn^'ssed  by  x  canverrrcs  very  fast, 
so  that  two  of  its  terms  are  sutBcicnt  to  give  the  locrarithra 
true  to  10  places  of  decimals.  Hut  the  lognrithin  of  11  may 
be  expressed  by  the  logarithms  of  smaller  numbers  and  a 
series  which  convorgos  still  more  rapidly,  by  the  following 
artitice,  which  will  n|)ply  also  to  some  other  nnmbers.  Be- 
cause  the  numi)ers  98,  09,  and  100  are  the  products  of  num- 
bers,  tba  greatest  of  which  is  11,  for  98=2  xT^,  99=9x  11» 
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and  100  =  10  X  10,  it  follows  that  if  we  have  an  equation 
composed  of  terms  which  are  the  logarithms  of  these  three 
numbers,  it  may  be  resolved  iuto  another,  the  terms  of  which 
shall  be  the  logarithms  of  the  number  11  and  other  smaller 
niHDbere.  Now  by  the  preceding  formula,  if  we  put  99  for 
u,  we  have 

2  log.  99  -  log.  98  —  log.  100  =  w. 
that  i%  aubstitoting  loor.  9  +  log.  11  for  log.  99,  log.  + 
V      *  2  log.  7  for  log.  1)8,  and  2  log.  10  for  log.  100, 
2  log.  9  +  2  log.  1 1  -  log.  2    2  log*  7  —  2  log.  10  s  9, 
and  hence  by  transposition,  &c. 

log.  11  s  +  ^log.  2  +  log.  7  -I  log.  0  +  log.  10; 
and  in  this  equation,  • 

2ii    ,      2m  . 

N  =  f-  1  -    —  4.  dec. 

The  first  term  p.!  one  of  this  series  is  sufficient  to  give  the  loga- 
rithm of  11  true  to  14  places. 

111.  When  it  is  required  to  find  the  logarithm  of  a  high 
number,  as  for  ei;|ftmple  1231,  we  may  proceed  as  follows : 

log.  1231  =  log.  (1230  +  i)  =  log.  j  1230(^l+-jLg^  J 

=  log.  1230 +  l0g.(l+jlg) 
Again,  log.  1230  =  log.  2  +  log.  5  +  log.  123,  and 
log.  123  =«  log.  |l20^i+^)S 

=  log.l20  +  log.(l+l) 

log.  120  =  log.  (2^  X  3  X  5)  =  3  log.  2  +  log.  3  +  log.  5. 
Therefore 

log.  1231  =4  log.  2  +  log.  3  +  2  log.  5  +  log.  ^1+  ^) 

Thus  the  logarithm  of  the  proposed  number  is  expressed  by 
the  logarithms  of  2, 3,  5,  and  the  logarithms  of 

1  +  i»  1  +  ;t^.7^»     of  which  may  be  easily  found  by  the 

40  l-^JO 

ibrmula)  already  delivered. 

112.  When  it  is  required  to  interpose  one  logarithm  be- 
tween a  series  of  equidistant  terms  in  a  table,  it  may  be  ef- 
fected upon  the  principle  of  interpolation  by  means  of  the 
'weli-known  theorem  I  viz. 


Digitized  by  Google 


876  iirfuuaom. 

_  ,       n  —  1  ft—  1  fi  — 2 

a iw  +  »  •  — 2 —  •  ^  —  ^ '  — 2 —  '  — 5"  y^^' 

Thufl,  suppose  there  were  given  the  logs,  of  IQl,  lOS^  104^ 
end  ICMSf  and  that  of  103  wore  required. 

Here  the  numher  bf  equal  intervals  is  4,  and  of  terms  5  ; 
■0  that  the  general  fbrm  becomes 

«-46+ac  — 4<i  +  e=0;  andc  =  i[4(6  +  d)-^(a  +  e)] 

a  =  20043214 
6  =  2«0080002 
4=  20170333 
e  =  2-0211893 


4(h  4-  rf)  =  1C1025340 
a  -f  e  —  4-0255107 


6)12-0770233 


Log.  of  103  =2-0128372 

Exam.  1.  Given  the  logs,  of  990  and  1000.  Required  the 
log.  of  1001. 

EiAV*  2.  Given  the  logs,  of  51,  5d»  57,  and  59  ;  lo  find 
the  log.  of  55. 

On  this  interesting  and  important  subject,  consult  the 
Introduction  to  Dr.  Mutton's  Mathematical  Tables,  and 
Uellins's  Mathematical  Essays. 


TO  FIND  THE  POINTS  OF  INFLEXION,  OR  OF 
CONTRARY  FLEXURE  IN  CURVES. 

113.  The  Point  of 
Inflexion  in  a  curve  is 
that  point  of  it  which 
separates  the  concave 
from  the  convex  part, 
lying  betwcnn  the 
tjvo  :  or  where  the 
curve  changes  from 
concave  to  convex,  or  from  convex  to  concave,  on  the  same 
side  of  the  curve.  Such  as  the  point  e  in  the  annexed  figures, 
where  the  former  of  the  two  is  concave  towards  the  axis  ad, 
from  A  to  £,  but  convex  from  u  to  ?  ;  and  on  the  contrary, 
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the  latter  figure  is  convex  from  a  to  b»  and  concave  from 

B  to  F. 

114.  From  the  nature  of  curvature,  as  has  been  remarked 
before  at  art.  85,  it  is  evident,  that  when  a  curve  is  concave 
towards  an  axis,  then  the  fluxion  of  the  ordinate  decreases, 
m(i»mtL  decreasing  ratio,  with  regard  to  the  fluxion  of  the 
•bedM  ;  but,  oo  the  contrary,  that  if  incveaaes,  or  is  in  an 
increaibg  ratio  to  the  fluxion  of  the  abeciea,  when  the  curve 
is  eoBveix  tewirds  the  axis ;  and  consequently  those  two 
floxions  are  in  a  constanl  ratio  at  the  pqini  of  inflexioiit 
where  the  curve  is  neither  convex  nor  ooocave  ;  that  is,  is 

to  y  in  a  constant  ratio,  or  ^  or  -r-  is  a  constant  quantity. 

But  constant  quantities  have  no  fluxion,  or  their  fluxion  is 
equal  lo  notliing  :  so  tiiat,  iu  this  case,  tho  fluxion  of 

^  orof  -r-is  equal  to  nothing*  And  hence  we  have  this 

general  rule  : 

,  \\b.  Put  the  given  equation  of  the  curve  into  fluiions  ; 

7/  A 

from  which  find  either  -7-  or  -t-«   Then  take  tho  fluxion  of 

±  y 

this  ratio,  or  fraction,  and  put  it  equal  to  0  or  nothing  j  and 
from  this  last  equation  find  also  the  value  of  the  same  -r  of 

Then  put  this  latter  value  equal  to  the  fohner,  which 

wiU  form  an  equation ;  from  which,  and  the  first  given  equa- 
tion of  the  curve,  x  and  y  will  be  determined,  ht^ng  the 
absciss  and  ordinate  answering  to  the  point  of  inflexion  in 
ttie  curve,  as  required. 

XXAKPLKS. 

Exam.  1.  To  find  the  point  of  inflexion  in  the  curve 
whose  equation  is  ox* «  a'y  +  tt^. 

This  equation  in  fluxions  is  2oasf  s         2syt  + 
which  gives  ^=  •   Then  the  fluxion  of  this  quantity 

made  ===  0,  gives  2xi-  (ai—fy)  =  (a^         X  (at— iy— ay) } 

X    o'  H*x^  9 
and  this  again  gives -=  —         X  • 

i- 

Lastly,  this  value  of  -  being  put  equal  to  the  former,  gives 
Vol.  n.  49 
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2x  a— y 
tod  s     a  ^    the  absciss* 


•ad  btnea  ti*  -4e», 


a  ^  the  ocdinate  of  Uio  poiiil  of  in- 


^  tfT^*^  to* 

fexioQ  sought. 

ExAii.  2*  To  find  the  poiiit  of  infle^ioo  io 
Ibiod  by  the  eqjH^ioa  oy  «  a  %^  «#  + 

SiAH.'S.  Tofindtlie|NNatoriiiflezioBiBAeanrodelBed 

by  the  equation  ap*         +  ac*. 

Exam.  4.  To  find  the  point  of  inflexion 
in  the  Conchoid  of  Nicomedes,  which  is 
generated  or  constructed  in  this  manner : 
Prom  a  fixed  point  p,  which  is  called  the 
pole  of  the  conchoid,  draw  any  number  of 
right  lines,  pa,  pb,  pc,  pk,  die.  cutting 
the  given  line  fd  in  the  points  f,  g,  h,  i, 
ftc. ;  then  make  the  distances  fa,  ob,  hc,  ib,  he*  eqfnal  to 
each  other*  and  equal  to  a  given  line  ;  then  the  onnro  Uno 
ABCE,  <&c.  wiil  be  the  conchoid ;  a  cunre  so  called  by  its  in- 
ventor Nicomedea. 


TO  FIND  THE  RADIUS  OF  CURVATURE  OF 

CURVES. 

116.  The  Curvature  of  a  Circle  is  constant,  or  the  same 
in  every  point  of  it,  and  its  radius  is  the  radius  of  curvature. 
But  the  case  is  diflfcrent  in  other  curves,  every  one  of  which 
has  its  curvature  continually  varying,  either  increasing  or 
decreasing,  and  every  point  having  a  degree  of  curvature 
peculiar  to  itself ;  and  the  radius  of 

a  circle  which  has  the  same  curva- 
ture with  the  curve  at  any  given 
point,  is  the  radius  of  curvature  at 
that  point  ^  which  radius  it  is  the  bu- 
siness of  this  chapter  to  find. 

117.  Let  A«e  be  any  ciir?e»  eon* 
cave  towards  its  axis  ad  ;  draw  njn 
ordinate  ra  to  the  point  b,  where 
tho  cunraton  it  to  bo  (bond;  and 
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•appOM  we  perpendicular  to  the  curre,  and  equal  to  the  radhni 
of  curvature  aought,  or  equal  to  the  radius  of  a  circle  having 
the  same  cunrature  there,  and  with  that  radius  describe  the  said 
equally  curved  circle  BBe ;  lastly,  draw  parallel  to  ad,  and 
de  parallel  and  indefinitely  near  to  db  :  thereby  makinrr  y,d  the 
fluxion  or  increment  of  the  absciss  ad,  also  de  the  fluxion  of 
the  ordinate  de,  and  T.e  that  of  the  curve  ae.  Then  put  x 
Ad,  y  =  de,  z  =  AE,  and  r  =  ce  the  radius  of  curvature  ; 
then  Bil  =  ±,  de  =  y,  and  Be  — 

Now,  by  m.  tri«iiglee»  the  thfao  linos  mif  de,  e«, 
wlMch  Hxy  as  ±^  ^,  . 

•re  loapeetiToly    tlio  three  •  .  ea,  oo,  ci ; 

therefore  •      •      *     •  oo.i»OB*y; 

•ad  thofluK.  of  thieeq.  ieoo  .x  +  QO.i^am»i  +  o**^, 

or  because  oo  «  — >bo,  ills  oo  •  dr—-  bo  •  :^  ^  o>  •   +  ge  .  y. 

But  since  the  two  curves  ae  and  be  have  the  same  cur. 
vature  at  the  point  e,  their  abscisses  and  ordinates  have  the 
same  fluxions  at  that  point,  that  is,  sd  or  x  is  the  fluxion 
both  of  AD  and  bg,  and  de  or  y  a  the  fluxion  both  of  de  and 
OB.    In  the  equation  above  therefore  substitute  x  for  bo,  and 

jjf  for  0B|  and  it  becomes 

ccx  —         Off  + 
or  oor  —  ofy  «  i»  +  y«  « 

Now  multiply  the  three  terms  of  this  equation  respectively 

"0    i  i 

bf  these  three  quantities,  — ,  — ,  which  are  all  equal,  and 
'  ^  00  on  CB  ^ 

it boeones      •      us^±y  ^  —tCr 

'   .    '     on  r 

j|S 

•nd  hence  is  fiNmd  r  » -7?  — TT.t  for  the  general  Talue  of  the 

yi — tjf 

radins  of  curvature,  for  all.curves  whatever,  in  terms  of  Cbe 
tadons  of  the  abseiss  and  oidinato. 

118.  Further,  as  in  any  case  either  x  or  y  may  be  supposed 
to  flow  equably,  that  is,  cither  i  or  y  constant  quantities,  or 
ir  or  y  equal  to  nothing,  it  follows  that,  by  this  supposition, 
either  of  the  terms  of  the  denominator,  of  the  value  of  r,  may 
be  made  to  vanish.  Thus,  when  x  is,  supposed  constant,  x 
being  tb^n  ss  0,  the  value  of  r  is  barely  •  •  

err  is* -7..  idien  f  is  constant* 
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BXAXPLES. 


Exam.  1.  To  find  the  radius  of  curvature  to  any  point  of 
a  parabola,  whose  equaUou  i;s  at  —  y^f  its  vertex  being  a,  and 
axis  AD. 

Here,  the  equation  to  the  curve  being  «x  c=     the  flusion 
of  it  it     =      ;  and  the  fluxion  of  this  again  is  oi  » 
fluppomng  y  constant ;  hence  then  r  or 

^  «r  (^±fA  i«  -  (^±iy')*  + 

for  the  general  value  of  the  radius  of  curvature  at  any  point 
the  ordinate  to  which  cots  off  the  absciss  ad  =  «. 

Hence,  when  the  absciss  x  is  notliing,  the  last  expression 
becomes  barely  =  r,  for  the  radius  of  curvature  at  the 
vertex  of  the  paralx>lii ;  that  is,  the  diameter  of  the  circle  of 
curvature  al  the  vertex  of  a  parabola,  is  equal  to  a,  the  pa^ 
rameter  of  the  axis.   See,  al^o,  pa.  535,  vol.  i. 

Exam.  2.  To  fitjd  the  radius  of  curvature  of  an  ellipse^ 
whose  equatiuQ  lii  a  y'  —  c'(ax  —  i'). 

ExAX.  3.  To  find  the  radius  of  curvature  of  an  hyperbola, 
whose  equation  is  a'y"  =  c'(ax  -f  a  ). 

Exam.  4.  To  find  ihe  radius  of  curvature  of  the  cycloid. 
.  Aiis.  r  =2  2  \/{ua  —  ai ),  wli«;rc  x  is  tlie  absciss,  and 
a  the  diameter  of  the  generating  circle. 


OP  INVOLUTE  AND  EVOLUTE  CITRTES. 

119.  Ah  Evolufe  is  any  curve  supposed  to  be  evolved  or 
<»pened,  which  having  a  thread  wrapped  close  about  it,  fas* 
tened  at  one  end,  and  beginning  to  evolve  or  unwind  the 
thread  from  the  other  end,  keeping'  always  tight  stretched 
the  part  which  is  evolved  or  wound  off :  then  this  end  of  the 
thread  will  describe  another  curve,  called  the  Involute.  Or» 
the  same  involute  is  described  in  tho  fiootmiy  way,  by  wrap* 
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ping  the  thread  about  the  curve  the  eTolute»  keeping  it  at 
the  same  time  always  stretched. 

120.  Thus,  ifEFfJH  be  any  curve, 
and  AK  be  either  a  pari  of  the  curve, 
or  a  right  line  :  then  if  a  thread  he 
fixed  to  the  curve  at  h,  and  be 
wound  or  plied  close  to  the  curve, 
4fc.  from  h  to  a,  keeping  the  thread 
alwavs  stretched  li^hi  :  the  other 
end  of  the  thread  will  describe  a 
certain  curve  am  d,  called  an  Invo- 
lute ;  the  first  curve  kfmi  being  its 
evolute.  Or,  if  the  thread,  fixed  at 
H,  be  unwound  from  the  curve,  beginning  at  A»  and  keeping 
it  always  tight,  it  will  describe  the  same  iDVolilte  abod. 

121.  If  AE,  BF,  ciij  DH,  dic.  be  any  positions  of  the  thread, 
in  evolving  or  unwinding  ;  it  follows,  that  these  parts  of  the 
thread  are  always  the  radii  of  curvature,  at  the  corresponding 
points,  A,  B,  c,  D  ;  and  also  equal  to  the  corresponding  lengths 
AE,  AEF,  AEFG,  AEFOH,  of  the  cvolutc ;  that  is, 

AE  =  AE  is  the  radius  of  curvature  to  the  point  a, 
BF  =  AEF  is  the  radius  of  curvature  to  the  point  b, 
CG  =  AEG  is  the  radius  of  curvature  to  the  point  c, 
PH  ~  AEii  is  the  radius  of  curvature  to  the  point  d. 

122.  It  also  follows,  from  the  premises,  that  any  radius  of 
curvature,  hf,  is  perpendicular  to  the  involute  at  the  point  b, 
and  is  a  tangent  to  the  e volute  curve  at  the  point  f.  Also, 
that  the  evolute  is  the  locus  of  the  centre  of  curvature  of  the 
involute  curve. 

123.  Hence,  and  from  art.  117,  it 
will  be  easy  to  find  one  of  those 
curves,  when  the  other  is  given. 
To  this  purpose,  put 

X  =  AD,  the  ubsciss  of  the  involute, 
y  =  DB,  an  ordinnle  to  ihe  same, 
2  =  AB,  the  involute  curv<., 
r  =  BC,  the  radius  of  curvature, 
V  =  ef,  the  absciss  of  the  evolute  eg, 
u  =■  FC,  the  ordinate  of  the  same,  and 
a  «  AE,  a  certain  given  line.  ^ 

Then  by  the  nature  of  ibe  radius  of  curvature,  it  is 


BC  s=  AM  +  sc ;  also,  by  sim*  triangles, 
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UenCO  S«  a  68  —  DB  B  — ..      y  =  o ; 


and voasAD—- AS  +  ocs«  —  a4*  "ti:?  =  ; 

which  are  the  values  of  the  absciss  and  ordinate  of  the  e?o- 
lute  curve  so  ;  from  which  therefore  these  may  be  found, 
when  the  invpluie  is  given. 

On  the  contrary,  if  v  and  «» 'or  the  evolute»  be  given : 
dieoy  putting  the  given  curve  bc  »  S|  since  cb  «  An  +  bo^ 
or  r  =s  a  4.  f ,  this  gives  r  the  radius  of  curvature.  Alas,  by 
similar  trianglesi  there  arise  these  proportions,  vis. 

# :  o  : ;  r  :  V     — e  =  OB, 
a  « 

,  •    •         ru      <»4"t  • 
and  a  :  s  : :  r  :  -7       — u  =  oc ; 

99 

theref.  AD=Aa  +  ^'~~<H2  =  a  +  n^  ^^^^^m  =  «, 

9 

and  DB  =  GB  —  GD  =  OB  —  BP  a»  — — V  —  »  =  jf ; 

9 

which  are  the  absciss  and  ordinate  of  the  involute  curve,  and 
which  may  therefore  he  found,  when  the  evolute  is  given. 
Where  it  may  ho  noted,  that  =  ,,34-  and  ^  ^ 
Also,  either  of  the  quantities  jr,  y,  may  be  supposed  to  flow 
equably,  in  which  case  the  respective  second  fluxion,  x  or 
will  be  nothing,  and  the  corresponding  term  in  the  denomi- 
nator yx  —  xy  will  vanish,  leaving  only  the  other  term  in  it ; 
which  will  have  the  efiect>)f  rendering  the  whole  operatiott 
simpler. 

KZAIIPLES. 

Exam.  1.  To  determine  the  nature  of  the  curve  by  whose 
evohilion  the  common  parubQia  ab  is  described. 

Here  the  cquutioD  oi"  the  given  evolute  ab,  is  cx  =  ^ 
where  c  is  the  parameter  of  the  axis  ad.   Hence  then 

y  =  ^cx,fkndy  ^iSiy/  - ,  also  y  =  by  making  i 
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constant.  Consequently  the  general  values  of  v  and  «.  or 
of  the  abscisa  aud  ordinate,  and  Pc,  above  given,  beeome; 
in  tnat  ca«e, 

«  +        =     + 4c— 0. 

But  the  value  of  the  qaentity  a  or  a«,  by  eitm.  1  to  art. 
i  f.'  b74ly  «         ^ '  l«  quantity,  rc  or 

Hence  then,  comparing  the  vahiea  of  «  and  «,  there  is 
found  3yc  =4i*^x.  or  27n,^  =  ie.i» ,  which  ia  the  equa- 
uon  between  the  absciaa  and  ordinalo  of  the  eyQluta  curve 
MCt  Showing  It  to  be  tha  aemicubical  parabola. 

AjUlbd»  Todetornioethoovolotaofthe  common  cycloid. 

Ana.  aoothor  cycloid,  equal  to  the  former. 


TO  FIND  THE  CENTRE  OF  GRAVITY. 

what  are  thepnoctpiea  aad  nature  of  the  Centre  of  Gravity 
m  any  figure,  and  how  it  is  generally  . 
oxpreaMd.   It  there  appears,  that  if 
rAahealiiie,ora  plaoe,  drawnthrmigh        9  Q 
any  point,  as  suppoae  the  vertex  of  ^XTS.  " 

aDT  body,  or  figure,  ABD,  and  if.   .  ^- 
a  denote  any  section  bp  of  the  figure, 
^  ^  AO,  its  distance  below  po,  aud 
&  a  the  whole  body  or  figure  abd  ; 
then  the  distance  ac,  of  the  centre  of  * 

gravity  below  po,  is  universally  denoted  by  ^""^     °"  ^ 

£tej?r  t^Jd.*  "  ''''''  ^  ^"'^'^  «"P«^ 

Bnt  the  sum  of  all  the  d^,  is  the  same  as  the  fluent  of  db 
•ad  6  ia  the  same  as  the  fluent  of  b  ;  therefore  the  geneiml 
expteenon  for  the  distance  of  the  centre  of  gravity,  S  ao  = 
fluent  of  jr^  _  fluent  xb 

fluent  of  6  J —  •  «  =  d!  the  variable  diataaee 

A©-    Which  will  difide  into  the  following  four  cases. 
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12&  Cai*  1.  When  is  some  line,  as  a  curve  topiMMe. 
lDtliifleaM6b«ior  v^i^TT.      fl***'^'^  «^  ihejurvej 

fluent  of  xg  _  fluent  c>r  t  ^j-^  -f- 
mdh^9i  theref.AC«  j  —  i 

is  the  diMuiee  of  the  centre  of  gravity  in  aeurve. 

120.  Cabb  «.  When  the  figtnre  abd  is  a  plane ;  then 
6  s  yi ;  therefore  the  general  expression  hecomes  ao  « 

for  the  distance  of  the  centre  of  granty  in  a  plane. 

127.  Cass  8,  When  the  figure  is  the  superficies  of  a  body 
irenemted  by  the  rotation  of  a  line  aeb.  about  the  ax.s  ah, 
^^ntting  «  -  8-14169,  &c.  2<ry  will  denote  ihe  c.rcum. 
fy!^cflL  generating  circle,  and  iUpz  the  fluxion  of  the 
A.«.fi«^c  _  fluent  of  2^y^i^^^^;„K.«K. 

Miihce :  thmfore  ao  ^  ^^^ent  of  drsfi  fyi 

distance  of  the  centre  of  gravity  for  a  surface  generated  by 

the  rotation  of  a  curve  line  s. 

198.  Cam  4.  When  the  figure  is  a  solid  generated  by  the 
'  ntation  of  a  plane  abk,  about  the  axis  ah. 

Then  is  «^  —  the  area  of  the  circle  whose  radius  is  y, 
Md«^  9«    the  fluxion  of  the  solid  ;  therefore    .    •  - 
^  fluent  o(xb  _  fl»»ent  of  *p*x±  _  jf^^f  ^  distance 
^     fluent  of  6     fluent  of  *v'-^  ./^'i 
of  the  centre  of  gravity  below  the  vertex  in  a  solid*  . 

ft 

BXAKFLBS. 

ExAX.  1.  Let  the  figure  proposed  be  the  isosceles  triangle 

^is  evident  thai  the  centre  of  gravity  o,  inll  be  some, 
where  in  the  perpendicular  ah.   Now,  if  a 
denote  ar,  c  «»  sn,  a?     ao,  and  y  =  kf 
any  fine  parallel  to  the  base  bd  :  then  as 

a  ;  c  ; :  X  :  y  =  ~ ;  therefore,  by  the  2d 


fluent  ysi     fluent  a^j  _  Jf* 

^  ^  Tuent  yx  fluent  i«* 
ss  }j;  t-AD,  when  X  becouies  =  ah  : 
consequently  cu  =  ^ah* 
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In  like  TTianner,  the  centre  of  gravity  of  any  other  plans 
triangle,  will  be  found  to  be  at  ^  of  the  altitude  of  the  trian* 
gle  ;  the  same  as  it  was  found  in  art*  III,  Statiet. 

ExAH.  2.  lo  a  parabola;  the  diataoee  from  the  vertex  is 
ft^  or  I  of  the  axie. 

ExAJi.  3.  In  a  circular  arc  ;  the  distance  from  the  centre 

CI* 

of  the  cneloi  is  — ;  where  a  denotes  the  are»  cite  chord,  and 

r  the  radius. 

Ekams  4.  In  a  circular  sector ;  the  distance  ffom  the 

centre  of  the  circle»  is     :  where  «» c,  r,  are  the  same  as  in 
exam.  8.  * 
Exam.  5.  (n  a  circiilar  segment ;  the  distsncs  fifom  the 

centre  of  the  circle  is  |^  ;  where  c  is  the  chord,  and  a  the 
area,  of  the  segment. 

Exam.  6.  In  a  cone,  or  any  other  pyramid ;  the  distance 
from  the  vertex  is  jj;,  or  J  of  the  altitude. 

E3UK.  7.  In  the  semisphere,  or  semispheroid ;  the  distance 
from  the  centre  is  }r,  or  }  of  the  radius :  and  the  distanpe 
from  the  vertex  I  of  the 


,ExAX.  8.  In  the  parabolic  conoid  ;  the  distance  from  the 
ise  is  jx,  or  ^  of  the  axis.   And  the  distance  from  the  ver- 
tex I  of  the  axis. 

ExAit.  9.  In  the  segment  of  a  sphere,  or  of  a  spheroid  ; 

the  distance  from  the  base  is     — ;  where  x  is  the  height 

of  Uie  segment,  and  a  the  wfaoie  axis,  or  diametsr  of  the 
sphere. 

Exam.  10.  In  the  hyperbolic  conoid;  the  distance  from 

the  base  is  ^^j-^j ;  where  x  is  the  height  of  the  conoid, 

and  a  the  whole  axis  or  diameter. 

129.  Amoiig  the  preeedhig  examples,  those  which  relate 
to  circles  and  spheres,  fiimish  pleasinc  applications  of  the 
flnxional  formnim  for  the  trigonometripu  quantities.  Thn<«, 

1-  To  &id  the  centre  of  gravity  of  a  circular  arc. 

Vol.  II.  50 
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^    fxi  CM*  %i     2  sin.  % 

HeDcet  BAD  s  BD : :  fad.  %  dkt. 
o«  fton 

8.  Ite  find  Ui6  cantie  of  giayhy  of  a  ciicalar  Mgmeat 

yyi  sin.  z  9  cos.  2  sin.^  zz 

ft,  sin.h  9  sin.  z         |  sin.^z 

8.  To  find  the  diHtnce  of  c.  o.  of  a  spheiio  muftce  Crom 
itsoeatfo. 

f2^  sin.  z  COS.  zi         *  sin.'z 
f2ie  sin.  zi         2«'(1 — cos.  z) 


1(1  +  C08.  Z)  I 


that  is,  the  middle  poiot  of  the  veised  sine. 

4.  For  the  o.  o*  of  a  ephetical  eegment. 
fy^xi       m»'* cot.  z( — y  coe.  x)  ^/tin.^gcoe.  zq>cos.r 

fy'x         jTSnT^z  ( — 9  COS.  z)  / sin.^s  9  cos.  z 

y  Bin.'z  cos,  z  sin,  zi       /  sin.^z  cos,  zz 
/8in.»z(— 9  coa.  z)     f  mxu^z  ( — 9  coe.  z) 
/ sin.^z  9  sin,  z  ^  sin.*z 

^ f  mn^»  z^-^^  ooB,z)  ■"/(l-coe.»fr)(— ^  ooaTz) 

 i,??*^^  i  sin.^z 

/  (cos.^z— 1)  9  COS.  z  ~~  i(co8.^z— 3  cof.  zY 

i  8m,*z 


which  corrected 


^coe.'j9— 8  coo. 


When  the  aegment  beoomee  a  hemiiphere,  this  becomes 
=  f  of  ladiua^  aa  it  ought  to  be. 

180.  Pressure  of  Earth  against  Watts. 


Lemma.  A  weight,  w,  be- 
ing  placed  on  a  planoi  inclined 
to  the  vertical  in  an  an^  t» 
to  find  a  horisontal  force,  r, 
sufficient  to  sustain  it^  so  that 
it  shall  not  run  down  tho  plane, 
taking  firiction  into  the  ac« 
coont* 
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Each  of  the  forces,  w,  b,  being  resolved  into  two,  the  one 
parallel,  the  other  perpendicular,  to  the  plane;  there  will 
result, 

parallel  to  the  plane,  a  force  =  w  cos.  i  —  n  sin.  i, 
perp.     to  the  plane,  a  force  =  w  sin.  i  -\-  u  cos.  ». 

In  order  to  an  equilibrium,  the  first  of  these  forces  ought  to  bo 
precisely  equal  to  the  friction  down  the  plane. 

That  is,  w  cos.  i  —  h  sin.  i  =  fw  sin.  i  -{-fn  cos.  i, 
wbonce  fa,  cos.  i  +  h  sin.  t  =  — /w  sin.  i  +w  cos.  t» 

cos.  »  —  / sin.  t        1  —  /  tan.  t, 

and  H  =  w  — T—r-i  ;  =  w  — — !i— 

mn. t  +/  COS.  t         tao.  t+f 

CoroL  Hence,  if  instead  of  a  herizoBtal  force,  the  weight 
w  were  aostained  by  a  wall,  or  by  any  obstacle  whatever,  the 
horizontal  efibrt  exerted  by  the  weight  against  the  obateele 

1  —  /  tan.  I 
would  be  w  •  

tan.  I  -f- / 

131.  Prof.  To  determine  the  horizontal  stress  of  the  ter- 
race whose  vertical  section  is  bcef,  against  the  wall  whose 
section  is  abcd,  and  the  momentum  of  the  pressure  to  over- 
turn the  wall  about  the  angle  a. 

Considering,  first,  the  stress  of  a  triangle  cbe,  whose 
sloping  side  be  makes  the  angle  i  with  the  vertical  :  let  6e, 
b  e,  be  each  parallel  to  be,  limiting  the  elementary  trapezoid 
bb'e'e.  Let  bc  =  a, 
cb  =  r,  bb'  =  X ;  then 
area  of  bb'e'e^xx  tan.  i ; 
and  if  s  be  the  specific 
gravity  of  the  earth,  the 
weight  of  the  portion 
hh'ee  will  be  =  sxx 
tan.  t.  Therefore  the 
horiaoitfal  effiurt,  against 
the  line  lh\  will  be 


«ettan.i  • 


1  —  /  tan,  t  _  ^  1  — /  tan.  t 
tan.  i  4-/  1  +/cot7i 

1  —  /tan.  % 


The  fluent  of  jj^k,  when  «  ss  a,  gives  j^t^sM,  for  the  whole 
horizontal  thrust  of  the  triAngle  on* 

Referring  the  momentum  of  the  thmst  of  the  elementary 
portion  bb'Se,  to  the  length  of  leve%5B  «  a  we  have 
for  that  momentum  mm  (a  The  fluent  of  this  when 
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182.  it  remains  to  detennine  the  angle  t. 

1  —  /  tan.  I  •  u  J 

Now,  it  is  evident  that  r — ~ — r~-  ^      ▼anittia*,  UKi 
'  I  'rj  cot.  t 

MBMqaentlyi  both  tho  horicootal  thnut  and  Hi  fnooMoUiiii 
Taniflb,  whether  tan.  t  »  0,  or     j.    Between  these  two 

values,  therefore,  there  is  one  which  gives  both  the  greatest 
thrust  and  the  greatest  momentum.   This  value  is  found  by 

1  — /  tan.  i     ^    T%  .  ^    •  — 
9M  =  0,  that  IS,  9  I  +  f^u  i  tan.  t « 

then-/i  (1  +  {)  +•?  (1  -/*)  =0  i 

,  .  s»+/s  =  i-/c, 

that  is, .   

tan.  i  =  -/  +  ^1 

Substituting  this  value  of  tan.  i  for  it  in  the  above  ezpces* 
iion  for  x,  we  have  for  the  horizontal  thrust 

whOe  the  momentnm  of  the  etreee  ia  found  to  be 

which  was  to  be  found. 

183,  The  angle  which  has  for  its  tangent      is  the  angle 

of  the  slope,  which  the  earth  would,  of  itself,  naturally  takOt 
if  it  were  not  sustained  by  any  wall. 

For  a  body'.has  a  tendency  to  deseend  along  a  plane  (in- 
clination to  Tertieal  »t)  with  a  force  jt  cos.  $»  and  it  presses 
tiie  plane  .with  a  force  =  g  sin.  u  lIHierefoie  the  frietioft 
SB  fg  sin.  t ;  and  since  it  counterbalances  the  force  with  which 
the  body  endeavours  to  descend*  we  have 

^sin.  tss^eos.   .  =3 tan. SB -7  ; 

•'^  ^  ^      COS.  t  / 

alto/  s  cot.  i. 
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Farther,  the  angle  whose  tangent  is  —  /  +  ^l+/*is  half 
tho  ftoglei^iote  tangent  is  y . 

For  tan.  t  «  f~^^^'    (Kq"a-  ^'^y  pa-  395,  vol.  i.) 

Or  -  "^y+^^±zi^  ^ 

Let,  therefore,  bf  be  the  slope  which  loose  earth  would, 
of  itself,  naturally  nssuine  :  then,  the  line  be  which  de- 
tennines  the  triangle  of  earth  that  exerts  the  greatest  hori- 
sontal  stress  against  the  Tertical  wall  bisects  the  angle  cbf. 

134.  SCBOLIUK. 

Sandy  and  loose  earth  takes  a  natural  declivity  of  60° 
from  the  vertical  ;  stronger  earth  will  take  a  declivity  of  58°. 
Therefore,  for  a  terrace  of  loose  earth  wo  have  t  =  30^  ;  for 
another  of  strong  and  close  earth  i  =  2(>J°. 

Hence,  for  the  former  kind,  where  tan.  30°  =  i\/3,  the 
value  of  the  stress  is  ja''^-,  and  that  of  the  momentum  of  the 
stress  cr^s. 

For  the  latter  kind,  where  tan.  26^°  =  ^  nearly,  the  stress 
sx  ^tt^s,  its  momentum  »  a**. 

135.  The  horizontal  stress  and  momentum  being  thus 
known,  it  is  easy  to  proportion  to  them  the  resistance  of  the 

wall  ABCD. 

Let  6  =  AB,  while  nc  =  a,  and  let  s  be  the  spec*  grav.  of 
the  wall.  For  brick,  s  »  2000,  for  strong  earth,  «  =3  1428. 
Then  the  momentum  of  the  resistance  referred  to  the  point 
AB,  being  joMs  ;  we  shall  hare ' 

{lab'f  =         (for  strong  earth} 

Thus,  if  a  s  38*37  feet,  s  and  a  as  abovot  we  shall  find 

b  =  9-326  feet. 

Exam.  2.  Supposing  the  earth  of  the  same  kind  as  in  the 
above  example,  «  to  s,  as  4  to  5,  and  the  height  of  the  waU 
and  bank  each  12  feet ;  reqaiied  the  thickness  of  the  waD, 
being  rectangalar.  Ana.  2-066  feet. 

Na§$*  The  preceding  investigation  proceeds  upon  the 
principles  assomed  by  GsiiliMiid  and  fjrwnf*  They  who  wish 
to  go  thoroughly  into  this  8ubjecit»  and  have  not  opportunity 
to  make  experiments,  may  sdvantageously  oonsolt  IV«M 
JBxpMMirtpi;  Analytique  et  PtoUque  de  ia  AMSds  dm 


Digitized  by 


990  '  FLBXIBILITT  OF  HIIBIS. 

« 

ON  THE  FLEXIBILITT,  STRENGTH,  AND 
RUPTURE  OF  TIAIBER,  te. 

A  piece  of  eolid  matter  may  be  ezpeeed  to,  ai  least,  four 
distinct  kindi  of  ftrains :  viz. 
Ist.  It  maj  be  pulled,  or  torn,  asunder,  as  in  die  ease  of 

ropes,  streteners,  Idng-posts,  tie*beams,  fcc. 

Sdly.  It  may  be  crushed,  as  in  the  case  of  pillars,  posts, 
and  truss-bcams. 

ddly.  It  may  be  broken  across,  as  in  the  case  of  a  joint  or 
rafter. 

4thly.  It  may  be  wrenched,  or  twisted,  as  in  the  case  of 
tbc  axle  of  a  wheel,  the  nail  of  a  press,  dec. 

Tlie  complete  javestigation  of  these  particulam,  only  in 
their  principal  varieties,  would  require  «  volume.  The  stu- 
dent who  wishes  to  go  into  the  inquiry  with  scientific  pro* 
cision,  may  consult  M.  Giiard's  Treatise  on  the  Resistance 
of  Solids,  an  interesting  essay  on  the  Flexibility  of  Wood,  by 
M.  Dupin,  in  Journal  de  VEcde  Polyiechniqtte,  tome  10, 
Tredgold's  Principles  of  Carpentry,  and  Mr.  Barlow's  va« 
luable  £«tay  en  1^  Strength  and  i^nmqf  Timber,  Having 
attended  many  of  the  experiments  recorded  ip  the  lalter- 
mentioned  work,  I  can  with  confidence  recommend  its  piin* 
cipal  results  as  accurate  and  useful  ;  and  shall,  therefore, 
refer  to  the  work  itself  for  the  experiments  and  investigations 
irom  which  the  following  formulae  and  rules  are  deduced* 

Let  I  denote  the  length,  a  the  breadth,  d  the  depth  of  a 
rectangular  beam,  all  in  inches,  w  the  weight  with  which  it 
is  loaded  in  the  middle  (being  suppoited  at  both  ends),  i  the 
deflection  occasioned  by  thai  weight,  and  b  the  measure  of 

wP 

the  elasticity  :  then  it  is  found  that       =  s  is  a  constant 
quantity,  for  the  same  timber ;  or,  which  amounts  to  the  • 

same,  that       =a  tf. 

This  formula  is  equally  applicable  to  beams  fined  ai  one 
nnd,  and  loaded  at  the  other,  and  those  ^hich  are  supported 
at  both  ends  and  loaded  in  tlie  middle  ;  only  the  value  of  ■ 
in  the  one  case  will  be  to  that  in  the  other,  as  82  lo  !• 

For  the  uHhnate  deflection  of  beams  before  their  mptnre, 

the  theorem  is  —  =  u,  where  A  is  the  last  deflection. 

If  the  resistance  of  a  rod  an  inch  square  be  s,  then  ocTs 
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will  be  the  resistance  of  a  beam  the  same  lerifrth,  whoso 
breadth  is  a  and  depth  d  :  also,  if  the  angle  oi*  deHecUon  be 
A»  aud  the  breaking  weight  be  w  ;  then 

1.  When  the  beam  is  fixed  at  one  mid^  md  hoM  a$  Ike 
other* 

,  ^      Ivf  COS.  A  ^   A  A-* 

Iw  COS.  A  ^       or  — ^ —  «    a  cooaluit  qyanlity. 

2.  When  the  beam  in  supporled  cU  each  end,  and  loaded 
in -the  middle, 

Iweec^  A 

^Iwsec^  A  =  a<f^8>  or  — —  =  e,  constant. 

3.  When  the  beam  is  fixed  at  each  end^  and  loaded  in  the 

ilwseer  A  s=  adrWf  or  s,  constant* 

oad 

4.  When  the  beam  in  eUher  of  Ike  two  last  caeesie  loaded  at 
emjf  other  point  than  the  centre. 

We  shall  liave,  in  the  former  case,  by  denoting  the  two 
unequal  lengths  by  m  and  n, 

^^eo^A^ad%OT     ^  =a: 

•ad  in  the  second, 

still  the  same  constant  quantity. 

And  the  first  formula  will  also  apply  to  a  beam  fixed  at 
any  given  angle  of  inclination  ;  observing  only,  that  the 
angle  A,  in  this  case,  will  represent  the  angle  of  the  beam's 
inclination,  increased  or  diminished  by  the  angle  of  its  de- 
flection, according  as  its  first  position  is  ascending  or  de- 
scending; or  rather,  it  will  denote  the  angjie  of  the  beam's 
inclination  at  the  moment  of  fracture. 

In  all  these  case?,  when  it  is  only  intended  to  apply  the 
results  to  the  common  application  of  timber  to  architectural 
and  other  purposes,  the  angle  of  deflection  may  be  omitted^ 
and  the  equations  then  become  simply, 

iw  hr   

_      Jw  ^  tnnw 
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6. 


The  absolute  value  of  direct  cobenon  on  a  square  incb 
is  o  =  pIT^  *  where  d  is  the  depth  of  the  natural  axisr 

or  of  the  line  which  separates  the  compressed  from  the 
stretched  portion  of  the  wood. 

Hie  subjoined  portion  of  data  for  difihient  kinds  of  wood, 

resolts  from  the  union  of  these  Ibrmule  wiUi  experimenla. 

 »_ 


NftOM  of  the  kind  of 
Wood. 


Teak  

POOQ  

Eng.  Oak  .  .  . 
Do.  Spec.  2.  , 
Canadian  Oak 
Dantzic  Oak  . 
Adriatic  Oak  • 
Ash  •  •••••• 

Beech  

Elm  

Pitch  Pine  .  .  . 
Red  Pine .  .  .  . 

New  Eng.  Fir. 
Riga  Fir  .... 

Do.  Spec.  2.  • 
^ar  Forest  Fir 
Do.  Spec.  2  •  • 
Larch  •••••• 

Do.  Spec.  2  .  • 
3o.  Spec*  8  •  • 
Do.  Spec.  4  .  . 
Norway  Spar  . 


Spac. 


Valtt« 
of  0. 


745 

579 

969 

934 

872 

756 

993 

760 

696 

553 

660 

057 

553 

753 

738 

696 

093 

581 

522 

556 

577 


818 
596 
598 
435 
588 
724 
610 
395 
615 
509 
588 
605 
757 
588 

588 
403 
411 
518 
518 
518 
648 


Value  of  B. 

9657802 
6759200 
3494730 
5806200 
8595864 
4705750 
3885700 
6580750 
j5417266 
2799347 
14900466 
7359700 
5967400 
53M570 
3962800 
2581400 
3478328 
2465433 
3591183 
4210880 
4210880 
5882000 


2462 
2221 
1181 
1672 
1766 
1457 
1583 
2020 
1556 
1013 
1632 
1341 
1102 
1108 
1051 
1144 
1262 
658 
882 
1127 
1149 
1474 


Value  odValoe  ofj 


a'. 


2488 
2266 
1205 
1736 
1803 
1477 
1409 
2124 
1580 
1042 
1666 
1368 
1116 
1131 
1081 
1168 
1310 
890 
850 
1149 
1172 
1482 


Value  ofl 

c 


15555 
14787 
9836 
10853 
11428 
7386 
8808 
17337 
9912 
5767 
10415 
10000 
9947 
10707 


9589 
10091 


7655 
7852 
12180 


Other  tables  and  observations  on  the  cohesive  Htrength  of 
metals,  4(c«  are  gifren  in  a  subsequent  part  of  this  volume. 

Sobaion  of  Practical  Probkms,  from  the  yreceding  Data. 

Pros.  i.    To  find  tfie  Strength  of  Direct  Cohesion  of  a  JHees 
of  Timber  of'  wiy  given  Dimenaiuiui* 

Rule, — Muhiply  the  area  of  the  transverse  section,  in 
inches,  by  the  value  of  c,  in  the  preceding  table  of  data»  and 
the  prodiict  will  bo  the  strength  nqtiired. 
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Note,  If  the  specific  gravity  be  not  the  same  as  the  meaq 
tabular  specific  gravity  ;  say,  as  the  latter  is  to  the  forn^efi 
90  is  the  above  product  to  the  correct  result. 

£zAM.  1.  What  weight  will  it  require  to  tear  asunder  a 
piece  of  teak  3  inchee  equare,  the  specific  gravity  being  745 1 

Ane.  13906Ol)ie; 

Exam.  9.  What  weight  will  hreak  vertijcally  a  cylinder  pf 
Hfdiy  2  iAchee  in  dtaaelery  ml  epecifio  gravity  700T 

Ana.  6016(libs. 

PaoB.  II.    To  compute  the  Deflection  of  Beams  fixed  at  0190 
End  and  loaded  at  the  other  with  any  given  Weightp 

Xule  1.  Multiply  the  tabular  value  of  a  by  the  breadHi 
and  cube  of  the  depth  of  the  siven  beam,  both  in  inchee* 

3.  Multiply  also  the  cube  of  the  length  in  inchee  by  the 
gifen  weiffht,  and  that  product  again  by  38. 

8.  Divide  the  latter  pvoduet  the  nmner,  6^  the  d(ifle|Bf 
lion  eoughL 

Exam.  1.  An  a.sh  batten,  3  inches  square,  is  fixed  in  a 
wall,  and  projects  iVom  it  4  feet.  If  a  weight  of  2001bs.  be 
hung  on  its  extremity,  how  much  will  it  be  deflected  ? 

Ans.  1^  inches. 

Exam.  2.  What  would  the  same  beam  be  deflected  if  a 
prop  or  shore,  proceeding  from  the  w|L)i,  met  it  at  ^alf  ile 
length  ? 

Here,  without  repeating  the  operation,  as  we  know  that 
the  deflections  are  as  the  cubes  of  the  leng^ths  ;  and  as  hy 
means  of  the  shore  the  length  is  reduced  to  one  half  the 
former,  viz.  to  2  feet,  we  have 

4'-' :  2^ : :  ]J  inches  (former  deflec.)  : 

-4-^ — =  ^=2j  =  i  ot  an  >nch,  answer. 

Bsax*  8.   A  batten  of  New  England  fir,  6  feel  long  and 
4  inchee  deep,  by  2^  inchee  in  brei^th,  ie  fixed  at  one  end» 
pnd  loaded,  unilbrmly  throughout  ite  length,  with  2O0lbe.| . 
how  much  will  ite  extremity  be  deflected  7 

Nate,  The  same  rule  will  apply,  when  the  weight  is  dis- 
tributed throughout  the  length,  by  multiplying  the  8ecpn4 
product  by  1;^  instead  of  32. 

'FaoB.  m.  To  compute  (he  DeftuHkn  of  Beam^  supportei 
ai  eath  End,  and  loaded  tti  the  Middle  wUh  any  given 
Weight. 

Rule,  1.    Multiply  the  tabular  value  of  a  by  the  brpa^ti) 
and  cube  of  the  depth,  both  in  inches. 
Vol.  U,  61 
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2.  Multiply  also  the  cube  of  the  length,  in  inches,  by  the 
ffiven  weight  in  lbs.  ;  then  divide  the  latter  product  by  the 
lorroer  for  the  deflection  sought. 

ExAK*  1*  A  square  beam  of  English  oak,  whose  side  is  6 
inches,  is  supported  on  two  walls,  20  feet  distant,  and  is  to 
be  loaded  at  iu  middle  point  with  iOOOibe.9  what  will  it  bo 
deflected)  Ans.  1-8  inch. 

Exam.  2»  A  beam  of  red  pine,  8  incbes  in  breadth,  and 
1  foot  deep9  it  supported  on  two  walls,  distant  88  foot  4 
inchoi:  how  nmch  will  it  bo  deflected  with 2000lbe.  suspended 
at  ita  centre!  Ana.  1^  inchaa. 

Note,  If  the  beam  be  fixed  at  each  end,  the  deflexion  will, 
with  equal  weights,  be  two-thirds  of  that  found  by  the  above 
rule. 

Fbob.  7b  compute  ike  JMedhn  of  Beam  eupported  af 
eaek  end,  aed  loaded  imgwwdif  mnmgkam  iMr  Leaglk 
wUhagnen  WeigkL 

Rule,  Compute  the  deflection  the  same  as  in  the  last  pro- 
blem. Multiply  that  result  by  5,  and  divide  the  product  by 
89  and  the  quotient  will  be  the  answer. 

Ex  AX.  1.  A  uniform  bar  of  Adriatic  oak,  2  inches  square, 
18  rested  upon  two  props,  distant  24  feet,  how  much  will  it 
be  deflected  by  its  own. weight,  ita  apecific gravity  being  960, 
or  dOlbs.  to  the  cubic  foot  ?  Ana.  9^  inchoa.  * 

ExAK.  3.  A  beam  of  Riga  fir,  13  inches  square,  ia  to 
aupport  the  brick  work  over  a  gateway,  12  feet  wide ;  the 
computed  weight  of  the  brick  work  ia  SOOOOIba.,  what  de» 
flection  may  be  expected  I  Ana. '58  inch. 

pROB*       To  compute  the  ultmate  Deflection  of  BeamSf  or 

Bodig  before  their  i^pfure. 

Note.  Theboama  are  auppoaed  to  be  auppoited  al  each 
and. 

Rule,  Multiply  the  tabular  value  of  u,  in  the  preceding 
table  of  data,  by  the  depth  of  the  beam  in  inches,  and  divide 
the  square  of  the  length,  also  in  inches,  by  that  product,  for 
the  ultimate  deflection  sought. 

ExAV*  A  aquare  inch  rod  of  aah,  6  feet  long,  is  broken 
by  a  weight  applied  to  its  centre :  how  much  will  it  be  de«  • 
fleolad  before  it  breaka  ?  Ana.  18*1  inchaa. 
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Pbob.  ti.  To  find  the  ultimate  transverse  Strength  of  any 
reclangxdar  Beam  of  Timber^  fixed  al  one  End  and  loaded 
at  ihe  other  • 

Rale  I.    Mahiply  the  value  of  s,  in  the  preceding  table  of 
data,  by  the  breadth  and  square  of  the  depth,  both  in  inches, 
and  divide  that  product  by  the  length,  also  in  inches,  and 
the  quotient  will  be  the  weight  in  lbs.    This  is  approxima- 
tive. 

Utile,  n.  1.  Take  the  ultimate  deflection  8  times  that  of 
the  last  problem,  and  divide  the  deflection  by  the  lengthy 
which  will  give  the  sine  of  the  angle  of  deflection ;  whencei 
by  a  table,  find  the  secant. 

2.  Multiply  this  secant  by  the  breadth  and  square  of  the 
depth  in  inches,  and  the  pioduct  again  by  the  value  of  e'  in 
the  table  of  data. 

8.  Divide  this  last  product  by  the  length  in  inches»  and 
the  quotient  will  be  the  answer,  m  lbs. 

Ejus*  !•  What  weight  will  it  require  to  break  a  piece  of 
Mar  fbfest  fir,  fixed  by  one  end  in  a  wall,  and  loaded  at  the 
ott«r ;  the  breadth  being  2  inches,  depth  8  inches,  and  length 
4feett  Ans.518lbs. 

Exam.  2.  A  square  oaken  balk,  12  inches  square,  projects 
6  feet  4  inched  from  a  solid  wall,  in  which  it  is  fixed  ;  what 
weight  will  be  sufficient  to  break  it  ?  Ans.  503451bs. 

ExAX.  3.  A  piece  of  ash,  2  inches  square,  projects  6  feet 
from  a  wall  in  which  it  is  fixed  ;  what  weight,  uniformly  dis> 
thbuted  through  ita  length,  will  be  required  to  break  it  7 

Fbob.  VII.  To  compute  the  ultimate  transverse  Strength  of  any 
rectangular  Beam,  whan  wpporled  al  both  Ends  and  loaded 
tntAe  Centre. 

'Rule  I.  Multiply  the  tabular  value  of  s  by  4  times  the 
breadth  and  square  of  the  depth  in  inches,  and  divide  that 
prodt/bt  by  the  length,  also  in  inches,  for  the  weight. 

BmU  tu  1*  Cooipate  the  uhnnate  deflection  by  Ph>b.  v. ; 
•i|uare  that  deflection,  and  divide  it  bjr  the  square  of  half  the 
Miffth  of  the  beam,  and  and  the  quotient  to  1,  for  the  square 
of  Sie  secant  of  deflection ;  whidi  multiply  by  the  length  in 
inches* 

2.  Multiply  the  tabular  yalue  of  a'  by  4  times  the  breadth, 
and  the  square  of  the  depth ;  and  divide  that  product  by  the 
famer,  for  the  answer  in  lbs. 
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£lxAJi.  Whal  weight  will  be  necessary  to  break  a  piece  of 
larch  simifaur  to  the  8rd  q>ecinien,  the  length  being  8  feet  4 
inches,  the  breadth  8  inches,  and  depth  10  inches ;  being 
Supported  at  each  end,  and  loaded  in  the  middle  1 

AskB.  36676]b8. 

Note  1.  When  the  beam  is  loaded  uniformly  throughout 
its  length,  the  same  rule  will  apply,  but  the  result  must  be 
doubled. 

2.  If  the  beam  be  fixed  at  each  end  and  loadrd  in  the  mid- 
dle, then  the  result  obtained  in  the  problem  must  be  increas- 
ed by  its  half. 

3.  If  the  beam  be  fixed  at  both  ends  and  loaded  uniformly 
throughout  its  length,  the  same  result  must  be  multiplied  by 
b«    That  is,  the  strength  under  these  several  circumstances: 

Supported  and  loaded  in  the  centre...  '\  f  1  :  2 
Do.  and  loaded  throughout  its  length  f  are  12   :  4 

Fixed  and  loaded  lu  the  centre  I  aa  jH  :  3 

Do.  loaded  throughout  its  length*..-* }      (3  ;  6  ' 

fexAK.  A  piece  of  New  England  fir,  10  feet  long  and  6 
iochet  square,  being  fixed  at  eacb  end,  and  loaded  mnibrtaiily 
lluNNlgfaita  entire  length :  it  ia  Teqaiied  to  find  the  weight  ne. 
IMtarytobreakit.  Ana.  24036UiNh 


^itTiit*  lifiMdOeWeigMmderwhiehaCkilmmrfTSm' 
far  of  given  Dmmmkmi  and  EUuUcUy  wUl  begin  to  iendi 
wken  j£aeedy  veriieaMf,  on  a  hamonUd  Fkme. 

Rule,  Multiply  into  one  sum  the  value  of  ■  for  the  propos- 
wood,  the  cube  of  the  least  thickness,  and  the  greatest 
thickness,  the  two  latter  both  in  inches ;  and  that  product 
again  by  the  constant  number  *2056.  Then  divide  the  last 
|iroduct  by  the  square  of  the  length,  in  inches,  for  the  an* 
Hwer,  or  weight  in  lbs.* 


*  This  rule  is  founded  upon  the  i'ormulaB  which  have  been  ^v«a  for 
thto  purticolar  case,  by  EuUr,  Poiuon,  &e.  a 

4  =  ^-^-'^t^f  —  lA<  wnaH,  ooder  which  a  coiuSin  beciat 

4/1     126  ^ 

Uiid.  Where  p  is  half  the  weight,/  half  the  lencth,  aod  b  the  defleo* 
titta,  wHaa  the  beam  or  colamo  u  lOadad  in  the  middle,  and  stipporUd 
ac  Its  two  ends  I  alto, «  =  3*14150,  Ae.  or  the  taaiicircomfareBce  of  a 

IW1/\S 

%irom  U  radios  1  {  that  Is^  accordio^  to  oar  nolatioo,  %kk  =  -  g"^*^ 
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BmmM.  i.  WImIw^I  wiBbe  wqoiMtelo  tendftfoiof 
fed  piiiet  10  inchef  in  length  and  1  inch  square,  when  plaoeit 
▼ertieal^  on  a  plane,  the  weight  being  applied  at  its  uppet 
extfemityf  Ana.  151811ba. 

£xAJf.  2.  Assuming  the  elasticity  of  English  oak  at 
5806200,  what  weight  will  it  requirje  to  bend  a  column^  8  feet 
4  inches  in  length  and  10  inches  square  ? 

*    Ans.  1193754lbs. 

Exam.  3.  What  weight  will  it  require  to  bend  a  column 
of  the  same  wood,  and  the  same  lateral  dimensions,  but  of 
double  the  length  1  Ana.  2984a8iba. 


PRACTICAL  QUESTIONS. 


mnraoir  I. 

A  iiABOB  Teasel,  of  10  feet,  or  any  other  giTsn  depdi,  fttid 
lof  any  shape,  being  kept  constantly  full  ofwater,  by  means 
of  a  supplying  cock,  at  the  top ;  it  is  proposed  to  assign  the 
place  where  a  small  hole  must  be  made  in  the  side  of  it,  So 
that  the  water  may  spout  thfoogfa  it  to  the  greatest  distanoe 
on  the  plane  of  the  base. 

Let  AB  denote  the  height  or  side  of 
the  Teasel ;  d  the  required  hole  in  the . 
side,  from  which  the  water  spouts,  in 
the  parabolic  curve  dg,  to  the  greatest 
distance  bo,  on  the  horizontal  piano. 

By  the  scholhim  art.  268,  Hy. 
draidics,  the  distance  bg  is  always  equal 
to  2  ^/(ad  .  db),  which  is  equal  to 
2  y/lxia-^x)]  ot2  ^{ax^fif  if  a  be  put  to  denote  the  whole 
height  AB  of  the  Tessel,  ana  j?  »  ad  tho  depth  of  the  hole. 
Hence  2^  (ax — ),  or  ox  —  a;' ,  must  be  a  maximum,  bi 
fluxions,  of  —  Sxi  »  0,  or  a  —  3x  a  0,  and  2<  a  n^  or 


Mkk  =. ^  but  we  have  k         •  whence  Mkk  =■  And  tabttitutb 

log  this  is  oar  second  formula  for  rnkk^  and  i  fbr  1^,  we  hsTs 

_  Aad»  '£06escd' 

wMi  is  the  fsms  stths  mis  hi  word» 
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PRACTICAL  atJESTZONI* 


«  SB  So  that  the  hole  d  must  be  til  the  middlle  between 
the  top  end  bottooi ;  the  same  ae  betoe  found  at  end  of 
the  aehoUttm  above  qooted, 

UUKSTION  U.  I 


If  the  same  vessel  as  in  Qi  kst.  1,  stand  on  high,  with  its 
bottom  a  given  height  above  a  horizontal  plane  below  ;  it  is 
proposed  to  determine  where  the  small  hole  must  be  madOy 
80  as  to  spout  farthest  on  the  said  plane. 

Let  the  aiinoxrd  ti<i;ure  represent  the 
vessel  as  betore,  and  bo  the  greatest 
distance  spouted  by  the  fluid,  du,  on 
the  plane  Lg, 

Here,  as  before,  bo  =  2  y/{AU  .  d6)  B| 
=  2^[x(c  —  x)]  =  2^{cx  —  by 
putting  a6  =  Cy  and  ad  c=  x.  So  G- 
that  2  ^(cx  —  x^)  or  cx  —  must  be  a  maximum.  And 
hence,  like  as  in  the  former  question,  x  =  =^\b.  So  that 
the  hole  n  must  be  made  in  the  middle  between  the  top 
of  the  vessel,  and  the  given  plane,  that  the  water  may  spout 
farthest* 


aUfSTION  111. 


But  if  the  same  vessel,  as  before,  stand  on  the  top  of  an 
inclined  plane,  making  a  given  angle,  as  suppose  of  30  de- 
grees,  with  the  horizon ;  it  is  prcjposed  to  determine  the 
place  of  the  small  hole,  so  as  the  water  may  spout  liie  farthest 
on  the  ^aid  inclined  plane. 

Here  again  (d  being  the  place  of  tho 
hole,  and  bg  the  given  inclined  plane), 
6o=2  v/(ad  .  d5>  =  2  y/[x{a-x±z)]i 
putting  z  =  b6,  and,  as  before,  a  =  ab, 
and  X  =s  AD.  Then  bo  must  still  be  a 
maximum,  as  also  b6,  being  in  a  given 
fatio  to  the  maximum  bo,  on  account 
of  the  given  angle  b.   Therefore  ax  — 

±  £z^9B  well  as  ItTy  is  a  maximum.  Henee,  hy  art.  94  of 
the  Fluxions,  a±  —  2xi  ±  jef  s=  0,  or    —  2x±z^0; 

eonseq.  ±  je  2a?  — >a ;  and  hence  ho  »  2yx(a— «  ±  z) 
becomes  barely  %t.  But  as  the  given  jangle  bo6  is  =  80°, 
the  sine  of  which  is  \  ;  therefore  bo  =  2b6  or  2s,  and  ss 
tos— .B^«8«»5=8(2x  — a)«,or6os=  ±  (2»  — a)^^ 
Putting,  now,  these  two  values  of  6o  equal  to  each  other> 
gives  the  equation  2«=  ±(2»— a)  v/3,  from  whicli  m  tonmk 
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m  s=s  =  ^-^—^  Of  the  value  of  ad  required. 

^  o±  1  4 

A  neat  solutioii  may  alao  be  deduced  from  a  trigonemetrt" 
cal  a|»aiysie^ 

aUESTION  IV. 

It  is  required  to  determine  the  size  of  a  ball,  which,  being 
let  fall  into  a  conical  glass  full  of  water,  shall  expel  the  most 
water  possible  from  the  gldn^  ;  depth  buiug  G,  and  diame- 
er  5  inches. 

Let  ABC  represent  the  cone  of  the 
Kteee,  and  dhb  the  ball,  toachtng  the 
aidee  in  the  points  o  aud  k,  the  eentre  of 
the  ball  being  at  aome  point  w  in  the 
BSOB  00  of  the  €Ooe« 


PM  AO  bb  98  «b  2  s  a, 

CO  8  6  s=  6» 

AC  =  ✓(ao"  +  oc?)  =  6}  =  c, 
*  FD  »  Fi  as  FB  s  « the  radiua  of  the  ball. 

The  two  triangles  Aco  and  dcf  are  equiangular  ;  theref 

cx 

AO :  AO ; ;  DF :  FG.  that  ia.A:e::«:  —  »fc;  hence  gf  = 

a 

esr  cx 

«o  —  Fo  =  ft  — ,  and  oh  «  gf  +  fh  =  6  +  x  ,  the 

a  a 

height  of  the  segment  immeraed  in  the  water.  Then  (by 
rule  1  for  the  spherical  aegment,  p.  428,  vol.  i.),  the  content 
of  the  aaid  tmmened  segment  will  be  ((Sdf  —  2ob)  X  ob* 

X  •6886  «  {2s— b  +  — )  X  («  +  6  -  --)«  X  1-0472, 

which  must  be  a  maximunn  by  the  question  ;  the  fluxion  of 
Ibia  made  ^  0,  and  divided  by  2i  and  the  common  factora, 

giyea  ~ —  X  (6  _«)-.(— J— x—d)  X  — —  X2=rQ5 


a  a 
diia  reduced  giyea  m 


a 


a  he 


(«— a)  X(c  +  2a) 

na  of  Ibe  balL  Conaequently  ita  diametei 

required* 


=  2      the  radi* 
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PRACTICAL  EXERCISES  CONCRRNING  FORCES  j 
WITH  THE  RELATION  BETVVl^IEN  THEM  AND 
THE  TIME,  VELOCITY,  AND  SPACE  DESCRIBED. 

BsFOU  enteriog  on  the  following  problems,  it  will  be 
convenient  here  to  lay  down  a  synopsis  of  the  theorems 
which  ezpresi  the  severmi  relations  between  any  forces,  and 
their  corresponding  times,  velocities,  and  spaces  described  ; 
which  are  all  comprehended  in  the  following  12  theorems, 
pM  collected  iimn  the  principles  in  the  foregoing  parts  of  this  ' 
work* 

,Let  /,  F,  be  any  two  constant  accelerative  forces,  acting 
OQ  any  body,  daring  the  respective  times  <,  t,  at  the  end  of 
which  are  generate  the  yelocities  o,  and  described  the 
spaces  St  s*  Then,  because  the  spaces  are  as  the  times  and 
veloctties  conjointly,  and  the  velocities  as  the  forces  am}  . 
times ;  we  shall  have, 


1.  In  Constant  Forces. 
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And  if  one  of  the  forces,  as  f,  be  the  force  of  gravity  at 
the  surface  of  the  earth,  and  be  called  1,  and  its  time  t, 
be  s  I'' ;  then  it  is  known  by  experiment  that  the  corres- 
ponding space  a  is  =  \6^j  feet,  and  consequently  itsvelo- 
dly  V  =  2fl  =  which  call  g.  Then  the  above  four 
(beorerasy  in  this  case,  become  as  here  below  : 

2s 
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Antf  from  thete  are  deduced  Che  IbUowiag  fiwr  llleoremi» 
ler  Ttriable  Ibrces,  viz« 

II.  In  Variable  Forces^ 


V 

«        V  * 

11.  -=4, 

In  these  last  four  theorems,  the  force  f,  though  variable,* 

is  supposed  to  be  constant  for  the  indefinitely  small  time 
and  they  are  to  be  used  in  all  cases  of  variable  forces,  as  the 
former  ones  in  constant  forces  ;  namely,  from  the  circum- 
stances of  the  problem  under  consideration,  an  exf)rcssion  is 
deduced  for  the  value  of  the  forced,  which  beiii«j^  substituted 
in  one  of  these  theorems,  that  may  be  proper  to  the  case 
in  hand  ;  the  equation  thence  resulting  >vill  determine  the 
corresponding  values  of  the  other  quantities,  required  ia  the 
problem. 

When  a.  motive  fiirco  happens  to  fie  concerned  in  the 
question,  it  may  be  proper  to  observe,  that  the  motive  force 
fn^  of  a  body,  is  equal  io  fq,  the  product  of  the  accelerative 
force,  and  the  quantity  of  mutter  in  it  q  ;  and  the  relation 
between  these  three  quantities  being  universally  expressed 
by  this  equation  m  =  qj\  it  follows  that,  by  means  of  it,  any 
one  of  the  three  may  be  expelled  out  of  the  caicuhUum,  or 
else  brought  into  it. 

Also,  the  momentum,  or  quantity  of  motion  in  a  moving 
body,  is  gc,  the  product  of  the  velocity  and  matter. 

It  is  also  to  be  observed,  that  the  theorems  equally  hold 
^od  for  the  destruction  of  motion  and  velocity,  by  means  of 
retarding  forces,  as  for  the  gpneration  of  the  aamey  by  meaas 
of  accelerating  forces. 

To  the  following  problems,  which  are  all  resolved  by  the 
application  of  these  theorema,  it  haa  beeo  thought  proper  to 

Vol.  U.  SS 
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■ubjoiii  their  MliitkNi%  Ibr  the  better  iafomalioii  and  eon- 
Tenieace  of  the  etudeat*. 

VBOBUH  I. 

To  daermine  the  time  and  vdocHy  of  a  body  descending  j  bp  the 
firce  of  graviiyj  down  an  indined  plane;  the  length  of  <4# 
MngfU>  feet,  mid  ite  height  I  foot. 

Here,  by  Mechanics,  the  force  of  gravity  being  to  the 
force  down  the  plane,  as  the  length  of  the  plane  is  to  its 
height,  therefore  as  20  :  1  : :  1  (the  force  of  gravity)  :  iV=/r 
the  force  on  the  plane. 

Therefore,  by  theor.  6,  v  or  y/^gfs  is  v/(4  X  16^*5  X  X 
20)  =  V  (4  X  16Vi)  =  2  X  4,V  ^iV  fc®^  nearly,  the  laat 
Telocity  per  second.  And, 

.*./20  400     20  _ 

By  theer-  7, 1  or         is  ^  ——^  =  v/jg^  =  - 

4f  4  secondsy  the  time  of  descending* 

raoBLBM  u.  * 

If  a  cannon  hall  be  fired  with  a  velocity  of  1000  feel  per  se- 
cond, up  a  smooth  inclined  plane,  which  rises  1  foot  in  20  ; 
it  is  proposed  to  assign  the  length  which  it  trill  ascend  up 
the  plane,  before  it  stops  and  begins  to  return  down  again,  and 
the  time  of  its  ascent. 

Here /  =  Vr  as  before. 

V*  1000«  60000000 

Then,  by  theor.  5,  s  =  —.^^-^^^--j-^  ^  ^  108 

s  810660III  ftet,  or  nearly  69  miles,  the  distMieii  moved. 

_   V  _       1000       _  120000 
And,  by  theor.  7,  t  -  2Xl6^Xi,  IW" 

FSOBLEM  m* 

^ahaUhe  profeeUd  tip  a  Miiootib  «icJme<;  plane,  whkh  ritee  1 
Jaoi  in  10,  and  aeeend  IW  feet  before  it  etop :  requiredihe 
Hemefeeeeeii  mdlhevdoeityofprojedum* 

Pirst,  by  theor.  6,  u  =  ^gfs  =  ^"(4x16^15X^x100) 
=*       */10  =  26*36408  feet  per  second,  the  velocity. 

,  *  100        10  • 

And,  by  theor.  %t^^  _  =  ^  —^l^ 

W  VlO«»7>e86ieeeeeQdib  the  time  in  molioii> 
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SBOBLElf  IV. 

If  a  haU  he  obstrved  to  ascend  up  a  smooth  inclined  plane, 
\00feet  in  10  seconds,  before  it  stop^  to  return  back  again  : 
required  the  weiocUy  of  prqjecUonf  tuid  the  angle  of  the  pUtm^s 

<      2t  200 
Fint,  by  theor.  IK»  o  ss  ^  ss  —  s  90  feel  per  eeoond, 

the  velocity. 

A  J  V  "l       cs  y     2*         2-100  12  ^, 

And.  by  tl«or.  8,/=^^=^:^-^^  =  -^.  TkMlu, 

.  the  length  of  the  plane  is  to  its  height,  aa  193  to  12. 

TherefotelQd  :  12  ::  100  :  6*2176  the  height  of  the  plene, 
or  the  doe  of  elevation  to  radius  100»  which  aaewen  te 
a°  84;  the  «iigle  of  elevatioii  of  the  plaae. 

jBjr  a  mean  of  several  experimenis,  I  June  fcmd,  that  a  casU 
iron  baUf  2  inc?ies  diameter^  find  perpendicularly  into 
the  face  or  end  of  a  block  of  dm  tcoody  or  in  the  direeiim 
qf  the  fibres,  wiih  a  velocity  of  1500  feet  per  eeeemif  pe* 
netrated  13  inches  deep  into  its  substance*  It  ie  propoeed 
thence  to  determine  the  time  of  the  penetration,  said  the  fS- 
sisting  force  of  the  loood,  ae  eempared  to  the  force  ef  grth 
pUy^  ei^^poeing  thai  feree  to  be  a  eametaat  fusmtity* 

He       2X13  1 
First,  by  theor.  7,  <  »  -  =  jg^^  =       part  of  i 


aeeond,  the  tune  in  penelnttiog. 

And.  by  theor.  8,  /=  ^  »  4Xl«,VXH  ISJOM 

=  32284.  That  is,  the  resisting  force  of  the  wood^is  to  the 
force  of  gravity,  ns  32281  to  1. 

But  this  number  will  be  different,  according  to  the  diame- 
ter  of  the  hall,  and  its  density  or  specific  gravity.  For 

since     is  as  —  by  theor.  4,  the  density  and  size  of  the  hall 


lemaming  the  sasne ;  if  the  denait;^,  or  BpNBcifie  gravity,  n, 
vary,  and  all  the  rest  be  constant,  it  is  evident  that  /  will 

nv^ 

be  as  n ;  and  theielbie  /  as  —  when  Ae  liae  ef  the  ball 

if 
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only  is  constant.  But  when  only  the  diameter  d  varies,  all 
the  rest  being  constant,  the  force  of  the  blow  will  vary  as  <P, 
or  as  the  magnitude  of  the  ball  j  and  the  resisting  surface,  or 

force  of  resistance,  varies  as  d* ;  therefore/ is  as      or  M  if 

only,  when  all  the  rest  axe  constant.  Ckmseqaently  /  is  as 

 when  they  are  all  variable. 

And  so  ^  =        ,  and  —  «         i  where/denotes  the 

strength  or  firmness  of  the  substance  penetrated,  and  is  here 
supposed  to  be  the  same,  for  all  balls  and  velocittes,  In  the 
same  substance,  which  is  either  accurately  or  nearly  so.  See 
page  214,  vol.  iii.  of  my  Tracts. 
Hence,  taking  the  numben  in  the  problem,  it  is    •    •  - 

f dnv^  _  V^,  X7i  X  150(P      44  X  150(P  ^  86884«2  the 

,  H        -  30 

value  of/  for  elm  wood.  Where  the  specific  gravity  of  the 
ball  is  taken  7^,  which  is  a  little  less  than  that  of  solid  cast 
iron,  as  it  ought,  on  account  of  the  air-bubble  which  is  found 
in  all  cast  balls. 

PROBLEM  VX. 

To  find  how  far  a  24lb,  ball  of  cast  iron  wUl  penetrate  mto 
a  block  of  sound  elm,  when  Jired  mith  a  velocity  of  IfiOO 
feet  per  second. 

Here,  because  the  suhstancc  is  the  same  as  in  the  last 
problem,  both  of  the  balls  and  wood,  n  =  n,  and  f  =  / ; 

^     ^      s      Dv-  Dv^'s  5-55X16002X13^ 

therefore      =       or  s  =  ^  «  ____^-^«41/, 

inches  nearly,  the  penetration  required. 

it 

FROBLBM  Vn. 

« 

/<  wok  found'  5y  Mr.  Balbuu  (vol.  i.  p.  278,  of  his  iporks), 
ikai  an  IB'pounder  haU,  fired  with  a  vdoeUy  of  1200  fed 
ptr  eeeondj  penetrated  34  indhee  into  sound  dry  oak.  It  ft 
required  thence  to  ascertain  ike  comparaHipe  sirengik  orfam* 
ness  of  oak  and  elm. 

The  diameter  of  an  l«b.  ball  is  6-04  incbea  =  p.  Then, 
by  the  numbers  given  in  this  problem  for  oak/*and  in  prolK  ^ 
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or 


fer  elm,  we  have  -  

/  ^  ^  ^  8X1500'X84    ^     100 Xir     ^  1700 

F      m-s     SO-IX  1200^X13      504X10X13  1048 

■=  f  nearly. 

From  which  it  would  seem,  that  elm  limhcr  resists  more 
than  oak,  in  the  ratio  of  about  8  to  5 ;  which  is  not  proba- 
ble, as  oak  is  a  much  firmer  and  harder  wood.  But  it  is  to 
be  suspected  that  the  great  penetration  in  Mr.  R.'s  experi- 
ment was  owing  to  the  splitting  of  the  timber  in  some  degree* 

PROBLEM  VIII. 

A  24.pcnmder  hall  being  Jired  into  a  bank  of  firm  earthy  with  a 
velocity  of  1300  fecf  per  second,  penclratrd  15  feet.  It  is 
required  thence  to  ascertain  the  comparative  resistances  of 
dm  and  earth. 

Compamig  the  numhen  here  with  those  in  prob.  5,  it  is 

^gxisoyxisxig^  iyxg4  _  _ 

F  5  55X1300^X13       13^X0  37      Wl*  V 

nearly  =  6|  nearly.    Thai  is,  elm  timber  resists  about  6} 
times  more  than  earth. 

PROBLEM  XI. 

To  determine  how  far  a  leaden  huOei^  of  i  of  an  inch  diameter, 
vnfl  penetrate  dry  elm  :  svpposing  it  fired  with  a  velocity  of 
1700 feet  per  second^  and  that  the  lead  does  not  change  iste 
fgure  by  the  stroke  agetmst  the  woodm 

Here  d  =  J,  n  =  11^,  n  =  7J,    Then,  by  the  numbers 

and  theorem  in  prob.  5,  it  is  s  = 

D7fv»*  _  }  X  11^  X  1700^  X  13  _  2;?^>il3  _  63869  • 

dn^""      2  X  7i  X  150(F      "  200X38      6600  ^ 

inches  nearly,  the  depth  of  penetration* 

But  as  Mr.  Robins  found  this  penetration,  by  experiment,, 
to  be  only  5  inches ;  it  follows,  either  that  his  timber  must 
have  resisted  about  twice  as  much ;  or  else,  which  is  much 
more  probable,  that  the  defect  in  the  penetration  arose  from 
the  change  of  figure  in  the  leaden  ball  he  used,  from  the 
blow  agamst  the  wood* 

PROBLEM  X. 

A  one  pound  ball,  projected  toith  a  velocity  of  1500  feet  per 
second,  hoeing  been  found  to  penetrate  13  incites  deep  snlo 
dry  elm :  It  is  required  to  ascertain  the  time  of  passing 
through  emry  emgfe  isieh  of  the      and  the  vdoeOy  bet  ol 
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eaehoj'  ihem;  ng^patmgthertntUmeeof  the  wood  oomtaM 
mrwKtfom* 

The  Telocity  o  being  1500  feet,  or  1500  X  12  «  18000 
ineheii  and  Teloeitiee  and  times  being  m  the  loots  of  the 
in  constant  letarding  Ibrcesy  as  well  as  in  aocelefating 

3f         26  13  1 


ooesy  and  I  being  =  = 


part  of 


e       12X1500     900U  692 

a  second,  the  whole  time  of  passing  through  the  13  inches ; 
therefore  as 

veloc  lost  Time  in  the 

18  18 
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Hence,  as  the  motion  lost  at  the  bej^inning  is  vcr\'  small  ; 
and  consequently  the  motion  communicated  to  any  body,  as 
an  inch  plank,  in  passing  through  it,  is  very  small  aJso  ;  we 
can  conceive  how  such  a  plank  may  be  shot  tbrough,  when 
standing  upright,  without  oversetting  it. 

FBOBuni  n* 

The  force  of  attraction,  above  the  earthy  hemg  immnefy  Of 

the  square  of  the  distance  from  the  centre  ;  Uis  proposed 
to  determine  the  time,  velocity,  and  other  circumstances,  at' 
tending  a  heavy  body  falling  from  any  given  height ;  the 
descent  at  the  earth's  surface  being  16|iy/eet,  or  193  inches^ 
m  the  first  second  of  tisse, 

Ptat 

r  =  cs  the  ndins  of  the  earCh» 
a  «3  Oil  the  dist  fidlen  Horn, 
s  =  CP  any  vafiable  distnneey 
9  ss  tho  veloci^^  at 

I  =  tune  of  fiilUng  there,  and  3> 
^  =  16^1,  half  the  toIoc  or  force  al  s, 
/SB  the  rarce  at  the  pomt  r« 

Then  we  have  the  three  folhiwing  equations,  vis. 
s^if^  It  1  :  /a  -7  the  force  at  p,  when  the  foice  of 

ST 

gravity  at  the  surfhce  ia  oonaidend  aa  1 ; 
fo  IB  —    becanae  x  decreases ;  and 

TO  =  gfx  =  ^-T-". 

IT 

The  fluents  of  the  last  equation  give  But 

when  X  =  a,  the  velocity  o  ss  0 ;  therefore,  by  comction» 

a  general  expression  for  the  velocity  at  any  point  p. 

When  X  »     this  gives  v  «  ^{2gr  X  for  die 

greatest  velocity,  or  the  veloci^  when  the  body  strikes  the 
earth. 

When  a  ia  very  great  in  rsapect  of  r,  the  last  veloctty  be- 
eooM  (1—^)  X        very  nearlyi  or  nearly  ^/%r  only. 
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which  is  accurately  the  greatest  velocity  by  fidling  from  aa 
infinite  height.  And  this,  when  r  =  3065  miles,  is  6*0506 
miles  per  second.  Also,  the  Telocity  acquired  ia  falling  from 
die  distance  of  the  sun,  or  12000  diameten  of  the  earth,  ii 
6*0505  miles  per  eecoDd.  And  the  velocity  aoquired  in  fidU 
injr  from  the  distance  of  the  moon,  or  90  diameten,  ia  6*8027 
mues  per  second. 
Again,  to  find  the  time  ;  since  io  ss  —  i  therefiire 

lass  =-  i/t-^  X  —7  —  ;  the  correct  fluent  of 

which  gives  (  =  — 5  X  (v'a*  —     +  arc  to  diameter  a 

and  vers,  a  —  x) ;  or  the  time  of  Mfing  to  any  point  p 

1^  ^fL  X  (ab  +  Br).  And  when .  x  a  r,  this  becomes 
^    ig  - 

tasl^^  X  -for  the  whole  time  of  ftUmg  to  the 

is  8c 

surface  at  s  ;  which  is  evidently  infinite  uhcn  a  or  ac  is 
infinite,  though  the  velocity  is  liieu  only  the  finite  quantity 

When  the  height  above  the  earth's  surface  is  given  =  g ; 
because  r  is  then  nearly  =  a,  and  ad  nearly  =  ds,  the  time 
t  for  the  distance  g  will  be  nearly 

If  a  body,  at  the  distance  of  the  moon  at  a,  fall  to  the 
earth's  surface  at  s.  Then  r  =  8965  miles,  a  =  60r,  and 
t  =  416806'  =  4  da.  19  h.  46  m.  46  s.  which  is  the  time  of 
falling  from  the  moon  to  the  earth. 

In  like  manner  tlie  time  of  falling  from  the  distance  of  the 
sun  would  be  64  da.  13  h.  15  m.  46  s. 

VV'hen  the  attracting  body  is  considered  as  a  point  c  ;  the 
whole  time  of  descending  to  c  will  be  -   

1      a  -78640  ,a      10a    ^       -7854  a' 

^    ig  r     ^        dlr^  ^  ig 

Hence,  the  times  employed  by  bodies,  in  fidhiig  from 
quiescence  to  the  centre  of  attraction,  are  as  theaquare  roota 
of  the  cubes  of  the  heights  from  whtdi  they  respectively  fidl. 


The  force  of  aUrwHon  hdom  like  earA*#  nufaee  hemg  dweeOig 
oi  tkedutance  from  ihe  emtre  :  Uii  proposed  to  detomim 
lie oiwintiifancgj  of  odoeHyt  tisie^  and  spafcfiUm  iya 
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heavy  body  from  the  surface,  through  a  per^oraikm  iMRlt 
gtraighl  to  the  ceMtre  of^  the  earth :  abetmetine  from  the  ef- 
fect of  the  emdifBraMmh  midmtpponng  Uiobeahmogenem 
ephere       mike  rmime. 


FqI  r  as  AC  the  nidiiie  of  the  earth, 
»  «8  OP  the  diet  from  the  oeotiet 

0  Bs  the  velocity  at  p, 

1  » the  time  tfaierey 
ig  ^  l^i^i  half  the  foioe  at  a, 

/  SB  the  fofco  at  p. 
Then oa:  CP  ::  1 andthethiee 

equations  are  1/  =  x,  and  w  =  —gftf  and  tv  =  — i*. 

Hence /=     and  tw  »  — = —  :  the  correct  fluent  of  which 

gyieafi  =        X  — )  =»  pd  ^  =  po         the  velc 

city  at  the  point  p  ;  where  pd  and  ck  are  perpendicular  to  ca. 
So  tlmt  the  velocity  at  any  poiut  p,  is  as  the  perpendicular  or 
sine  PD  at  thai  point. 

When  the  body  arrives  at  c,  thru  c  =  ^/gr  =  ^[g  .  ac) 
=  25950  feet  or  4*9148  miles  per  second,  which  is  the 
greatest  velocity,  or  that  at  the  centre  c« 

r   jt 

Again,  for  the  time  ;  t  =»  ^  y/-X  — -.^ ;  and  tho  . 

flnenta  give  i  ^  y^-  X  arc  to  cosine  -  »  s/ —  X  arc  ao« 

DO  that  the  time  of  deecent  to  any  point  p,  is  as  the  corree* 
pooding  arc  ad. 
Wheo  p  arrives  at    the  above  becomes  1  a   «  •   •  • 

X  qoadraot  ae  -  15^1  «  1-6709^^^  ass  1287*  ae. 
^gr     ^  g  ^g        .  ^ 

ootids  =  21  m.  7|  s.  for  the  time  of  falling  to  the  centre  c« 
The  time  of  failing  to,  the  centre  is  tbo  same  quantity 

from  whatever  point  in  the  radius  ac  the  body  be* 

g 

gins  to  move.    For,  let  n  be  any  given  distance  from  c  at 
which  the  motion  comroences :  then  by  correction,  v 

liP  —  j^,  and  hence       ^-X  '  "7^  ,  .  the Ihtents 

r  X 
of  which  give  <  =  y  -  X  arc  to  cosine  -  ;  which,  when  » 

YokQ.  '  58 
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of  detcant  to  the  ceotfc;  o»  llw  «um  m  befiira. 

As  nn  equ»l  force,  acting  in  contmrjf  direetioiiB,  generate* 
or  d(!stroy8  an  equal  quantity  of  motion  In  the  eanie  time  ; 
it  follows  that»  after  pming  the  centre,  the  body  will  jMl 
ascend  to  the  opposite  earfaoe  at  b,  in  the  aame  time  in 
which  it  fell  to  the  centre  from  .a*  Then  from  b  it  will  re- 
torn  again  in  the  mme  manner,  throiqfh  o  to  a  ;  and  ao  eaeil* 
late  continually  between  a  and  b,  tM  yelocily  beinc  ahraya 
eqoal  at  eqoal  distances  from  c  on  both  aidea ;  and  the  whwe 
time  of  a  double  oscillation,  or  of  paasiog  from  a  and  arriT* 
jng  at  A  r.guin,  will  be  quadruple  the  time  of  pumg  over  the 

radiua  ac^  or»3  X  8*1416  Ih. Sim.  a9a. 


Cyekrid. 


Let  a  be  the  point  of  anapenaion ; 
ba  the  length  of  pendulum ; 
.CAB,  the  whole  cydoidal  arc  ; 

AiXD,  the  generating  circle,  to  which  rax,  bio  are  perpendi- 
culara. 

ap»  SBtwoother  e^ual  aemicy- 

cloids,  on  whi<^  the  thread 

wrapping,  the  end  A  is  made 

to  describe  the  cycloid  bac. 

By  the  nature  of  the  cycloid, 
AD  =a  Ds ;  and  ba  as  2ap  b 

so       SB  »  OA  ss  aB*    Also,  if 

at  any  point  e  be  drawn  the 
tangent  of  ;  ea  paralld  and 
pu  pcrpcndicttlar  to  ao  :  then 
po  is  parallel  to  the  chord  ai,  by  the  nature  of  the 
And,  by  the  nature  of  forces,  the  force  of  gravity  :  force  in 
direction  op  : :  op  :Ga : :  ai  :  ah  : :  a»  :  ai  ;  in  Uhe  man- 
ner, the  force  of  gravity  :  force  in  the  curve  afta : :  ad  :  ax; 
that  is,  the  accelerative  force  in  the  curve,  ia  every  where  as 
the  conreaponding  chord  ai  or  ak  of  the  ciralei  or  aa  the  are 
AO  or  AB  of  the  cycloid,  sbce  ao  ia  alwaya  =«  2ai,  b^  the 
nature  of  the  curve.  8o  that  the  proceaa  and  fl^flliiiioii% 
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finr  the  Tdodty  and  time  of  deacrihing  any  arc  in  thit'cuet 
will  be  the  TOiy  nuae  he  in  the  laat  [irobleni»  the  nature  of 
the  ibrcea  being  the  aame*  ns«  aa  tlie  diatance  to  be  paewd 
over  to  the  lowest  point 

Fiem  whieh  it  foUowa,  that  the  time  of  a  aemi-Tihrationt 
in  all  aica,  aO|  ab,  dee.  ia  the  aaae  oonatant  quantity 

16708^^  8  1*5708       =  1-5708 V-^;  andthetiroeof 

a  whole  vibration  from  b  to  c,  or  from  c  to  b,  is  d'HlGy^ —  ; 

B 

where  I  »  Aa  »  ab  ia  the  length  of  the  pendnlum,  and 
3*1416  the  circumferenee  of  a  circle  whoae  diaoMter  ia  1, 

Sinoe  the  time  of  a  body'a  foiling  by  gravity  through  ^Z, 
or  half  the  length  of  the  pmidttluin,  by  the  nature  of  deacentay 

I  t 
ia  sZ—t  which  being  in  proportion  to  3*1416  v^— ,  aa  1  ia  to 

S  S 

d*I416>;  therefore  the  diameter  of  a  circle  is  to  its  circom* 
ference,  as  the  time  of  falling  through  half  the  length  of  a 
pendulum,  is  to  the  time  of  one  vibration. 
If  the  time  of  the  whole  vibration  be  1  secondt  this  equa* 

tion arises, viz. l'«31416v'^;  hence i «^Jj^=j:^, 

and  \g  =  3- 1416'  X  J/  =  4-9348/.  So  that  if  one  of  these, 
g  or  /,  be  given  by  experiment,  these  equations  will  give  the 
Other.    See  pages  206  and  231. 

Hence  the  times  of  vibration  of  penduhims,  are  as  the 
square  roots  of  their  lengths  ;  and  the  number  of  vibrntiona 
made  in  a  given  time,  is  reciprocally  as  the  square  roots  of 
the  lengths.  And  hence  also,  the  length  of  a  pendulum 
vibrating  n  times  in  a  minute,  or  60  ,  is  Z  »  39|  X 

W     140850  _ 
■jr=*— ;  aaatpageMl* 

.  WfaannpeAdhhinivibraieainacircolarare:  aathelength 
of  tteatriagia  oooamtfy  the  aaane,  the  tiaM  efnteation 
will  be  longer  than  in  a  cyetoid ;  but  the  two  timea  w31  ap. 
proaoh  nearer  togi^er  aa  tho'circular  arc  la  smaller ;  ao  that 
when  it  ia  rery  amaVly  the  times  of  tibration  will  be  nearly 
eqtiaf.  And  hence  it  happena  thai  36|  inches  is  the  length  of 
c  penduhnd  yibradiqg  aeconds^  in  the  very  small  arc  of  a  circfo. 
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tbdetendneiheiimei^  a  Bodif  deteaiding  down  ihe  Ckofd 

of  a  drde. 

*  Let  c  be  Uie  centre ;  ad  the  vertical 
diameter ;  ap  any  chord,  down  which  a 
body  is  to  descend  from  p  to  a.  ;  and  jpu 
perpendicular  to  ab. 

Now,  as  the  natural  force  of  gravity  in 
the  vertical  direction  ha,  is  to  the  force 
Urging  tlie  body  down  the  plane  pv,  as  the 
length  of  the  plane  ai»,  is  to  its  height  aq; 
therefore  the  velocity  in  pa  and  ua,  will  be  equal  at  nil  eqtiai 
perpendicular  distances  below  pq;  and  consequently  the 
time  in  v\  :  time  in  ua  :  :  fa  :  qa  :  :  ba  :  pa  ;  but 
time  in  ua  :  time  in  qa  :  :  -y/  ba  :  \/  <ia  :  :  x/  (^^  •  ba)  : 
^  (qa  .  ba)  :  :  ba  ;  pa  ;  hence,  as  three  of  the  tnrms  in  each 
proportion  are  the  same,  the  fourth  terms  must  be  equal, 
namely,  the  time  in  ba  =  the  time  pa. 

And,  in  like  manner,  the  time  in  bp  =  the  time  in  ba. 
So  that,  in  general,  the  times  of  descending  down  all  the 
chords,  HA,  UP,  bu,  bs,  &c.  or  pa,  ka,  sa,  Ate.  are  all  equal, 
and  each  equal  to  the  time  of  fulling  freely  through  the 
diameter  ;  as  before  found  at  art.  194,  Dynamics.  Which 

time  If  ^  -r-f  where  l^ss  lOy^^  feet,  and  r  s  the  radiua  ACg 
w 

2r 

for  y/^gi  y/'2r:  i  ! 

»SOBI.SM  ZV. 

■ 

To  ddirmtnt  the  Time  of  filing  the  DUeheo  of  a  Work  wiik 
Water,  at  Die  Top,  by  a  Sluice  of  2  Feet  $qmre;  the  Head 
of  Witter  above  the  Sluice  being  10  FeetfOndthe  Dimensiong 
of  the  Ditch  being  30  FtU  wido  4A  Bottom,  88  el  2^  0  d€q^ 
md  1000  Fool  lotig. 

The  capacity  of  the  ditch  is  180000  0M])ic  feet. 

But  -v/i^ :  ^  10::  g  :  /  the  velocity  of  the  water 
through  the  sluice,  the  area  of  which  is  1  square  feet ;  there- 
fore 8  V 5^  is  the  quantity  per  second  running  through  it ; 

nnd  eoniequently  S^5g  :  180000 1 1  V :  ISdSf'  or 

dl  B|.  S  e»  aeartyi  wbioh  ie  the  time  of  filling  the  dileb. 
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nmuotxvi* 


m 

!lb  determine  the  Tim  of  empiifbig  a  VeMtd  of  WMr  ^  m 
Sluice  in  the  Bottom  it,  oriuihe  Side  near  the  Bottom : 
the  Height  of  the  Aperture  being  very  enudl  tn  rtepett  of  lAo 
AitUtOe  ef  the  Fiuid. 

* 

hoA  a  ^  the  ma  of  the  aperture  or  sluice ; 
g    82J>  feet,  the  force  of  gravity ; 
a  s9  die  whole  depth  of  water ; 
's  =  the  Taxiable  altitude  of  the  sur&cer  above  the  aper* 
tore; 

▲  =  the  area  of  the  surface  of  the  water. 
Then  ^ig  s^xi:2g:  2^igx  the  Telocity  with  which  the 

fluid  will  issue atthe  sluice;  and  hence  a  :  a :  i^igx  i — » 

the  velocity  with  which  the  surface  of  the  water  will  descend 
at  the  altitude  x,  or  the  space  it  would  descend  in  1  second 
with  the  velocity  there.  Now,  in  descending  the  space  f,  the 
yelocity  may  be  considered  as  uniform  ;  and  uniform  descents 

are  as  their  times ;  therefbre       — :  — i : :  1'  : 

A  ^yi^igx 

the  time  of  desceoding  i  spacoi  or  the  flnxioD  of  the  time  of 
eihausting*   That  is,  t  s  24^^*  which  is  made  negative^ 

because  x  is  a  decreasing  quantity,  or  its  fluxion  negative. 

Now,  when  the  nature  or  figure  of  the  vessel  is  given,  the 
area  a  will  be  given  in  terms  of  x ;  which  value  of  a  being 
substituted  into  thij  fluxion  of  the  time,  the  fluent  of  the 
result  will  be  the  time  of  exhausting  sought. 

So  if,  for  example,  the  vessel  be  any  prism,  or  every, 
where  of  the  same  breadth  ;  then  a  is  a  constant  quantity, 

and  Iherelbrethe  fluent  is  —  — </  -r-.  But  when  x  ssJL  tins 

becomes  t~»      should  be  0 :  therefore  the  correct 

fluent  is  I  -i  X  ^^^TT^"  the  time  of  the  surface  do- 
acending  till  the  depth  of  the  water  be  «•  And  when  xs^Of 
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the  whole  time  of  exhausting  is  barely  ^  ^/ 

Heooe,  if  a  be  ss  10000  aquaTO  ffiet,  a  s  1  sqam  ibot, 
and  itsslO  feet ;  the  time  ia  7885^  seconds,  or  3h.  lira.  25|a. 

Again,  if  the  veaael  be  a  ditch,  or  canal  of  20  feet  bread 
at  tbe  bettoni)  98  at  the  lop,  0  deep,  and  1000  feet  king; 

then  is  90  :  90  +  xii^Oi  X  2  the  breadth  of  the 

iorfece  of  the  water  when  its  depth  in  the  canal       ;  and 
90+^ 

therefore  a  =    ^   X  S2000  ia  the  surface  at  that  time. 

Conaequently  f  or     *t-,—     ^WO  X  — = —  X  , —  la 

the  Huzioo  of  the  time  ;  the  correct  6ucnt  of  which,  whea 

.  —  ft  {.lOftft  v^^"+?'' V  J           1000  XJ86X3 
«  _  »,  W  lOQO  X  — g^- X  ,^  3J  =       9  X  4,',  ■ 

15459''J  nearly,  or  4li.  17m.  39|s.,  being  the  whole  time  of 
exhausting  by  a  sluice  of  1  foot  square. 

VROBLEX  XyjLI. 

To  deter minB  the  Velocity  with  which  a  Ball  is  discharged 
from  a  given  Piece  of  Ordnance,  with  a  given  Charge  of 
Gunpowder, 


Let  the  annexed  figure 
represent  the  bore  of  the 


n;  AD  being  the  part     Oftgw   \W 

'  with  gunpowder.  ^ 


And  put 

a  B  Av,  the  part  at  first  filled  with  powder  and  the  bag ; 
6  ss  AS,  the  whole  length  of  the  gunbore ; 
c  as  •7854,  the  area  of  a  ch^le  moae  diameter  is  1 ; 
d  «  BD,  Che  diameter  of  the  ball ; 

e  »  the  specific  gravity  of  the  ball,  or  weightofl  cubic  feet; 
\g     16)^  feet,  descended  by  a  body  in  1  second ; 
ai  =s  240oz,  15]b,the  pressureofthe  atmosphereonaaqanch; 
•  tt  to  1  the  ratio  of  the  first  force  of  the  fired  powder,  to  tbe 
pnjssure  of  the  atmosphere ; 
MP  aa  the  weight  of  the  ball.   Also,  let 


*  TbU  Inst  result  is  obviously  inconsistrnt  with  the  result  in  Prob.  39^ 
Promiscuous  Exercises,  near  the  end  of  this  volume.  Tlie  rfBsnn  is, 
that  the  supposilion  ot  z  =  0,  is  iucoiniialible  wilb  tUe  hypothesis  that 
the  height  pf  the  apertare  U  veiy  uaalt  compared  with  a(.  The  lett  of 
tbo  ukUtlioo  b  correct. 
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«s  AC,  be  any  variable  distance  of  the  ball  from  a,  ia 
moviog  along  the  gunbarrel. 

First,  ciPw^  the  area  of  the  circle  bu  of  the  ball ; 
th^raC  me^  w  the  pretMire  of  tho  atmosphere  on  bd  ; 
eonaeq.^  mncd^  is  the  first  foroe  of  the  powder  on  bp. 

Biitibe  Ibrce  of  the  inflamed  powder  is  piV^portiooal  to  it$, 
densthr,  aiid  the  densily  is  inveisely  as  the  sp^oe  it  IUU.| 
therefore  the  force  of  the  powder  on  the  ball  al  a,  is  to  the 
ibiee«a4hesaoieatc,asAci8to as;  tbatis^  •    .    «  . 

«:a  : :  nmed':  =  f,  the  motive  .force  at  c: 

X 

_  F      mnnrcP      ^  ,  .... 

Wseq.  —  =s .  =/,  the  accelerating  force  there. 

HeDce»  theor.  10  of  forces  gtres  ti  k=  gfx  x  ^  ; 

the  fluent  of  which  is    =  ^Ef^f?  ^  hyp.  log.  of*. 
'  But  when  e  asQ,  then  jr  ss  a;  therefore  by  e«mcticn«. 
«  =   ^  X  hyp.  log  -  18  the  correct  fluent;  coiiseq. 

v=zy/  (?S^flf?  X  hyp.  log.-)  is  theveloc  of  the  baU  at  c. 

ande^     ^SH^^  ^  hyp.  i^g.  ^)  thevelodty  with  which 

the  ball  issues  from  the  muzzle  at  e  ;  where  h  denotes  the 
length  of  the  cylinder  filled  with  powder ;  and  a  the  length 
to' tho  hinder  part  of  the  ball,  which  will  be  more  than  h- 
when  the  ball  does  not  touch  the  powder. 

Or,  by  substituting  the  numbers  for  m,  c,  and  chang- 
ing the  hjrperbolic  logarithms  for  the  common  ones,  then 

t>  =  1/  (?22225^  X  com.  log.  ~),  the  Telocity  at  a,  in  feet* 

Vf  d 

But,  the  content  of  the  ball  being        its  weight  is    •  * 

ic(Pe      ce<P       ecP  , 
^     Ty"  ^       ^       '  subsututed  for  iSi 

in  the  Talue  of «,  it  bieoomes* 

nh  h 
9  =  2758  X  com.  log.  — ),  the  velocity  at  «• 

When  the  ball  is  of  cast  iron  ;  taking  e=7368=10(27*14)*, 

nh  h 

the  mle  becomes  es=s  82  \/       x  log-~)  for  the  veloc.  of 

Ae  cast  iron  ball. 
Or,  when  the  ball  is  of  lead ;  then  0»:1183&=lO(83-66»)*» 
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and  ©  =  26-|/(^  X  log.  ~)for  the  veloc^ofllle  leaden l>aU*. 

«  • 
Coro2.  From  the  general  expression  for  die  Telocity  v, 
above  given,  may  be  derived  what  tmiat  be  the  length  of  the 
charge  of  powder  a,  in  the  gun«barrel,  so  aa  to  prodaee  the 
greatest  possible  velocity  in  the  hall :  namely,  by  making  the 


*  Some  practical  artillerists  having  expressed  a  wish  to  the  Editor, 
to  see  a  solutioa  to  this  problem  upoo  the  auppoiitioD  thai  the  pm* 
powder  explode*  gradually^  ioa»t»beail  igmted  iAmik$  bail  qmU 
UB  MoeU  ^a|rMa»heavaUihiaiMlfoftheopp(fftBnityefgmaf  it 
inthiiplaoe. 

Heie  we  must  first  investig^atc  the  relation  between  the  time  and 
^  ipaoe  described.  By  the  hypotheais  we  ihali  have  the  force  at 

-^;aadwehave»Tai7iiigatl^  to  find  a.  We  bavoi  fipom  the  pri* 

nitive  IbrmuUB,  pa.  400.  vv  =  gfx  oc  Jx  ,  and/  ^  "J"  ^  "J 

t  •       X  ^ 

a~|.  Tbeiefaietv  oc^— ;  andthefiaeaie*  octt«*. 

FaHler» 

9  cevt  ocv.  -^3^    «a«^*X«*     X  OCX    2»   x  ;  ao  thai 

9 

theflaent«  a         Comeq.  l  ~      and  n=:      That  b»  hi 

this  case,  x  ozt*. 
Near,  taking  the  notation  of  the  prbUem  in  the  text,  we  bava 

Ji  =  ■■        ,  the  accelerative  force  at  the  iir^t  instant  of  explosion ; 

and,  hj  hyp.  at  e,  whers  the  whole  is  exploded,  the  force  will  be  • 

To  find  the  foroe  at  c,  if  t  be  put  for  the  whqie  time  of  explosion, 
weabaUhave 

T  /  time  \         ,r       ...      <  /  tinie  \  .  aft 

~(     ■       I  :  -7-  (force  at  «i : :  — (    J  ; 

^V^spaoey     0  ^  '     x\'>v^ctj  t«' 

fime  at  o*  or  the  valne  of/there^  in  the  general  formnlit. 

Hence  we  have  vo  =gfx  =  ^ — — ■ 

^  Tap 

Bvth.v*tzxtrs:—-^.*.tzsIiLi  and  by rahititatiag M 

o  Oj 

value  of  i  for  tt>  we  have 
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v^lue  of  «  a  maiimuBij  or,  by  squaring  and  Qmittiqg  the 

b 

pomCanC  quantitiety  the  eipmnon  a  X  hyp.  log* 

a  mazimttniy  or  ils  flujuon  equal  (o  nothing ;  '  that  HI 

h      '  b  b 

a  X  hyp.  log.     —  a  =  0,  or  hyp,  log.  of — =»  1 ;  hence  — 

s=  2*71828,  the  number  whose  hyp.  log.  is  1.  So  that 
a  :  h  ::  I  :  2-71828,  or  as  4  to  11  nearly,  or  nearer  as  7  to 
19  ;  that  is  the  length  of  the  charge,  to  produce  the  greatest 
Telocity,  is  the  j\th  part  of  the  length  of  the  bore,  or  nearer 
fyofit. 

By  actual  eiperiment  it  is  Ibund,  that  the  charge  for  tiw 
greatest  velocity,  is  but  little  less  than  that  which  is  hei^ 


Vv        -  —  •      -  _  — »      '  ■ ' 


Tikinf  the  4veots,  wo  have 
When  »  becomei  =  b,  this  becomes 

Cor.  1.  Hence,  no  long"  as  a  and  (/  remain  the  same,  the  velocitj 
at  the  muzzle  z  will  be  the  same  whatever  be  the  length  of  the  gun ; 
b  dost  not  appear  in  the  ukimate  vahie  of  v. 

Tbit  it  eontruj  lo  all  experience,  and  proves  that  the  Igrpotliasis 
isanteoaUe. 

Cbr.  2.  The  powder  being  the  sane,  tberelocilj  at  the  nniatle 
Temainiog  the  tame)  will  be  as  the  tqnare  root  of  the  chaige.  . 

Cbr.  9*  In  gnot  of  diffefent  boret,  the  velocity  at  the  nnixi|e  will 

,  /a      „  /nd^  /ad*  /a 

Cbr.  4.  Ifthe. charge  b«  giren.a  winiMiaT«rMi7w<{*,aiid« 

C  r.  5.  If  6  be  the  length  of  a  ^tin  in  which  the  charg^e  of  powder 
will  be  all  fired  when  the  ball  reaches  the  muzzle,  then  in  a  shortef 
gun  AC,  the  tame  powder,  and  an  equal  cbaige  will  give  an  iiltimatu 

Telocity  varjiog  at  y  jj***""  V  f 

Vol.  U.  M 
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computed  from  theory  ;  as  may  be  feen  by  taniiiig  to  page 
213,  vol.  3,  of  the  Tracts,  where  the  eerreeponding  perte  ere 
found  to  he,  for  four  different  lengths  of  gun,  thus, 
tV>  }V  i  ''^^  P^'^*'  ▼eryiDgt  ee  the  gun  ie  longer,  whwk 
allows  lime  for  the  greater  quentity  of  powder  to  be  fifed,  be* 
fore  the  ball  is  out  of  the  bore. 


acaouuii. 

• 

In  the  celculatton  of  the  foregoing  problem,  the  value  ef 
the  coDitant  quantity  n  remains  to  be  determined.  It  denotee 
the  firet  irtrengtb  or  force  of  the  fired  gunpowder,  juet  before 
the  ball  ie  moved  out  of  its  place.  This  value  is  aanuned,  by 
Mr.  Robine,  equal  to  1000,  that  ie,  1000  timee  the  preeiofe 
of  the  etflfkoephere,  on  any  equal  epecee. 

But  the  value  of  the  quantity  n  mey  be  derived  mueh 
more  accurately,  from  the  experiments  related  in  my  IVacti^ 
by  comparing  the  velocitiee  there  found  by.experiroent,  with 
the  rule  for  the  value  of  e,  or  the  velocity,  ae  computed  by 
theoiy,  viz.  

e  =  100     ~  X  log.  of  1),  or«  100 v^(~  X  log  of  j). 

Now,  supposing  that  t?  is  a  given  quantity,  as  well  as  all  the 
other  quantities,  excepting  only  the  number  n,  then  by  re- 
ducing this  equation,  the  value  of  the  letter  n  ie  found  to  be 
B8  follows,  viz.         -  •  - 

dw  .  h  dc9       ,       ^  h 

when  h  ie  different  from  «. 

Now,  to  apply  this  to  the  experiments.  By  pa.  d9.  vol.  3,  of 
the  Tracts,  the  velocity  of  the  ball,  of  1*96  inches  diameter, 
with  4  ounces  of  powder,  in  the  gun  No.  1,  was  1100  feet  per 
second  ;  and,  by  pa.  316,  vol.  2,  the  length  of  the  gun,  when 
corrected  for  the  «pheroidal  hollow  in  the  bottom  of  the  bore, 
was  28*53  ;  also,  by  pa.  48,  vol.  3,  the  length  of  the  charge, 
when  corrected  in  like  manner,  was  3-45  inches  of  powder 
and  bag  together,  but  2-54  of  powder  only  :  so  that  the 
values  of  the  quantities  in  the  rule,  are  thus  :  «=  3*45;  6 
a  28*53  ;  li  =  1-96  ;  h  =  2-54  ;  and  »  =  1100  :  then,  by 
substituting  these  values  instead  of  the  letters,  in  the  theorem 

n=^  TooOa  T'  ^  ^^""'^  out  «sa«  750,  wwm 

h  ie  eoneidered  eethe  eeme  ee  a.  And  eo  eo,  Ibr  the  oUier 
experimente  there  treated  of. 
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It  is  here  to  be  noledt  however,  that  there  is  a  circum* 
Mnce  io  the  experiments  delivered  in  the  Tracfty  just  men* 
tinned,  which  will  alter  the  faiue.of  the  letter  a  m  this  tbeo* 
reiii»  which  is  tbisi  viz  that  a  denotes  the  distance  of  tiie 
•hot  from  the  bottom  of  the  bore ;  and  the  length  of  the  cl|ai;ge 
of  powder  alone  ougbt  to  be  the  same  thing ;  bur,  in  the  ex- 
•  periments,  that  leligth  included,  besides  the  iengih  of. real 
powdoTt  substance  of  the  thin  flannel  bag  io  which  it  was 
always  contained,  of  which  the  neck  nt  least  extended  a 
flideimble  length,  being  the  part  where  the  open  end  waa 
wrapped  and  tied  close  round  with  a  thread.  Xhia  circum* 
etance  causes  the  valae  of  n,  as  found  by  the  theorem  above^ 
to  come  out  less  than  it  ought  to  be,  for  it  shows  the  strcnglli 
of  the  inflamed  powder  when  just  fired,  and  when  the  flume 
fills  the  whole  ap&ce  a  before  occupied  both  by  the  real  pow^  • 
der  and  the  bag,  wheieaa  it  ought  to  abow  the  first  strength 
of  the  flame  when  it  is  supposed  to  be  contained  in  the  space 
only  occupied  by  the  powder  alone,  without  the  bag.  The 
formula  will  therefore  bring  out  the  value  of  n  too  little,  in 
proportion  as  the  real  space  fliled  by  the  powder  is  less  than 
the  space  filled  both  by  the  powder  and  its  bag.  In  the  same 
proportion  therefore  must  we  increase  the  formula,  that  is, 
in  the  proportion  of  /i,  the  length  of  real  powder,  to  a  the 
lengtii  of  powder  and  bag  together.   "When  the  theorem  is 

dw  ^  b 

so  corrected,  it  becomes  jQQQj  ^og.  of 

Now,  by  pa.  48  and  40,  vol.  8.  TrnttB,  there  are  given 
both  the  lengtha  of  all  the  eh^ges,  or  valuee  of  a,  including 
theimg,  ana  alio  the  length  m  the  neck  and  bottom  of  the* 
bag,  which  ia  0*01  of  an  ineh«  which  therefore  must  he  sub. 
tracted  from  all  the  Taluea  of  a*  to  give  the  correaponding 
values  of  h.   Thia  in  the  example  above  reduces  8*45  to  2*54. 

Hence,  by  mereaaing  the  above  result  ISO^  in  proportion 
•f  3*54  to  8*45»  it  heconm  1018.  And  ao  on  for  the  other 
experimenta. 

Bot  it  will  he  beat  to  arrange  the  reanlta  in  a  table,  with 
<be  aeveral  dtmentiona,  when  eoffected,  from  which  they  are 
computed,  ae  Ibllowa. 
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^rableof  VtlocUies  of  BaUs  cmd FkrM Ftne  of  Pomier,  4^ 


God. 

Charge  of  Powder. 

Velocity 

or  VdlUC 

of  V. 

First 

rnrrp  or 

value  of 
n. 

Ko. 

Leogth, 
or  value 
of  b. 

Weight 

in 
ouDces* 

Leng 
val 
of  a. 

Ih  or 
ue 

on. 

1 

inches. 
2d'53 

4 
8 

IC 

3-45 
5-99 
1 107 

2-64 
5 -OR 
1016 

1 1  (in 
1340 
1430 

1018 

IIQI 

967 

12 

38*43 

4 
8 
16 

3-45 
6-99 
11-07 

2-54 
5-08 
1016 

1180 
1680 
1G60 

1077 
1193 
984  . 

3 

57-70 

4 

1 

3*45 
d-99 
11*07 

2-54 
5*08 
10*  16 

13t)0 
1790 
2000 

1067 
1256 
1076 

4 

80*23 

4 

8 
16 

3*46 
6*99 
11.07 

2*54 
5*08 
10*16 

1370 
1940 
SfOO 

1060 
1289 

1085 

Where  it  tnay  be  observed,  that  the  numbers  in  the  column 
tof  velocities,  1430  and  2200,  are  a  little  increased,  as,  from 
a  view  of  the  tabic  of  experiments,  they  evidently  required 
to  be.  Also  the  value  of  the  letter  d  is  constantly  I'M 
inch. 

Heiice  it  appears,  that  th6  value  of  tbe  letter  Hied  \A 
theorem,  though  not  yet  greatly  different  from  the  Dum- 
Wir  tOOO,  assumed  by  Mr.  £>bin8,  is  xlither  various,  bodi 
(bf  the  difteroDt  lengths  of  the  gun,  and  finr  the  dHferellt 
^haf|^8  with  the  same  gun. 

But  this  diveiiity  in  the  value  of  the  quantity  «,  olr  the 
t^fsl  ibrce  of  the  inflamed  ^pinpowder,  is  probably  owing  in 
%<>h^e  iheasure  to  the  omission  of  a  i^aterial  datum  in  tbfis 
^Calculation  of  the  problem,  namely,  the  wcit^ht  of  the  charge 
Tof  powder,  which  has  not  at  all  boon  brought  into  the  'com. 
j^utation.  For  it  is  manifest,  that  the  elastic  fluid  has  mil 
V)rkly  the  bail  to  move  and  impel  before  it,  but  its  own  weight 
i6f  rfiatter  als6«    The  <;orfipiitiltion  may  therefore  he  renewed, 

thi  %aStting  |kr6blem,  to  talie  that  datqm  into  the  aceottalb 
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1^  <ieft;rmz>26      same  as  in  tlie  last  Problem  ;  taking  kolkiki 
Weighl  of  Powder  and  the  Ball  uUo  the  Cakidaiim. 

Besides  the  notation  used  in  the  last  problem,  let  2p  de- 
note the  weight  of  the  powder  in  tlie  charge,  with  the  flan* 
nel  bag  in  which  it  was  inclosed. 

Now,  becuuse  the  inflamed  powder  occupies  at  all  times  the 
part  of  the  gun  bore  which  is  behind  the  ball,  its  centre  of 
gravity,  or  the  middle  part  of  the  same,  will  move  with  only 
half  the  velocity  that  the  ball  moves  with ;  and  this  will  require 
the  same  force  as  half  the  weight  of  the  powder,  6lc.  moved 
with  the  whole  velocity  of  the  ball.  Therefore,  iu  the  con« 
elusion  derived  iu  the  last  problem,  we  are  now,  instead  of  Wf 
to  eubeiilute  the  quantity  p-i-w  ;  and  when  that  ia  donei 

Im  uaC Telocity  wul ceme  out,  w    y/{:  ■       X  oom.  log.-). 

^  p-^w  ^  a 

And  firon  this  equation  is  found  the  value  of  «,  which  ii 

A  tst  loff.  of ==  ?— -t?«  ^  loff.  of-,  bv suU 

stituting  for  d  its  value  1*96,  the  diameter  of  the  ball. 

Now  as  to  the  ball,  its  medium  weight  was  16  oz.  13  dr. 
=  16*81  oz.  And  the  weights  of  the  bags  containing  the 
several  charges  of  powder,  viz.  4  oz.,  8  oz.,  16  oz.,  were 
6  dr.,  12  dr.,  and  1  oz.,  5  dr. ;  then,  adding  these  to  the 
Respective  contained  weights  of  powder,  the  sums,  4*5  oz., 
8*75  oz.,  17*31  oz.,  are  the  values  of  2p,  or  the  weights  of 
the  powder  and  bags  ;  the  halves  of  which,  or  2*25,  and 
4*38,  and  8*G6,  are  the  values  of  the  quantity  p  for  those 
three  charges  ;  and  these  being  added  to  16*81,  the  constant 
wf^ight  of  the  ball,  there  are  obtained  the  three  values  of 
p-\'W  for  the  three  charges  of  powder,  which  values  there- 
fore are  19*0G  uz.,  and  21*19  oz.  and  25  47  oz.  Then,  by 
calculating  the  values  of  the  first  force  n,  by  the  last  rule 
above,  with  these  new  data,  the  whole  will  be  found  as  in  the 
following  table. 


« 
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The  gao. 

Charge  of  Powder. 

- 

.V  eight  of 
ball  and 
charge, or 
values  of 
pi-w. 

Velocity, 
or  il|B 
▼aluei 
ofv. 

First 
force 
orihe 
value 

of  n. 

No. 

1  Length 
or  ?alue 

of*. 

Weight 

in 
ounces. 

Lcng 

VI 

of  a. 

;th  or 
tilue 
of  h. 

1 

Inches. 
28*63 

4 
8 

16 

3-46 
6-99 
U-07 

2-6-j 
5'Ob 

1906 
21-19 
,  26-47 

1100 
1340 
1430 

1  165 
1377 
1466 

t 

38-43 

4 

8 
16 

3-46 
6*9! 
11  07 

2-64 
6-08 
10*16 

19*06 
2M9 
86-47 

1180 
1680 
1660 

1167 
I60f) 
1498 

3 

67*70 

4 

8 
•  16 

3*46 

6*9$) 
11*07 

8*54 
5*08 
10*16 

19*06 
31*19 
86*47 

1300 
1790 
8000 

1810 
I66(i 
1646 

4 

80*fS 

4 

8 

16 

3*46 

6*99 
tl-07 

8*64 
6*08 
10*16 

19*06 
81*19 
26*47 

1370 
1940 

8800 

1803 
l«87 

16481 

And  here  it  appears  that  the  values  of  n,  the  first  force  of 
the  charge,  are  niuch  more  uniform  and  regular  thau  hy  the 
former  calculations  in  the  preceding  problem,  at  least  in  all 
excepting  the  smallest  charge,  4  oz.  in  each  gun ;  which  it 
would  seem  must  be  owing  to  some  general  cause  or  causes. 
Nor  have  we  long  to  search,  to  find  out  what  those  causes 
may  he.    For  when  it  is  considered  that  iliese  numbers  for 
the  value  of  n,  in  the  last  column  of  the  table,  ought  to  ex* 
hibit  the  first  force  of  the  fired  powder,  when  it  is  supposed 
to  occupy  the  space  only  in  which  the  bare  powder  itself 
lies  ;  and  that  whereas  it  is  manifest  that  the  condensed  fluid 
of  the  charge  in  these  experiment*  occupies  tlie  fi(ho1e 
ipace  between  the  ball  and  the  bottom  of  the  gun  bofe»  or 
the  whole  epace  taken  up  by  the  powder  and  the  bag  or  car* 
fridge  tof^ther,  which  exceeds  the  fbrnier  space;  or  that  of 
tiie  powder  alone,  at  least  In  the  proportion  of  the  circle  of 
the  gun  bore,  to  the  same  as  diminished  by  the  thickness  of 
the  Surrounding  flannel  of  the  bag  that  contained  the  pow- 
der ^  it  is  manifest  that  the  force  was  diminished  on  that  ac- 
count.  Now  by  genflT^ compressing  a  number  of  folds  of 
the  flannel  together,  it  has  been  (bund  that  the  thickness  of 
the  single  flannel  was  equal  to  the  40th  part  of  an  inch  ; 
the  double  of  which,     or  *05  of  an  inch,  is  therefm  the 
4|uantity  by  which  the  diameter  of  the  circle  of  the  powder 
inthia  the  bagi  was  less  than  that  of  the  gun  boiw. .  Bui. 
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the  diuneter  of  the  gitn  liafes  was  8*08  belief  $  Uierefere» 
deductiDg  the  *05y  the  remainder  1*97  is  the  diameler  of  the 
powder  cylinder  within  the  bag ;  and  heeause  the  areas  of 
circles  are  to  each  other  as  the  squares  of  their  diameters, 
add  the  squares  of  these  numbers,  1«07  and  8*08,  being  to 
each  other  as  888 1<»408»  or  as  97  to  108 ;  therelbre,  on  this 
account  alone,  the  numbers  before  found,  tor  the  value  of  », 
must  be  increased  in  the  ratio  of  07  to  1(K2. 

But  there  is  yet  another  circumiitance,  which  occasions 
the  qiace  at  first  occupied  by  the  inflamed  powder  to  be 
larger  than  that  at  which  it  has  been  taken  in  the  foregoing 
calculations,  and  that  is  the  difference  between  the  content 
of  a  sphere  and  cylinder.  For,  the  space  supposed  to  be 
occupied  at  first  by  the  elastic  fluid,  was  considered  as  the 
length  of  a  cylinder  measured  to  the  hinder  part  of  the  curve 
surface  of  the  ball,  which  is  manifestly  too  little  by  the  dif- 
ference between  tlie  content  of  half  the  ball  and  a  cylinder 
of  the  same  length  and  diameter,  that  is,  by  a  cylinder 
whose  Ibngth  is  ^  the  semidiameter  of  the  baH,  Npw  that 
diameter  was  1*96  inches  ;  the  half  of  which  is  0-98,  and  ^ 
of  this  is  0*33  nearly.  Hence  then  it  appears  that  the 
lengths  of  the  cylinders,  at  first  filled  by  the  dense  fluid, 
viz.  3*45,  and  5*99,  and  11 '07,  have  been  all  taken  too  little 
by  0-33  ;  hence  it  follows  that,  on  this  account  also,  all 
the  numbers  before  found  for  the  value  of  the  first  force  n, 
must  be  further  increased  in  the  ratios  of  3*45  and  5*09  and 
11*07,  to  the  same  numbers  increased  by  0*33,  that  is,  to  the 
numbers  3*78  and  6-32  and  11  •40. 

Ooihpoisnding  now  these  last  ratios  with  the  Ibregoing 
one,  viz.  97  to  103,  it  prodcues  these  three,  vix*  the  ratioa 
of  884  and  £81  and  1074,  respectively  to  885  and  647  and 
1168.  Therefore  increasing  the  last  column  of  numbers, 
for  the  value  of  n,  viz*  those  of  the  4  oz.  charge  in  the  ratio 
of  884  to  885,«aiid  those  of 
the  8  oz.  charge  in  the  ratio 
of  681  to  647,  and  those  of 
the  16  oz.  charge  in  the  ratio 
of  1074  to  1163,  with  every 
gun,  they  will  be  reduced  to 
the  nuoibeis  in  the  annexed 
table  ;  where  the  numbers 
are  still  larger  and  more  re* 
gidar  than  l^fore*. 


Powder. 

The  Guos. 

1 

8 

3 

4 

OZ. 

4 

1878 

1887 

1488 

1480 

8 

1687 

1677 

1766 

1618 

16 

1«7 

1616 

1788 

1764 

— 1 — 1 

1 

*  from  the  esperimeots  of  1815, 1818,  It  appears  that  n  esce  edt 
la  the  belt  gunpowder. 
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Thus  tliatt  al  length  it  appears  that  the  firat  ibrce  of  ^ 
ittflaiiied  gunpowder*  when  occupying  only  the  apace  al  finl 
fiUod  with  the  powder,  ia  ahout  1800,  that  ia,  1800  tioMa  the 
elaatieity  of  the  natural  air,  or  preaauie  of  tlie  atamphera, 
in  the  cStarges  with  8  oa.  and  16  oa*  of  powder,  in  the  two 
longer  guna  ;  but  aomewhat  leei  in  the  two  ahoiter,  probably 
owing  to  the  giadaal  firing  of  gunpowder  in  aome  degree ; 
and  alao  leaa  m  the  loweat  charge  4,  os.  in  all  the  guop, 
which  may  probably  be  owing  to  the  less  degree  of  hMt  in 
the  email  chai|^.  But  besidea  the  foregoing  circunntancea 
thai  have  been  noticed,  or  used  in  the  catculatioQa,  there  are 
yelaev^ral  othera  thai  might  and  ought  to  be  taken  into  the 
account^  in  order  to  a  atrict  and  perfect  aolution  of  the  pro- 
Weai ;  auch  aa,  the  coonter  pressure,  of  the  atmosphere,  and 
the  reaiatance  of  the  air  on  the  fore  part  of  the  ball  while 
,  nm^ing  aio^g  the  bore  of  the  gun  ;  the  loss  of  the  elastic 
fluid  by  the  vent  and  windaee  of  the  gun  ;  the  gradual  firing 
of  the  powder  ;  the  ooequaldenai^  of  the  elastic  fluid  in  the 
diflbreot  parts  of  the  apace  it  occupies  between  the  ball  and 
the  bollQOiof  the  bore  ;  the  diiference  between  piessore  and 
pereuBsion  when  the  ball  is  not  laid  close  to  the  powder ;  and 
pechapa  some  others  :  on  all  which  accounts  it  is  probable 
that,  inatead  of  1800,  tbe  first  force  of  the  elastic  flnid  ia  not 
leaa  than  SOOO  timea  the  strength  o(  u^ural  air. 

Carol.  From  the  theorem  last  used  for  the  velocity  of  the 
Ml  and  elastic  flnid,  via.  a  as  v/  (— — j^n  x  log.  ~)  » 

^  "p^io"  ^  °**y  fio^       velocity  of  the  elas- 

tic fluid  alone,  viz.  by  taking  ir,  or  the  weight  of  the  ball, 
=  0  in  the  theorem,  by  which  it  becomes  barely  p  » 

8507ibi  h 

(  X  log. — ),  for  that  velocity.   And  by  computing 

the  aeveral  pieceding  examplea  by  thia  theorem,  suppoaing 
tlMTahie  of  fi  to  be 3000,  the  condoaionfi  come  ontalittie 
varioiia^  being  between  4000  *and  5000,  but  meat  of  them 
nearer  to  the  latter  number.  So  that  it  may  be  cdadaded 
that  the  velocity  of  the  flame,  or  of  the  fired  gunpowder, 
ve«paniia  itaeif  at  the  nwszle  of  the  gun,  aft  the  ratp  of  abant 
fiMIO  ftet  per  aecond  nearly, 
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ON  THE'  MOTION  OF  BODIES  IN  FLUIDS. 


IPROBLSJi  XU. 

To  determine  the  Force  of  Fluids  in  Motion  ;  and  the  Cir* 
eumskmees  aUending  Bodies  $iuming  in  Fluids. 

1.  It  is  evident  that  the  resistance  to  a  plane,  moving 
parpendicalarly  through  an  infinite  fluid,  at  rest,  is  equal  to 
the  pressure  or  force  of  the  fluid  on  the  plane  at  rest,  and 
the  fluid  moving  with  the  same  velocity,  and  in  the  contrary 
direction,  to  that  of  the  plane  in  the  former  case.  But  the 
force  of  the  fluid  in  motion,  must  be  equal  to  the  weight 
or  pressure  which  generates  that  motion  ;  and  which,  it  i* 
known,  is  equal  to  the  weight  or  pressure  of  a  column  of 
the  fluid,  whose  base  is  equal  to  the  plane,  and  its  altitude 
equal  to  the  height  through  which  a  body  must  fall,  by  the 
force  of  gravity,  to  acquire  the  velocity  of  the  fluid  :  and 
that  altitude  is,  for  the  sake  of  brevity,  called  the  altitude 
due  to  the  velocity.  So  that,  if  a  denote  the  area  of  the 
pkioef  V  the  velocity,  and  n  the  speciflc  gravity  of,  the  fluid ; 

then,  the  altitude  due  to  the  velocity  v  being      the  whole 

resistancet  or  motive  force  m,  will  be  «  X  n  x  ^  ^  ; 

g  being,  as  we  have  all  along  assumed  it,  =  32^  feet*  And 
hence,  cmieris  paribuSf  the  nmistance  is  an  the  square  of  the 
velocity. 

2.  This  ratio,  of  the  square  of  the  velocity,  may  be  other, 
wise  derived  thus.  The  force  of  the  fluid  in  motion  must 
be  ae  the  force  of  one  particle  multiplied  by  the  number  of 
them ;  but  4»e  force  of  a  particle  is  as  its  velocity ;  and  the 
number  of  them  striking  the  plane  in  a  given  time,  is  also  as 
the  velocity;  therefore  the  whole  force  is  as  t»  Xoors^,that 
is,  as  the  square  of  the  velocity. 

3.  If  the  direction  of  motion,  instead  of  being  perpen- 
dicular to  the  plane,  as  above  supposed,  be  inclined  to  it  in 
any  angle,  the  sine  of  that  angle  being  s,  to  the  radius  1  ; 
then  the  resistance  to  the  plane,  or  the  force  of  the  fluid 
against  the  plane,  in  the  direction  of  the  motion,  as  assigned 
above,  will  be  diminished  in  the  triplicate  ratio  of  radius  to 
the  sine  of  the  angle  of  inclination,  or  in  the  ratio  of  1  ^  ^. 
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FoTf  AB  being  the  direction  of  the  plane, 
and  BD  that  of  the  iDotion»  making  the 
angle  abd,  whoae  sine  is  s ;  the  number 
of  particles,  or  quantity  of  the  fluid 
ttriking  the  plane,  will  be  diminished  in 
the  ratio  of  1  to      or  of  radius  to  the 
Bine  of  the  angle  n  of  inclination  ;  and 
the  force  of  each  particle  will  also  be 
diminished   in  the  same  ratio  of  1  to  *  :  so  that,  on  both 
these  accounts,  the  whole  resistance  will  be  diminished  in 
the  ratio  of  1  to  s^j  or  in  the  duplicate  ratio  of  radius  to  the 
sine  of  the  said  angle.    But  again,  it  is  to  be  considered 
that  this  whole  resistance  is  exerted  in  the  direction  re  per- 
pendicular to  the  plane  ;  and  any  force  in  the  direction  be, 
is  to  its  effect  in  the  direction  ae,  parallel  to  bo,  as  ae  to  be, 
that  is,  as  1  to  s.    So  that  finally,  on  all  these  accounts,  the 
resistance  in  the  direction  of  motion,  is  diminished  in  the 
ratio  of  1  to  ^,  or  in  the  triplicate  ratio  of  radius  to  the  eine 
of  inclination.    Hence,  comparing  this  with  article  1,  the 
whole  resistance,  or  the  motive  force  on  the  plane,  will  be 

4*  AlflOy  if  10  denote  the  weight  of  the  body,  whoee  plane 
ihee  a  is  lensted  by  the  abeolate  force  m ;  then  the  retarding 

fc»e/,or-,wJlbe-^— . 

5.  And  if  the  body  bo  a  cylinder,  whose  face  or  end  is 
and  diameter  d,  or  radius  r,  moving  in  the  direction  of  lU 
axis  ;  because  then     =  1 ,  and  a  =  pr*  =  ip(P,  where 
p  =  3*1416  ;  the  resisting  force  m  will  be    -    -    -    -  - 

^iJ^,  »d ».         r..o  / = 

0.  Thisis  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direc* 
liim  of  molkm.  Bnt  were  its  fiice  a  conical  surface,  or  an 
elliptie  section,  or  any  other  figure  every  where  equally  in* 
dined  to  the  axis,  the  sine  of  inclination  being  s  :  then  the 
nuniberof  particles  of  the  fluid  striking  the  face  being  still 
the  same,  but  the  force  of  each  opposed  to  the  direction 
of  motion,  diminished  in  the  duplicate  ratio  of  radius  to  the 
sine  of  iBclination»  the  resisting  force  m  would  be 

But  if  the  body  weie  terminated  by  an  end  or  ftee  of  any 
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Other  form,  as  a  spherical  one,  or  such  like,  where  every 
part  of  it  has  a  different  inclination  to  the  axis  ;  then  a  fur* 
ther  iovestigatioa  becomes  necessary^  such  as  in  the  following 
proposition. 


D 


To  determine  (lie  Resistance  of  a  Fluid  to  any  Body^  momng  in 
itj  of  a  Curved  End  ;  as  a  Sphere,  or  a  Cylinder,  with  a 
Hemisplicrical  End,  4^. 

1.  Let  bead  be  a  section  through  the 
axis  CA  of  the  solid,  moving  in  the  direc* 
lion  of  that  axis*  To  any  point  of  the 
curve  draw  the  tangent  bo,  meeting  the 
axb  prodneed  in  o :  also,  draw  the  per- 
pendicular ordinates  ef,  rf^  indefinitely 
Mar  each  other ;  and  draw  as  parallel  to 

CO. 

Putting  CP  =  X,  EF  =  y,  Bi  =  s^ «  OB  nae  ^  a  to  radius 
1,  and  p  =  3*1416 :  then  2py  is  the  circumference  whose 
radius  is  bf,  or  the  circumference  described  by  the  point 
in  re?olving  upon  the  axis  ca  ;  and  2py  X  e«  or  2pyz  is  the 
fluxion  of  &e  surface,  or  it  is  the  surface  described  by  bs^ 
in  the  said  revolution  about  ca,  and  which  is  the  quantity 
vapreseated  by  a  in  art*  3  of  the  last  probleiB :  hence 

X  2p^i  or         X  5ri  ia  the  resistance  on  that  ringt 

or  the  fluxion  of  the  resistance  to  the  body,  whatever  the 
figure  of  it  may  be.  And  tlie  fluent  of  which  will  be  the  re* 
sistance  required. 

2.  In  the  case  of  a  spherical  form:  patting  the  radius  ca 

BV      CP  X 

•r  ca  =  r,  we  have  y  «  ^{t^  -  =  _  =  _  and 

yz  or  KF  X  Be  B  CB  X  ae  =  ri  i  therelbre  the  general 

^    .     pnv^      -  .  ,  pnv'  pntj* 

fluxion  ' —  X  ryz  becomes  X  —5  X  rar  =J  —r  X  sri  2 

g       ^  g  g^  * 

the  fluent  of  which,  or  -^^x\  is  the  resistance  to  the 

4gr^ 

spherical  surface  generated  by  bb.  And  when  b  or  gf  is  m  r 
or  oAt  it  becomes  t^il  for  the  resistance  on  the  whole 
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hemisphere ;  which  is  also  equal  to  where  d  cs  2r 

the  diameter. 

8.  But  the  perpendicular  resistance  to  the  circle  of  the 
same  diameter  d  or  bd,  by  art.  5  of  the  preceding  problem, 

is         ;  which,  being  double  the  former,  shows  thai  the 

resistance  to  the  sphere,  is  just  equal  to  half  the  direct 
resistance  to  a  great  circle  of  it,  or  to  a  cylinder  of  the  same 
diameter. 

4.  Since  {pd^  is  the  magnitude  of  the  globe  ;  if  n  denote 
its  density  or  specific  gravity,  its  weight  to  will  be  =  ^jhTn, 

and  therefore  the  retardive  force  /  or  ^  =  x  — ^ 

e        ;  which  is  also  =       by  art.  8  of  the  general 

theorems  in  page  401  :  hence  then       =  -i-,  and  «  =  iL 

4iia      $  n 

X  ;  which  is  the  space  that  would  be  described  by  the 
globe,  while  its  whole  motion  is  generated  ordestroyed  by 
a  constant  force  which  is  equal  to  the  Ibroe  of  resistance, 
if  no  other  force  acted  on  the  globe  to  continue  its  motion. 
And  if  the  density  of  the  fluid  were  equal  to  that  of  the 
globe,  the  resisting  force  is  such,  as,  actii^;  constantly  on  the 
globe  without  any  other  force,  would  generate  or  destroy  ita 
motion  in  describing  the  space  |d,  or  |  of  its  diameter,  by 
the  accelerating  or  retarding  force. 

5.  Hence  the  greatest  velocity  that  a  globe  will  acquire 
by  descending  in  a  fluid,  by  means  of  its  relative  weight  in 
the  fluid,  will  be  found  by  making  the  resisting  force  equal 
to  that  weight.  For,  afler  the  velocity  is  arrived  at  such  a 
degree,  that  the  resisting  force  is  equal  to  the  weight  that 
urges  it,  it  can  increase  no  lonser,  and  the  globh  will  a(\er* 
wards  continue  to  descend  with  that  velocity  uniformly. 
Now,  N  and  /i  being  the  separate  specific  gravities  of  the 
globe  and  fluid,  n  — 71  will  be  the  relative  gravity  of  the 
globe  in  the  fluid,  and  therefore  10  ^pd^  (v—n)  is  the 
weight  by  which  it  is  urged ;  also  m  s  • 

is  the  resistance ;  consequently^—  «  jjMf  (3r«->») 

when  the  velocity  becomes  uniform  {  from  whicb  eqoalioa 
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'  is  found  0=  ^{2g  .  {d  .  ),  for  the  said  uDiform  or  great. 

n 

Mt  velocity. 

And,  by  comparing  this  form  with  that  in  art.  6  of  the 
general  theorems  in  page  400,  it  will  appear  that  its  greatest 
velocity  is  equal  to  the  velocity  generated  by  the  accelerat* 

iog  ibrce        in  deaeribing  the  space  ^d,  or  equal  to  the 

veloci^  generated  by  gra? ity  in  freely  deecribiog  the  apace 

~~  X        U  »  =  2nf  or  the  specific  gravi^  of  the 

globe  be  double  that  of  the  fluid,  then  — ^ —  s  l  as  the 

natural  force  of  gravity  ;  and  then  tlie  globe  will  nttnin  its 
greatest  velocity  in  describing  or  J  of  its  diameter. — It 
is  further  evident  that  if  the  body  be  very  small,  it  will  very 
soon  acquire  its  greatest  velocity^  whatever  its  density  may 
be. 

Exam.  If  a  leaden  ball,  of  1  inch  diameter,  descend  in 
water,  and  in  air  of  the  same  density  as  at  the  earth's  surfacot 
the  three  specific  gravities  being  as  11^,  and  1 ,  and  f-^^-^. 
Then  t)=  v^(4  . •  iV  •  l^J)  =  J  ^{3\  .  l»3)=8-5044 
feet,  is  the  greatest  velocity  per  second  the  ball  can  acquire  by 
deecendiog  in  water.  And  v  =  ^{4  •  SV  •  A  •  V  •  *y *) 
aearl^'^y  ^2JL^±2,  =  259*82  is  the  greatest  velocity  it  can 
acquire  in  air. 

But  if  the  globe  were  only  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire,  would  be  only  j\  of  these, 
namely  of  a  foot  in  water,  and  2G  feet  nearly  in  air. 
And  if  the  ball  were  still  further  diminished,  the  greatest 
.velocity  would  also  be  diminished,  and  that  in  the  subdupli* 
cate  ratio  of  the  diameter  of  the  bail. 


PKOBLSM  XZI* 


n  deiermme  the  Relations  of  VdocUy,  Space,  and  Time,  of 
a  BaU  morning  in  a  Fkddf  m  wkM  U  ia  projected  wkh  a 

1.  Let  a  <b:  the  first  velocity  of  projection,  x  the  apace 
doeciibed  in  any  time  f,  and  o  the  velocity  then.  Now,  by 

JxU  4  of  the  iaa(|wobleai>  the  accelenitive  force  /•> 
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where  n  is  the  density  of  the  fluid,  h  tfaet  of  the  ball,  mi 

d  its  diameter.  Therefore  the  genenl  equation  vv  ca  gfs 
becomes  w=  

— yx}  and  hence  J  =  —      pultmg  6  for  gjg. 

The  oorrect  fluent  of  this,  is  log.  a— log.  9  or  log.     »  6x» 

Or,  putting  c  s  2*718281828,  the  number  whose  hyp.  log» 

is  1,  then  is  -  =  c^',  and  the  velocity  c  =  ^  =»  ac~^. 
o 

2.  The  velocity  v  at  any  time  being  the  c-^^  part  of  the 
^Kst  velocity,  therefore  the  velocity  lost  in  any  tune,  will  be 

the  1  ~  €r^  part,  w  the     .     part  of  the  fint  iriocity. 


EsLAM.  1.  If  a  globe  be  projected,  with  enir  velocity,  in  % 
tnedimn  of  the  same  density  with  itself,  and  it  desmbe  a 
space  iBqiud  to  8ii  or  8  of  its  diameters.   Then  9  b  8d^  and 

r      5n      8    ^,     ^     .       .      .c**— 1     2-08.  . 
h     —  =  — : ;  theiefore     ^    and  — i —  =  ;r-:^  is  the 

relocity  lost,  or  aearly  }  of  the  projectile  velocity. 

EzAX.  d.  If  an  iron  ball  of  3  inches  diameter  were  pro* 
jected  with  a  velocity  of  1200  feet  per  second ;  to  find  the 
vdodty  lost  after  moving  through  any  space,  as  suppose 
000  feet  of  air:  we  should  have  <^  =  ^  =  i,  a  » 1200,  «a 
800,  M  8  7^,  fi     '0012 ;  and  therefore  6«  «  - 

Sns     8.12.500.8.6     81      .  1200 

^—  B  =  — -  and  V  =  a=  896  feet 

Snd        8 .  22 .  10000  440' 

Kr  second :  having  lost  202  feet,  or  nearly  }  of  Its  first  ve* 
»ty. 

Exam.  3.  If  the  earth  revolved  about  the  sun,  in  a  me- 
dium as  dense  as  the  atmosphere  near  the  earth's  surface  ; 
and  it  were  required  to  find  the  quantity  of  motion  lost  in  a 
year.  Then,  if  the  earth's  mean  density  be  about  4J,  and 
its  distance  from  the  sun  12001)  of  its  diameters,  we  have 
24000  X  3-1416  =  75398  diameters  =  x,  and  =  -  -  • 
8  .  75398  .  V2.2     ^  .  -1  .  _ 
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are  lost  of  the  first  motion  in  the  space  of  a  year,  and  only 
the  i^i*  part  remaias.   If  the  earth's  mean  deosity  be  taken 

885 

«  »  5,  the  result  will  become       for  the  motion  lost. 

ExAH.  4.  If  it  be  required  to  deteTmioe  thm  dislAiice 
moved,  x,  when  the  globe "liaB  lost  any  part  of  its  molioii,  ai 
suppose     and  the  dennQr  of  the  globe  and  Arid  equal ; 

1  <i  Sd 

the  general  eqaatioa  gtvees  =  ^  X  log.  ^  ^  y  ^      of  d 

=  1*848302&2.  So  that  the  globe  loeefl  half  its  motion  be- 
fore  it  haa  described  twice  its  diameter. 

a.  To  find  the  tkne  I ;  we  haye  t  =s  -  =  -  «  — . 

•  V      V  a 

Now»  to  find  the  fluent  of  this,  put  z  ^  c^i  then  is  hx  » 

it            i              *  d^i 
log.  2,  and  h±  «■  -^or       -rzi  conseq.  I  or  =  —  a« 

i  z 

-r  »  And  hence  t  =  .   But  as  t  and  x  vaoiah  toge* 

1 

ther,  and  when  s  »  0,  the  qnantiQr  ^  ^     ^  >  therefore. 


  1  1  >/l  Iwu 

by  correction,  /  «=  — —  =  ir  ""i"  ™  r  (■"*"")  ™  ^'"^o 

as       as     Ml     0  9  0 

8fi  a 
sought ;  where  h  ss  g— ,  and  «  ^  ^  the  velocity. 

Exam.  If  an  iron  ball  of  2  inches  diameter  were  projected 
in  the  air  with  a  velocity  of  1200  feet  per  second  ;  and  it 
were  required  to  determine  in  what  time  it  would  pass  over 
500  yards  or  1500  feet,  and  what  would  be  its  velocity  at  the 
end  of  that  time  :  We  should  have,  as  in  exam.  2  above, 
.      3.12  .  3  .  6        1  1500     375  .  I 

^  ^  87^715660  ^  2716'      ^^=2716=  679'  ^^"^^  h 

2716     .1        1       ^  1     c*'     1-7872  1 

,  and  —  S3  .  and  —  5=  —  s»  =  —  near* 

1  '      «     1200*       e      a       1200  690^ 

ly.   Consequently  v    600  is  the  velocity ;  and  I  »  - 

Q  O 

i)  =  2716  X  (fljjg""  ^  ^ii  aecoads  is  the  time  re- 
quired, or  1"  and  f  nearly. 


Digitized  by  Google 


482  **   MOTZON  OF  BOimi  Dl 


PBOALBX  1XII._ 

3b  delemme  ike  Edatume  of  Space,  Tkee^  and  VdocUp, 
wkmaGkbedeeeeadetbgUeam  WeigJd,  in  a  Fluid. 

• 

The  forogoing  notation  remaining,  viz.  d  =  diameter, 
B  and  u  the  density  of  the  ball  and  fluid*  and     8,  t,  the 
^locity,  space,  and  time,  in  motion ;  we  have  ^fd*  as  the 
magnitode  of  the  ball,  and  ipd'  (k  —  n)  a  its  weig|it  in  the 

fluid,  also  m  =  -tt,—  =  its  resistance  from  the  fluid  ;  con- 

sequendy  ifd?  (»— «)  —  ^  the  motive  force  by  which 

the  ball  is  urged  s  which  being  divided  by  ipad^,  the  quanti- 
ty  of  matter  moved,  gives/  =  1  —  -  —  ^—^  for  the  acce* 
lerative  force. 

3.  Hence  w,  =  g/s,  and  «=   §j —  ^ 

g(N  -  n)  — 

a  ^  nearty  ;  the  flnent  of  which  ts«ss-  -  -  •  •  •  - 
^  X  log.  of         an  expression  for  the  space    in  terms 

of  the  velocity  v.    That  is,  when  9  and  i>  begin,  or  are  equal 

to  nothing,  both  together. 

But  if  the  body  commence  motion  in  the  fluid  witli  a  cer- 
tain given  velocity  c,  or  enter  the  fluid  with  that  velocity, 
like  as  when  the  body,  after  falling  in  empty  space  from  a 
certain  height,  falls  into  a  fluid  hke  w  atcr  ;  then  tlie  correct 

1  ^a— c* 
fluent  will  be  «  =  ^  x  hyp.  log.  of  r. 

8.  But  now  to  determine  v  in  terns  of  «,  put  e  s» 

2-716281828  ;  then,  since  the  log.  of— ^  s  2^,  therefore 


^  s  c**,  or — J —  —  c-^* ;  hence  v  =  v^(a— «cr^) 


is  the  velbdty  sought. 
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4*  Th9  greatest  Telocity  is  to  be  fyandf  as  in  art.  5  of 
piob.  dO,  by  making  /or  I  — ^ — =  0,  whicb  gives 

9  s        .Qd  ,     — J  =  y/a.    The  same  value  of  v  is 

obtained  by  making  the  fluxion  of  v\  or  of  a  —  air^f  =  o, 
And  the  same  value  of  v  is  also  obtained  by  makjng  s  in- 
finite, for  then  e~^'  =  0.  But  this  velocity  cannot  be 
attained  in  any  finite  time,  and  it  only  denotes  tbo  velocity 
to  which  the  general  value  of  v  or  )  continually 

appsoaebee.  It  is  evident,  however,  that  it  will  approximate 
towards  it  the  faster,  the  greater  h  is,  or  the  less  d  is ;  and 
llHit>,the  diameters  being  very  small,  the  bodies  descend  by 
nearly  uniform  velocities,  which  are  directly  in  the  subdupli- 
cate  ratio  of  the  diameters.  See  also  art.  5,  prob.  20,  fi>r 
other  observations  on  this  head. 

6.  To  find  the  time    Now/«:-i-  =  t/  —  X       *  ^  > 

Then,  to  fiod  the  fluent  of  this  fluxion,  put  z  =  ^(1  —cr-^*) 

=  — ,  or  x'  =  J  — c— ^* ;  hence  zz  =  bser^'f  and  *  = 


^    .         —  ,  

1      XX  '        1  i 

and  therefore  the  fluent  is  ^  =    —  X  log.  ^"^^  ' 


X  log.  T  ~~..v  '     /Tr^.w  X  log.   ,wbichisthe 

general  expression  for  the  time. 

. 

1      TT  •      1  e 

Or  thus  :  because  «  =  —  .  i,  theref.  £  =   -3 ; 

o    a— ir  o 

pnd  the  fluent,  by  form  10,  is  X  log.  , 

Exam.  If  it  were  required  to  determine  the  time  and  velo- 
city, by  descending  in  air  ^000  feet,  the  ball  being  of  lead, 
and  1  inch  diameter. 

Here  n  «       n  «        <l  =  *  ^ 

„  2.16«iV*tV*lH  2.193.8.34.3500 

Hence  a  =  8?X  3.8.12.12.3  = 

193  .  34  .  50»      .  r ^  3  .  T^yy     3.3.3.  12     9  .  !) 
9.27      •  N.  Hi.     ""6.34.  2501)  ~tja.i>U^'' 
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consequently  e  »     a  X  v'Cl  —   9        -  X 

y/(l  —  c  "^^)  =  203f  the  velocity.   And  I  =  ^^xlog. 

the  lime. 

i^ofe.  If  the  globe  be  10  light  ee  to  esoend  in  tlie  Ibiid  $  k 
ie  only  neces«liry  to  change  the  aigu  of  the  fint  imo  ton* 
in  the  vnloe  of  /»  or  the  nceelerating  foreOy  by  wIMi  It  he* 

comet/a  4*  -  1     ^2 '  ^        pwened  in  nli 


epeete  u  before. 


To  compare  this  theory,  contained  in  the  last  four  prob. 
lems,  with  experiment,  the  few  following  numbers  are  here 
extracted  from  extensive  tables  of  velocities  and  resistances, 
resulting  from  a  course  of  many  hundred  very  accunUe  ex» 
periments,  made  in  the  course  of  the  year  1786. 

In  the  first  cohimn  arc  contained  the  mean  uniform  or 
greatest  velocities  acquired  in  air,  by  globes,  hemispheres, 
c\h'nd(  rs,  and  cones,  all  of  the  same  diameter,  and  the  alti. 
tude  oi  tiie  cone  nearly  equal  to  the  diameter  also,  when 
urged  by  the  several  weights  expressed  in  avoirdupois 
ounre!3,  and  standing  on  the  same  hne  with  the  velocities, 
each  111  their  proper  column.    So,  in  the  first  hne,  the 
numbert  show,  that,  when  the  greatest  or  uniform  velocity 
was  accurately  3  feet  per  second,  the  bodies  were  urged  by 
these  weights,  according  as  their  different  ends  went  fore, 
most ;  namely,  by  *028  oz.  when  tlie  Tertez  of  the  cone  went 
foremost ;  by  Hm  on*  when  the  hnae  of  the  cone  went  toe- 
most  ;  by  -OSST  on.  for  a  whole  sphere  ;  by  '050  on*  to  a 
cylinder ;  by  «051  oz.  for  the  flat  side  of  tlie  bemisplierB ; 
and  by  *0Si0  oas.  for  the  round  or  convex  side  of  tlie  hemi* 
sphere.  Also,  at  the  bottom  of  all,  are  placed  the  mean 
proportions  of  the  resistances  Athene  figures  in  the  nenresi 
whole  numbers.  Note,  the  comown  diailMler  cf  all  the 
fiffures  was  6*S75t  or  6f  inches ;  eo  that  the  area  of  the  efacle 
of  that  diameter  is  just  82  square  inches,  or  f  of  a  square 
foot ;  and  the  altitude  of  the  cone  was  6|  tnchee.  Also»  the 
of  the  small  hemii|iheic  was  4}  incheSf  and 
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({Qendy  the  urea  of  ila  baae  17  j  aquuro  ioches,  oir  ^  of  a 
fquare  foot  nearly. 

From  the  given  dimensions  of  the  rone,  it  nppcars,  that 
the  angle  made  by  ita  side  and  vuLia,  or  direction  oi'  the  path, 
is  25°  42',  very  nearly. 

The  mean  height  of  the  barometer  at  the  times  of  making 
*the  experiments,  was  nearly  30*  1  inches,  and  of  the  ther- 
mometer 62** ;  consequently  the  weight  of  a  cubic  foot  of  uir 
was  equal  to  1^  oz.  nearly,  in  those  circumstances. 


Veloc. 
prnec. 

Cone. 

Whole 
globe. 

Cylin. 
der* 

Hemisphere. 

Small 
Henns. 
flat. 

vertex* 

base. 

flat. 

round. 

feet. 

3 
4 
5 
6 
7 

6 

o 
v 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

oz. 

•048 
•071 
•098 
•129 
•168 
•211 
•260 
•615 
•876 
•440 
•512 
•869 
•678 
•762 
•668 
•959 
l^069 

oz. 

•064 

•109 
•162 
•225 
•306 
•882 
•476 
•687 
•712 
•860 
1-000 
1^166 
1-846 
1-646 

1-  768 
2002 

2-  260 
2^640 

oz. 

•027 
•047 
•068 
•094 
•125 
•162 

•255 
•810 
•870 
•485 
•605 
•561 
•668 
•752 
•848 
•949 
1-057 

oz. 

•050 
•WH) 
•143 
•205 
•278 
•860 

•565 
•688 
•826 
•979 
1-145 
I^827 
1-526 
1-745 

1-  986 
2246 

2-  528 

oz. 

•096 
•148 
•211 
•284 
•868 
•464 
•578 
•698 
•886 
•988 
l-)54 
1«886 

1-  538 
1^757 
1^998 

2-  258 
2-542 

oz. 

« 

'(190 
•039 
•063 
•092 
•123 
•160 
•199 
•242 
•297 

•847 
•409 
•478 
•552 
•084 
•722 
•818 
•922 
1-088 

oz. 

•028 
•048 
-072 
•103 
•141 
•184 

•287 
•849 
•418 
•492 
•573 
•661 
•754 
•853 
•959 
1-073 
1-196 

nopor. 

« 

126 

291  j 

[  124 

285 

288 

119 

1 

140 

FnNii  this  table  of  iMitaaees»  seYonil  practical  inferences 
OMy  be  drawn.  As, 

1.  That  the  resistance  is  nearly  as  the  surface  ;  the  resist- 
ance increasing  but  a  very  little  above  that  proportion  in  the 
groaiar  sarfaeea.    Thus»  by  coiopariag  tegothor  the  oumUers 
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ib  the  6th  and  Inat  columns,  for  the  bases  of  tho  two  hethU 
hpheres,  the  areas  of  which  are  in  the  proportion  of  17}  to 
taf  or  as  d  to  9  very  nearly  ;  it  appears  that  the  Dumbers  in 
those  two  columns,  cxpteRfting  the  resistances,  are  nearly  ai 
1  to  2y  ot  as  5  to  10,  as  far  as  to  the  velocity  of  12  feet$ 
aAer  which  the  resistances  on  the  greater  surface  increase 
gradually  more  and* more  above  that  proportion.  And  the 
knean  resistances  are  as  140  to  288,  or  as  5  to  1  Of.  This  cii^ 
cumstance  therefore  agrees  nearly  with  the  theoiy. 

2.  Thd  resistance  to  the  same  sttrfkcey  is  nearly  as  the 

square  of  the  velocity ;  but  gradttally  increasing  more  and 
more  above  that  proportion,  as  the  velocity  increase*.  Thiii 
is  manifest  from  all  the  oolnmns.  And  therefore  this  cir* 
cumstance  also  difie^s  but  little  from  the  theory,  in  small  velo* 
cities. 

3.  Wbenthd  hinder  parts  of  bodies  are  of  different  forms, 
the  resistances  arc  different,  though  the  fore  parts  be  nlike  ; 
owing  to  the  different  pressures  of  the  air  on  the  hinder 
parts.  Thus,  the  resistance  to  the  fore  part  of  the  cylinder, 
is  less  than  that  on  the  flat  base  of  the  hemisphere,  or  of  the 
IH>ne  ;  because  the  hinder  part  of  the  cylinder  is  more  pressed 
or  pushed,  by  the  following  air,  than  those  of  the  other  two 
figuresb 

4.  ttie  tfemMnae  ofi  baee  ot  the  hefiiispbeio,  is  to  thai 
on  the  convex  side,  nearly  as  2}  to  1,  instead  of  2  to  1,  as 
the  theory  assigns  the  proportion.  And  the  experimented 
'resistan<^e,  in  each  of  these,  is  nearly  j  part*dioto  than  that 
which  is  assigned  by  the  theory. 

5.  The  resistance  on  the  base  of  the  cone  is  to  that  on 
the  vertex,  nearly  as  to  1.  And  in  the  same  ratio  is 
radius  to  the  sine  of  the  an^le  of  the  inclination  of  the  side 
t)f  the  cone,  to  its  path  or  axis.  So  that,  in  this  instiuicej 
the  resistance  is  directly  as  the  sine  oftiio  angle  of  incidence, 
the  transverse  seciion  being  the  some,  instead  of  the  square 
of  tlie  sine. 

6.  Hence  we  cdn  find  the  altitude  of  a  coluitan  of  air,  wImM 
pressure  shall  be  equal  to  the  resistance  of  a  body,  moving 
(hrough  it  with  any  velocity.  Thus, 

Let  a  =  the  area  of  the  section  of  tho  body,  similar  to  anjr 
of  those  in  the  table,  perpendicular  to  the  dn 
recliou  of  motion  $ 
f  ss  the  resistance  to  the  veloeity*  in  the  table ;  and 
41^  ^  the  altitude  sought,  of  a  column  of  air»  whoai 
base  18  a,  and  its  presaure  n 
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lliMia»«  the  conleot  of  the  eokmiii  in  feel» 
tod  l^oz  or  jos  its  weight  in  oancee;       •      •      4  • 

therefore  |ac  =  r»  and  x  »  i  X  ~  ie  the  altitude  sought  in 

feet,  namely,  |  of  the  quotient  of  the  resistance  of  any  body 
divided  by  its  transvetse  section  ;  which  is  a  constant  quan* 
tity  for  all  similar  bodies,  however  difierent  in  magnitudoi 
since  the  resistance  r  is  as  the  section  a,  as  was  found  in  art.  !• 
When  a  ^  |  of  a  foot,  as  in  all  the  figures  in  the  fore- 

going  tabloi  except  the  smell  hemispheife :  lhen» «  » |  X  — > 

becomes  x  ^  y     where  f  is  the  resistance  in  the  tablei  to 

the  similar  body. 

If,  for  example,  we  take  the  convex  side  of  the  lafge 
hemispkere,  whose  resistance  is  -634  oz.  to  a  velocity  of  16 
foot  per  second,  then  r  =  •634,  and  x  =  y  r  =  2*3t75  feet, 
is  the  altitude  of  the  culumn  of  air  whose  pressure  is  equal 
to  the  resistance  on  a  spherical  surface,  with  a  velocity  of  16 
feel.    And  to  compare  the  above  altitude  with  that  which 
is  due  to  the  given  velocity,  it  will  be  32'  :  13^  :  :  16  :  4j  • 
the  altitude  due  to  the  velocity  10  ;  which  is  near  double  the 
altitude  that  is  eqiml  to  the  pressure.    And  as  the  altitude 
is  proportional  to  the  square  of  the  velocity,  therefore,  in 
email  velocities,  the  resistance  to  any  spherical  surface,  id 
equal  to  the  pressure  of  a  column  of  air  on  its  great  circle, 
Vhose  altitude  is  if. or  *594  of  the  altitude  due  to  its  velo* 
city. 

But  if  the  cylinder  be  taken,  whose  resistance,  r  =  1*526  : 
then  x  =  yr  =  5'72  :  which  exceeds  the  height,  4,  due 
to  the  velocity,  in  the  ratio  of  23  to  16  nearly.  And  the 
difference  would  be  still  greater,  if  the  body  were  larger  | 
and  also  if  the  velocity  were  more. 

7.  Also,  if  it  be  required  to  find  with  what  velocity  aily 
flat  surface  must  be  moved,  so  as  to  suffer  a  resistance  just 
equal  to  the  whole  pressure  of  the  atmosphere  : 

The  resistance  on  the  whole  circle  whose  area  is  f  of  a 
foot,  is  '051  oz.  with  a  velocity  of  3  feet  per  second  ;  it  is 
of '051,  or  '0056  oz.  only,  with  a  velocity  of  1  foot.  But 
(  X  13600  X  I  =  7555^  oz.  is  the  whole  pressure  of  the 
nlmosphere.  Therefore,  as  v^*0056  :  7556  :  :  1  :  1 162 
nearly*  wliitsh  is  the  velocity  sought.  Being  almost  equal  to 
the  velocity  with  which  air  rushes  into  a  vacuunn 

8^  Hence  may  be  inferred  the  great  resistance  safiered  by 
military  projectiles.  For,  in  the  tabloy  it  appeafs,  that  a 
ttlobe  of  6}  inches  diameter,  which  is  equal  to  the  size  of  an 
iron  iNdl  weighiqg  d6ib*  moving  witii  a  velocity  of  ;.onlj 
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16  feet  per  second,  meets  widi  a  resistance  equal  to  the 
pressure  of  J  of  an  ounce  weight ;  and  therefore,  com. 
puting  only  according  to  the  square  of  tlie  velocity,  the  least 
resistunco  that  such  a  ball  would  meet  with,  when  moving 
with  a  velocity  of  1600  feet,  would  be  equal  to  the  pressure 
of  4171b.,  and  that  independent  of  the  pressure  of  the  atmo- 
sphere itself  on  the  fore  part  of  the  ball,  which  would  bo 
4871b.  more,  as  there  would  be  no  pressure  from  the  atmo- 
sphere on  the  hinder  part,  in  the  case  of  so  great  a  velocity 
as  IGOO  feet  per  second.  So  that  the  whole  resistance  would 
be  more  than  UOOlb.  to  such  a  velocity. 

9.  Having  snid,  in  the  last  article,  that  the  pressure  of  the 
atmosphere  is  taken  entircjy  off  the  hinder  part  of  the  ball 
moving  with  a  velocity  of  1600  feet  per  second  ;  which  must 
happen  when  the  ball  moves  faster  than  the  particles  of  air 
can  follow  by  rushing  into  the  place  quitted  and  left  void  by 
the  bail,  or  when  the  ball  moves  faster  than  the  air  rushes 
into  a  vacuum  from  the  pressure  of  the  incumbent  air  :  Jet 
us  therefore  inquire  what  this  velocity  is.  Now  the  velocity 
with  which  any  fluid  issue:^,  depends  on  its  altitude  above 
the  orifice,  and  is  indeed  equal  to  the  velocity  acquired  by 
a  heavy  body  in  falling  freely  through  that  altitude.  But, 
supposing  the  height  of  tlie  barometer  to  be  30  inches,  or 
2^  feet,  the  height  of  a  uniform  atmosphere,  all  of  the  same 
density  as  at  the  earth^s  surface,  would  be  2^  X  14  X  8S3^ 
or  29i67  feet  ;  therefore  :  ^^29167  :  :  32  :  8  y  29167 
=  1366  feet,  which  is  the  velocity  sought.  And  therefore/ 
with  a  velocity  of  1600  feet  per  second,  or  any  velocity 
above  1366  feet,  the  ball  must  continually  leave  a  vacuum 
behind  it,  and  so  must  sustain  the  whole  pressure  of  the  at- 
mosphere on  its  fore  part,  as  well  as  the  resistance  arising 
from  the  vis  inertia  of  tlie  particles  of  air  struck  by  the  ball. 

10.  On  the  whole,  we  find  that  the  resistance  of  ths  air, 
as  determined  by  the  experiments,  di fleers  very  widely,  both 
in  respect  to  its  quantity  on  all  figures,  and  in  respect  to  the 
proportions  of  it  on  oblique  surfaces,  from  the  same  as  de- 
termined by  the  preceding  theory  ;  which  accords  with  that 
of  Sir  Isaac  Newton,  nnd  must  modern  philosophers.  Nei- 
ther should  we  succeed  better  if  we  have  recourse  to  the 
theory  given  by  Professor  Gravesande,  or  otbord,  as  similar 
difff^rences  and  inconsistencies  still  occur. 

We  conclude  therefore,  that  all  the  theories  of  the  resist- 
ance of  the  air  hitherto  givnn,  are  very  erroneous.  And  the 
preceding  one  is  only  laid  down,  till  further  experiments,  on 
this  important  subject,  shall  enable  philosophers  to  deduce 
from  them  another,  that  shall  be  more  coasooaot  to  tiie 
jthifinomcpa  of  oaturo. 
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APPENDIX- 


TABLES,  4tc  OF  COMPARATITE  STRENGTH  | 

OEf  TU  SFBCIFIC  COUESION  OV  DIFfBBSRT 

SUBSTASCJM.' 

(JPriMR  Taltles  drawn     by  Mr.  Thauuu  Trtdgoid.) 

It  is  Ihe  cohesion  of  the  parts  of  solid  bodie«»  wluch  not 
only  serves  to  characterize  difierent  ttubstaoces,  but  also  to 
determine  their  relative  value  in  the  various  uses  to  which 


_      ruinjua   uoWi  lO  WIIIOD 

they  may  be  appropriated.  The  standard  degree  of  cohe. 
8ion,  employed  in  the  following  tables,  is  plate*gla8S,  which 

is  taken  as  xmity,  ana  the  other  substances  are  stronger  or 
weaker  in  proportion  as  ihcy  arc  above  or  below' 1.  The 
strengih  of  woods  of  the  same  kinds  is,  it  will  be  ohs^a^ 
extremely  variable,  depending  on  the  age,  the.nature  of  the 
soil,  and  the  situation  of  the  climaie  where  they  are  giown* 


Specific  Cjliepion. 

Lance- wood           -  2 '621 

Locust-tree     -       .  2185 

Jujube  (Ziziphus)  2*008 

Asii  (Fraxinus). 

Red,  seasoned        -  1  -61^9 

Ash       .       .       -  1-804 

White,  seasoned     .  1-509 

Ash       -       -       .  1-274 

Oak  (Quercus)    .  1-891 

highest  result  1*801 


Oak       -       .  : 
Dry,  cut  4  yenrs 
Provence,  seasoned* 
English,  seasoned  • 
Oak       .       -  . 

rVencii,  seasoned! 
Provence,  seasoned^ 
Provence,  seasoned, 

young 
Oak,  dry 


Cohrtion. 

1  836 
1-707 
1-559 
1-509 
1-481 
1-450 
1-444 

1*363 
1-274 


A  irtf®®***"'  and  large-veined 

■ld«Sl?IlMSlf "  w{l  5iK  moT.lh.H  in  water  «fier  it  was  cut,  and  u-a. 
■Asrwardt  dried.  Wlisa  the  trie]  wet  made,  it  had  been  cut  foar 
jean.  • 

X  Middie-a^ed  timber,  fine-Teined,  light  aod  pliaot 
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Specife 
Bnltic,  seasoned 
0«k,  lowMt  remit 


1-211 
114(3 
•  1-107 


English  •       •  1-085 

Otk       -       -       -  1-07(3 

French,  unseasoned  I'OtK) 
White  AmericaOy  aea- 

sooed        •      -  1*009 

Oak       -       .       -  1-009 

Frencby  unaeafloned  0-900 

Oak       •       .       -  0-955 

English         -       .  0-930 

Dantzic  -  .  0818 
Beech  (Fagus  sylva- 

ticus)         -       -  l-bBO 

Acbutus,  from        •  1  -845 

to        •       -  0-8i4 

Oraoge  (Aurantium)  }'7t)4 

to       .      .  1-629 

Bay  (Laurutt)        -  1-547 

to       .      •  1*085 
Teak  (Teclona 
grandis). 

Java,  seasoned       •  1*500 

Pegu,  seasoned       *  1*400 

Malabar,  seasoned  1*305 

Alber  (Bet.  Ainus)  1-506 

Molberry  (Moms)  1*492 

10       •      •  1-221 

ElmCUlmin)        -  1*432 

Firs  (Knos). 

Pitch  pine  *  *      -  1*808 

Fir       1      .      .  1-380 

Fir  (atrongesl)       -  1-318 

Pitch  pine  r  1-281 

Pipe  (Pin  du  Nord)  1-264 

Ludi  (Pintis  Larix)  1*177 

Fir,  strong  red       -  1-172 

Ftr,  Meroely  seasoned  1  - 1 54 

Fir,  RiMan         •  1*062 

Fir       ♦      ^      .  1001 

Fir       •      -      •  1*039 

Fir,  Riga      •      *  0  903 

Fir,  jUnericui       •  0  942 

Fir       •      -      *  0-003 


Fir,  yellow  deal 
Fir,  weakest  - 
Larch,  Scotch,  sea- 
soned • 
Pilch  pine 

Larch,  Scotch,  very 
dry     -       -  - 

Fir,  Scotch  (P.  syl- 
vestris) 

Fir,  while  dt.il 

Sissor,  of  l^en^al 

Saul,  of  Rengiil 

Pium,  (Prunus) 
to 

Willow,  (Salix) 

Willow,  dry 
Mahogaict 
(Swicteuta). 

Spanish 

Citron  (Citream)  - 
to       •  - 
CnBsmrT,  Sweet 
(Fagus  eastanea). 
100  years  in  use 
Jasmine  (Jasminum) 
to       •  • 
Pomegranate  (Punica 

to       •  • 
Tamarisk  (Tftmaris- 
cue) 

to 

Mapls  (Acer). 

Norway 

Elder  (Snmbucus) 
Lemon  (Liiuuo) 
Quince  (C>«2ooia) 

to        -  - 
Cypress  (Cupressus) 

to       •  - 
Poplar  (Pop.  alba) 

to 

Poplar  (P.  niorra)  la- 
teral cohesion  of 
the  animal  ringd 

Cedar    -      •  • 


Cohesion. 

0-900 
0-870 

0-837 
0-830 

0-745 

0  711 

0-  455 

1  -395 

1-  375 
1  357 
1-205 
1«857 
0*800 


1*288 
1*857 
0*868 


1*291 

1-276 
1-248 
)  1-2-Jl 
0-882 

1194 
0-732 

1123 
1086 
1  004 
0-841 

0  624 
0-732 
0-54^? 
0  703 
0-483 


0189 
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Table  li. — Comparaiioe  Strength  of  Meld$. 


(A)  and  (/}  mark  tbe  highest  and  lowest  rosult  o^Mimi  fiom 

each  kind  of  iron. 


Steel. 


Razor  temper  - 
Soft 

Ikon. 


FLGItMMl. 


.  15-927 
-  12-739 


.  12004 


SpeciAci 

PLCHMiuttl. 


Cast  Ibon. 


Wire 

Oerman  bar,  mark 

BR  (A)       -      -  9-880 

Swedish  bar  {h)  •  9*445 
German  bar,  mark 

L  (A)  •      -      .  9-119 

Wire      .       .       •  9108 

Bar       .       .       «  8-964 

Liege  bar  (A)  *     -  8*794 

Spanish  bar    •      •  8*685 

Bar      •     •     •  8*561 

Bar  8HMI 

Oosemenibar  (A)    •  8*143 

Cnble  .  ..  •  7*758 
GemMui  bar,  oMurk 

L(l)        .  . 

German  BtTi  common  7*889 

oS£iiwiw  '-^^ 

Bar  of  beat  quidity  •  7-006 

Liege  bar  (I)  .  .  -  6*821 
German  bar,  marie 

BR  (i)        -       .  6-51 1 

Bar*      .      .      -  6-480 

Bar  nf  good  quality  5-839 

Cable    .      .      -  5-787 

Bar,  fine-grained     •  5-306 

— ,  medium  fineness  3 -HI 8 

coaiee.grained  2-172 


French  - 

7-470 

German  -       •  '  • 

7-250 

F  rcIiCUi  BOil  * 

English  - 

5-520 

French   -       -  - 

5-412 

4-540 

English,  soft  - 

4-334 

French  gray  - 

4-000 

Gray,  ofCruzot,  2nd 

fUsion  - 

3-257 

Gray,  of  Cruzot,  1st 

fusion 

8*908 

COPPBH. 

• 

wi<»    .    •  , 

6*808 

Catl^Barbary 

8-888 

--~,Japan  . 

8*188 

Platuivjc. 

Wire  ... 

8^ 

8lLV£B. 

Wire 
Cast 


Wire 
Cast 


Wire 
Cast, 


Gold. 


Tin. 


block 


4-080 
4*848 


3-279 
2171 


0-7568 
0-706 


*  Thb  is  the  mean  result     tliirly-thrce  oxperiuicotA. 
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Specific  CobMion. 
PI.  Glass  asl. 


Citft,  EnglMh  block  0-565 


>9  Banca 
Malacca 

BiSXQTB* 


Cat! 


Zmc 


Wire  . 
PUeatiheet  • 


0-3906 
0-842 


0-345 
0*3103 


2-394 
1-762 


Spadfic  Coheaiocr. 

PL  Glas:!  as  1. 

Cait»  Goelar,  from     0-31 18 
to  «  0-S856 


Lbad« 

Milled  . 
Wire  . 
Wire  - 
Wire  - 
Cast,  English 
AntimoDy,  cast 


0-3588 

0-334 

0-274 

0-2704 

0-094 

0-1126 


Tabu  TLL'^Compwraiioe  Strength  of  JfivUs^  Jvory^  aatf 


Specific  CobefioQ. 

GhMul. 

Uemp  fibres  glued  to- 

gelher 

9-766 

Paper  strips  glued  io« 

gether 

3-184 

Ivory  . 

1-766 

Slate,  Welsh,  (clay 

slate) 

1-358 

Plate-glass    -  • 

1-000 

Marble  (white) 

0-955 

Horn  of  an  ox 

0-950 

Whalebone  • 

0-814 

Bone  of  an  ox 

0«568 

Hard    Hone*  of 

Gifiy 

0-S80 

Spscitfc 


CobesioQ. 

OitMMt. 


Portland  stone  (com- 
pact lime-stone)  - 

Soft  stonet 
Givry 

Brick  from  - 

to        -  - 

Brick  from  Dorking 

Stone,  homogeneous 
white,  of  a  fine 
grain 

Plaster  of  Paris  - 

Mortar  of  eand  and 
lime,  16  yean 
made 


0-083 

0  041 
0031 
0  030 
0-029 


0-022 
O-O077 


-  <HMIM 


Comp€uralive  Strength  of  Suhskmee$» 

Note,  If  any  of  the  numbers  in  these  tables  be  multiplied 
by  9420,  the  product  will  express  the  force  in  pounds  avoir- 
dupois that  would  tear  asunder  a  bar  of  the  respective  sub- 
stance an  inch  A^iore.    By  this  process,  therefore,  these 


•  11disleDewMkafd,eCarsdeolo«r,aDdtkebsdf  diidneilj 

ed* 

i  Tbii  ttone  was  white,  rather  soft,  and  the  beds  not  dislioctly  mark- 
•d.  Xbm^  aeatai  were  calculated  (rom  experiments  oaUMtnss- 
t«MitieB|lh. 
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msmrra  oy  oimoioxiti  niAm,  d^c«  44S 

numbers  will  toniah  vahiea  of  c,  nmilar,  in  nature,  and  ap. 
plieable  to  the  aame  fiinpoeet,  aathe  Taluee  of  o  in  the  table 

at  pa.  392. 

Thii%  6*754  X  9430  »  6a6a3«66»  value  of  o  IbrFkeneh 
ioft  caft  iron. 

Again,  1-128  X  MdO  » ia&78-e6»  vahie  of  o  for  Norway 
maple.  ^ 

And  -3538  X  0420  =  3332  796,  value  of  o  for  milled 
lead.  And  ao  with  regard  to  othera. 

Ffmd&DtA  Rdu  for  a$eertaining  the  Dimmmmuof  Gwd§&mtf 

1.  Let  w  utmost  amount  of  the  stress  in  ewtSty  I  the  length 
of  the  gudgeon  in  inches  from  the  shoulder  to  Ibe  eztrene 
point  of  bearing,  d  the  diameter  of  the  gudgeon  In  inches ; 
Chen 

0-42  {wiy  =  d, 

2.  If  a  cylindrical  shaft  have  no  other  lateral  stress  to  sua* 
tain  than  its  own  weight,  then  the  role  is  ^(*007P)  »  df  dia- 
meter of  the  ahaft  in  ii 


8*  Ldt  the  stress,  supposed  to  be  at  the  middle,  be  n  times 
the  weight  of  the  shaft ;  then 

y/{*0l2lhi)  =s     in  inches. 

4.  For  hollow  cylindrical  shafts  of  cast  iron,  to  resist  la- 
teral stress,  let  d,  the  exterior  diameter,  and  2n>,  the  interior 
one ;  then  w  being,  as  before,  in  cwts. 

5.  If  the  hoUow  abaft  support  n  times  its  own  weight ; 
then 

^•OlSFn 


1  +w* 

6.  P'or  wrought  iron  shafts,  find  the  adequate  diameter  for 
ooil  tron,  and  multiply  by  'OSS*  .  . 

7.  For  oak  shafia,  moHiply  the  adequate  dimension  for 
oosl  iron  bj  1*88. 


*  Tbtsearsitlaetsd»ffwtbsiroMoBiuttllty,fionl^dmld1i  addl- 
tloaito  Bacbanan*!  Essays  oa  Millwork,  Im.  Bsefatthsrtfal  " 
esaaiplaiia  ambisqaasiptrtoC  thia  vohuaSi 
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8.  For  ./ir  shafts  multiply  the  requisite  dimenMon  tot  etifl 
by  I'TIG- 

9.  For  cylindrical  shafts  of  cast  inm  to  resist  torsion,  let 
M  be  (he  number  of  honest  pornr*  h  tke  revolutioM  of  the 
ihftft  in  a  minute ;  then, 

10.  For  wroughi  iroD  multiply  the  preceding  result  by 
0-968. 

11.  For  eoft^  Um  Mltiiilter  is  MMw 

12.  For  /r,  the  multiplier  is  2  06. 

13.  If  «  shaA  have  to  sustain  both  lateral  stress  and  tor- 
tioBt  Ibe  ium  of  the  straining  forces  roust  be  taken.  Th» 
piMlioal  luki  to  be  than  employedt  for  toH  vm,  ia 


/240h  ,  wP\ »      ,  .  . 


1.  Let  the  length  of  aeast  iron  shaft  be  12  foot,  the  lateral 
etresi  doable  its  own  weight.  Reqvirad  the  diameter. 

Ans.  0*44  mchee. 

2.  Supposing  the  length  the  same,  and  the  lateral  stresa 
quadruple  its  own  weight.    Required  the  diameter. 

Ans.  91  inches. 

3.  Required  the  corresponding  diametett  of  shafts  of  sal, 
and  of  ^»  in  both  cases. 

Ans.  in  the  first,  for  oak  1 1  -78,  for>-  1 1  05. 
In  the  second,  for  oak  16*65,  for  jir  15-63. 

4.  Let  the  interior  diameter  of  a  hollow  cast  iron  shaft,  of 
12  feet  long,  be  six-tenths  of  the  exterior  diameter,  and  die 
stress  four  times  the  weight  of  the  shaft :  required  both  dia* 
meters.  Ans.  exterior  7-9  >  ij^^j^^ 

interior  4'7  ) 

5.  Let  the  moving  force  be  equal  to  7  horses,  the  number 
of  turns  per  minute  11^  :  required  the  diameter  of  the  shift 
to  resist  the  torsion,  both  for  cast  iron  and  fir. 

Ans.  cast  iron  5*267  1  r-j^^ij^ 
fir      10*860  i 


!(.  SnppooQthataciylindrioalehaftof  eastiraaialamake 
i4  iwMatkNMfor  niinim,  the  power  of  the  Hiit  mam  being 
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equal  to  three  horses,  the  length  of  the  shaft  8  feet,  and  the 
lateral  stress  3  cwts.  when  reduced  to  the  middle  point* 
Required  the  diameter  oi'  the  shaft. 

Aiifc(?^^+i^'y =V(2M8  +  96)     4*808  inehtfl. 
* 


ON  MODELS. 

Fbok  an  eiperiment  made  to  ascertain  the  fimmesi  of  the 
model  of  a  machine,  or  of  an  edifice,  certain  precautions  are 
necessary  before  we  can  infer  the  fimmefls  of  the  stmotore 
itself. 

The  classes  of  forces  must  be  distinguished ;  as,  whether 
they  tend  to  draw  asunder  the  parts,  to  hreak  them  trans- 
versely, or  to  cnuk  them  by  compression.  To  the  first  class 
belongs  the  stretching  sufiered  by  key-stones,  or  bonds  of 
vaults,  dic.  ;  to  the  second,  the  load  which  tends  to  bend  or 
break  horizontal  or  inclined  beams  ;  to  the  third,  the  weighl 
which  presses  vertically  upon  walls  and  columns* 

Flop,  1.  If  the  side  of  a  model  be  to  the  conrespondiiif 
aide  «f  the  atioeture  aa  1  to n,  the  atreaa  which  tends  toilrav 
Mnder,  or  to  hre&k  irmmMrielyt  the  parts,  inoreaaea  firooi 
the  aondler  to  the  greater  scale  aa  1  to  n';  while  the  reaisU 
aaee  to  thoee  raptures  increases  only  as  1  to  n*. 

The  atnictureff  therefore,  will  have  ao  much  leaa  firmnsaa 
than  the  model,  as  n  is  greater* 

If  w  be  the  greateat  weight  which  one  of  the  beama  of  the 
OMdel  ean  bear,  and  w  the  weight  or  stress  which  it  aetnally 

w 

aoataina,  then  the  limit  of  n  will  be  n  =  . 

to 

  • 

Vrow,  2m  The  side  of  a  model  being  to  the  correaponding 
ai^e  of  the  structure  as  I  to  n,  the  stress  which  tends  to  croan 
the  parts  by  compression,  increases  from  the  smaller  to  the 
|[reatcr  scale,  as  1  to  while  the  resistance  increases  only 
in  the  ratio  of  1  to  n. 

Hence,  if  w  were  the  greatest  load  which  a  modular  wall, 
or  column,  could  carry,  and  w  the  weiffht  with  which  it  la 
actually  loaded  ;  then  the  greatest  limit  of  increased  dimen* 

w 

•bns  would  be  found  from  the  expressioD  n  «     — • 
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If,  retaining  the  lenn^th  or  height  nA,  and  the  breadth  nb, 
we  wished  to  give  to  the  sohd  such  a  thickness  xt,  as  that  it 
•faould  not  bieak  io  consequence  of  its  increased  dimensions, 

we  should  have  x  =  «^     — . 

^  w 

In  the  case  of  a  pilaster  with  a  square  base,  or  of  a 
cyhndrical  column,  if  the  dimension  of  the  model  were  d, 
and  of  the  largest  pillar,  which  should  not  crush  with  it« 
own  weight  when  n  times  as  high,  rd,  we  should  have 

*  »  nl/ — . 

w 

These  theorems  will  often  find  their  applicatioa  in  (he 
profession  of  an  engineer^  whether  civil  or  military. 


ON  THE  MOTION  OF  MACHINES  AND  THEIR 

MAXIMUM  EFFECTS. 

• 

Abt«  1.  When  forces  acting  in  contrary  direetioosy  or 
ill  any  such  directions  as  prodace  contrary  effects,  are  ap- 
plied to  machinesi  there  is,  with  respect  to  e?ery  simple  ma- 
chine  (and  of  consequence  with  respect  to  erery  combination 
of  single  machines)  a  certain  relalion  between  the  powers 
and  the  distances  at  which  they  act,  which,  if  snbsisiing  in 
any  anch  machine  when  at  rest,  will  always  keep  it  in  a  state 
of  resty  or  of  ilatied  equilibrium ;  and  for  this  reason,  be. 
cause  the  effi>rts  of  these  powers,  when  thus  related,  with 
regard  to  magnitude  and  distance,  being  equal  and  opposite, 
■"nfh*^**^  each  other,  and  have  no  tendency  to  change  the 
sinteof  the  system  to  which  they  are  applied.  So  also,  if 
the  same  machine  have  been  put  into  a  state  of  uniform  mo- 
tion, whether  rectilinear  or  rotatory,  by  the  action  of  any 
power  diBtinct  from  those  we  are  now  considering,  and  these 
two  powers  be  made  to  act  upon  the  machine  in  such  motion 
in  a  similar  manner  to  that  in  which  they  acted  upon  it  when 
at  rest,  their  simultaneous  action  will  preserve  it  in  that  state 
of  uniform  motion,  or  of  dymmieal  equilibrium  ;  and  this  for 
the  same  reason  as  before,  because  their  contrary  efl^tets  de- 
stroy each  other,  and  have  therefore  no  tendency  to  change 
the  Me  of  the  machine.  But,  if  at  the  time  a  machine  is 
in  a  state  of  balanced  rest,  anyone  of  the  opposite  forces  be 
Inereased  while  it  continues  to  act  at  the  same  distance,  this 
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excess  of  force  will  disturb  the  statical  equilibrium,  and  pro-  * 
duce  motion  in  the  machine  ;  and  if  the  same  excess  of  force 
continues  to  act  in  the  same  manner,  it  will,  like  every  con- 
stant  force,  produce  an  accelerated  motion  ;  or,  if  it  should 
undergo  particular  modifications  when  the  machine  is  in  dit- 
fbrent  positions,  it  may  occasion  such  variations  in  the  motion 
as  will  render  is  alternately  accelerated  and  retarded.  Or  the 
different  species  of  resistance  to  which  a  moving  machine  is 
subjected,  as  the  rigidity  of  ropes,  friction,  resistance  of  tho 
air,  &c.  may  so  modify  a  motion,  as  to  change  a  regular  or 
irregular  variable  motion  into  one  which  is  uniform. 

2.  Hence  then  the  motion  of  machines  may  be  considered 
as  of  three  kinds.  1.  That  which  is  gradually  accelerated, 
which  obtains  commonly  in  the  first  instants  of  the  commu* 
Btcation.  2.  That  which  is  entirely  uniform.  3.  That  which 
is  alternately  accelerated  and  retarded.  Pendulum  clocks, 
and  machines  which  are  moved  by  a  balance,  are  related  to 
the  third  class.  Most  other  machines,  a  short  time  after 
their  motion  is  commenced,  fall  under  the  second.  Now 
though  the  motion  of  a  machine  is  alternately  accelerated 
and  retarded,  it  may,  notwithstanding,  be  measured  by  a 
unifomi  motion,  because  of  tho  perioaical  and  regular  repe- 
titioii  which  may  exist  in  the  accoloration  and  lotardalion* 
TbiM  the  motioa  of  a  aecoods'  peaduhim,  oonaideiod  in  re- 
spect to  a  single  otcillation,  is  accelerated  daring  the  first 
half  second,  fuid  retarded  during  the  next :  hot  the  same  mo* 
tion  taken  (or  many  oscillations  may  be  considered  as  uni- 
form. Suppose,  for  example,  that  the  extent  of  each  oecilla- 
tion  is  5  inchesy  and  that  the  pendulum  has  made  10  oseilla- 
tioQS :  its  total  effect  will  be  to  have  run  over  50  inches  in 
10  seconds ;  and,  as  the  space  described  in«each  second  b  the 
same,  we  may  compare  the  offset  to  that  produced  by  a 
moveable  which  moves  for  10  seconde  with  a  velocity  of  5 
inches  per  second.  We  see,  therefore»  that  the  theory  of  ma- 
chines whose  motions  are  uniform,  conduces  naturally  to 
the  estimation  of  the  effects  produced  by  machines  whose 
motion  is  alternate]  v  accelerated  and  retarded  :  so  that  the 
problems  comprised  in  this  chapter  will  be  directed  to  thoe# 
machines  whose  motions  foil  under  the  first  two  heads ;  such 
problems  beinc  of  fiur  the  greatest  utilit]^  in  practice. 

Drft*  1.  When  in  a  machine  there  is  a  system  of  forces 
or  of  powers  mutually  in  opposition,  tliose  which  produce  or 
tend  to  produce  a  certain  effect  are  called  moeart  or  aioecN;^ 
|Nii0ers;  .and  those  which  produce  or  tend  to  produce  an 
effect  which  opposes  those  of  the  moving  powers,  are  called 
rtftftanest.  If  various  movers  act  at  the  same  time,  thehr 
eiqiwrateiit  (found  by  meaae  of  prop.  7,  Bfottou  and  Forces) 
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is  called  individually  the  moving  force  ;  and,  in  like  manner, 
the  resultant  of  all  the  resistances  reduced  to  some  one  point, 
the  resistance*  This  reduction  in  all  cases  simplifies  the  in- 
vestigation. 

2.  The  impelled  point  of  a  machine  is  that  to  which  the 
action  of  the  moving  power  may  be  considairad  as  imme* 
dialely  applied ;  and  the  working  point  is  that  where  the  re« 
sistance  arising  from  the  work  to  be  performed  immediately 
acts,  or  to  which  it  ought  all  to  be  reduced.  Thus,  ki  the 
wheel  and  axle,  (Mechan.  prop.  62)i  where  the  moving  pow 
•r  F  as  to  overcome  the  weight  or  resistance  w,  by  the  appli- 
cation of  the  cords  to  the  wheel  and  to  the  asle,  b  is  tha  im» 
pelled  pointy  and  ▲  the  working  point. 

8.  ThavelSoetly^  cAstnotwi^poiosr  istfae  same  astheve- 
todtjr  of  the  inpeUed  point ;  die  9doci(y  q/M  rgriiftm w  the 
fame  as  that  of  the  working  point* 

4.  The  per/onnanee  or  effect  of  a  machine,  or  the  work 
done,  is  measured  by  the  product  of  the  resistance  into  the 
velocity  of  the  working  point ;  the  momentum  of  imptdse  is 
measured  by  the  product  of  the  moving  force  into  the  velo* 
city  of  the  impelled  point. 

These  definitions  being  established,  we  may  now  exhibit  a 
few  of  the  most  useful  problemii,  giving  as  much  variety  in 
their  solutions  may  render  one  or  other  of  the  methods  of 
easy  apphcaiion  to  any  other  cases  which  may  occur. 


F&orosiTiON  I. 

« 

If  R  mid  r  he  the  dietances  of  thepower  p,  and  the  weight 
or  resistance  w,  from  the  fulcrum  v  of  a  straight  lever ;  then 
^  wriU  the  veloeitiy  \>f  die,power  and     the  weight  at  the  end  of 

anytmet  be    —  T-^gt^and  — ,—r-3^  renectxoelyf  the 

weigM  and  inertia  of'  the  lever  itself  not  being  considered* 

«  If  the  effort  'of  the  power  ha«-    i  F  n 

bmoed  that  of  the  resistance,  t   ^  a — ^ 

would  be  equal  to  Couse- 

quentlyi  the  difference  between  this  value  of  p  and  its  actual 
value,  or  F  —  ^w,  will  be  the  force  which  teoda  to  move 

R 

the  lever.  And  because  this  power  applied  to  the  point  a 
accdeiates  the  masses  v  and  w,  the  mass  to  be  substitiilpd 
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(or  w,  in  tbe  point    must  be  -^w,  (Dynam.  art.  225),  in 

order  that  this  mass  at  the  distance  R  may  be  equally  accele- 
rated with  the  masj^  w  at  the  distance  u.    Hence  the  power 

r  r* 
F  —  J  w  will  accelerate  the  quantity  of  matter  p  +^    J  ^M^d 

the  accelerating  force  f  =  (p  — -w)-7-(p-| — jw)= — TjI^Z*. 
But  (page  400)  e  od     or  ia^gtv  {g  being  =  32^  feet) ; 

wfaieh  ID  thia  case      7-;      .  ^  the  velocity  of  p.  And 

HP+rw 

becaiue  veloc.  of  p  :  veloc*  of  w  : :  r  :  r,  therefore  veloc  of 

r     ,        ,         r          — Rrw         nrv — r-w 
W  =  -  veloc.  ot  p  »  -  X  ri— .  — =  -r-i  • 

Gar*  1.  The  space  described  by  the  power  in  the  time  /j 
win  be     — — ,  .  Jpf* ;  the  space  described  by  w  in  the 

same  time  will  be  «  ^ —  7  - —  .  [gi*. 
Gn**  2.  If  R  :  r  : :  n :  1,  then  will  the  force  whiph  acce? 

lenUet  a  be  »  — 5-, — . 

rrr-f-w 

Cor.  3.  Tf  at  the  samo  time  the  inertia  of  the  moving 
force  p  be  =  0,  as  in  muscular  action,  the  force  accelerating 

A  will  be  =8  • 

w 

Cor.  4.  If  the  mass  moved  have  no  weight,  but  possesses 
inertiR  only,  as  when  a  budy  la  moved  along  a  hnrizon^il 

PR* 

plane,  the  force  which  accelerates  a  will  be  =s  -~ — •  And 
^  pir+w  • 

either  of  these  values  may  be  readiiy  introduced  into  the  in. 

yesttgation. 

Cor,  5.  The  work  dene  in  lUe  time    if  we  retain  tho  ori? 

mm.  i»*w  nrpw  —  r'w' 

ginal  notation,  will  be  =5—- — gtXw  =■ — ^   .  .  —  ,  gt. 

Cor.  6.  When  the  work  done  is  to  be  a  maximum,  and  we 
wish  to  know  the  weight  when  v  is  given,  we  must  make  the 
fluxion  of  the  last  expression  =  0.    Then  we  shall  have 

nrV— ar^Vw— rV.=»0  and  w  =  p  X  [       +  ~-  p], 

Vol.  U.  38 
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Cor,  7.  If  B  :  r  : :  n  :  1,  the  preceding  expmnoD  will 
become  w  =  p  X  [  v'(fi*+n')— n*]. 

Cor,  8.  When  the  arms  of  the  lever  are  equal  in  length, 
thai  is,  when  n  ■=*  1,  then  is  w  =  p  X  — 1)  =  *4142i4r« 
or  nearly      of  the  moving  iorce. 

Scholium* 


If  we  in  like  manner  investigate  the  formula  relating  to 
motion  on  the  axis  in  peritrochio,  it  will  be  seen  that  the 
expressions  correspond  exactly.  Hence  it  follows,  that  when 
it  is  required  to  proportion  the  power  and  weight  so  as  to 
obtain  a  maximuni  cifect  on  the  wheel  and  axle,  (the  weight 
of  the  machinery  not  hein<;  considered),  we  may  adopt  the 
conchisions  of  cuis.  6  and  7  of  this  prop.  And  in  the  ex- 
treme case  where  the  wheel  and  axle  becomes  a  pulley,  the 
expression  in  cor.  8  may  be  adopted.  The  like  conclusions 
may  he  apphed  to  machines  in  general,  if  k  and  r  represent 
the  distances  of  the  impelled  and  working  points  from  the 
axis  of  motion  ;  and  if  the  various  kinds  of  resistance  arising 
from  friction,  stiffness  of  ropes,  dec,  be  properly  reduced  to 
their  equivalents  at  the  working  points,  bo  as  to  be  coo^preo 
headed  in  the  character  w  for  resistance  overcome. 


PBOposmoif  u* 


Gii'cn  R  ami  r,  the  arms  of  a  straight  lever,  m  and  m  their 
respective  weio^hts,  and  p  the  power  acting  at  the  extremity 
of  the  arm  k  ;  to  find  the  weight  raised  at  the  edremtly  of  the 
other  arm  when  the  effect  it  a  maximum* 

In  this  case  J  w  is  the  weight  of     ^  y  -g 

the  shorter  end  reduced  to  b,  and  i 

coDseq.  ^  is  the  weight  whieh,  Vff] 

applied  at  a»  would  balance  the  shorter  end  :  therefore 

IRT  T 

+  —  w,  would  aufltaifi  both  the  tborter  end  and  the 

2r  r 

weight  w  in  equilibrio.  But  p  +  is  the  power  really 
acting  at  the  longer  end  of  the  lever ;  consequently 

mr  T 

p  +  ^Ji  ^ — 2j  +  "J"  ^>  *®  absolute  moving  power.  Now 
the  distance  of  the  centre  of  gyration  of  the  beam  firom  p* 


*  The  distance  of  a,  the  centre  of  ^ration,  from  e  the  csatie  or  azb 
of  motion,  in  lone  of  the  moft  atsfal  CMOi^li  «•  bslow : 
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iss^^^^,  which  let  be  denoted  byf$  then  (Dynam. 

^  8(R+r) 

on.  225)  ^  .  (m  +  «r)  wOl  repieeent  the  mats  equivalent 

to  the  beam  or  lever  when  reduced  to  the  point  a  ;  while 
the  weight  equivalent  to  w,  when  referred  to  that  point, 

will  be  ^  w.  Hence,  proceeding  as  in  the  last  prop,  we 
skoli  have  ^  •  (x  +  m)  +  p  +  ^  w  for  the  inertia  to  be 

overcome;  and(F+jM-~— jw)-i-^ (ii+m)+p+ ~  w 

8  the  accelerating  fbree  of  or  of  w  reduced  to  a.  Mul* 
tiply  this  by  w  ;  and,  for  the  aake  of  aimpiifying  the  pro- 

ce«9  pot  f  for  F  +     —  gj,  and  j»  for  F  +  j~  (m  +  in), 


fW—  — 

then  win  ^2-^  be  a  quantity  which  variea  as  the  effect 

«  +  -rW 

varies,  and  which,  indeed,  when  multiplied  by  ^^  denotes 
the  effect  itaelf.  Putting  the  fluxion  of  this  equal  to  nothing, 
and  reducingt  we  at  length  find 

n    '  aoR  ,  nV.  mi* 

r  ^  ^  r       f*^  r* 

Cor.  When  r  =  r,  and  m  =^  m,  if  we  restore  the  valuee 
of  n  and     the  expression  will  become  w  =  \/  {2v^  +  2mF 


In  a  circular  wheel  of  uniform  thickneis  .   .   •  eRsrad.Vi* 

In  the  periphery  of  a  circle  revolving  about  the  ditm.  crs  rad.  Vj. 

In  the  plane  of  a  circle  .   .   .   ditto  ....  ORss^nd. 

In  the  surface  of  a  sphere  .   .   ditto  ....  CB=radvl» 

In  a  solid  sphere  ditto  .  ,   .   .   oa  =  lad  Vf» 

In  a  plane  ring  formed  of  circles  whose  radii  are  r,  }     ^  ,  ^  R*— »* 
r, ravolvlBg sboot centrs    .......  j**~^2r«— 

In  a  cone  revoiviog  about  its  vertex     .   .   .   .  cn  =  A  v'l^a^ — 

laacone  •  •  .  ;  .  itsaxit  cR=.rV^3^- 

JaagtiaifMlawwhoMannsaremaadr  .  .  ca  =  V  l—.- 
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PROFOSmON  XU* 

Given  (he  h'ii;i;fh  1  and  oniric  e  of  elevation  of  an  inclined 
plane  vv ;  to  jutd  the  hitf^th  l  of  anotfit.r  incUnt-d  plane  ac^ 
ahnfT  which  a  given  tcci'/ht'W  .shall  de  raided  from  the  hori- 
zoninl  line  \  \\  to  the  point  c,  in  the  least  time  pobsihle^  hi}  means 
of  anothtr  given  irei^^ht  p  dtsrtn'iing  alomf  the  given  plane  cb: 
the  ttco  weight,';  being  connected  by  an  ineitettsible  thread  Few 
running  always  paralkl  lo  the  tico  jilanes. 

Here  we  must,  as  a  preliminary 
to  the  solution  of  this  proiiosition, 
deduce  expressions  for  the  motioti 
bflNNliefl  connected  by  a  thread,  und 
ruoning  upon  double  indtned  planes. 
Let  the  angle  of  elevution  cad  be 
E,  while  e  is  the  elevation  cbd. 
l*hen  at  the  end  of  the  time  f,  p 
Vill  have  a  velocity  v  ;  and  gravity  would  impress  upon  it, 
in  the  instant  (  following,  a  new  velocity  ^  g  sin  e  .  U  pro* 
Vidisd  the  weight  p  wiero  then  entirely  free  :  but,  by  the  dis* 
position  of  t!io  systiTu,  r  uil!  be  the  velocity  which  obtains 
in  reality.  TiKU,  csimj;iii'!<;  tlic  spaces  in  the  direction  cp, 
ns  the  body  w  nn)vt^s  with  an  cijual  vehicity  hvt  in  a  contrary 
aen'si*,  it  in  obvious  that,  by  applying  the  3d  Law  of  Motion, 
the  decomposition  may 'be  made  as  follow  s.    At  the  end  of 

the  time  t'\-t  wc  have,  for  the  velocity  impressed  on, 

^ ...  94.i- Mil  1.    where  }  v4-^' -  -  .*  vetoc.  from  c  fowardt 

'  g  h'm  e  .  t—o  reli>ciiy  dr^iro^cd. 

W.— »+^ifai«./,Hfh«f*  ^ p     effective  velor.  fr.mi  r  (otr«rds  *. 

(  ^-f^  «"  «  .  ifi  '  • .  •  velocity  destroyed. 

if,  therefore,  gravity  impresses,  during  the  time  1,  upon  the 

taiaases  p,  w,  the  respective  velocities  ^  sin  e  •  <  —  e,  and^ 

Mo  B  &  i  4-  Vi  the  system  will  be  in  equilibrio.  The  quan^ 
ttties  of  motion  being  therefore  equal,  it  will  be 

sin  r  .  I — i»r=^vfr  ^jn  y,  .  t-\-^vv. 
Whence  the  efleeiive  acccleraiij»nr  force  is  f(»und,  i.  e» 

h      p  sin  e  -  w  sin  r  . 

t  P+w  ® 

Thus  it  appears  that  the  motion  is  uniformly  varied,  and  we 
Vieadily  find  the  equns ions  for  the  volocity  and  space  from 
%hioh  the  conditions  of  the  motion  are  detenniaed,  via 
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F  Bin      w  sin  e  p  sin  e  — w  sin  b 


•  •  •  «  ■*»  .  • 


p-fw  p-f-w 
The  latter  of  these  two  equations  gives  I*  a 
sf  p^w) 

—  — But  in  the  tnangle  abc  it  is  ac  :  bo  : : 

/g(p  sin  e— w  81U  c) 

sio  B  :  BID  A,  that  iS|L:Z::siiie:BMiB;  hence  ~  Lmaia& 

and  -^Z  =  sin  s  ;  III  being  constant  quantity  always  detemiin- 

able  ffom  the  data  given.  And  f  becomes  — ^ 

— wl) 

Now  when  any  quantity,  as  is  a  minimum,  its  Bqiuiie  IB 
maiiiresily  a  mioimum :  so  that  substituting  for  s  its  equal  l, 

aod  striking  out  the  constant  factors,  we  have  ^  =a 

if  Id  <^  w» 

oun.  or  Its  fluxion  ;  j-r  =  0.   Here*  as  in  all 

(I'L— Wt/ 

similar  cases,  since  the  fraction  vanishcR,  its  numerator  must 
be  equal  to  0 ;  consequently  2ri.'  —  2w2l  —  pl'  as  0,  pi.  sb 
2wlf  or  L  :  2  : :  2w  ;  p. 

Cor.  1.  Since  neither  sin  e  nor  sio  b  enters  the  final  eqnn* 
tiooy  it  follows,  that  if  the  elevation  of  the  plane  bc  is  not 
given,  the  problem  is  unlimited. 

Cor.  2.  When  sin  e  =  1,  bc  coincides  with  the  perpendi- 
cular cu,  and  ihe  power  p  acts  wiili  all  its  intensity  upon  the 
weight  w.  This  is  the  case  of  tlie  present  problem  which 
has  commonly  been  considered. 

Scliolium. 

"This  proposition  admits  of  a  neat 
geometrical  demonstration.  Thus, 
let  v.E  be  the  plane  upon  which,  if 
w  were  placed,  ii  would  be  sus* 
tained  in  equiltbrio  by  the  power  r 
on  the  plane  en,  or  the  power  v' 
hanging  freely  in  the  vertical  co ; 
then  (Mechan.  prop.  198)  bc  :  en  :  CB  : :  f  :  p'  :  w.  DM 
w  is  to  Ihe  force  with  which  it  tends  to  descend  along 
the  plane  ca,  as  ca  tocn ;  consequently,  the  weight  p'  is  tn 
that  force>  as  ca  c  cb  ;  or  Uie  weight  p  oo  the  plane  no,  is  to 
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the  same  force  in  the  same  ratio ;  because  either  of  these 
weights  ia  their  respective  positions  would  sustain  w  on  ce. 
Therefore  the  excess  of  p  above  that  force  (which  excess  is 
the  power  accelerating^  the  motions  of  p  and  w)  is  to  p,  as 
CA  —  CE  to  CA  ;  or,  taking  cu  =  ca,  as  eh  to  ca.  Now, 
the  motion  being  uniformly  accelerated,  we  have  s  cc  fT\  or 
g 

«  :  cosBequently,^  the  square  of  the  time  in  which  ac 
iA  described  by  w,  will  be  as  ac  directly,  and  as  —  in* 

AC 

CA* 

Tersely;  and  will  be  least  when  —  is  a  mtntsiiMi:  that  is 

BH 

C£ 

when  —  +ma  +  2cb,  or  (because  2cb  is  invariable)  when 

OB* 

—  +  Ell  is  a  minimum.    Now,  as,  when  the  sum  of  two 

BH 

quantities  is  given,  their  product  is  a  maximum  when  they 
are  equal  to  each  other ;  so  it  is  manifost  that  when  their 
product  is  given,  their  sum  must  be  a  minmum  when  they 

are  equal.  But  the  pfoduct  of  and  bh  is  cb%  and  cod- 
sequently  given  ;  therefore  the  sum  of  and  bb  is  leasts 


when  those  parts  are  equal ;  that  is,  when  eh  =3  cb,  or  ca  » 
9k».  So  Uiat  the  length  of  the  plane  ca  is  double  the  length 
of  that  on  which  the  weight  w  would  be  kepi  in  equilibrio  by 
9  acting  along  cb. 

When  cn  and  cb  coincide,  the  case  becomes  the  same  as 
that  considered  by  Maclaorin,  in  his  VimD  Newbm*s  PUlth 
sophiad  Discoveries,  pa.  183, 8vo.  edit 

FBOrOSlTIO^  IV. 

Let  the  given  weight  p  deseemd  aUng  cb,  and  hy  means  of 
the  thread  pcw  {runtung  parattd  to  the  planes)  draw  a  weight 
wvpthe  fiane  aci  it  is  required  to  find  the  value  of  w,  men 
its  momentum  is  a  maiimumf  the  lengths  and  positions  of  iks 
planes  being  given*    (See  the  preceding  Jig')> 

p  .  sin  c  sin  E 

The  general  expression  for  the  vel.  i8i?= — ^ — y^^-w   ^ 

which,  by  substitot.     l  for  sin  e,  and  ^  2  for  sin  e»  becomes 

m  St 
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»=   :  -gU  Thu  ami.  into  w.  ffivM  ^ — ,  gi  ; 

P  +  W     ®  I'-f-W  * 

which,  by  the  prop,  is  to  be  a  roaximutn.  Or,  striking  out 
the  ooofltent  facCora,  — ,  ^^  thao  is  ,  s  a  max.  Pot- 

m  p-rw 
ling  this  ioto  fluxions,  and  reducing,  we  have  t^L  —  S^wZ  — 

«  0,  or  w  «  F  V'  (y  +  1)  — 

Car*  When  the  inclinations  of  the  planes  arc  equni,  l  and 
I  aro  equal,  and  w  =  Pv^2  —  i'  =  rx  — 1)  =»  •414Sp  | 
agreeing  with  the  conclusion  of  the  lever  of  equal  arma,  or 
the  eilreme  case  of  the  wh.eel  and  axie,  i.  e«  the  pulley. 


PROPOSITION  V. 

Given  the  radtws  r  of  a  wheeU  and  the  radius  r,  of  Us 
arJe,  the  veighf  of  bothy  ir,  and  the  distance  of  the  cenfre  of 
gyration  from  the  axis  of  moliaii^  ^  ;  (dso  a  given  power  p 
acting  at  the  circumference  of  the  wheel ;  to  find  the  weight  w 
raised  by  a  cord  folding  about  the  axle,  so  that  its  mojnetUum 
shall  be  a  maximum. 

The  force  which  absolutely  impels 
the  point  a  is  p,  while  w  acts  in  a 
direction  contrary  to  p,  with  a  force  « 

~ ;  this  therefore  subducted  from  i*, 
leaves  p  —  —  =  ,  for  the  re- 

R  K 

duced  force  impelling  the  point  a. 
And  the  inertia  which  resists  the  com* 
manication  of  motion  to  the  point  a  will  be  the  same  as  if 

the  mass   ^  were  concentrated  in  the  point  ▲•(Dy« 

nam.  art.  225).    If  the  furmor  ot' these  be  divided  by  the  lat- 


ter, the  quotient  — 


U  Kl' — R  W 


r  \ 


is  the  force 


At 


multiplying  this  by      we  have  ^r— 


for  the  feree 


which  accelerates  the  weight  w  in  its  ascent.  Consequently 

Rrp—  r^vv 

the  velocity  of  w  will  be  »  ^^^^^^^  ^  5  which  multi. 

plied  into  w  gives  ^^jq^pjj^pj^  g^  momentum.  As 
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this  it  to  be  a  mutmoni,  its  flaxion  will  =  0 ;  whence  we 
■ball  obtain 

w*»  ^  • 

Cor*  1.  When  r  =  r,  as  in  the  case  of  the  single  fixed 
pnWey,  then  w  «     (2p»r»  +  2iip^  + -2-  ^^vwmf)  — 

Cor.  2.  When  the  pulley  is  a  cylinder  of  uniforni  matter 
p'=^R^  andtheexpreM.  become8W~v^[&X2F^-i-jrio*i-i»')] 

Cor.  8.  Iff  in  the  first  geperal  expresHon  for  the  mo. 

RrFW"fHt' 

mentumof  w,  a  be  put  =  R"p4-^  wo  shall  have  — ^^^^ — 
B3  a  maxiipuai.  Wbich»  in  floxione  and  reducedy  givea 
w  «  ^  -/[a .  (<l+Rrp)]  —  ;;r  ^• 

Cor.  4.  If  the  moving  force  be  destitute  of  inertia*  tfien 
will  Q  ^  ^'10}  and  w,  as  in  the  lest  corollary. 

PRO  POSITION  VI. 

Let  a  given  power  p  be  applied  to  the  circumfernire  of  a 
wheels  its  radius  r,  to  raise  a  weight  w  at  ils  ai  lty  whose  radius 
is  r,  it  is  required  to  find  the  ratio  of  k  and  r  ichen  \v  is  raided 
with  the  greatest  momentum  ;  t!w  characSers  w  and  ^  denoting 
the  same  aeinihe  hut  proposition* 

■ 

Here  we  mppoee  r  to  vary  in  the  expression  for  the  mo- 


inentum  of  w,  -r— ,  -r-  — T-gU  And  we  suppose,  that  by  the 

conditions  of  any  specified  instance,  we  can  ascertain  what 
quantity  of  matter  q  shall  make  r'q  =  fu\  which,  in  fact, 
may  always  be  done  us  soon  as  we  can  deterininc^  p.    The  ex? 

RTPW  ~~  /*"  W 

presslon  for  the  work  will  then  become  -i— — .  —.g^- 

^  nV+r^^j-i-w)** 

AuioQ  of  which  being  made    0»  gives,  after  a  little  leduo* 

R  yrp'w»+ p'fa -I- w)l— pw 

tioo,  r  =  — ^  r~r-"\ —  ♦ 

Cor*  When  the  inertia  of  the  machine  is  evanescent,  with 

mpeet  to  thai  of  p  +  w,  then  is  r  «  »  ✓(1+^)— 1» 


Digitized  by  Google 


PROPOSITION  VII. 


iSi  any  nunhme  vikate  moihn  tieederqietf  the  weighi  wn 
fnniwhAegreaitiuiyM^^  the  powerU 

$0 Oai of  Oe  weigh$»  0$  1+2  /(l+^)<ol;  H^uiertmof 

the  machine  being  disregqrdedt 

For  any  mch  machiDe  may  be  coDsidered  u  leduced  to  i| 
leWf  or  to  a  wheel  and  axle  whoae  radii  aie  r  and  r :  in 


which  the  velocity  of  the  weight  (P^op*  1)  ie  to 

be  a  maximum,  r  being  considered  <is  variable.  Hence  then, 
following  the  usual  rules,  we  find  tr  =  r[w'{-^{w^  -h  pw)], 
From  which,  since  the  velocities  of  the  power  and  weight  are 
respectively  as  a  i^ad  r,  the  ratio  in  the  propositioo  immedi- 
ately flows. 

Cur.  When  the  weight  numed  is  equal  to  the  JNmfTf  H 
H :  r  :;  1  +       s  1  :;  2*4142  : 1  fieorl^t 

rROPosmoy  rm* 

^  in  any  maehim  whate  molum  acceleraiee^  Ike  daeent  of 
one  weight  causes  another  to  aeeendt  and  the  deeeendteg  weight 
he  given,  the  operation  being  supposed  contintudlff  rfpeatifdy  the 
efect  wUl  be  greatest  in  a  given  time  when  the  ascending  weighi 
is  to  the  descending  weighs  as  1  to  1*618,  in  the  case  of  egual 
heights ;  and  in  other  cases,  when  it  is  to  the  exact  counSerpoie^ 
fna  ratio  wihieh  is  tdways  between  1  to  l^jond  1  ioS* 

Let  the  space  desceoded  be  1,  that  ascended  s  ;  the  de* 

fceodiDg  weight  1,  the  ascending  weighs     :  then  would  the 

s 

fBquiUbriura  require  w^s  \  and  1  will  be  the  force  ^ct* 

w 

jng  on  !•   Now  the  n^ass      reduced  to  the  point  at  wbicli 

1  s^ 

|ho  masa  1  acts,  will  ho  «  — j«  as  —  ;  oonaoquently  tho 

w  w 

whole  maai  moved  Is  equivalent  to  1  +  ^»  and  the  relative 

w 

S  S^         ^0  s 

force  is  (1  —  — )  -J-  (1  H  )  =  "^r^*        the  space 

•  IT  IPt^ 
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iag  givec^  the  time  ia  as  the  root  of  the  accelerating  foice 

inversely,  that  is,  as  ^^—^ :  and  the  wMt  effect  in  a  given 

time,  being  directly  as  the  weight  raised,  and  inveisely  as 

1      to  — '  s 

the  time  of  ascent,  will  be  as  —  ^ — r-:.  >  whieh  Binflt  be  a 

maximum.  Consequently  its  square  ^^^^—^  must  be  a  max. 
likewise.  This  latter  expiesston,  in  fluxions  and  ndnee^ 
gives  w  =  -^Wi^  +  lOt  +  9)  -  a  +  3]. 

Here  if  s  =^  1,  to  » — :  but  if  t  be  diminished  witbont 

limit,  Iff  =  j«  ;  if  it  be  augmented  without  limit,  then  will 
y^(s*  +  Ids  4*  0)  approach  indefinitely  near  to  s  +  ^  eod 
consequently  w  =  *2s.  Whence  the  truth  of  Che  proposition 
is  manifest.  See  Dr.  Gregory's  Mechanics,  or  Dr.  Young's 
Philosophy. 

PBOPOSmON  IX. 

Let  9  denote  the  absolute  effort  of  mmng  force,  when  it 
has  no  velocUy  ;  and  suppose  it  not  capable  of  any  effort  ukm 
the  velocitif  ie  w ;  letw  bethe^fori4mmMrmgt9the9ek€i^T; 

then,  if  the  force  be  uniform,  f  will  6c  =  9(1  —  — 

For  it  is  iho  difference  between  the  velocities  w  and  v 
which  is  etticicnt,  and  the  action,  being  constant,  will  vary 
as  the  square  of  the  efficient  velocity.  Hence  we  sbaJJ  have 
this  analogy,  9 ;  f  : ;  (w  — » 0)' :  (w     v)'  :  consequently, 

\V— V  V 

Thougli  the  pressure  of  an  animal  is  not  actually  uniform 
during  the  whole  time  of  its  action,  yet  it  is  nearly  so  ;  so 
that  in  general  we  may  adopt  this  hypothesis  in  order  to  ap- 
proximate to  the  true  nature  of  animal  action.  On  which 
supposition  the  preceding  prop,  as  well  as  the  following  one 
will  apply  to  animal  exertion. 

Cor.  Retaining  the  same  notation,  we  have  w  ss,^J^^ 


This,  applied  to  the  motion  of  animals,  givefl  tbii  theorem  • 
Tie  iMofftMloedy  vnih  wMA  an  mimal  not  mfeied  am 
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MOM,  i$Utke  vaUckif  wUh  wkieh  it  moves  when  impeded  hjf 
a  given  rmkUmeet  a»  ih^  Sfuare  root  of  its  absolute  force  to 


PBOFOflrrioH  z. 

Jb  investigate  expr6$dim9  meane  of  wkkh  the  man* 
mum  effedt  ^  maekinM  wkoee  wiothn  it  umiformf  may  be  deter* 


I.  It  follows,  from  the  observations  made  in  art.  1,  and  the 
defioitioiif  in  this  chapter,  that  when  a  machine,  whether 
■imple  or  compound,  is  put  into  motbn,  the  velocities  of  the 
imfMlled  and  working  points,  are  inversely  as  the  forces  which 
are  in  equilibrio»  when  applied  to  those  points  in  the  direc- 
tion of  their  motion.  Consequentlyy  if  /  denote  the  resist* 
ance  when  reduced  to  the  working  point,  and  v  its  velocity  ; 
while  F  and  ▼  denote  the  force  acting  at  the  impelled  point, 
and  its  febcity  ;  we  shall  have  fv  or  introducing  t  the 
lime,  wwi^fiL  Hence,  in  aU  worldng  maehinee  wUch  have 
acquired  an  uniform  meUan^  the  performanee  of  the  sindUfie  ts 
epud  to  the  mementmm  of  tmpuUe. 

U.  Let  F  be  the  effort  of  a  force  on  the  impelled  point  of 
n  machine  when  it  moves  with  the  yelocity  v,  the  velocity 
being  w  when  f  «■  0,  and  let  the  relative  velocity  w— v^ti. 

w*v 

Then  since  (prop,  u.)  f  »9  momentum  of  im. 

pnlse  FV  will  become  =  9  •  ^(w— «) ;  because  v  » 

u*  Making  this  expression  for  fv  a  maximum,  or  sap* 
pressing  the  constant  quantities,  and  making  tt'(w-«)  a 
max.  or  its  flux.  =  0,  when  «  is  variable,  we  find  2w3s3ti, 
or  ii««|w.   Whence  Fasw— w— |w»^w. 

Consequently,  loftsn  the  rnfio of  y  to  vie  gioen  hy  the  ean^ 
struetien  of  tile  stadUns,  and  the  reeietanee  it  euteqptiMe  of 
variation^  we  mMethadlM  machine  more  or  leee  till  the  veheity 
of  the  impdled  point  is  eneMrd  ^  the  greateet  vdocUy  of  the 
force;  then  wiU  thework  danebeanmximmn. 

Or,  the  work  done  by  an  aninud  is  greateet,  when  ihe  vdoeity 
with  which  U  moeee  i$  one^third  of  the  greateel  tdeeUy  with 
which  it  is  capable  of  mating  when  not  impeded. 

IIL  Since  f  »         (p(^5_)  =  |<p,  in  the  ease  of  the 
ittt  we  haive  fv    |^v an ^w  »  /^w»  for  the 
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ttiorhentum  of  impulse,  or  for  the  work  done,  when  th^  ttia' 
chine  is  in  its  best  state.  Consequently j  when  the  resistance 
is  a  given  quantity,  we  must  make  w  :v  :  i9f :  4^  ;  and  tkii 
structure  qf  the  fOMchine  will  give  the  maximum  ^ect  » 

IV.  If  we  inquire  the  greatest  effect  on  the  supposition 
that  9  only  is  variable,  we  must  make  it  infinite  in  the  above 
expreiaioa  for  the  work  donoi  which  would  than  becoHie 

V  V 

WF«  or  w  -  /,  or  w^it,  including  the  time  in  the  formolat 

Ilcnce  we  sec,  that  tJie  sum  of  the  agents  employed  to  move 
a  machine  may  he  infinite,  whUe  the  effect  is  finite  :  for  the 
Variations  of  9,  which  are  proportional  to  this  sum,  do  not 
influence  the  above  expression  for  the  effect. 

Scholium. 

The  propositions  now  delivered  contain  the  most  material 
|)rinciples  in  the  theory  of  machines.  The  manner  of  ap* 
plying  several  of  them  is  very  obvious  :  the  application  of 
some,  being  less  manifest,  may  be  briefly  illustrated,  and  the 
chapter  concluded  with  two  or  three  observations.  * 

The  last  theorem  may  be  applied  to  the  actions  of  men  and 
of  horses,  with  more  a<icuracy  than  might  at  first  be  sup* 
|>o8ed.  Observations  have  been  made  on  men  and  hor^ei 
drawing  a  lighter  along  a  canal,  and  working  several  days 
together.  The  force  exerted  was  measured  by  the  curva^ 
ture  and  weight  of  the  track-rope,  and  afterwards  by  a  spring 
Steelyard.  JTlie  product  of  the  force  thus  ascertained,  into 
the  velociily  per  hour,  was  Considered  as  the  momentum.  Irt 
this  way  the  action  of  men  was  found  to  be  very  nearly  as 
<(w — v}' :  the  action  of  horses  loaded  so  as  not  to  bo  able  to 

trot  was  nearly  as  (w— v)*"',  or  as  (w~v)^.  Hence  the 
bypothesb  we  hare  adopted  may  in  many  eases  be  aafieLy 
iMsumedk 

According  to  the  best  observations,  the  force  of  a  man  at 
Mst  is  on  the  average  about  70  pouri^s  ;  and  the  ntmost  Te« 
k>city  with  which  he  can  walk  is  about  6  feet  per  second, 
laken  at  a  medium ^  Hence,  in  our  theorems,  9  »  70,  and 
w  =^  a.  Comfequently  fs=^^  =  dl^lbs.,  the  greatest  force 
ta  man  can  exert  when  in  m:»tion  :  and  he  will  then  move  at 
the  rate  of  |w,  or  2  feet  per  second,  or  rather  less  than  a 
hiile  and  a  half  per  hour. 

The  strength  of  a  horse  is  generally  reckoned  about  6  times 
that  of  a  man ;  that  is,  nearly  420 lbs.,  at  a  dead  pull.  Hii 
HtMostWalkingtelocity  is  about  10  feet  per  seconds  Thai«« 
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fan  UfiBttmnQiii  acdoR  will  be  |  of  490al86}llM.|  inib^ 
^rfll  then  nove  al  the  nte  of  ^  of  10,  or  3}  feet,  per  ieoondi ' 
Dr  nearly  2}  miles  per  hour.  In  both  theee  inelaaeee  we 
lappcMW  the  fiwee  to  be  exerted  ia  drawing  a  weight  aleof 
m  heriiontal  plane ;  or  by  raising  a  weight  by  a  cora  nmnmg 
orer  a  paUey,  which  makes  its  direction  boriaontal  ^. 

2.  The  theorems  just  given  may  serve  to  show,  in  what 
points  of  vitvf  machines  ought  to  be  considered  by  those  who 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  (Ur« 
tiishing  the  means  of  giving  to  the  moving  force  the  most 
tommodious  direction  ;  and,  when  it  can  be  done,  of  causing 
its  action  to  be  applied  immediately  to  the  body  to  be  moved. 
These  can  rarely  be  united  :  but  the  former  can  be  accom- 
plished in  most  instances  ;  of  which  the  use  of  the  simple 
lever,  pulley,  and  wheel  and  axle,  furnish  many  examples* 
The  second  object  gained  by  the  use  of  machines,  is  an  ac* 
commodation  of  the  velocity  of  the  work  to  be  performed,  to 
the  velocity  toith  which  alone  a  natural  power  can  act.  Thus, 
whenever  the  natural  power  acts  with  a  certain  velocity  which 
t^annot  be  changed,  and  the  work  must  be  performed  with 
a  greater  velocity,  a  machine  is  interposed  moveable  round 
a  fixed  support,  and  the  distances  of  the  impelled  and  Work^ 
ing  points  are  taken  in  the  proportion  of  the  two  given 
velocities. 

But  the  essential  advantage  of  machines,  that»  in  fact,  which 
ptoperly  appertains  to  the  theory  of  mechanics,  consists  in 
eugmenting,  or  rather  in  modifying,  the  energy  of  the 
moving  power,  in  such  manner  that  it  may  produce  effects  of 
Which  it  would  have  been  otherwise  incapable.  Thus  a  man 
mr^ht  carry  up  a  fight  of  steps  20  pieces  of  stone,  each 
weighiOg  30  pounds  (one  by  one)  in  as  small  a  time  as  he 
could  (with  the  same  labour)  raise  them  altogether  by  a 
piece  'of  machinery,  that  would  have  the  velocities  of  the 
impelled  and  Working  points  as  20  to  1  ;  and,  in  this  case, 
the  instrument  would  furnish  no  real  advantage,  except  that 
of  saving  his  steps.  But  if  a  large  block  of  20  times  30,  or 
600  lbs.  weight,  were  to  be  raised  to  the  same  height,  it 
Would  far  surpass  the  utmost  efforts  of  the  man,  without  the 
intervention  of  some  such  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  differently ; 
confining  the  attention  all  along  to  machines  whose  motion 
is  uniform.    Tlic  product/ o  represents,  during  the  unit  of 


*  8m,  for  ttora  on  this  tnbjeet,  Mr,  TndgM$  TrtmlimomRaU nmdij 
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tiM,  the  efiect  which  reiults  from  the  motion  of  the  resist- 
anee  ;  this  motion  being  produced  in  any  manner  whatever.  • 
If  it  be  produced  by  applying  the  moving  furce  immediately 
t0  tlie  resistance,  it  is  necessury  not  only  that  the  prodoctt 
FT  and  fv  should  be  equni ;  but  that  at  the  same  tiosa  F 
and  V  =  v  I  if,  therefore,  as  most  frequently  happens,/* be 
graator  than  p»  it  will  be  absolutely  impossible  to  put  the  re- 
sistance in  motion  by  applying  the  moving  force  immediately 
to  it.  Now  machines  furnish  the  means  of  diapoaing  the 
product  WW  io  such  a  manner  that  it  may  always  he  equal  to 
jVf  bowever  much  the  factors  of  fv  may  diifer  from  the 
aoalogoua  factors  in  fv;  and,  consequently,  of  puttng  the 
system  in  moCion«  whatever  is  the  excess  of  /  over  f. 

Or,  genorallyyas  M.  Prony  remarks  (Archi.  Hydraul.  art. 
M4)^  meohines  enable  us  to  dispose  the  factors  of  FVt  in  such 
e  iQeiiiior»  that  while  that  product  continues  the  same,  iu  fac- 
tors may  have  to  each  other  any  ratio  we  desire.  If,  for  in- 
stance, time  be  preciouiy  the  effect  must  be  produced  in  a  ?eiy 
ehort  time,  and  yet  we  should  have  at  commend  a  Ibrce 
capable  of  little  velocity  but  of  great  efifort,  a  machine  muat 
be  found  to  mpply  the  velocity  necessary  fur  the  intensity  of 
the  force  :  if,  on  the  contrary,  the  mechanist  has  only  a  weak 
power  at  his  disposition,  but  capable  of  a  great  velocity,  a 
machine  must  be  adopted  that  will  compensate,  by  the  veto* 
city  the  agent  can  communicate  to  it,  for  the  force  wanted: 
ketlyy  if  the  agent  ie  capable  neither  of  great  efibrt,  nor  of 
great  velocity,  a  convenient  machine  may  still  enable  him  to 
accomplish  the  effect  desired,  and  make  the  product  fv/  of 
feroe»  velocity,  and  time,  as  great  as  is  requisite.  Thus,  to 
give  another  example:  Suppose  that  a  man,  exwrling  hia 
strength  immediately  on  a  mass  of  25  lbs.,  can  raise  it  ver^ 
lically  with  a  velocity  or4  feet  per  second  $  the  same  man  act* 
ing  on  a  mass  of  lOOOlba.,  cannot  give  it  any  vertical  motion 
though  he  exerts  his  utmost  atrength,  unless  he  has  recourse 
to  some  machine.  Now  he  is  capable  of  producing  an  effect 
equal  to  25  X  4  X  I:  the  letter t  being  introduced  because, 
if  the  labour  is  continued,  the  value  of  i  will  not  be  inde* 
^finite,  but  comprised  within  assignable  limits.  Thus  ete  have 
t25  X  4  X  <  ss  1000  X  e  X  I ;  and  consequently  «  as  ^ 
i%  foot  Thia  man  may  therefbre  with  a  machine,  as  a  lever, 
'or  axis  in  peritrochio,  cause  a  mass  of  lOOOlbs,  to  raise  ^  of 
a  foot,  io  the  same  time  that  he  could  raise  251bs.  4  feet 
ivithout  a  machine ;  or  he  may  raise  the  greater  weight  as 
^ar  as  the  loss,  by  employing  40  times  as  much  time. 

From  what  has  been  said  on  the  extent  of  the  effects  which 
vnay  he  attained  by  machines,  it  will  be  seen  that,  so  loqgas 
«  moving  feree  exercises  a  determinate  eflert,  with  a  vekieHy 


Digitized  by 


MAXUiUM  IN  MACHINES 


463 


also  determinate,  or  so  long  as  the  product  of  these  is  con- 
Btanl,  the  effect  of  the  machine  will  remain  the  same  :  thus, 
under  this  point  of  view,  supposing  the  preponderance  of  the 
effort  of  the  moving  pow(*r,  and  abstracting  from  inertia  and 
friction  of  materials,  the  convenience  of  application,  dec,  all 
machines  are  equally  perfect,  lint,  from  what  has  been 
shown,  (props.  9,  10)  a  moving  force  may,  by  diminishing 
its  velocity,  augment  its  effort,  and  reciprocally.  There  is 
therefore  a  certain  eff«)rt  of  the  moving  force,  such  that  its 
product  by  the  velocity  which  comports  to  that  effort,  is  the 
greatest  j>ossib!e.  Admitting  the  Irulli  of  the  law  assumed 
in  the  propositions  juist  icfnrred  to,  wo  huve,  when  the  effect 
is  B.  maximum f  y  =  -jw,  or  f  =  ;  and  ihcso  two  values 
obtaining  together,  their  product  expresses  the  value 

of  the  greatest  effect  with  respect  to  the  unit  of  time.  In 
practice  it  will  always  be  advisable  to  approach  as  nearly  to 
these  values  as  circumstances  will  admit  ;  for  it  cannot  bo 
expected  that  they  can  al'.vays  bo  exactly  attained.  But  a 
small  variation  will  not  be  of  much  consequence  :  for,  by  a 
well  known  property  of  those  quantities  which  admit  of  a 
proper  maximum  and  minimum,  a  value  assumed  at  a  mo- 
derate distance  from  either  of  these  extremes  will  produce 
no  sensible  chan^*^  in  the  etlect. 

If  the  relation  of  f  to  v  followed  any  otlior  law  than  that 
which  we  have  assumed,  we  should  rind  from  the  expression 
of  that  law  values  of  f,  v,  <Scc.,  different  from  the  preceding. 
The  general  method  however  would  be  nearly  the  snme. 

With  respect  to  practice,  the  grand  object  in  all  cases  should 
be  to  procure  an  unif.,:  ji  motiorij  because  it  is  that  from  which 
(ciFleris  paribus)  the  greatest  effect  always  results.  Every 
irregularity  in  llie  motion  wastes  tiome  of  the  impelling  power  ; 
and  it  is  the  greatest  only  of  the  varying  velocities  which  is 
equal  to  that  which  the  machine  would  acquire  if  it  moved 
uniformly  throughout  :  for,  while  the  motion  accelerates,  the 
impelling  force  is  greater  than  what  balances  the  resistance 
at  that  time  oppos*  d  to  it,  and  the  velocity  is  less  than  what 
the  machine  would  ac(|a!rc  if  moving  uniformly  ;  and  when 
the  machine  attrJns  its  frreatest  velocity,  it  attains  it  because 
the  power  is  not  then  acting  against  the  whole  resistance.  In 
both  iuv.'8e  situations,  thereibre,  the  performance  of  the  ma- 
chine is  less  than  if  the  power  and  resistance  were  exactly 
balanced  ;  in  which  case  it  would  move  unitbrmly  (art.  1), 
Besides  this,  when  the  motion  of  a  machine,  and  particularly 
a  very  ponderous  one,  is  irregular,  thfro  are  continued  repe- 
titions of  strains,  and  jolts  which  <?oon  derange  and  ultimately 
destroy  the  whole  structure.  Every  attention  should  there- 
fore be  paid  to  the  removal  of  all  causes  of  irregularity. 
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PRESSURE  OF  EARTH  AND  FLUIDS  AGAINST 
WALLS  AND  FORTlFiCATlQNS.  TH£0|LY  OF 
MAGAZINES,  te, 


It 

When  new-made  earth,  such  as  is  used  in  forming  ram, 
parts,  6ic,'t  is  not  supported  by  a  wall  ns  a  facing,  or  by  coun« 
terforts  and  land.iies,  &c.,  but  led  to  tlie  action  of  its  weight 
and  the  weather ;  the  particles  looaeo  and  separate  from  each 
other,  and  form  a  sloping  surface,  nearly  regular  ;  which 
plane  surface  is  called  the  natural  slope  of  the  earth  ;  and  is 
supposed  to  have  always  the  same  inclination  or  deviatioii 
from  the  perpendicular,  in  the  same  kind  of  soil,  in  com- 
mon earth  or  mould,  bein^  a  mixture  of  all  sorts  thrown  to- 
gether, the  natural  slope  is  commonly  at  about  half  a  right 
angle,  or  45  degrees  ;  hut  clay  and  9t{ff  loam  stand  at  a  greater 
angle  above  the  horizon,  while  sand  and  light  mould  will  only 
stand  at  a  much  less  angle.  The  engineer  or  builder  must 
therefore  adopt  his  calculations  aqcordtngly. — It  may  be  ob- 
served that  the  triangle  of  earth,  supposed  to  act  against  the 
wall,  is  considered  as  a  rigid  solid,  to  simplify  the  problem, 
and  obtain  an  outline  of  a  practical  near  solution,  for  the 
purpose  of  teaching,  in  the  absence  of  good  exp^rimcntp.— - 
But  for  an  essay  on  the  theory  of  the  pressure  of  soft  or 
semifluid  earth  by  Dr.  T  Young,  see  Hutton's  Dicttonaiyi 
2Dd  edit.  vol.  2,  page  229. 

Now,  we  have  already  given,  at  page  386,  drc.  the  general 
theory  and  determination  of  the  force  with  which  the  triangle  of 
the  earth  (which  would  slip  down  if  not  supported)  press? 
es  against  the  walU    But  it  is  often 
found  a  convenient  approximation,  to 
conceive  the  triangle  of  earth  acting 
perpendicularly  against  ae  at  k,  or  i  of 
the  altitude  ae  above  the  foundation  at  e; 
the  expression  for  which  force  is  found 

.     AE^  .  AB^  , 

to  De  —• — m ;  where  m  denotes  the 

specific  grsvity  of  the  earth  of  the  tri* 
anj(le  abb.— It  may  be  remarked  that  this  is  dedaced  fim 
untkf  the  area  only  of  the  profilot  or  transverse  triapgular 
secttpo  ABBy  inirtoiii  of  the  prismatic  solid  of  any  givf^n  Jeqgt^ 
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hating  ikat  triangle  for  its  base.  Aid  tlM  aune  thing  is 
done  in  determining  the  power  of  the  waU  to  support  the 
earthy  ra,  using  only  its  profile  or  transvene  aeotion  in  the 
same  p^aHe  or  dneetion  as  the  triangle  ABB.  This  it  is  evi. 
dent  will  produce  the  same  result  as  die  soKds  thsawelves, 
stncoy  beug  both  of  the  same  giren  length,  these  Imuto  die 
same  rado  as  their  transrerse  seetieiis. 

In  addition  to  tikis  determination^  we  may  hese  fcidios  oh^ 
aer?e,  thai  this  pressure  ought  to-be  diminished  in  proportiea 
to  the  cohesion  of  the  nurtter  in  sliding  doim  the  mdiaed 
plane  bx.  Kow  it  has  been  found  by  cxperhnents,  thai  a 
iNMKr  requires  about  one-thtrd  of  its  weight  to  move  it  along 
a  ptano  surface.  The  above  expression  must  therefore  be 
reduced  in  the  rado  of  8  to  2 ;  by  which  means  it  becomes 

JLK^  AB' 

^J^-  m  for  the  true  practical  efficacious  presiure  of  the 

earth  against  the  wall. 


Since  — ^9  which  occurs  in  tiiis  exprenbn  of  the  force  of 

the  earth,  is  equal  to  the  sine  of  Uio  i^AEn  to  the  radius  1, 
put  the  sine  of  that  ^  e  •=  c  ;  also  put  a  =  ak  the  altitude 
of  the  triangle ;  then  the  above  ex]pression  of  the  force^  viz. 


AE^  .  AK* 


3    m,  becomes  fA*si|  for  the  perpen<ficular  pressure 

of  the  eartfi  against  the  wall.  And  if  that  angle  be  45"*,  as  is 
usually  the  case  in  common  earth,  then  is  ^  and  the 
pressure  becomes  tV^ 


rROBLBM  II. 

n  iOermkie  ike  thkknets  of  wdU  io  ng^^ 


In  the  first  place  suppose  the  section 
of  the  wall  to  be  a  rectangle,  or  equally 
thick  at  top  and  bottom,  and  of  the  same 
height  as  the  rampart  of  earth,  like  aefg 
in  the  annexed  figure.  Conceive  the 
weight  w,  proportional  to  the  area  ce,  2>  ''•  '  jKf 
to  be  appended  to  the  base  directly  be-  W<p 
low  the  centre  of  gravity  of  the  figure.  Now  the  pressure  of 
the  earth  determined  in  the  first  problem,  being  in  a  direction 
parallel  to  ao,  to  cause  the  wall  to  overset  and  turn  back 
about  the  point/,  the  eflbrt  of  the  wall  to  oppose  that  effect, 
will  be  the  weight  w  drawn  into  fm  the  length  of  the  lever  by 

Voir.  II.  60 
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irhidi  it  acts,  that  it,  w  X  fn  or  axvg  X  fh  in  ganeial^ 
iriittofiirbethe  figure  of  the  wall. 

Bat  now  in  case  of  the  rectangular  figure,  the  area  ob=ae 
yimr^ax,  putting  a=AE  the  altitude  as  before,  and  x  =  ef 
the  required  thickness  ;  also  in  this  case  fn  =  ^^ef  =  ix,  the 
centre  of  gravity  being  in  the  middle  ofthe  rectangle.  Hence 
then  ax^ix=  iax\  or  rather  iarhft,  is  the  effort  of  the  wall 
to  prevent  its  being  overtumed,  u  denoting  the  specific  gra- 
vity of  the  wall. 

Now  to  make  this  effort  a  due  balance  to  the  pressure  of 
the  earth,  we  put  the  two  opposing  forces  equal,  that  is 
lax*ii5=^c''m,  or  Ja?«n=4o«c«m,  an  equation  which  givea 

9  M  i4W  y  ^9  for  the  xeqoialte  thieknen  ofthe  wall»  jwt  to 

•uatain  it  in  equiiibrio. 

CoroL  1.  The  factor  oe,  in  thia  expresrion,  is  =  the  line 
AQ  drawn  peep,  to  the  dope  of  earth  bb  :  theref.  the  breailth 

s  becomes  n       ^ — »  which  conseq.  is  directly  propor* 

tional  to  the  perp.  Ad- — When  the  angle  at  e  is  ==•  45^,  or 
half  a  right  angle,  as  is  commonly  the  case,  its  sine  e  is  = 

and  the  breadth  ofthe  wall      |ci  ^ F^uther,  when 

the  wall  is  of  brick,  its  specific  gravity  is  nearly  the  same  as 
the  earth,  or  m  =  n,  and  then  its  thickness  x  =  ja,  or  one- 
third  of  its  height. — But  when  the  wall  is  of  stone,  of  the 
i^cific  gravity  2^,  that  of  earth  being  nearly  2,  that  is, 

fli«8,andn«^;  then  ^^»v^}  » ^  of  which 

is  '21)8.  and  the  breadth  x  =  -2980  =  nearly.  That  is, 
the  thicKni!f  ofthe  stone  wall  must  be  j\  of  its  height. 

noBUBM  m* 

To  determine  the  thirhiess  of  the  waU  at  the  bottOKh  vkm  iU 
iectianis  a  iriangk^in-  commg  to  onedge  tU  tap. 

In  this  case,  the  area  of  the  wall  aef 
is  only  half  of  what  it  was  before,  or 
only  Jae  X  ef  =  Jox,  and  the  weight 
w  =  Jflxn.  But  now,  the  centre  of 
gravity  is  at  only  |  of  fe  from  the  line 
AEf  or  PN  =  |fe  =  Jx.  Consequently 
FN  X  w  =  fx  X  Joaii  =  ^Ar^n.  This, 
as  before,  being  put  ss  the  pressure  of 
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^  6uCli,  gives  the  «qaatioii  ^oaAi  =b  |elVM»  ^v^t^i^Mh 

and  the  root or  thickuets  «f  =s  oe        =  a        for  the 

slope  of  45*^. 

Now  when  the  wall  is  of  brick,  or  m  =  /i  nearly,  this  be- 
comes X  =  a  y/\  =  '4080  =  fa,  or  ^  of  the  height  nearly. 
But  whea  the  wall  is  of  stone,  or  m  to  n  as  2  to  then 

V  V^it  and  the  thickness  xoia^  ^"^^  v^A^*^^^^ 
|a  nearly,  or  oeerly  }  of  the  height.  * 

7b  deiermim  tkielmeu  <f  the  wall  tH  ike  top,  when  the 
face  it  not  perpemHailar,  but  weUndd  at  AefrmH  of  a forti/L 

Here  gf  repreaents  the  outer  face  of 
m  fimrt,  aefg  the  profile  of  the  waU,  hav- 
ing AO  the  thickness  at  top,  and  bf  that 
at  the  bottom.  Draw  gh  perp.  to  ef  ; 
and  conceive  the  two  weights  w,  to,  to 
be  suspended  from  the  centres  of  gravi- 
ty of  the  rectangle  au  and  the  triangle 
GHF,  and  to  be  proportional  to  their  areas  respectively.  Then 
the  two  momenta  of  the  weights  w,  ir,  acting  by  the  levers 
FN,  FM,  must  be  made  equal  to  the  pressure  of  the  earth  in 
the  direction  perp.  to  ae. 

Now  put  the  required  thickness  ag  or  eu  =  or,  and  the 
altitude  ae  or  gh  =  a  bls  before.  And  because  in  such  cases 
the  slope  of  the  wall  is  usually  made  equal  to  ^  of  its  altitude, 
that  is,  Fii  —  }ak  or  ~a,  the  lever  fm  will  be  |  of  f a  =  ^jO, 
and  the  lever  fn  =  fh  +  ^eu  =  -f-  jx.  But  the  area 
of  OHP  =  GU  X  ^hf  =a  a  X  =  ^Tsd^  =  w»  and  the  area 
AH  =  AE  X  Aii  =  ax  =  w  ;  these  two  drawn  into  the  respec- 
tive levers  fm,  fn,  give  the  two  momenta,  ^^010  =  X 
■^^a^  =  y^a',  and  {ja  +  i-r)  X  ox  =  jd'x  +  Jox^ ;  theref. 
the  sum  of  the  two,  (Jox^  4-  fa'^^+fj<r')n  must  be  =  i^o^, 

or  dividing  by  ^oit,  «*  +  }ar  +  ^fga*  »  fa*  X  -  ;  now  add. 

log  yyo*  to  both  aides  4o  complete  the  eqaare*  the  equatieQ 

becomes  x^'+^ax+^a's^ia^  •  ^  +A<t\  the  root  of  which 
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And  the  base  bf  =  a  y^UV  +  ^j^)- 

Now,  for  a  brick  wall,  m  « ft  nearly,  and  then  the  braaAb 
«  =  a  y/iij  4-  i)  ~     =  tV«  ySi— ia«-l»i,  or  almMi 

fit 

{a  in  brick  walls.— Bat  in  stone  wallSy  —  s=    uid  »  »  a 

+  iS)  —     =  T^jflv^—  ia  « -IfiOa  =  ^  nearly, 
lor  the  thickness  ag  at  top»  in  stone  waHs. 

In  the  same  manner  we  may  proceed  when  the  slope  ia 
supposed  to  be  any  other  part  of  the  altitude,  instead  of  ^  as 
need  above.   Or  a  genend  solution  might  be  giYen,  by 

suming  the  thickness  =      part  of  the  altitude. 


Thus  then  we  hnye  given  aU  tiiie  jsaksAiilfsiis  that  my  be 
necessary  in  detenninine  the  thiriiness  of  a  wall,  proper '1# 
support  the  rampart  or  body  of  eaith,  in  any  wog^  if  il 
should  be  objected,  that  our  determination  gives  only  ioeb  a 
thickness  of  wall,  as  makes  it  an  escact  aseofaaMcal  balaaoa 
to  the  pressure  or  push  of  ^  eardi,  inslaai  of  giving  the 
fhrmer  a  decided  prepon^enuK^e  over  Uie  latter,  as  a  aaearity 
againM  any  ftttlara  or  aeoidents :  To  this  we  answer,  Ifaat 
what  has  been  done  is  sufliuieBt  to  insure  stability,  ftnr  tto 
Ibllowing  reaaona  and  circomBtaaees.  First,  it  is  nsual  lo 
build  several  counterforts  of  masonry,  behind  and  against  die 
wall,'at  certain  distanoea  or  intervals  from  one  anollMr ;  ^rhicb 
eoolfibuta  verymacb  to  strengthen  the  wall,  and  lo  nmft  ttMs 
pvaasore  of  the  rampart  uSy,  We  have  omitled  to  iaehiia 
the  efibot  of  the  parapet  raised  above  the  waH ;  wfaieh  nasi 
add  somewhat,  by  its  weight,  to  the  ibroe  or  leeislance  of  the 
wall,  it  is  tfoe  we  coold  have  bnmgbt  tfieae  two  amiiiaiiea 
to  enot  ealeulataon,  as  easily  as  we  have  done  Ibr  the  watt 
itself:  but  we'faave  thoqghtit  as  well  to  leave  tbeae  two  a|H 
.pendaaes,  thrown  la  as  indeterminate  additions,  above  the 
eottet  balance  of  the  wall  aa  before  determined,  to  give  it  an 
assured  stability.  Besides  these  advantages  in  the  waU  itself, 
certain  contrivances  are  also  usually  emplo3red  to  diminish 
the  pressure  of  the  earth  against  it :  such  as  land*ties  and 
branches,  laid  in  the  earth,  to  diminish  its  force  and  push 
against  the  wall.  For  all  these  reasons  then,  we  think  the 
practice  of  making  the  walls  of  the  thickaesa  asaigned  by 
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ihie  theory,  may  be  safely  depended  on,  and  profitably 
adopted  ;  aa  the  additional  circumstances,  just  mentioned^ 
win  sufHciently  insure  stability  ;  and  its  expenie  will  be  lean 
tbea  is  incurred  by  any  former  theory. 

P&OBLBA  V. 

7b dtlemlne  thequanlUy  of  prunare  muUtmed  by  a  dam  or 
$bdce,  madif  to  pen  up  a  hody  of  water. 

By  art.  247,  Hydrostatics,  page  248,  the  pressure  of  a 
fluid  against  any  upright  surface,  as  the  gate  of  a  sluice  or 
canal,  is  equal  to  half  the  weight  of  a  column  of  the  fluid, 
whose  base  is  equal  to  the  surface  pressed,  and  its  altitude 
the  same  as  that  of  the  surface.  Or,  by  art.  249  of  the  same, 
the  pressure  is  equal  to  the  weight  of  a  column  of  the  fluid, 
whose  base  is  equal  to  the  surface  pressed,  and  its  altitude 
equal  to  the  depth  of  the  centre  of  gravity  below  the  top  or 
surface  of  the  water ;  which  comes  to  the  same  thing  as  the 
former  article,  when  the  surface  pressed  is  a  rectanglCi  be* 
cause  its  centre  of  gravity  is  at  half  the  depth. 

Et.  1.  Suppose  the  dam  or  sluice  be  a  rectangle,  whose 
length,  or  breadth  of  the  canal,  is  20  feet,  and  the  depth  of 
water  6  feet.  Here  20  X  6  =  120  feet,  is  the  area  of  the 
surface  pressed  ;  and  the  depth  of  the  centre  of  gravity  being 
3  feet,  viz.  at  the  middle  of  the  rectangle  ;  therefore  120  X 
3  =  360  cubic  feet  is  the  content  of  the  column  of  water. 
But  each  cubic  foot  of  water  weighs  1000  ounces,  or  62j 
pounds;  therefore  300  X  1000  =  300000  ounces,  or  22500 
pounds,  or  10  tons  and  1001b.  is  the  weight  of  the  columa 
of  water,  or  the  quantity  of  pressure  on  the  gate  or  dam. 

Ex.  2.  Suppose  the  breadth  of  a  canal  at  the  top,  or  sur. 
face  of  the  water,  to  be  24  feet,  but  at  the  bottom  only  16 
feet,  the  depth  of  water  being  6  feet,  as  in  the  last  example  : 
reqaired  the  pressure  on  a  gate  which,  standing  acroae  the 

canal,  dams  the  water  up  ? 

Here  the  gate  is  in  form  of  a  trapesBoidt 
having  the  two  parallel  sides  ab,  cd,  y'lz* 
AB  =  24,  and  cd  =  16,  and  depth  6  feet. 
Now,  by  mensuration,  problem  3,  vol.  1, 
4(ab+cd)  X  6  =  20  X  6  =  120  the  area 
of  the  sluice,  the  same  as  before  in  the  1st 
example  :  but  the  centre  of  gravity  cannot 
be  so  low  down  as  before,  because  the 
flgure  is  wider  above  and  narrower  beioif, 
the  whole  depth  being  the  same. 

Now,  to  determine  the  centre  of  gravity 
K  of  the  trapezoid  ad,  produce  the  two 
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sides  AC,  BD,  till  they  meet  in  o  ;  also  draw  gke  and  cs 
perp.  to  AB  :  then  ah  :  (  ii  :  :  ae  :  gb,  that  is,  4  :  6  :  :  12  r 
18  s  G£  ;  and  ef  being  =-  6,  theref.  fg  =^  12.  Now,  by 
Statics,  art.  Ill,  sr  =  6  =  4eg  gives  f  the  centre  of  gra- 
vity of  the  triangle  abg,  and  fi  =  4  =  ^fg  gives  i  the  cen- 
tre of  gravity  of  the  triangle  cdg.  Then  assuming  k  to 
denote  the  centre  of  ad,  it  will  be,  by  art.  96,  as  the 
trap.  AD  :  ^  cdo  : :  if  :  fk,  or  A  abc  — >  A  cdg  :  A  cdg  : : 
IF  :  FK,  or  by  theor.  88,  Geom.  ge^  —  of*  :  of*  : :  if  :  fk, 
that  is  18='  -  12»  to  12»  or  3'-2»  to  2*  or  5  :  4  : :  if  =  4  : 
y  =  3|  ~  FK  ;  and  hence  ek  =  6  —  3}  =  2 J  =  y  is  the 
distance  of  the  centre  k  below  the  surface  of  the  water.  This 
drawn  into  120  the  area  ot  the  dam-gate,  gives  336  cubic 
feet  of  water  =  the  pressure,  =  336000  ounces  =  21000 
pounds  =  9  tons  80  lb.  the  quantity  of  pressure  against  the 
gate,  as  required,  being  a  15th  part  less  than  in  the  first  case. 

Ex»  3.  Find  the  quantity  of  pressure  against  a  dam  or 
sluice,  across  a  canal,  which  is  20  feet  wide  at  top,  14  at 
bottom,  and  8  feet  depth  of  water  7 

P&OBLEM  VI. 

To  determine  tJie  strongest  angle  of  position  of  a  pair  of 
gales  for  Ui^  lock  on  a  canal  or  river • 

* 

Let  ACf  Bc  be  the  two  gates,  meet- 
ing in  the  nogle  c,  projecting  put 
il^tinit  the  presnire  of  the  water,  ab 
being  the  breadth  of  the  canal  or  river* 
Now  the  preemire  of  the  water  on  a 
gate  AC,  it  as  the  quantity,  or  at  the 
eitent  or  length  of  it,  ac.  And  the 
mechanical  CTOCt  of  that  pressure,  is  aa  the  length  of  lever  to 
^  middle  of  ac,  or  as  ac  itself.  On  both  these  accounts 
Bien  the  pressure  is  as  Acf".  Therefore  the  resistance  or  the 
strength  of  the  gate  must  be  as  the  reciprocal  of  this  ac^« 

Now  produce  ac  to  meet  bd,  perp.  to  it,  in  n ;  and  draw 
cm  to  bisect  ab  perpendicularly  in  a ;  then,  by  similar  tri* 
angles,  as  ac  :  ab  : :  ab  :  ad  ;  where,  ab  and  ab  being  given 
leiqiths,  AO  is  reciprocally  as  AC,  or  AD^  reciprocally  BB  acF; 
that  is,  AB^  is  as  the  resistance  of  the  gate  ac  But  the  re- 
sistance of  AC  is  increased  by  the  pressure  of  the  other  fate 
in  the  direction  bc.  '  Now  the  force  in  bo  is  resolved  mto 
the  two  BP,  Bo ;  tiie  latter  of  which,  dc,  being  parallel  to 
AC,  has  no  effect  upon  it;  but  the  former,  bd,  acts  peiven- 
diralaiiy  on  it.  liierefore  the  whole  effective  strengtn  or 
resistance  of  the  gate  is  as  the  prodect  AD^  X  BP. 
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•  If  now  there  be  put  ab  =  a,  and  bd  =  x,  then  ad*  =  ab* 
— bd' =a* — ;  consoq.  ad*  XBD=(a' — x')Xx=a^x — 
for  the  resistance  of  either  gate.  And,  if  we  wonld  have  this 
to  be  the  greatest,  or  the  resistance  a  maximum,  its  fluxion 
must  vanish,  or  be  equal  to  nothing  :  that  is,  a^x — 3x^x=-0 ; 
hence  a*=  3x«,  and  x  =  a  -v^  |  =  v^3='57735a,  the  na- 
tural  sine  of  35^  16' :  that  is,  the  strongest  position  for  the 
lock  gates,  is  when  they  make  the  angle  a  or  b  =  35°  IB*, 
or  the  complemental  angle  ack  or  bce  3c=  540  44'^  or  the 
whole  saUent  angle  acb  =  109^  28'. 

Allied  to  this  problem,  are  several  oiliar  cases  in  mechaiiies  2 
such  as,  the  action  of  the  water  on  the  rudder  of  a  ship,  in 
sailing,  to  turn  the  ship  about,  to  alter  her  course  ;  and  the 
action  of  the  wind  on  a  ship's  sails,  to  impel  her  forward  ; 
also  the  action  of  water  on  the  wheels  of  water-mills,  and  of 
the  air  cm  the  sails  of  wind-millsy  to  cause  them  to  turn 
round. 

Thus,  for  instance,  let 
ABC  be  the  rudder  of  a 
ship  abde,  sailing  in  the 
direction  bd,  the  rudder 
placed  in  the  oblique  posi- 
tion BC,  and  consequently 
striking  the  water  in  the 
direction  cf,  parallel  to 
BD.  Draw  BF  perp.  to  bc,  and  bo  perp.  to  cf.  Then  Iho 
•ine  of  the  angle  of  incidence,  c^die  diractioii  <^ttie  Mroke 
of  the  ladder  against  the  nater,  will  be  bf,  to  the  radios  of  ; 
.Iheiefoie  Hm  force  of  tbo  irater  against  the  rudder  will  be  ae 
81*9  by  art  3,  page  485.  But  the  force  spresdlFeainto 
the  two  BG,  GF,  of  which  the  latter  is  parallel  to  the  ship's  ino> 
tioQy  and  therefore  has  po  effect  to  change  it ;  but  the  former 
BOy  being  perp.  to  the  ship's  motiony  is  the  only  part  of  the 
force  to  torn  the  ship  about  and  change  her  course.  But 

BF :  BO  : :  CF  :  CB,therefore  cf  :  cb  : :  bi^  :         ■   the  force 

CF 

upon  the  rudder  to  turn  fhe  ship  about. 
Now  put  a  B  cf,  X  SB  BO ;  then  bf*  » —  a^,  and  the 

fotee     *  ^  ss  —  ;and,tobavetlu8aniasi- 

CF  a  a 

mum,  its  flux,  must  be  made  to  vanish,  that  is,  a»i — 8^=0; 
and  hence  x  =         =  bc  =  the  natural  sine  of  85®  16^ 
angle  f  ;  therefore  the  complemental  angle  c  »  54®  44'  90 
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before,  for  the  obliquity  of  the  rudder,  when  it  ia  mo9t  effi. 

cacious. 

The  case  will  be  also  the  same  with  respect  to  the  wind 
acting  on  the  sails  of  a  wind-mill,  or  of  a  ship,  viz.  that  the 
sails  must  be  set  so  as  to  make  an  angle  of  54^  44'  with  the 
direction  of  the  wind  ;  at  least  at  the  beginning  of  the  mo- 
tiop,  or  nearly  so  when  the  velocity  of  the  sail  is  but  small 
in  comparison  with  that  of  the  wind  ;  but  when  the  former 
is  pretty  considerable  in  respect  of  the  latter,  then  the  angle 
ought  to  be  profjortionally  greater,  to  have  the  best  effect,  as 
shown  in  Maclaurin's  Fluxions,  p.  734,  &c. 

A  consideration,  somewhat  related  to  the  same  also,  is  the 
greatest  effect  produced  on  a  mill-wheel,  by  a  stream  of  water 
striking  its  sails  or  float-boards.  The  proper  way  in  this 
case  seems  to  be,  to  consider  the  whole  of  the  water  as  acting 
on  the  wheel,  but  striking  it  only  wixh  tke  relative  velocity, 
or  the  velocity  with  which  tb^  water  ovortakes  and  strikes 
upon  tbm  wiiool  in  motion,  or  the  diffeiprenoe  between  the  ve- 
kioatiM  of  the  wheel  and  the  stream-  Thia  the^  is  the  power 
or  force  of  die  water;  which  multiplied  by  the  Telocity  of 
the  wheel,  the  product  of  the  two^  vis*  of  the  relative  Telo* 
cky  and  aheolule  velocity  of  the  uteel,  that  ia  (v-^)ess 
ve  —  i^t  wOl  he  the  effect  of  the  wheel ;  whwe  v  deooM 
the  pven  yelod^  of  the  water,  and  e  the  required  velocilQr 
of  tm  wheel.   Now  to  make  the  ellhcl       e^  a  maximuaB, 

or  the  greatest,  its  fluxion  must  vanish,  that  is,  vv  —  2rv^0, 
hence  t?  =  |v  ;  or  the  velocity  of  the  wheel  will  be  equal  to 
half  the  velocity  of  the  stream,  when  the  effect  is  the  great* 
est;  and  this  agrees  best  with  experiments. 

A  former  way  of  resolving  this  problem  was,  to  consider 
the  water  as  striking  the  wheel  with  a  force  as  the  square  of 
the  relative  velocity,  and  this  multiplied  by  the  velocity  of  the 
wheel,  to  give  the  effect ;  that  is,  (v  —  v)*v  «  the  effect. 

Now  the  flux,  of  this  product  is  (v — tj)'r — (v — t)X2rT?=:0; 
hence  v  —  v  =.  2r,  or  v  =  3r,  and  u  =  Jv,  or  the  velocity  of 
the  wheel  equal  only  to  ^  of  the  velocity  of  the  water. 

niOBLBM  vir. 

Ta  dttemkie  the  form  and  dmrnuiom  of  gunpowder 

magazwnei* 

In  the  practice  of  enffineerinji;,  with  respect  to  the  erection 
of  powder-magazines,  the  exterior  shape  is  usually  made  Ifte 
the  roof  of  a  house,  having  two  sloping  side^  roming  two 
iacUned  planes,  to  throw  of  the  rain,  and  meeltog  in  w 
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angle  or  Mgb  al  the  top ;  while  the'inletior  lepfeaanta  a 
▼aulty  more  or  leas  ezteodedy  as  the  occasion  may  require ; 
mad  the  ihape,  or  traoavene  8eetieii»  in  the|bonof  tam^ 
areh,  hoth  for  strength  and  eommodious  looniy  lor  plaoing 
the  powder  barrels,  b  has  been  oswd  to  nake -this  mterisr 
eupn  a  sepdcircle.  But,  against  this  shape,  for  such  a  par* 
vose,  we  Mlist  enter  our  deeided  protest;  asitisan  aiebthe 
rarthest  of  any  fitom  being  in  eqailibrium  in  itself,  and  the 
'weakest  of  any,  by  being  unavoidably  mueh  thinner  in  one 
part  than  in  othen.  Eesides,  it  is  constantly  found,  that  after 
the  eedtenngof  aemidrcular  arohea  is  strticky  and  lemoored, 
they  settle  al  the  ciown,  and  riae  up  at  the  iiak%  even  with 
a  stmigbt  horizontal  form  at  top,  and  still  much  more  se  in 
'powider  magazioea  with  a  sloping  roof ;  whieh  eflTects  are 
emctly  what  might  be  expected  from  a  contemplation  of  the 
irae  tnoory  of  arches.  Now  this  shrinking  of  the  arches 
must  be  attmided  with  other  additional  bad  effects,  by  break* 
ing  the  texture  of  the  cement,  afler  it  has  been  in  some  de« 
•gree  dried,  and  also  by  opening  the  joints  of  the  TOQssoirs  at 
one  end.  Instead  of  the  circular  arch,  therefore,  wo  shall  in 
this  place  give  an  investigation,  founded  on  the  true  prin* 
ciples  of  equilibrium,  of  the  only  just  form  of  the  interior, 
which  is  properly  adapted  to  the  usual  sloped  tooL 

For  this  purpose  put  a  =  dk  the 
thickness  oflhe  arch  at  the  top,  x= 
any  absciss  dp  of  the  required  nrch 
ADcx,  u  =  KR  the  corresponding 
absciss  oftJic  j'ivcn  exterior  lineKi, 
and  y  =  PC  =  Ki  their  equal  ordi- 
nates.  Then  by  the  principles  of 
arches,  in  my  tracts  on  iliat  suhjoct, 
it  is  found  that  ci  or  to  =  a  +  x  - 

n  m  a  X  ^T,  ^orsgQ.X      supposing  y  a  constant  <|naii« 

y  y . 

tity,  and  where  q  is  some  cprt  iin  quantity  to  be  determined 
hereaAer.  But  kr  oru  is  =  iy,  if  t  be  put  to  denote  the  tan. 
gent  of  the  given  angle  of  elevation  ilui,  to  radius  1 ;  and 

then  the  equatioo  iato  =^  a  +  x  —  = 

Now  the  fluxion  of  the  equation  to  =  a  +  ar  —  /y,  Is 
w^x  —  <y,  and  the  2d  fluxion  is  w     ±  ;  therefore  the 

foregoing  geperal  e(^uation  becomes  ^  ^  ^  >  hence 
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•r  *  t 

as  ?!5?,  the  flueot  of  which  gives     =       s  h>At  at  d  the 

yS  Jr 

Taloe  of  « is  «  a«  wd  is  «  0,  the  curve  at  d  being  parallel 
10  Ki;  tberefiire  the  correct  fluem  ia        a^«B  y-*  Hene« 

llieQ  i»  c=  — — or  y  =  — 7^  i  tho  correct  went  of 
^  icr* — a*  v^lio  — «*) 

which  cives  w  —  y^Q  X  hyp.  log.  of*^"^^^*^       ■  * 

a 

Now,  to  determine  the  value  of  q,  wc  are  to  consider  that 
when  the  vertical  line  ci  is  in  the  position  al  or  ms,  then 
10  es  CI  becomes  =  al  or  ms  =  the  given  quantity  c  sup- 
poee»  and  y     a<i  or  tut  ==  ^  suppose ,  in  which  position  (he 

last  equation  becomes  6  =        X  hyp.  log.  ^^^^^^^i^  ; 

and  hence  it  ia  found  that  the  value  of  the  constant  ^tantity 

^Q^'iBr^ — .  ^.-z — 57  ;  which  being  substituted  for  it,  in 

the  above  general  value  of  y,  that  value  becomes 

-  u  V  ^  ^!og,ofto+>/(v>«-fl^Wlog.a. 

^ log.  of^-Hv/(g^-^  ^iog.ofe+^(c<-a-)-kifri' 

ftom  which  equation  the  value  of  the  ordinate  PC  may  always 
be  found,  to  every  given  value  of  the  vertical  ci. 

But  if,  on  the  other  hand,  fc  be  given,  to  find  ci,  which 
will  be  the  more  convenient  wayi  it  may  be  found  in  the 

following  manner  :  Put  ▲  =  log.  of  a,  and  c  =  j  X  log.  of 
f+^/C^—Q*) .  jIj^jj      above  equation  gives  cy  +  a  =  log. 

of  »  4>  i  Again*  put  II  SB  the  number  whose  log. 

is  cy  -f-  A ;  then  n  »  it4-  y/  (s^ —  ^  $       hfnc^  w  ^ 

Now,  for  an  example  in  numbers,  ill  m  real  case  of  this 
'nstufe,letthe  foregoing  figure  represent  a  transverse  voitical 
section  of  a  magazine  anm  balanced  in  all  its  parts,  in  ^s^udi 
the  span  or  width  am  is  dO  foot,  the  mtch  or  heifffat  na  is 
10  feet,  thickness  at  the  crown  dk  »  7  foot,  and  the  angle 
of  the  ridge  XKB  112o  87',  or  the  half  of  it  m  =  56°  18^, 
the  complement  of  which,  or  the  elevation  kik,  is  33"  41'^, 
the  tangent  of  which  ia  a  },  which  will  therefore  be  the 
value  of  I  in  the  foregoing  investigation.  The  values  of  the 
l!therlett^wiUbeasfol&ws,viz.oKsaa7;M»i«  iO; 
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M  «i  A  a  10 ;  Aft     c«I(^bV  ;  A^log.  or7a-84509e0 ; 

0  =  ^  Xkig.of — i-^j  ^»TV^*or  «tV 

log.  of  2-66207  =  -0408591  ;  cy  +  a  =  -04085913/  + 
*M50980  =  log.  of  n.    From  the  general  equation  theoi  viz. 

-|-       by  assuming  3/  successively 


CI 


2ji 


equal  to  1»  2,  8, 4,  d^c,  tbenea  finding 
tM  eorreapooding  valuet  of  cy  +  A  or 
*040869l9  +  •8450980»  and  to  these, 
•8  oominon  logs,  taking  out  the  corre* 
aponding  natural  numberst  which  will 
he  the  values  of  n;  then  the  abore 
theoffem  will  give  the  several  values  of 
«  or  IXt  ae  they  are  here  arranged  in 
the  annexed  tabloy  from  which  the 
figure  of  the  curve  is  to  he  cooatnictedy 
by  thus  finding  so  many  points  in  it 

Othenoise,  Instead  of  making  n 
the  number  of  the  log.  cy  +  a,  if  we 
put  m  ss  the  natural  number  of  the  log. 

or  by  squaring,  lAi^— Shamp^*  w*-*"^'  and  hence 
40  at  — —  X  « :  to  which  the  numbers  being,  applied,  the 
v«ry  same  emiclosioiis  lesuU  as  in  the  ibregoing 


Val.  ofy 

Val.  of  w  t 

or  cr. 

or  CI.  1 

i 

1 

70309 

2 

7  1243 

3 

72806 

4 

7  5015 

5 

7-7888 

6 

81452 

7 

8-5737 

8 

90781 

9 

9««23 

10 

103333 

PROBLSK  VUl. 

1 

fh  cotutmei  Fomitr  MagastinitivUka  ParaboUetd  ArcL 

It  has  been  shown^  in  my  tract  00  the  Principles  of  Arches 
«f  Bridges,  that  a  parabolic  arch  is  an  arch  of  eqnilifiration, 
when  its  eattrados,  or  form  of  its  exterior  covering,  is  the 
very  same  parabola  as  the  lower  or  inside  curve.  Hence  then 
m  parabolic  arch»  both  for  the  inside  and  outer  form,  will  be 
very  proper  for  the  structure  of  a  powder  magazine*  For« 
the  inside  parabolic  shape  will  be  very  convenient  as  to  room 
fiir  stowage :  2dly,  the  exterior  parabola,  everywhere  parallel 
to  the  Inner  one,  will  be  proper  enough  to  carry  ofi*  the  cain 
water :  3dly,  the  structure  will  be  in  perfect  equilibrium : 
and  4thly,  the  paiabolic  curve  is  easily  constructed,  and  the 
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0  s  50  SB  ikD  the  height  abore  the  horizontal  line,  t  =  tang* 
Zdbo  or  75^  the  complemeDt  of  the  plane's  inclination,  r  = 
tang.  RBI  or  Zn=60^  the  eomp.  of  2Z.c,  «=sine  or24^HBi 
s£  120<^  the  double  elevation,  or  =  sine  oM^o ;  alao  xstAB 
the  impetus  or  bright  fallen  throu^^h.  Then, 

bi=4ku=2«j;,  by  the  projectiles  prop*  176,  p.  213* 

also,  KD  =  BK  —  BD  =  ^^ca:  —  X  4-  «j  and  ke  ==  ^Bi  =  «x  ; 
then,  by  the  parabola,  ^  bk  :      dk  ; :  K£  :  fg  =  u  X  . 

26  (or  —  putting  b  =  sine  of  2  c  =  sine  of  30^. 
Hence  OG  as  cd  +  i>f  -A  -  va  =  tx  —  (a  sjr  ±  26  ^/{ax  — -6V) 
a  mazimmiit  the  fluxion  of  which  made  =  0,  and  the  equa- 
tion reduced,  gives  «  =F  ^  X  (1  ±     (ii»-f46*)'  ^^^^ 

^  f»  and  the  double  sine  ±  answers  to  the  two  roots  or 
Talues  ofx,  or  to  the  two  points  g,  where  the  parabolic  path 
cuts  the  horizontal  line  co^  the.  one  in  ascending  and  the 
other  in  descemlinn^. 

Now,  in  the  present  case,  when  the  ^  c  15°,  (  =  tang. 
76<^  +  v'S,  T=  tan.  60°=  ^3,  s=sin.  60o=^v^3,  b  = 

sin.  80o=J,  n==:t+(=2+^y/3 ;  then  ^  =  2a=  100,  and 

=  100X(1±4%/^§^)=100  X  (l±-9d414)=199  414 

or  *SS$ ;  hut  the  former  must  be  taken.  Hence  the  body 
must  strike  ^e  inclined  plane  at  149*414  ftet  below  the  ho- 
fisontal  line ;  and  its  path  after  reflection  wtU  cut  the  said 

line  in  two  points ;  or  it  will  touch  it  when  «  s=  ^ .  Uence 

also  the  greatest  distance  cc.  required  is  826-01)15  feet. 

CoroL  If  it  were  required  to  find  lg  or  tx —  ta sx  ± 
2hyf  {ax  —  6V)  =  [T  a  given  (pmntity,  this  equation  would 
give  the  value  of  x  by  solving  a  quadratic. 


Suppose  a  ahip  to  sail  from  the  Orkney  LsJands,  in  htu 
tude  59^  3'  northy  on  a  x.  n.  i:.  course,  at  the  rate  of  10  miles 
an  hour ;  it  is  required  to  determine  how  long  it  will  be  6c- 
/ore  ike  arrwcs  at  the  pole,  the  dUtanee  eke  will  have  wled^ 
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midihedifereaeeof  longitude  the  w3l  kavemadetBkm  dfeat' 
rhee  there  f 

Let  ABO  rcpreseDt  part  of  the  equator ; 
Pthe  pole  ;  ^mrt  a  loxodromic  or  rhunlb  ^ 
luie«  or  the  path  of  tlie  ship  continued  to 
the  equator;  |>B,  PC,  any  two  meridians  ip- 
definitely  near  each  other  ;  nr,  or  n/,  the 
part,  of  a  paraliei  of  latitude  interceptfid . 
between  them. 

Put  c  for  the  cosine,  and  t  for  the  tangent 
of  the  course,  or  angle  nirir  to  the  radius  r; 
Am,  any  variable  part  of  the  rhumb  tVom 
the  equator,  =  v  ;  the  latitude  mn  =^  if  ;  its  sine  x,  and  cosine 
y ;  and  ab,  the  dif.  of  longitude  from  a,  =  z.  Then,  since 
the  elementary  trianfjle  mnr  may  be  considered  as  a  right- 
angled  plane  triangle,  it  ia,  as  rad.  r  :  c  =  sin*     mrfi o 

=  mr  :  to  =  mn  :  :  r  ;  tc  ;  theref.  CO  =  ric,  or  i> —  =  — ^ 

by  putting  t  for  the  secant  of  the  ^nmr  the  ship's  eourse. 
In  like  manner,  if  w  be  any  other  latitude,  and  v  its  corres- 


pooding  length  of  the  rhumb  ;  then  v  =  —  ;  and  hence 


c 


0  ssr  X  ^ — ^,  or  D     — ,  by  putting  d  =a?  T«— vthe  ^stance, 
c  e 


and  d  w — to  the  dif.  of  latitude ;  which  is  the  common 
Tule* 

Thesapne  is  evident  without  fluxions  :  for  since  the  /,mm 
is  the  same  in  whatever  point  of  the  path  Asirp  the  point  m 
is  taken,  each  indefinitely  small  particle  of  asitp,  must  he  to 
the  corvespoiidiiu[  indefinitely  small  part  of  Bm,  in  the  con- 
stant ratio  of  radius  to  the  cosine  of  the  course  ;  and  there* 
fere  tiie  whole  lines,  or  any  corresponding  parts  of  them, 
must  he  in  the  same  ratio  also,  as  above  determined*  In  the 
same  manner  it  is  proved  that  radius :  sine  of  the  oourae  t : 
distance :  the  departure* 

Again,  as  radius,  r  :  I » tang,  nmr  :  :  w  »  eui :  sir  or  «f» 

and  a8r:y::PB:pm::iaBG:mt;  hence,  as  the  extremes 
of  these  proportions  are  the  same,  the  rectangles  of  the 


must  be  equal,  viz*  yi  =  iw  =^  —  because  v  »  —  by  the 

V  9 

property  of  the  circle ;  theref*  z  =  '  *^ 
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ral  fluents  of  these  are       t  X  b^p.  log.  V       ■ -fCi  which 


oomcted  by  supposing  s  a  0,  when  x  s=  a,mz  =  t  X  (hyp. 

^'         '^yf- ^'  V'-^) ;  tat  r  K  <lw.  kg.  V 


hyp.  log.  ^      meridional  parts  of  the  dif.  of  tha 

lifiHiipt  vhma  MUM  ara  9  and  «,  whf ch  call  h ;  than  la 

s».^^lha  MM  aa  il  ia  by  Mercator'a  auliog. 

FurtheTt  putting  ai  =  2*71828  tha  Dumber  whose  hyp.  log. 
lal,aiidii        $  then,  whan ^bagiaa at  A»ir^—>aiMl 


 .1  2r 

tberaCl  «  =B  r  X  ^^^^  «  r     ^^Tlfi  *  '^•"^  appearathat 

an  ah  or  rather  a  or  s  increases  (since  m  is  constant)^  that  » 

or  converfi^  to  0,  which  is  its  limit ;  oooaequeotly  r  ia  the 
Kmit  or  yltimate  value  of  x  ;  but  when  x  ^  r,  the  ahip  will 
ha  at  the  pole  ;  theref.  the  pole  moat  be  the  limit,  or  eva* 
•eaoaot  state,  of  the  rhumb  or  oourse  :  so  that  the  ship  may 
.he  said  to  arrive  at  the  pole  after  making  an  iofioite  number 

of  revolutions  round  it ;  for  the  above  expression  ^^^^  va« 

nishes  when  n,  and  consequentfy  x,  is  infinite,  in  which  case 
OP  is  —  r. 

New,  ftofls  the  oquattott  d  a     » it  is  ibmid,  that 

in^d  =  30°  57'  the  eonp.  of  the  given  let  59'  3'  and  c  = 
abe  of  67  o  30'  the  corap.  of  the  course,  D  will  he  2010 
geographical  miles,  the  required  ultimate  distanoa ;  which, 
at  the  rate  of  10  miles  an  hour,  will  bo  passed  over  in  201 
hours  or  8f  days.  The  dif.  of  long,  ia  shown  above  to  he 
iafioite.  When  the  ship  has  made  one  revolation,  ahe  will 
be  but  aboat  a  yard  uom  tha  pole,  conrideriog  har  aa  a 
point. 

When  the  ship  has  arrived  infinitely  near  the  pole,  she  wil 
go  round  in  the  manner  of  a  top,  wilh  an  infinite  velocity  ; 
which  at  once  accounts  for  this  paradox,  viz.  that  though  she 
make  an  infinite  number  of  revolutions  round  the  pole,  yet 
her  distance  run  will  have  an  ultimate  and  de&nite  value,  as 
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above  determined  :  for  it  is  evident  that  however  great  the 
number  of  revolutions  of  a  top  may  be,  the  space  passed  over 
by  its  pivot  or  bottom  point,  wlule  it  continues  on  or  nearly 
on  the  same  point,  must  be  iniinitely  smallior  less  than  a  car** 
taio  assigoable  quantity. 


PROBLEM  IV. 


A  curretU  of  water  it  discharged  by  three  equal  openings 
or  dmcee,  in  ike  foQowing  shapee:  ike  firet  a  rectangle,  the 
Heomd  a  eemieirde^  and  the  third  a  foraMot  hamng  their 
akHndeeemudf  and  their  haeee  in  the  earn  harisontal  Une,  and 
tie  wtUer  lend  wUh  the  tops  of  the  arehee  .*  on  this  supposUion 
it  ie  refmred  to  alow  toAof  aii^  he  the  proparOon  qf  the  qtunu 
atke  duthtrged  by  these  jdmeee. 

Let  VB  be  half  the  parallelogram,  avc 
half  the  semicircle,  and  am)  iiaU'the  pa- 
rabola, that  is, the  halvesof'the  re.sp«'rtive 
sluices  or  gates.  Put  a=AV  the  connnon 
altitude,  and  c  =  -7854  :  then  is  ca*  the 

area  of  each  of  the  figures  ;  also  ra~  A B,   

o  =  AC,  and  |ca  =  au  ;  also  put  3*=  vp  BCD 
any  variable  depth,  and  i=rp.  Then,  the  water  discharged 
at  any  depth  x,  being  aa  the  velocity  and  aperture,  and  the 
velocity  tNeing  in  all  the  figures  aa  ^/^'y  therefore  ±y/x  >C  pq, 

and  i^v^zXPB,  and  ±y/x  X  PSy  or  cax^i^  and  x±  \/(2a  —  :r)i' 
and  }c  v^aXxi',  arre  proportional  to  the  fluxions  of  the  quan* 
tity  of  water  dischary^ed  by  the  said  fi^Tnres  or  sluices  re* 
spectively ;  the  correct  fluents  of  which,  when  x  ^  a^  are 

fca^,  and  a"2(8  y/  2  —  7),  and  f ra^,  the  2d  fluent  being 
found  by  art,  05,  page  338  of  this  vol.  Hence  the  quantities 
of  water  discharged  l»y  the  rectangle,  the  semicircle,  and  the 
parabola,  are  respectively  aa  |c,  and  ^j{Sy/2 — 7),  and  ^c,  or 
2 

aa  h  And  ^(8v/3-^7),  and  f,  or  as  ],  and  1*00847,  and  H. 

PBOBLBK  V. 

The  initial  ndoeUy  of  a  ^  lb.  ball  of  east  Iron,  which  ie 
^rejected  in  a  direetion  perpendicular  to  the  Aoroon,  being  ratp* 
poeed  1200  feet  per  second ;  and  that  the  resistance  of  the  me. 
dium  ie  constantly  ae  the  square  of  the  velocity^  and  everywhere 
of  the  same  density :  required  the  titne  rfJUgktf  and  the  hetghH 
$9  mhieh  it  will  aMnd* 

Answer.   By  probleoM  6  luid  6,  of  the  last  chapter,  the 
VoIm  II.  09 
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MeeDt  will  l>e  found  ^  6337  leat,  and  the  tiM  of  th^  atceDl 

To  drtermiiw  the  §ame  as  in  ike  kui  qitetHoth  mtpponng  the 
mnudwayf 

Arts.  By  probs.  7  and  8t  the  height  will  be  d614  feet,  and 
the  time  84  aecooda* 

PROBLEM  VII. 

^  is  required  to  Jind  ihe  diameier  of  a  circular  parachwfe, 
by  means  of  which  a  man  of  I50lb.  weight  may  descend  on  the 
earthy  from  a  balloon  at  a  height  in  ihe  air^  wilh  the  velocity 
of  only  10  feet  in  a  second  of  time^  I/ting  the  veloeiiy  acquired 
by  a  body  freely  descending  through  a  space  of  only  I  fooi 
6{  incites,  or  of  a  man  jumping  down  from  a  height  of  18{ 
iiehes  :  the  paraekuie  being  made  of  sttch  materiaU  and  thick' 
nesst  that  a  eirde  ofitofS^fet  diamtler^  wighs  only  15026., 
and  so  in  proportion  more  or  less  according  to  the  area  of  the 
dirde. 

If  a  fmlling  body  deacond  with  a  uniform  Yeloei^,  it  must 
aeceaaarily  meet  with  a  resistance,  fn>m  the  medtam  it  de« 
•eends  in,  equal  to  the  whole  weight  that  deacends.  Let  # 
denote  the  diameter  of  the  parachute,  and.a  =  *7854 ;  then 
ax*  will  be  its  area,  and  as  50* :  : :  150  :  the  weight 
of  the  same,  to  which  adding  150  lb«»  the  mian'a  weight,  the 
aura  ^^2:^+ 150  will  be  the  whole  descending  weight.  A^in, 
in  the  table  of  resiiitancea,  page  485^  we  6nd  that  a  circle 
of  f  of  a  eqnare  foot  afoa,  moving  with  10  feet  velooi^» 
meeli  witk  a  losistance  oif  *57  ounces  a  •04751b. ;  and 
the  resistances,  with  the  aame  velocity,  being  as  the  surfaaaa^ 
therefore  as  f  :  -0475  : :  :  •21375ajp'  =  -lOTSSx*  the  lo. 
sistance  of  the  air  to  the  parachute,  to  which  the  descending 
weight  must  be  equal ;  that  is,  •16788x*=/Yx'-hl50  ;  hence 
•10788r'  -=  150,  or  2^=  1390-5,  and  henoe  «»374  feet»  the 
diameier  of  the  parachute  required. 

FtOBUDH  Till* 

To  deterMitte  how far  9  aioii,  wko  paehee  with  Ifte fhm$  of 
IWb.  can  force  a  sponge  into  a  piece  of  ordnancCy  wkm  dL 
wneter  is  5  inches,  and  length  10  feet,  when  the  barometer 
mi^tmJlm  ^  30  tacAst  •  tht  Tftnt  ortSMrm  hole*  boiskst  jtaMSiL  MStd' 
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ike  iponge  having  no  wMagt^  thai  u,  fiuing  ike  here  quiu 
doief 

A  column  of  quicksilver  30  inches  high,  and  5  in  dia- 
meter, is  5'X30  X  -7854  =  589  05  inches ;  which,  at  8102 
oz.  each  inch,  weighs  4772-48  oz.  or  298  281h.,  which  is  the 
pressure  of  the  atmosphere  alone,  being  equal  to  the  elas- 
ticity of  the  air  in  its  natural  Mta  ;  to  this  adding  to  lOOtb. 
gives  896*281b.y  the  whole  external  pressure,  'nieii.  as  the 
■pe«ei  whleli  a  qnantity  ef  mir  possesses,  under  dUTerent 
pressaree,  are  in  the  recipmeel  ratb  of  those  pressures,  it 
wOl  be,  as  898-28 :  A8*'iH  : :  10  feet  or  120  inches :  UO  inches 
nearly,  the  space  occupied  by  the  air ;  tberef.  120->00  =  80 
kMSbea^  is  the  distance  sought. 

7b  osnjfn  ike  emm  of     defltdion  of  mUiiarif  frqjeet^eim 

It  having  been  surmised  that,  in  the  practice  of  artiller}', 
the  deflection  of  the  shot  in  its  flight,  to  tho  right  or  left, 
from  the  line  or  direction  the  gun  is  laid  in,  chiefly  arises 
from  the  motion  of  the  gun  during  the  time  the  shot  is  pass- 
ing out  of  the  piece  ;  it  is  required  to  determine  what  space 
an  18  pounder  will  recoil  or  fly  back,  while  the  shot  is  passing 
out  of  the  gun ;  supposing  its  weight  to  be  48001b.  that  of 
the  carria^^e  2400  lb.,  the  quantity  of  powder  8  lb.,  the  length 
of  the  cylmder  108  inches,  that  of  the  charge  13  inches,  and 
the  diameter  of  the  bore  5*13  inches;  supposing  also  that 
the  resistance  from  the  friction  between  the  platform  and 
carriage  is  equal  to  3G00  lb.  7 

It  is  well  known  that  confined  gunpowder,  when  fired, 
immediately  changes  in  a  great  measure  into  an  elastic  air, 
which  endeavours  to  expand  in  all  directions.  Now,  in  the 
question,  the  action  of  this  fluid  is  exerted  equally  on  the 
bottom  of  the  bore  of  the  gun  and  on  the  ball,  during  the 
passage  of  the  latter  through  Ae  cylinder ;  the  two  midies 
tfaflfeme  more  la  opposHe  mreolions,  with  reloeitiea .  whidi 
avs  at  all  ItoMe  in  the  inTme  ratio  of  die  quantities  of  matter 
moved.  Now  let  #  be  iho  space  throngh  which  the  gun  re> 
coils ;  then,  as  the  charge  occupies  13  inches  of  the  Mml, 
and  the  semidiameter  of  the  barrel  it  2*565,  the  space  moved 
through  by  the  ball  when  it  quits  the  piece,  is  108  — 18  — 
2'§»^m^nr4Mi^mi  and  as  the  elastic  fluid  expands 
in  belk  directions^  the  quantity  which  advances  towards  tho 
nofldi^  bto  llmt  wittek4Dslfcals  Ikom  II9  M  i)d-48fr^ 
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95135  ^     "92^1^5    ^  ®      ^®  quanUUM  of  Ui6 

powder  uhich  move,  the  former  wilh  the  gun,  an4  the  lattef 
with  the  ball  ;  beside3  these,  the  weight  of  ball  that  moves 
forwards  being  18  lb.,  and  of  the  weights  and  resistance  back- 
wards  4600  +  ^00  +  3000  =  10800  lb.,  heoce  the  whole 

Sx 

weights  moved  ia  the  two  directions  are  10800  g^I^j^ 
.  92*485^  _  ^     0962984- 8x     .  2408*81 

M  the  numerators  of  these  only.  But  when  the  time  and 
moving  force  are  given,  or  tlie  same,  then  the  spaces  are  in- 
versely as  the  quantities  of  matter  ;  therefore  x  :  92*435  —  t 
:  :  2403-31  -8*  :  998298+Hr,  or  by  composition,!:  92-435:  x 
2403-31  -.8j  :  l()(Km)l-31,  and  by  div.  x  :  1  : :  2403-31  -8r  : 
108-20,  thercf.  lU82(iar  =  2403-31  —  8x,  or  10834^=2403-31, 
and  hence  x  =  •2'J18  inc.  =  ^  of  an  inch  nearly,  or  the  re- 
coil of  the  gun  is  less  tliun  a  <|uarter  of  an  inch. 

Hence  it  maybe  concluded,  that  so  small  a  recoil,  straight 
backwards,  can  have  no  efiect  in  causing  the  ball  to  deviate 
from  the  pomled  line  of  direction  :  and  that  it  is  very  pro- 
bable we  are  to  seek  for  the  cause  of  this  effect  in  the  ball 
striking  or  rubbing  against  the  sides  of  the  bore,  in  its  passage 
through  if,  especially  near  tlie  exit  at  ilie  muzzle  ;  by  which 
it  must  happen,  that  if  the  ball  strike  against  the  right  side, 
the  ball  will  deviate  to  the  left  ;  if  it  strike  on  the  left  side, 
it  must  deviate  (o  the  right  ;  if  it  strike  against  the  under 
side,  it  must  throw  the  ball  upwards,  and  make  it  to  range 
farther ;  but  if  it  strike  against  the  upper  side,  it  must  beat 
the  ball  downwards,  and  cause  a  shorter  range  :  all  which 
irregularities  arc  found  to  take  place,  especially  in  guns  that 
hav  e  much  windage,  or  which  have  the  halls  too  small  for  the 
bore. 

f  ROBL£M  X. 

A  ball  of  lead  of  4  inches  diatnetery  is  dropped  from  the  top 
of  a  tower,  if  05  yards  high,  and  falls  into  a  cistern  full  of  wa* 
icr  at  the  bottom  of  the.  tower,  of  20i  yards  deep  :  it  is  required 
to  del  am  me  the  times  of  faUing^  both  to  tlie  mrface  and  to  the 
bollom  of  the  uxUer* 

The  fall  in  air  ia  195  feet,  and  in  water  COJ  feet  by  the 
common  rules  of  descent,  as  ^16  :  v/195  :  :  1'  :  |  v^l95= 

8*40  aeooiuiSi  the  time  of  desceudiog  ia  air*   And  as  ^16  < 
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V^195  t :  32  :  8  v/195=lll  -71  feet,  the  velocity  at  the  tnd 
ct  that  time,  or  with  which  the  ball  eaters  the  water. 

jigaltit  by piob.  88,  art.  2»  p.  438,  the fl|Mce 

hyp.  log.  of  — or  rather  jr=  X  hyp.  log.  of  3 —  (the 
k>city  being  decreasiog,  and    greater  than  ^)  ~  26  ^ 
log*  of  -= — ,  where  ii=sll825  the  density  of  lead,  n=1000 

that  of  water,  a  «  ?55^Ji:2?,  6  =  5^ . ,  e  =  1 U  -71  the  ve. 

locity  at  entering  the  water,  and  t  the  velocity  at  any  time 
afterwards,  also  d  the  diameter  of  the  ball  =  4  inches,  and 
m  =  2-302585  ihe  hyp.  log.  of  10. 

Hence  then  n  =  113*^5,  n  =  1000,  n  -  n  =  10325,  d  =» 

18     8 »        •         S„  9000 

3»      9n      9000      15     1        ,     .,  _ 

therefore  «  «  60f  =         log*  of^^  =  5m  X  log. 

Thie  theorem  will  give  #  when  e  ia  given,  and  by  reveftiog,  it 
will  give  V  in  terma  of  #  in  the  following  manner. 

DividiBg  by  5m,  gives  rrr  =  log.  of  -j —  =  ni,  by  putting 
»        i  therefore,  the  natural  number  is  lO**  =     ^ : 

hence  0*  -  a  =         ande  =s  v' («+^j^)f  wWch,  by 

aubstituting  the  numbers  above  mentioned  for  the  letters,  gives 

V  =  17*134  for  the  last  velocity,  when  the  space  9  s  60|,  or 

when  the  ball  arrives  at  the  bottom  of  the  water. 

But  now  to  find  the  time  of  passing  through  the  water, 

putting  t  =  any  time  in  motion,  and  s  and  v  the  correspond* 

ing  space  and  velocity,  the  general  theorem  for  variable  forcea 

i  1 
givea  I  as  — .  But  the  above  general  value  of  0  being  ^  X 


hyp.  log.  — — ^  or  5  X  hyp.  log.  ^—^t  therefore  ita 


^    —I  conseq.  i  or  —  =  -  vi^  '  ^ ,  the  correct  fluent  of 
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which  if  4- ><  fcyp- Jog.  (^rrr  ^  — =  #  ih©  dm*, 

which  when  o  ^  17*134,  or  5  =  60J,  frives  2*G542  •econdj, 
for  ibe  time  of  descent  through  the  water. 


4 


Beqtdr^  i»  dmrMum  wkM  must  he  ik§ 
wkddt  MQtto  receive  ihe  greatest  effect  from  a 
^VlfeeifaUf 


^weter 


In  the  cate  of  an  undershot  wheel, 
put  the  height  of  the  water  ab  «  IS 
feet  =  a,  and  the>(^iua  bc  or  cd  of 
the  wheel  =  the  w^ter  failing  per- 
pendicularly on  the  exlcemily  of  the 
imdius  CD  at  d.  Then  ac  or  ad =a 
.  and  the  velocity  doe  to  this  height,  or 
with  which  the  water  strikes  the 
wheel  at  d,  will  be  as  ^(a— x],  and  the  effect  on  the  wheel 
being  as  the  velocity  and  as  the  length  of  the  lever  cd,  will 
be  denoted  by  x  ^  (a — x)  or  y/  (ox* — jr'),  which  therefore  must 
be  a  maximum,  or  its  square  ax'  —  a,  maximum.  In  flux- 
ions, 2ax±  —  dx'i  soK  0 ;  and  hence  «  =  }a  »  8  feet  the 
vadius. 

But  if  the  water  be  considered  as 
conducted  so  as  to  strike  on  the  bottom 
of  the  wheel,  as  in  the  annexed  figure, 
it  will  then  strike  the  wheel  with  its 
greatest  velocity,  nnd  there  can  bc  no 
limit  to  the  size  of  the  wheel,  since  the 
greater  the  rudius  or  lever  bc,  the 
greater  will  be  the  effect. 

In  the  case  of  an  overshot  wheel, 
a^—^x  will  be  the  fall  of  water,  '/{a — 2x) 
«LS  the  velocity,  and  xy/{a  —  2x)  or 
y^(ar'  —  2x*)  the  effect,  then  ar*  — 2t' 
is  a  maximum,  *and  2aii  — Cr'i*  =  0  ; 
henqe  i-  =^  =  4  feet  is  the  radius  of 
4he  wheel. 

But  all  thete  calculations  are  to  bc  considered  as  indepen. 
^ent  of  the  resistance  of  the  wheel,  and  of  the  weight  of  the 
waM  in  the  buclLeta  of  it. 
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PEODLSM  Xn. 

Whitt  angle  must  a  projectile  mnke  trith  the  plane  of  the 
horizon,  discharged  with  a  given  velocity  o,  so  as  to  describe  W 
iUjkgkt  apanMa  imchiding  ikegreaiesl  orea  passible  f 

By  the  set  of  theorems  in  art.  175,  page  213,  for  any  , 
proposed  angle,  there  can  be  assigned  expn;Ssions  for  the 
horizontal  range  and  the  greatest  height  the  projectile  rises 
to,  that  is  the  base  and  axis  of  the  parabolic  trajectory.  Thus, 
putting  s  and  c  for  the  sine  and  cosine  of  the  angle  of  eleva- 
tion ;  then,  by  the  first  line  of  those  theorems,  the  velocity 
being  r,  the  horizontal  range  r  is  =  j\;Scit^  ;  and,  by  the  4lh 
or  last  line  of  theorems,  the  greatest  height  ii  is  =  j\sh^» 
But,  by  the  parabola,  §  of  ihe  product  of  the  base  or  range 
and  the  height  is  the  area,  which  is  now  required  to  be  the 
greatest  possible.  Therefore  n  X  ii  ="  j\rcv'  X  ^V*'^'  "^"^t 
be  a  maximum,  or,  rejecting  ih?  confitnnt  factors,  s'c  a  maxi- 
mum. But  the  cosine  c,  of  the  angle  whose  sine  is  is 
^(i^s*)  ;  theref(.re  s\  ^  ^{l—s')  =  ^(jr«  — «")  is  the 
maximum,  or  its  bquure     —      a  maximum.    In  fluxioaa 

-  8«>  =  0=  3  -  4s' :  hence  4*'  =  3,  or  =  J,  and 
s  =  iy/S  =  -8060254,  the  sine  of  60^  which  is  the  angle  of 
elevation  to  produce  a  parabolic  trajectory  of  the  greatest 
area* 


FBOBLEM  XIU. 

Suppose  a  cannon  were  discharged  at  the  point  a  ;  it  is 
retired  to  determine  how  high  in  the  air  the  point  c  must 
be  raised  above  tlie  horizontal  line  ar,  so  that  n  person  at  c 
letting  fall  a  leaden  buUet  at  the  raoment  of  the  cannon's 
explosion,  it  may  arrive  at  u  at  th^  same  instant  as  he  hears 
the  report  of  fhr  cannon,  but  not  till  j^^th  of  a  second  after 
the  sound  arrirrs  at  b  :  supposing  the  velocity  of  sound  to  be 
1 140  feet  per  second,  and  that  t/ie  bullet  falls  fredy  ipithout 
any  resistance  Jroin  the  air  7 

Let  •  danoto  the  tifliie  id  which  the 
aotind  pmes  to  e ;  thea  will  <|V  be 
the  time  in  paasing  to  b,  and  x  the  time 
also  the  bullet  ia  Ihlling  through  ob* 
Then,  by  uniform  molioo,  1141b  =  ao, 
«id  ll4(b— 114s»AB,  also  by  deeeent^ 
of  gravity,  1'  :  a:* :  :  16 :  IB**  =  bc.  Then,  by  right-angled 
tM^ples,  ad*--  BK^  s>  AflP,  that  is  114aV-  leV-^t  140V^ 
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224  X  UiOx  +  114»,  hence  224  X  114a«  —  18V  =*  1\4V 
or  1015*3x— x*=50*77,  the  root  of  which  eqoa.  is  jraslO-M 
second,  or  nearly  10  seconds  ;  conseq.  sc8l6x'aBl610  Ibsl 
nearly,  the  height  required. 


FEOBLEM  XIV. 


Required  the  quantity^  in  cubic  feet,  of  Ugkt  e&rtk, 
9ary  to  form  a  bank  on  the  nde  if  a  canalt  which  wnU  jtui 
^ftpport  a  prei9ure  of  water  5  Jieei  deqv  mid  900  feet  ling. 
And  what  will  the  carriage  of  ike  earth  «off ,  at  f As  rsfe  of 
1  ehUlmg  perimt 

This  qnestum,  insy  be  considered  as 
relating  either  to  water  sustaioiMl  by  a 
solid  wall,  or  by  a  bank  of  looee  earth. 
In  the  former  case,  let  abc  denote  the 
wall,  sustaining  the  pressure  of  the  water 
behind  it.  Put  the  whole  altitude  as 
=  a,  the  base  bo  or  thickness  at  bottom 
=B  any  variable  depth  ad  ==  ar,  and  C  B 
the  thickness  there  de  =  y.  Now  the  ctVeci  which  any  num« 
berof  particles  of  the  fluid  pressing  at  d  have  to  break  the 
wall  at  B,  or  to  overturn  it  there,  is  as  the  number  of  particles 
AD  or  X,  and  as  the  lever  bd  =  a  —  x  ;  therefore  the  fluxion 
of  the  effect  of  all  the  forces  is  (a  — x)  xJb  =axx  —  x^l\  the 
fluent  of  which  is  \ax^  —  ^r'',  which,  when  x  ==  a,  is  la?  for 
the  whole  effect  to  break  or  overturn  the  wall  at  b  ;  and  the 
effects  of  the  pressure  to  break  at  b  and  d  will  be  as  ab'  and 
ad\  Rut  the  strength  of  the  wall  at  d,  to  resist  the  fracture 
there,  like  the  lateral  strength  of  timber,  is  as  the  square  of 
the  thickness,  de^  Hence  the  curve  line  akc,  bounding 
the  back  of  the  wall,  so  as  to  be  every  where  equally  strong, 
is  of  such  a  nature,  that     is  always  proportional  to      or  y 

as      and  is  thereforo  what  isoalledthe  semicubical  parabola. 

Now,  to  find  the  area  abc,  or  content  of  the  wall  bounded 
hf  tbis  convex  curvey  the  general  fluxion  of  the  area  fi  be* 

eomea  s^i,  the  fluent  of  which  is  »  }  xs^  =  \xy^  that 
is  f  of  tiio  rectangle  ab  X  bo  $  and  is  therefore  less  than  the 
triangle  abc,  of  the  same  base  and  height,  in  the  proportion 
of  }  to  ^,  or  of  4  to  5. 

But  in  the  case  of  a  bank  of  made  earth,  it  would  not  stand 
with  that  concave  form  of  outside,  if  it  were  necessary,  but 
would  dispose  itself  m  a  straight  line  ac,  Ibrroing  atrianiular 
bank  abo*  And  even  if  this  were  not  the  case  naturally,  it 
wwdd  he  proper  to  make  it  such  by  art;  because  now  neither 
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U  the  bank  to  be  broken  as  with  the  effect 
of  the  lereJBp  or  overturned  about  the  pivot 
or  point  c,  nor  does  it  resist  the  fracture 
by  the  effect  of  a  lever,  as  before  ;  but  on 

toe  contrary,  every  point  is  attempted  to 
be  pushed  horiaontally  outwards,  by  the 
borizontfil  pressure  of  the  water,  and  it  is 
Misted  by  the  weight  or  resistance  of 
the  earth  at  any  part»  1>B.  Here  theot  0* 
by  hydrostatics,  the  pressure  of  the  water 
against  any  point  o,  is  as  the  depth  ad  ;  and,  in  the  triangle 
of  earth  adb,  the  resisting  quantity  ii)  de  is  as  de,  which  is 
also  proportional  to  a u  by  similar  triangles.  So  that,  at  every 
point  D  in  the  depth,  the  pressure  of  the  water  and  therssis* 
tance  of  the  soil,  by  means  of  this  triangular  form,  increase 
in  the  same  proportion,  and  the  water  and  the  earth  will  eveiy 
where  mutually  balance  f^nch  other,  if  at  any  one  point,  as 
B,  the  thickness  Bcof  earlh  ho  taken  such  as  to  balance  the 
pressure  of  the  water  at  p,  and  then  the  straight  line  ac  be 
drawn,  to  determine  the  outer  shape  of  ti>e  earth.  All  the 
earth  that  is  at'lerwards  placed  against  the  side  ac^  for  a  con- 
venient bread: h  at  tup  for  a  walking  path,  &c.  will  also  give 
the  whole  a  sufficient  security. 

But  now  to  adapt  these  principles  to  the  numeral  calcula- 
tion proposed  in  the  question  ;  the  pressure  of  water  against 
the  point  b  being  denoted  by  the  side  ab  =  5  feet,  and  the 
weight  of  water  being  to  earth  as  1000  to  1984,  therefore  as 
1984  .  1000  :;  5  :  —  iic,  the  tliickness  of  earth  which 
will  just  balance  the  pressure  of  the  water  thtre  ;  hence  the 
area  of  the  triangU^  abc  =  ^ab  X  bc  —  2J  X  2-52  =  6-3  ; 
this  mult,  by  the  length  300,  fjives  1890,  cubic  fooi  for  the 
quantity  of  earth  in  the  bank  ;  and  this  multipli'^d  by  10o4 
ounces,  the  weight  of  1  cubic  foot,  jjivt's  for  the  weiglit  of 
it,  37497G0  ounces  =  234360  lbs.  =  104-625  tons  ;  the  ex. 
pense  of  whipb,  at  1  shilling  the  to.n,  is  51.  4s.  7^d. 

FROBL£M  XV, 

A  person  .standing  at  the  distance  of  10  feet  from  the  hoi* 
torn  of  a  waif,  which  is  supposed  perfvclly  smooth  and  hard, 
desires  to  know  in  what  direction  he  must  throw  an  elastic 
ball  against  it^  with  a  velocity  of  80  fret  per  second,  so  that, 
after  reflection  from  tlie  wall,  it  ma  ij  fall  at  the  greatest  distance 
possible  from  the  bottom,  on  the  horizontal  plane,  which  is  2|> 
feci  bdow  the  hand  discharging  the  ball  ? 
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In  the  annexed  figure  lot  ds 
be  the  wall  against  which  the 
ball  is  thrown,  from  ihe  point 
A,  in  such  dirtn:iion,  that  it 
shall  describe  tho  parabolic 
curve  AK  before  striking  the 
wall,  and  afitTw  ds  be  so  re- 
•  fleeted  as  to  di-crihc  the  curve  ep.  Now  if  sh  be  the  tan- 
genl  at  the  point  i;,  to  the  curve  ae  described  before  the  re- 
flection, and  KF  the  tan^jent  at  the  same  point  to  the  curve 
.which  the  ball  willdcscribe  after  reflection,  then  will  the  angle 
REK  be  —  CKS ;  and  if  the  curve  fk  be  produced,  8o  as  fo  have 
ttF  for  its  tangeut,  it  will  meet  ac  produced  in  b,  making  bc 
as  AC,  and  the  curve  ae  will  be  similar  and  equal  to  the  por- 
tion BE  of  the  parabola  bep,  but  turned  the  contrary  wny. 
Conceiving  either  tlie  two  curves  ae  and  kp,  or  the  continued 
curve  BEP,  to  be  deeeribed  by  a  project de  in  its  motion,  it  is 
manifest  thalf  whether  the  greater  portion  of  the  carve  be 
described  before  or.  after  the  ball  reaches  the  waJI  dk,  will 
depeod  on  ile  ioitial  velocity,  and  on  the  distance  ac  or  bc, 
and  on  tlie  angle  of  projection.  The  problem  then  is  now 
ftdaoed  to  this,  viz.  To  find  the  angle  at  which  a  ball  sha!I 
be  projected  from  By  with  a  given  impetus,  so  that  the  distance 
DP,  at  which  it  fiills,  from  the  given  point  d,  on  the  plane  dp, 
parallel  to  the  horiaoa«  shall  be  a  maximum. 

Now  this  problem  may  be  ^ 
coMtructed  in  the  following 
manner :  From  any  point  k 
in  the  hori«mtal  line  dc, 


let  fiill  the  indefinite  perp.  b 
BO»  on  which  aet  off  bb  »  _ 
the  impetua  conresponding  ^ 
to  the  given  velocity,  and  bi 
SB  2|  the  distance  of  the 


plane  below  the  point  of 
projection ;  alao»  through  i  drawn  ap  parallel  to  bc  Fran 
the  point  b  set  off  bp  »  bb  +  bi»  and  biaect  the  an^e  xbp 
by  the  line  bh  :  then  will  bb  be  the  required  directioo  of  the 
ball,  and  tp  the  maximum  ranfo  on  the  plane  ap* 

For,  since  the  ball  movea  from  the  poial  ib  with  the  veh>- 
city  acquired  by  faUin||^  through  bb,  it  ia  maBifeet»  (ram  pain 
that  DC  ii  the  directria  of  the  parabola  deaeribed  ly 
the  ball.  And  aince  both  b  and  p  ate  pointa  ia  the  cant, 
each  of  themmuat,  from  the  nature  of  the  parabola*  be  aafer 
from  the  focua  aa  it  ia  from  the  direetria  ;  thereibre  b  and 
p  will  be  the  greateat  diatanee  from  each  other  when  the  lecoa 
p  ia  directly  between  them,  that  ia,  when  bp  a  bb  +  cp« 
Aiid  when  bp  ia  a  maiimum,  aince  n  ia  constaat,  k  is 
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that  IP  i«  a  nuurimom  too.  Also,  the  angle  fbh  being 
=  BBH,  the  line  bb  it  a  tangent  to  the  parabola  at  the  pdiat 
B,  and  conaequeotfy  il  ia  the  difectioa  neeeaiafy  to  give  the 
range  ir. 

CW«  I.  -  When  b  coincides  with  i,  ip  will  be  <e  bp  ^ 
BB  4-  m  =  2bi,  and  the  angle  bbh  will  be  45*' :  at »  also 
BMoileat  from  the  commoB  modes  of  inTestigation. 

Gor*  3.  .  Whea  the  impetus  eorretponding  to  the  initial 
Teloeliy  of  the  ball  ia  veiy  great  compared  with  ac  or  bo 
{fig.  1),  thoB  the  part  ab  of  the  curve  will  very  nearly  coin- 
cide with  its  tangoBt,  and  the  direction  and  velocity  at  a  may 
ha  accounted  tM  same  as  those  at  b  without  any  sensible 
error*  In  this  case  too  the  impetus  bb  (fig.  2)  will  be  very 
great  oompared  with  bi,  and  consequently,  b  and  1  nearly 
ooiaciding,  the  angle  bbh  will  difier  but  little  from  45% 

CcUcwL  From  the  foregoing  construction  the  calculn^ton 
will  be  very  easy.  Thus,  the  first  Telocity  being  80  feet  —  e, 

then  (page  218,)  ^  99-48186  «  bb  the  tm. 

pctus  ;  hence  ei  =  fp  =  101 '98186,  and  bp  =  be  +  ki 
201*46372.  Now,  in  the  right-angled  triangle  bii',  llie  sides 
Bi  and  BP  are  known,  hcnco  ii*  =  *201  •418*2,  and  ihe  aOi^ie 
IBP  =^  89°  ir  20*  :  half  ihe  suppl.  of  this  angle  is  45^  21'  20-* 
=  EBii.  And,  in  fig.  1,  ip  —  id  =  2014482  —  10  = 
191*4482  =  or,  iho  distance  the  ball  fall»  from  the  wall  after 
reflection. 

PROBLEM  XVI. 

From  what  height  above  the  given  point  a  mv^t  an  elastic 
hall  he  suffered  to  descend  freely  by  gravilyy  so  that,  after 
striking  the  hard  plane  at  il  may  be  reflected  back  again 
to  the  point  in  the  least^  time  possible  Jrom  the  instant  of 
dropping  it? 


A 


Let  c  be  the  point  required  ;  and  put  ac  x,  and 
jkB  =  a ;  Uien  y^/cB  =  iy/ia  -h  ^ )  is  the  time  in  cb, 
and  Iv^CA  =  iy/x  is  the  time  in  ca  :  therefore 
Jv/(a  +  x)  —  is  the  time  down  ab,  ot  the  time 
ofriaing  from  a  to  a  again  :  hence  the  whole  time  of 
felling  through  cb  and  returning  to  a,  is  (a  +  2)  _ 
—  i^Xf  which  mual  be  a  min.  or  2y^[a  -H  a:)  -  B 

BiniainMlBi,  in  feudohs  — — ; — ^  —  tt— ^     •0,  and  hence 

X  sas      that  iS|  AC  =3  ^AB. 
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PAOBLBM  XVU« 

Oiven  the  height  of  an  inclined  plane  ;  required  its  lengthy 
so  that  a  given  power  acting  on  a  given  weighty  in  a  direc* 
lion  parallel  to  Uie  pUtne^  may  draw  il  . up  in  tie  least  time  pos* 
eible,  > 

m 

Let  a  denote  the  height  of  the  plane,  »  ite  length,  p  the 
power^  find  w  the  weight.   Now  the  tendency  down  the  pline 


p  

18  Bx  —  hence  p  —  —  =  the  motiTe  force,  and  — - — 

for  conatadt  forces,  page  401,        — .=  Ji£  ^Doet 

be  a  mioiraum,  or  —  a  Inin. ;  iu  flujuons,  2{px  ^  aw)x± 

pX'^aw 

— -  px*£  ^  0,  or  px  ~  2atr,  and  hence  p  :  v  :  :  2a  :  x  :  I 
double  the  height  of  the  plane  to  ita  length.  (See,  alao, 
prob.  8,  ch.  xi.) 

HtOBLsii  jnntt. 

&IIMII  Hm  lengtki     the  itoo  ama  ef  an  angular  leoerf 
^Bttigkirfeaeharwtf  Ike  angle  niade  by  ike  armtf  andtkeweighi 
kange  ai  ike  exHremUy  qf  e«cA  ;  to  Jind  ikepoeiHom  ef  ik$ 
(ever  wim  ai  nti^ 

Let  the  respective  lengths  of 
the  arms  ac,  bc,  be  denoted 
by  a,  their  weights  by  Sw, 
2w',  and  let  p',  be  the  weights 
hanging  ut  a  and  b  respec- 
tively. *rhen,  if  the  arms  ac, 
cw,  be  rcjTfirded  as  pHsmatic 
and  of  uniform  density  tiifoughoUt,  instead  of  regarding  their 
whole  \veiii]it<<  as  nriinjr  at  their  centres,  we  mav  conceive 
their  A<///' weigh  Is  to  net  in  C(injtu.rtion  with  the  weights  p 
and  1'',  at  the  extremities,  and  inve^iigaie  tlie  position  of  the 
whole  in  the  case  of  eqiiihbrinrti,  by  means  of  the  trigoiiome* 
Irical  forojulac  at  the  beginning  of  this  volume. 

Thus,  UR  being  horizontal,  (P'  +  tt?')  cri  =  (p  +  tr)  ch, 
that  is,  (p'  +  to')a'  cos  bcr  =  (p  -f  w)a  cos  ach 

or,  —  (p'  +  w')a'  C09  (ach  +  acb)  «  (p,+  w}a  cos  ach 
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tor, — (p*  +  v))a  cos ach  cos acb  —  sia ach sin  acb  (p+»)a 
tQos  ACM  :  (p  -f  M>')a  sin  ach  sin  acb  =  [(F+iP)«+(F'+iD'}a' 

CO0  acb]  QO0  ACH  : 

■io  ACH  ^ .  (p  -f  io)a  -I-  (p'  +  ip)a'  cog  acb 

tMBAOH**       AOysa  (p'-t-wja'iin  ACB 

(f  +  w)m        ,  . 

■'^  >^  ,     .V  /    *■  1  +  cot  ACB 

vj)a'  mn  acb 
(p  4"  w)a  cnsec  ACB  , 

Cir^  1.  If  p  be  gtven*  and  it  be  propoBed  to  find  le  diBl 
AO  Bball  bMHne  boriBootal :  then,  potting  the  fifit  ?alue  of 
tatt  AOR,  Above,  =  0.  we  Bball  have  its  anoierator  ■»  0 ; 
wbeooe  (f'  +  » )d'  pea  acb  s  ^  (p  4- 

aod  F' +  »  =  ::;^^±!!^  = (P  +  »)  4 

a  COS  ACB  ^  a 

Ck>r,  2.  In  order  that  this  value  of  p'  +  to'  may  be  positive, 
end  p  a  real  weight,  the  fact(»r  sec  acb  must  be  negative, 
that  is  (p.  11)  the  angle  acb  must  be  obtuse^  and  CB  directed 
aalaat  either  above  or  below  the  hohzoo. 

Cbr.  8.  If  the  amu  be  of  eqaal  length  and  eqoal  weiglil» 
and  one  of  them  be  required  to  be  horizontal, 

then  p'  +     =  p'  +  to  =     (p  +  »)  aec  aoB| 
aad  i<  ss^w —  {r  +  w)9to  acb» 


imd  wUk  ikt  surfaeef  rndthenuntferedtoatcmi  f  iTitra- 
fuired  to  determme  the  grtateH  Miudelo  wAmsI d mB liM^ 

Let  a  « the  length,  and  b  the  afea  or  baie  of  the  qrlhidery 
m  Ue  specific  gravity,  that  of  water  being  1,  aleo  a— «  any 
tariable  height  thfodgh  iTbich  the  cylinder  has  ascende^ 
or  X  being  the  part  still  immersed  in  the  water.  Then  hg  m 
the  mass  and  fi>ree  of  the  water  upwards  to  raise  the  cy^ 
iinder;  and  aXb  Xm^Obm  lathe  weight  of  the  cylinder 
opposing  its  ascent ;  therefore  the  motive  force  to  raise  the 
cylinder  is  hx  —  ahm  ;  also,  the  mass  of  the  cylinder  being 
may  and  that  of  the  displaced  water  6x,  the  whole  matter  in 
motion  is  6x4-  ^bm;  by  which  dividing  the  motlTe  lbree» 


we  have  r—r~r-  =   =/ the  accelerating  force.  Then 

ox -room     x+am  " 
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the  mrell  known  theorem  vv  =  3^  .  —  ±,  gives  to  »  82;;^  • 
^ — f ,  0  being  the  velocity  ;  and  the  correct  fluent  is  e* 

64(a  — X  hyp.  log.  of  ;— )  and  heoce  •«» 

By/{a^»^fUm  X  h.  1«  — —}  the  general  state  of  the  velo- 

eity  when  the  fMirt  x  is  immersed,  or  when  the  part  a — x  ia 

out  of  the  water. 

Now  when  tho  velocity  arrives  at  its  greatest  state,  hy  the 
tippaalta  foveas  kx  and  abm  becoming  equal,  then  x  = 
e)r  1  :  jn  : :  a  :  X,  that  is,  the  whole  length  is  to  the  part  im« 
meraed,  as  the  specific  gravity  of  the  fluid  is  to  that  of  the 
leylinder.  And  if  the  Tatter  be  equal  to  half  the  former, 
which  is  nearly  the  case  of  fir  timber,  then  x  ^  \a  when  the 
velocity  is  at  the  greatest.  And  the  quantity  of  the  greatest 
velocity  is  then  equal  7*780  feet  per  second  nearly,  taking 
10  feet  for  the  Icnt^th  of  the  cylinder. 

After  this  stale,  the  resistance  gradually  increasing  more 
and  more  over  the  urging  force,  the  velucity  always  de- 
creases  till  it  quite  ceases,  and  the  body  becomes  for  an 
instant  stationary.  In  that  case  the  above  expression  for  the 
velocity  v  becomes  equal  to  0,  which  consequently  gives 


a  —  X  s  2am  X  h.  1. : — -—  for  the  part  out  of  the  water 

€iiax«p 

artien  the  motion  ceasea.  Or  if  m  ^  ^  as  before,  and  tha 
length  of  tha  cylinder  be  a  s  10  feet  for  instance,  the  last 

15 

•MalioiibeooaMalO— «sslO  Xh.l.  ■=-—,  aodtharootaf 

this  equation  is  ac  =  1}  very  nearly,  or  8 J-  feet  of  the  cy- 
linder is  out  of  the  water  when  the  upward  motion  ceases. 

After  the  cylinder  has  arrived  at  its  greatest  height  8}, 
where  the  upward  motion  ceases,  tho  cylinder  descends 
again  to  the  same  depth  as  at  first,  aitcr  which  it  again  re- 
turns ascending  as  before  ;,and  so  on,  continually  playingup 
and  down  to  the  same  highest  and  lowest  points,  like  the 
vibrations  of  a  pcnduhim,  tht;  motion  ceasing  in  both  cases 
in  a  similar  manner  at  tlic  extreme  points,  then  return- 
ing, it  gradually  accelerates  till  arriving  at  the  middle 
point,  where  it  is  the  greatest,  then  gradually  retarding  all 
the  way  to  the  next  cxireniity  of  the  vibration,  thus  making 
all  the  vibratif)n9  in  equal  times,  to  the  same  extent  between 
the  highest  and  lowf^st  points,  cxcoj>t  that,  by  the  small 
tenacity  and  friction,  «kG.  of  tho  water  against  the  sides  of 
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the  cylinder,  it  will  be  gradually  nnd  slowly  i<etarded  in  its 
motion,  and  the  extent  of  the  vihrationii  decrense  till  at 
length  the  .cylinder,  like  the  pendulum,  come  to  rest  in  the 
middle  point  of  its  vibrulivus,  where  it  naturally  floats  in  the 
quiescent  state,  with  the  part  am  or  half  its  Icogth  above  tbe 
water. 

PROBLEM  XX. 

Ifequir^d  to  defer  mine  the  qtwrtfify  of  mailer  in  a  sjihere,  ihe 
dm^Ujf  varying  as  ihc  nih  pow*.f  of  ilie  disiance  Jroin  Uie  cen- 
ire? 

Let  r  denote  the  radius  of  ihr  sphorc,  d  the  density  at  its 
surface,  a  =  3*1416  the  av^n  of  n  circle  whose  radius  is  1, 
and  X  any  distance  from  the  centre.  '1  hen  4ax^  will  be  the 
surface  of  a  sphere  whoso  rudius  is  r,  which  may  be  con- 
sidered by  expansion  a«  freneruling  the  ningnitude  of  the 
solid ;  therefore  4ar^±  will  be  the  fluxion  of  the  magnitude  ; 

but  as  r*'  :  x"  : :  J  :       the  density  at  the  distance  x,  there- 

^     .    ,      dx"^  4adx^'^*± 

fore  4a^x  X  —  ^  b  tbe  fluxion  of  tbe  mass,  tbe 

floaot  of  whieh  r— rsr-,  when  «  «s r,  is  — j-^,  the  quantity 

(n+o)f*  n+o 

of  tbe  matter  in  the  whole  sphere. 

Coroh  1.  The  mao;nitude  of  a  sphere  whoso  radius  is  r, 
being  ^ar  \  which  call  m  ;  then  the  mass  nr  solid  content  will 

be  -Xo  ^  mean  density  is  — 

wt^.  ii"r» 

Oorcl,  2.  It  having  been  compoted,  from  actual  ex- 
periments,  that  the  medium  de  nsity  of  the  whole  mass  of 
the  earth  is  about  J  times  the  density  d  at  the  surface,  we 
can  now  determine  what  is  the  exponent  of  the  decreasing 
ratio  of  the  density  from  the  centre  to  the  circumference, 
supposing  it  to  decrease  by  a  regular  law,  viz.  as  x"  ;  for 

then  h  will  be  |<l  and  hence  n  8o  tbat^  in 

tt+« 

-1  1 

this  case,  the  law  of  decrease  is  as  x^t  or  as  -,  that  is,  in* 


X 


Teieely  as  tbe  |  power  of  tbe  distance  from  the  centre. 
Card,  8.   Hence  the  distance  from  the  centre,  where  th^ 
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density  is  equal  to  tho  mean  density,  is  x  =  (J)  —  }~*6435, 
or  "3565  below  the  surface,  the  whole  radius  being  1.  And 
thus  also  may  be  found  the  place  answering  tO  aoy  giveo 
deotityt  or  the  density  at  any  given  place. 


raoBLBM  zxi. 


Required  to  determine  where  a  body,  moving  dctum  tks 
nde  ij  a  c$dMi  wiUJly  qf  and  yiut  the  curve^ 


Let  AVBB  represent  the  cy- 
cloid, and  VDC  its  genernting 
semicircle.  Let  e  be  the  point 
where  the  motion  commences, 

whence  it  moves  along  the   

curve,  i»9  velocity  incrt^asing  H     ~~  B^G* 

both  on  the  curve,  and  also  in  the  horizontal  direction  df, 
till  it  come  to  such  a  point,  r  suppose,  that  the  velocity  in 
the  latter  direction  is  become  a  constant  quantity,  then  that 
will  be  the  point  where  it  will  quit  the  cyclo.d,  and  afterwards 
describe  a  parabola  fo,  because  the  horizontal  velocity  in  the 
latter  curve  is  always  the  same  constant  quantity. 

Put  the  diameter  vc  =d,  vu  =  a,  m=x  ;  then  vn  =  x/dx, 
and  ID  =  (dr  x"^).  Now  the  velocity  in  the  curve  at  p 
in  descending  down  ef,  being  the  .<ame  as  by  falling  through 
Bi  or  j;  —  a,  by  art.  154,  p.  204,  will  be  —  8  y/{x  —  a) ;  but 
this  velocity  in  the  curve  at  p,  is  to  the  horixontal  velocity 
therOf  as  r»  to  19,  because  vd  is  parallel  to  the  curve  or 
to  the  taogeot  at  f,  that  is  ^dx  :  \/{dx  —  s*)  : :  S^(x — a)  ; 

?2^if — ^^^^^^       which  is  the  horiiontal  vmlocily  at  f, 

where  the  body  is  supposed  to  have  that  velocity  a  constant 
quantity  ;  thererore  also  ^{x  —  a)  X  — j),  as  well  as 
(x  —  a)  X  {d  —  2:)  =  ox  4-  dx  —  o<i— is  a  constant  quan- 
tity, and  also  ax  +  dx  —  ;  but  the  fluxion  of  a  constant 
quantity  is  equal  to  nothing,  that  is  +  J!i  2xi  b  Q  as 
•  +  and  hence  s  s     +     as  v||  the  anthmetical 

meanbolima  YH  and  tc. 

If  the  motion  should  commence  at  v,  then  xarvi  wonM 
be  «     and  i  would  bo  the  centre  of  tho  aemicurdo.* 

•  PROBLEM  XXII. 

If  a  body  begin  to  move  from  a,  with  a  given  velocity ,  along 
the  quadrant  of  a  circle  ab\  il  is  required  to  at  what  j^oinl 
it  mil     of  from  the  curve* 
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Let  D  denote  the  point  where  the 
body  quits  the  circle  adb,  and  then  de* 
•crioeethe  parabola  db.  Draw  the  or. 
dioMe  nWf  and  let  oa  he  the  height 
producing  the  velocity  at  a.  Pot  oa — a, 
AO  or  CD  A  r,  AF  3 ;  fheo  the  ve* 
locity  in  the  curve  at  d  will  bethesaqip 
as  thut  acquired  by  falling  through  qF 
or  which  i0»aa  before,  6y(a+'); 
bot  the  velocity  in  the  curve  is  to  the  horizontal  velocity  aa 
Dft  to  flifi  or  as  CD  to  OF  by  similar  triangles,  that  is,  as 

r  I  r— X  fi :  8y^(«  4-  a)  :  Sy/{x  +  a)X       ,  which  is  to  be 

T 

a  constant  quantity  where  the  body  leaves  the  circle,  there- 
fore also  (r  x)y/{X'\-a)  and  (r  —  xyx  (x  -r  a)  a  constant 
quantity  ;  the  fluxion  of  which  made  to  vanish,  gives  x  sss, 

r— Slit 


8 


AF. 


Hence,  if  a  =  0,  or  the  body  only  commence  motion  nt  a, 
then  X  =  Jr,  or  af  =  ^ac  when  it  quits  the  circle  at  d.  But 
if  a  or  OA  were  \t  or  ^ac,  then  r  —  2rt  =  0,  and  the  boc^y 
would  instantly  quit  the  circle  at  the  vertex  a,  and  describp 
^  parabola  circum^icribing  it,  and  having  the  same  vertex  a. 


FROBLEK  XXIII. 

To  determine  the  posilion  of  a  bar  or  beam  ab,  being  sup- 
ported in  equilibrio  by  ftco  cords  ac,  bc,  fiaving  their  two  end^ 
faatd  in  the  beanXj  at  a  and  d. 

By  art.  94,  p.  174,  the  position  will  be  such,  that  its  cei|« 
tre  of  gravity  g  will  be  in  the  per- 
pendicular or  plumb  line  co. 

Corol.  1.  Draw  cp  parallel  to 
the  cord  ac.    Then  the  triangle 

r  having  its  three  sides  in  the 
directions  of,or  parallel  to,the  three 
forcfs,  viz.  the  weight  of  the  heam, 
^nd  the  tensions  ot'  the  two  cords 
AC,  nc,  these  three  forces  will  he  proportional  to  the  three 
fsides  CO,  gd,  cd,  respectively,  by  p.  155;  that  is,  cc.  is  as 
the  weijrht  nf  the  beam,  r.i>  as  the  tension  or  force  of  AC, 
and  CD  as  the  tension  or  i'urce  of  bc. 

Cofv/.  %  If  two  planes  eaf,  rbi,  perpendiculav  to  the 
f  wo  cords,  be  substitated  instead  of  theae,  the  beam  will  be 
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■till  rapportod  by  the  two  planes,  just  the  Mine  as  before  by 
the  coHs,  beeeose  the  actioo  of  the  planes  is  in  the  direction 
perpendicitlarto  their  eurfkce ;  and  the  pressure  on  the  planes 
will  be  just  equal  to  the  tenmOQ  or  force  of  the  respective 
cords.  So  that  it  is  the  ?ery  aane  thing,  whether  the  body 
ia  auitalned  by  the  two  eorda  ACt  bo,  or  by  the  two  planes 
SPy  HI  ;  the  directions  and  quaotitiea  of  the  forces  acting  at 
A  and  B  being  the  same  in  both  cases.  —  Also,  if  the  body  be 
made  to  ribrate  about  the  point  c,  the  points  a,  b  wiU  de- 
acribe  circular  arcs  coinciding  with  the  touching  planes  at  a, 
B  ;  and  moving  the  body  up  and  down  the  planes,  will  be 
jnat  the  same  thing  aa  makmg  it  vibrate  by  the  cords  ;  con- 
•aquently  the  body  can  only  rest,  in  either  Gase»  when  the 
centie  of  gravity  ia  In  the  perpendicular  co* 


n  ietermbie  the  position  of  the  keam  ab,  hmging  by  am 
eord  ACB,  htnmg  iU  end*  fastened  at  A  tmd  a»  tmd  Miag 

o  being  the  centre  of  gravity  of  the 
beam,  CO  will  be  perpendicular  to  the  ho- 
ri«on»  aa  in  the  laat  problem.  Now  as  the 
cord  ACB  moves  freely  about  the  point 
Cy  the  tension  of  the  cord  is  the  same  in 
every  part,  or  the  same  both  in  ac  and  bc. 
Draw  GD  parallel  to  ac  :  then  the  sides  of 
the  triangle  cgd  are  proportional  to  the 
three  forces,  the  weight  and  the  tensions  of  the  string  ;  that 
is,  CD  and  do  are  as  the  forces  or  tensions  in  cb  and  ca. 
But  these  tensions  are  equal ;  therefore  cd  =  no,  and  conse- 
quently the  opposite  angles  dog  and  doc  are  also  equal  :  but 
the  angle  dgc  is  =  the  alternate  angle  acg  ;  therefore  the 
angle  acq  =  bc<;  ;  hence  the  line  cg  bisects  the  vertical 
angle  axjb,  and  cooaequently  ac  :  cb  :  :  ao  ;  ob* 


FBOBLBM  ZXV. 


To  da$mme  the  pomium  of  the  two  potlM  ad  tmd  bb, 
mipporting  the  beam  ab,  so  thai  ike  beam  majf  rM  « 

ejpaiiMo. 

Through  the  centre  of  gravity  o  of  the  beam,  draw  co 
per  p.  to  the  horizon  ;  from  any  point  c  in  which  draw  cad, 
obb  through  tbe  extremitiea  of  Iho  beam ;  then  ad  and  bb 
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win  be  the  positions  of  the 
two  posts  or  props  required, 
■o  as  AB  may  I>e  sustained  in 
equilibrio  ;  because  the  three 
forces  sustaining  any  body  in 
•uch  Estate,  must  be  alldirect. 
ed  to  the  same  point  c. 

Corol,  if  OF  be  drawn  pa- 
rallel to  CD  ;  then  the  quanti* 
ties  of  the  three  forces  ba- 
lancing  the  beam,  will  be  proportional  to  the  three  sides  of 
the  trian<;ie  cgf,  viz.  co  as  the  weight  of  the  beam,  cf  as  the 
thrust  or  pressure  io  be*  aad  fo  as  the  thrust  or  pressure 

io  AD. 

Scholium.  The  equilibrium  may  be  equally  maintained  by 
the  two  posts  or  props  ad,  bk,  as  by  the  two  cords  ac,  bc, 
or  by  two  planes  at  a  and  b  perp.  to  those  cords. — If  does  not 
always  happen  that  the  centre  of  gravity  is  at  the  lowest  place 
to  which  it  can  [^et,  to  make  an  equilibrium  :  for  here  when 
the  beam  ab  is  supported  by  the  posts  da,  kb,  the  centre  of 
gravity  is  at  the  highest  it  can  get  ;  and  being  in  that  posi- 
tion, it  is  not  disposed  to  move  one  way  more  than  another, 
and  therefore  it  is  as  truly  in  equilibrio,  as  if  the  centre  was 
at  the  lowest  point.  It  is  true  this  is  only  a  tottering  equi- 
librium, and  any  the  least  force  will  destroy  it  ;  ami  then,  if 
the  beam  and  posts  be  moveable  about  the  angles  a,  b,  u,  e, 
which  is  all  along  supposed,  the  beam  will  desceiui  till  it  is 
below  the  points  n,  j5,  and  gain  such  a  position  as  that  o  will 
be  at  the  lowest  point,  coming  there  to  an  equilibrium  again. 
In  planes,  the  centre  of  gravity  g  may  be  either  at  its  highest 
or  lowest  point.  And  there  are  cases,  whea  that  centre  is 
aeilher  at  its  highest  nor  lowest  point. 

« 

Supposing  the  beam  ab  hanging  hy  a  pin  ai  b,  and  lying 
on  the  wail  ao  ;  il  is  required  to  determine  the  forces  or  prt9* 
sures  ai  the  poiais  a  and  b,  and  their  direcUom, 

Draw  AD  perp.  to  ab  and  through 
Oy  tli«  centre  of  graWty  of  the  beam, 
dmw  OD  peip.  to  the  horizon,  to 
meet  ao  In  d  ;  and  join  bd*  Then 
the  weight  of  the  beanit  and  the 
two  forces  or  pressures  at  a  and  By 
will  be  in  the  directlone  ofy  and  pm« 
portional  tOy  the  three  sides  of  the 
triangle  GDBy  having  drawn  oh  pa« 
ttUei  to  BD ;  vis.  the  weight  of  the 
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teaiilasi^D,  the  preatuMttti^att  BPyandthepreMiim  tiBti 
QDi  and  ia  these  directions. 

For,  the  action  of  the  beam  is  in  the  direction  gd  ;  and 
the  action  of  the  Wall  at  A,  is  in  the  perp»  ad  ;  conseq.  the 
stUsss  on  the  |>in  at  b  must  be  in  the  direction  bd,  because  all 
the  three  forces  sustaining  a  bo4^  in  equilibrioy  must  lend  to 
the  same  foint,  as  d. 

Carol.  1 ;  If  tho  beam  were  supported  by  a  pin  at  a,  and 
laid  upon  the  wall  ut  b  ;  the  like  construction  must  be  made 
at  B,  as  ha«9  been  done  at  and  then  the  forces  and  their  di* 
rectioDS  will  be  obtained. 

Corot,  2.  It  is  all  the  same  things  whether  the  beam  itf 
ilistained  by  the  pin  e  and  the  wall  ao,  or  by  two  cords  bb, 
AFf  acting  in  the  directions  db»  ba»  and  inth  the  feieei 

HI^« 

teOBtiu  zxVii* 

Ifo  ddermme  thefutmiUie$  and  dkeakmiof  the  fortiik% 
figerted  fty  a  heaoy  beam  ab,  at  iU  two  exfreaMttf s  and  iU 
tenlre     graoUy^  bearwg  ogamH  a  perp,  watt  at  tit  vppet 


From  B  draw  bc  perp.  to  the  face  of 
the  wall  BE,  which  will  be  the  direction 
of  the  force  at  b  ;  also  through  g,  the 
centre  of  gravity,  draw  cod  perp.  to 
the  horizontal  lino  ae,  then  cd  is  the 
direction  of  the  weight  of  the  beam  ; 
and  because  these  two  forces  meet  in 
the  point  c,  the  third  force  or  push  a,  must  bo  in  ca,  directly 
from  c  ;  so  that  the  three  forces  are  in  the  directions  cd,  bc» 
CA,  or  in  the  directions  cd,  da,  ca  ;  and,  these  last  three 
forming  a  triangle,  the  three  forces  are  not  only  in  those  di- 
rections,  but  are  also  proportional  to  these  three  lines  ;  vizi 
Ihc  weight  in  or  on  the  beam,  as  the  line  cd  ;  the  push  against 
the  wall  at  b,  as  the  horizontal  line  ad  ;  and  the  thrust  at 
the  bottom,  as  the  line  ac. 

Some  of  the  foregoing  problems  will  be  found  useful  id 
dilferent  cases  of  carpentry,  especially  in  adapting  the  fram- 
ing of  the  roofs  of  buildings,  so  as  to  be  nearest  in  equili- 
brio  in  all  their  parts*  And  the  last  problem,  in  pai*ticular, 
Will  be  very  useful  in  determining  the  push  or  thrust  of  any 
arch  against  its  piers  or  abntnjents,  and  thence  to  assign 
their  thickness  necessary  to  resist  that  push.    The  foliow)» 
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tDg  ptoblem  will  also  be  of  great  use  in  adjustipg  the  form  of 
a  mansard  roof,  or  of  an  arch,  and  the  thickoass  of  every 
party  80  as  U>  be  truly  balanced  in  a  state  of  just  equUibrium* 

ntOBLBit  xxvm. 


Let  there  heany  number  ltm»  or  &ar«,  or  heame,  ab,  bc, 
CD,  DB,  ^.attim  the  earn  verUotd  plane^  eammetad  t4>geth^ 
and  fredv  HMneMe  abaiU  (hijtmiis  or  angles  a,  b,  c,  d,  b,  ire.^ 
and  kepi  tn  efnilihrio  hy  weigks  had  ml  the  an^ee :  U  Ure^ 
djBwred  to  assign  the  proportion  of  thoee  teeighU ;  ae  aleo  ike 
jereeorpaek  m  the  directum  of  'theeaid  Unee ;  and  the  haru 
tontal  tlimet  at  ^ry  angle. 

through  any 
pointy  BSD,  draw 
a  vertical  line 
ODBgf  d&c. ;  to 
whichyffom  any 
pointy  ae  c,draw 
lineB  in  the  di- 
rectionbfyorpa*  ^ 
hillel  tOy  the  igk* 

▼en  lines  or  EeaiASy  viz.  ca  parallel  to  AHy  Bnd  ch  parallel  to 
Ikv  Bnd  ce  to  DBy  and  cf  to  BFy  and  C|Sf  to  roy  dee. ;  alio  cb 
parallel  to  the  horizon,  or  perpendictuar  to  the  vertical  line 
ddg^in  Which  also  all  these  parallels  terminate. 

Then  will  all  those  lines  bo  exactly  proportional  to  the 
Ibrcos  acting  or  exerted  in  the  directions  to  which  they  are 
parallel,  and  of  all  the  three  kinds,  vis.  verticaly  boriBontaly 
end  oblique.  That  is,  the  oblique  forces  or  thrusts  in  direc- 
tion of  the  bars  ABy  B0|  CDy  DBy  bf,  POy 

are  proportional  to  their  parallels  Co,  c6y  cDy  osy  q^y  ; 
tfnd  the  vertical  weights  on  the  angles  n,  c,  Oy  c,  f,  dra« 
•re  as  the  parts  of  the  vertical  •  afr|  toy  My  rftfgf 
and  the  weight  of  the  whole  frame  abcdefg, 
is  proportional  to  the  sum  of  all  the  verticalSyOr  to  ag ;  also 
the  horizontal  thrust  at  every  angle,  is  every  where  the  same 
Constant  quantityy  and  is  expressed  by  the  constant  horiion* 
line  CH. 

IkmansMian;  All  these  proportions  of  the  (brcee  en^ 
denily  follow  immediately  from  the  general  well-known  pro* 
perty,  in  Statics,  that  when  any  forces  balance  and  keep  each 
other  in  equilibrio,  they  are  respectively  in  proportion  as  the 
lines  drawn  pan^lel  to  their  directionsy  and  terminaling  each 
Hither. 

Thusy  the  point  or  angle  b 'm  kepi  in  equilibfio  by  three 
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forces,  viz.  the  weight  laid  and  acting  vertically  downward 
on  that  point,  and  by  the  two  oblique  forces  or  thru8l8  of  the 
two  beams  ab,  cb,  and  in  these  directions.    But  ca  is  parallel 
to  AB,  and  eft  to  bc,  and  ab  to  the  vertical  weight  ;  these  * 
three  forces  are  therefore  proportional  to  the  three  iioea  o6« 

In  like  nianner,  the  angle  c  is  kept  in  its  position  by  the 
weight  laid  and  acting  vertically  on  if,  and  by  the  two  oblique 
forces  or  thrusts  in  the  direction  of  the  bars  bc,  cd  ;  ccn;>e- 
quently  these  three  forces  :irc  proportiooal  to  the  three  Uoe| 
6D|  c6,  CD,  which  are  parallel  to  them. 

Also,  the  three  forces  keeping  the  point  d  in  its  position, 
are  proportional  to  their  three  parallel  lines,  Df,  en,  ce.  And 
the  three  forces  balancing  the  angle  e,  are  proportional  to 
their  three  parallel  lines  c/,  cc,  cjf.  And  the  three  forces 
balancing  the  angle  f,  are  proportional  to  their  three  parallel 
lines  y^,  c/*,  eg.  And  so  on  C(»ntitiually,  tlu?  oblique  forces 
or  thrust  in  the  directions  of  the  bars  or  beams,  being  al. 
ways  proportional  to  the  parts  of  the  lines  parallel  to  them, 
intercepted  by  the  common  vertical  line ;  while  the  vertical 
forces  or  weights,  acting  or  laid  on  the  angles,  are  propor- 
tional to  the  parts  of  this  vertical  line  intcrcepicd  by  the  two 
lines  parallel  to  the  lines  of  the  corresponding  angles. 

Again,  with  regard  to  the  horizontal  force  or  thrust :  since 
the  line  dc  represents,  or  is  proportional  to  the  force  in  the 
direction  dc,  arising  from  the  weight  or  pressure  on  the  angle 
D  ;  and  since  the  oblique  force  dc  is  equivalent  to,  and  re. 
solves  into,  the  two  dii,  hc,  and  in  those  directions,  by  the 
resolution  of  forces,  viz.  the  vertical  force  dii,  and  the  hori- 
zontal force  HC  ;  it  follows,  that  the  horizontal  force  or  thrust 
at  the  anisic  d,  is  proportional  to  the  line  ch  ;  and  the  part 
of  the  vertical  force  or  weight  on  the  angle  d,  which  pro- 
duces  the  oblique  force  dc,  is  proportional  to  the  part  of  the 
vertical  line  dh. 

In  like  manner,  the  oblique  force  c6,  acting  at  c,  in  the 
direction  cb,  resolves  into  the  two  ^h,  hc  ;  therefore  the 
horizontal  force  or  thrust  at  the  angle  c,  is  expressed  by  the 
line  cH,  the  very  same  as  it  was  before  for  the  angle  d  ;  and 
the  vertical  pressure  at  c,  arising  from  the  weights  on  both  D 
and  c,  is  denoted  by  the  vertical  line  6h. 

Also,  the  oblique  force  ac,  acting  at  the  angle  b,  in  the 
direction  ba,  resolves  into  the  two  c/h,  hc  ;  therefore  again 
the  horizontal  thrust  ut  the  angle  b,  is  represented  by  the  line 
CH,  the  very  same  as  it  was  at  the  points  c  and  n  ;  and  the 
vertical  pressure  at  b,  arising  from  the  weights  on  b,  c,  and 

is  expressed  by  the  part  of  the  verficnl  line  an* 

Thus  alsoy  the  oUique  force  ce,  in  direction  db,  molfM 
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into  die  two  ob»  bp,  bein^  the  same  horizontal  ihiee»  with  the 
Terticel  me ;  end  the  oblmue  force  in  direolioo  sf,  re* 
eolves  into  the  two  cb,  ii/;  and  the  oblique  force  cg^  in 
direction  fo,  reeolvea  Into  the  two  cHr  ;  and  ao  on 
continuallyi  the  horizontal  force  at  every  point  being  ex* 
preaaed  by  the  aame  conatant  line  ch  ;  and  the  vertical 
preasurea  on  the  nnglea  by  the  parts  of  tliu  verticals,  viz.  ok 
the  whole  vertical  pressure  at  d,  from  the  weighta  on  the 
anj^le  By  c»  D ;  and  6tf  the  wjiole  pressure  on  c  from  the  ^ 
•weighta  on  o  and  d  :  and  dh  the  part  of  the  weight  on  D 
causing  the  oblique  force  dc  ;  and  ne  the  other  part  of  the 
weight  on  d  cauaing  the  oblique  preasure  db  ;  and  nf  the 
whole  vertical  pressure  nt  k  from  the  weighta  on  d  and  s  ; 
and  ng  the  whole  vertical  pressure  on  r  ariaing  from  the 
weights  laid  on  d,     and  r.    And  ao  on. 

80  that,  on  the  whole,  an  denotes  the  whole  weight  on  the 
pointa  from  d  to  a;  and  ag  the  whole  weight  on  the  points 
from  D  to  o ;  and  ag  the  whole  weight  on  all  the  pointe  oq 
both  aides  ;  while  ab,  bo,  d«,  ^'fifgf  express  the  several  par> 
ticulnr  weights,  laid  on  thf  anglea  n,  o,  n,  b,  p. 

Also,  the  horizontal  thrust  is  every  where  the  same  cob* 
stent  quantity,  and  Is  denoted  );y  the  line  cfT. 

Lastly,  the  several  oblique  tbrces  or  thrusts,  in  the  dfree« 
tions  AB,  BC,  CD,  DE,  EF,  FG,  are  exprt^s*;ed  by,  or  are  propor- 
tional tUf  their  corresponding  parallel  linea,  ca^  cbf  co,  ce,  of, 
eg. 

.  C&roL  1.  It  18  obvions,  and  remarfcabley  that  the  Ien|;His 
of  the  bars  ab,  bc,  dec.  do  not  affect  or  alter  the  proportions 
of  any  of  theae  loads  or  throata ;  aince  all  the  lines,  co,  c^, 
dec.  remain  the  aame,  whatever  be  the  leOgthaof  ab,  bo, 
Ac.  The  poeitiona  of  the  bars,  and  the  weighta  on  the  an- 
gles  depending;  mntually  on  each  other,  as  well  as  the  hori* 
sontal  end  oblique  thrusts.  Thus,  if  there  be  given  the  posi* 
Hon  of  DO,  and  the  weights  or  loads  laid  on  the  angles  n,  o, 
b  ;  set  these  on  the  vertical,  bb,  d6,  6a,  the  06,  ca  give  the 
directiona  or  positions  of  on,  ba,  as  well  as  the  quanli^  or 
proportion  ch  of  the  conatant  horizontal  thruat. 

Coroh  2.  If  CH  be  made  radius  :  thnn  it  is  evident  that 
Ha  is  the  tangent,  and  cn  the  secant  of  the  elevation  of  ca  or 
AB  above  thp  horizon  ;  also  116  is  the  tangent  and  c6  llie  secant 
of  the  elevation  of  ch  or  cn  ;  also  iin  and  cd  the  tangent  and 
secant  of  the  elevation  of  co  ;  also  ne  and  ce  the  tangent  and 
secant  of  the  elevation  of  cc  or  df.  ;  also  \\f  and  cy'the  tan- 
gent and  secant  of  the  elevation  of  ef  ;  and  so  on  ;  also  the 
parts  of  the  vertical  a6,  6d,  tj^jg^  dcaotiug  the  weights  laid 
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OB  the  aevertl  anclet,  are  the  differenceeof  tiie  mid  tangento 
ef  eleTatioiM.   Hence  then  in  general, 

1st.  The  oblique  thrusts,  in  the  directions  of  the  bars,  arc 
to  one  another,  directly  in  proportion  as  the  secants  of  their 
angles  of  elevation  ahovothe  horizontal  directions  ;  or,  which 
18  the  same  thing,  reciprocally  proportional  to  the  cosines  of 
the  same  elevation^,  or  reciprocally  proportional  to  the  sioea 
of  the  vertical  angles,  a,  d,  e,/,  ^,  dec  made  by  the  ver« 
tieal  line  with  the  several  dtroetionaof  the  bare ;  because  the 
•ecants  of  any  angles  are  always  reciprocally  in  proportion  aa 
their  cosines. 

2.  The  weight  or  load  laid  on  each  angle,  is  directly  pro- 
portional to  the  difference  between  I  he  tanj^ents  of  the  ele-r 
vations  above  the  horizon,  of  the  two  liaus  which  forn^  th^ 
angle. 

3.  The  horizontal  thrust  at  every  angle,  is  the  same  con-* 
•tant  quantity,  and  has  the  same  proportion  to  the  weight  on 
the  top  of  the  uppernmat  bar,  as  radius  has  to  the  tangent  of 
the  elevation  of  that  bar.  Or,  as  tlie  whole  vertical  a^,  is  to 
the  line  on,  so  is  the  weight  of  the  whole  assemblage  of  bars, 
to  the  horizontal  thrust.  Other  properties  also,  cnncerning 
the  weights  and  the  thrusts,  might  be  pointed  out,  but  they 
are  less  simple  and  elegant  than  the  above,  and  are  therefore 
omitted ;  the  following  only  excepted,  which  are  inserted 
here  on  account  of  their  usct  uluess. 

Carol.  3.  It  may  hence  be  deduced  also,  that  the  weight 
or  pre8=?ure  laid  on  any  angle,  is  directly  proportional  to  the 
continual  product  of  the  sine  of  that  angle  and  of  the  secants 
of  the  elevations  of  the  bars  or  lines  which  form  it.  Thus, 
in  the  triangle  6cD,  in  which  the  side  5d  is  proportional  to 
the  weight  laid  on  the  angle  c,  because  the  sides  of  any  tri- 
angle  are  to  one  another  as  the  sines  of  their  opposite  angles, 
therefore  as  sin.  d  :  o6  : :  sin.  6cd  :  6u ;  that  is,  6d  is  aa 
sin.  6cD  ^  ^.^^     angle  d  is  the  cosine  of  the 

elevation  dch,  and  the  cosine  of  any  angle  is  reciprocally 
proportional  to  the  secant,  therefore  do  is  as  sin  6cd  X  sec. 
1>CB  X  o6;  and  c6  being  as  the  secnnt  of  the  angle  ^ch  of 
the  elevation  of  Ito  or  bc  above  the  horizon,  therefore  6d  is 
as  sin.  &cd  X  sec.  5ch  X  sec.  dch  ;  and  the  sine  of  hcut 
being  the  same  as  the  sine  of  its  supplement  bcd  ;  therefore 
^e  weight  on  the  angle  c,  which  is  as  is  as  the  sin.  Bcp 
X  sec.  DCH  X  sec.  6ch,  that  is,  as  the  continual  product  of  the 
sine  of  that  angle,  and  the  secants  of  the  elevations  of  its  (WQ 
indes  ebove  the  horizon. 
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CmLA,  VmfiM,  H  enuly  appem  abo,  thai  the  aanie 
weight  en  any  angle  c,  is  diiectly  propoitieiial  to  the  tine  of 
that  angle  boi>»  and  invefsely  proportional  to  the  amea  ^ 
the  two  paita  bcp,  poPy  into  which  the  same  ancle  ir  divided 
by  the  vertical  line  op.  For  the  secants  of  imgles  are  leci. 
procally  proportional  to  their  cosines  or  sines  of  their  com. 
I»lenients:  bat  bop  ss  chh  is  the  complement  of  the  eleva. 
tion  ben,  and  dcp  is  the  complement  of  the  elevation  dob; 
therefore  die  secant  of  6cH  X  secant  of  dob  is  reciprocally 
as  the  sin.  bop  X  sin.  dop  ;  also  the  sme  of  to>  is  »  the 
sine  of  its  supplement  bod  ;  consequaitly  the  weight  on  the 
angle  p»  which  is  proportional  to  sin.  boo  X  sec.  boa  X 

sec.  DCH.  is  also  proportional  to   s>o«  bcd  whenthe 

.  *^  sm.  Bcp  X  sm.  dop 

whole  Crame  or  series  of  angles  is  balanoedy  or  kept  in  equi* 
librioi  by  the  weights  on  the  angles;  the  same  as  m  tiie  pre* 
oediqg  proposition. 

SMImm,  The  foregoing  proposition  is  very  fruitful  in 
its  practical  conseqaences,  and  contains  the  whole  theory  pf 
arches,  which  may  be  deduced  from  the  premises  by  sup- 
posing the  constitnitng  bars  to  become  very  short,  like  arch 
stones»  so' as  to  form  the  curve  of  an  arch.  It  appears  too, 
that  the  horisoatal  throat,  which  is  constant  and  uniformly  the 
same  throughout,  is  a  proper  measuring  unit,  by  means  of 
wbichto  estimate  the  other  thrusts  and  pressuresy  as  they 
are  aU  determinable  firom  it  and  the  given  positions ;  and  thd 
vahie  of  it»  as  appears  above,  may  be  easily  computed  from 
tile  uppermost  or  vertical  part  alone,  or  from  the  whole  as. 
semblage  together,  or  from  any  part  of  the  whole,  counted 
fitomthe  top  downwards. 

The  sohitibn  of  the  foregoing  proposition  depends  on  this 
oensideralion,  vis.  thai  an  assemblage  of  bars  or  beams,  being 
connected  together  by  joints  *at  their  extremities,  and  freely 
moveable  about  them,  may  be  placed  in  such  a  vertical  posu 
tion,  as  to  be  exactly  balanced,  or  kept  in  equilibrio,  by  their 
mutual  thrusts  and  pressures  at  the  joints;  and  that  the  efiect 
will  be  the  same  if  the  bars  themselves  be  considered  as  with- 
out  weight,  and  the  angles  be  pressed  down  by  laying  on 
them  weights  which  shall  be  equal  to  the  vertical  prsssures 
at  thesame  aiiB^es,  produced  by  the  bars  in  the  case  when 
they  are  consiuered  as  endued  with  their  own  natural  weights* 
And  as  we  have  found  that  the  bars  may  be  of  any  length, 
without  afiecting  the  general  properties  and  proportions  of 
the  thrusts  and  pressures,  therefore  by  supposing  them  to 
become  short,  like  arch  stones,  it  is  plain  that  we  shall  then 
have  the  same  principles  and  properties  accommodated  to  a 
peal  arch  of  equilibration,  or  one  that  supports  itself  in  a  per* 
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feet  balance.  It  may  be  furtber  obaenred,  that  lira  tbi^ 
elusions  here  derrved,  in  this  proposition  and  ilH  t(>rt>lkmea^ 
exactly  agree  with  ihose  derived  in  a  very  difi^m  way,  in 
my  principlea  of  brtdgeii,  via.  in  propoaiCioiM  1  Wd  8|  atKi 


If  the  tehdU  figure  in  the  laU  problem  be  inverted^  or  turf/ed 
round  the  horizontal  line  aoos  an  axiw^  iiU  it  be  eomftetdy  tBm 
Dcrsed,  or  {nfhemm^^mihalpkMe'M^^  MtA 
p,  dy  d^c,  being  m  lA»  §au*e]dwnh  line  ;  amd  if  wigk^t 
f,  ^,  /,  m,  ff,  whkk  are  respeciivdif  equal  to  the  weigite  laid  on 
ike  angles  b,  c,  d,  ^^r^of  the  first  figure^  be  nam  wutpmded  by 
threads  from  Aemmipmdmg  angles  6,  c«  d,  e^f  of  dimhiitt 
figure ;  k  Ureqwutdfo  skamikMikem  weights  keep  this  fig9$4 
m  eiaet  equilibrio,  the  Mate  ae  the  former,  amd  «Bil0  4mAm 
or  forces  m  ikit  hiier  esm^  whether  veffpeei  or  kwiaaeM  ^nth* 
liquie,  wSl  be  emetly  egueiio  the  eermpetiding forces  of  weigfd 
orfreetureerihrnitkiMUkeiireeliaeerf  Ike  first figuse. 


and  the  nmilarity  of  the  posdtiona,  and  actioni  of  the  whole 
in  both  caMS.  Tbi^Sy  from  the  equality  of  the  oonreapoBdinff 
weights,  at  the  like  angles^  the  nlMi  of  the  wvghta,  bl, 
dht  he^  6ie.  in  the  lower  figm^  are  the  very  some  as  these,  «6, 
5d,  Bs,  &c.  in  the  upper  4giflce  s  -and  firom  the  equeUty 
of  the.  constant  horizonui  fiireof  oh,  eh,  and  the  amilarity 
of  the  positions,  the  corresponding  vertical  lines,  ^tonotiw 
the  wdgbts,  are  equal,  namely,  ab  =  afr,  6d  6c2,  nao*  ifib 
dee.  The  same  may  be  said  of  the  oblique  linea  also,  <w,  eh, 
dic.  which  baiag  parallel  totheheaimiA^Jwb ^  wiUdMola 


their  corollaries. 
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of  Ui«M,  in  tiMi  direcUoa  of  thrir  leiigUi»  th« 
<lliHl  M  thg  ohiifMo  thimfor  piwhea  in  Mm  upper  figurati 
all  the  ooffMMiMiMKog  woightti  aod  octkm,  and  |>o«i« 
IMM  ti^  Ibe  two  aituaftioM  heiiig  eaaoily  equal  aod  ainilart 
ehawging  only  dnnring  and  tension  for  pushing  and  thrust- 
ing, the  balanee  and  equilibrium  of  the  upper  figure  is  still 
preserred  the  wee  in  the  hanging  fiMtoon  or  lower  one. 

Stktliwm.  The  same  figure,  it  is  evident,  will  ah»  arise, 
if  th^sasse  weights,  i,  Ie,  si,  n,  be  suspended  at  like  dis. 
tnnees  Ak,  Ae,  die*  on  a  thread,  orcord,orehaiii,  l^c.  having 
in  itself  little  or  no.  weight*  •  For  the  equality  of  the  weiKhts, 
and  their  direetiene  and  dislanees,  will  put  the  whole  line, 
when  they  eome  to  equiKhriuss,  into  the  same  festoon  shape 
nf  fiffUM.  8oi  that,  whatever  properties  are  inferred  in  tHh 
eemHnrieelethe  ibtegolng  prob.  will  equally  »pply  to  the 
Ihsioen  or  lower  figure  hanging  in  equilibrie^- 

This  Is  n  most  useful  principle  In  all  eases  of  equilibnoms^ 
espeeially  to  the  mere  praetieal  mechanist,  and  enables  him 
in  an  eiperiroental  way  to  resolve  problems,  which  the  best 
mathematidtme  have  found  it  no  easy  matter  to  effect  by 
mere  computation.  For  thus,  in  a  simple  and  easy  way  he 
obtains  the  shape  of  an  equilibrated  arch  or  bridge  ;  and  thus 
also  he  readily  obtains  the  positions  of  the  rafters  in  the  frame 
of  an  equihhrated  curhor  mansard  niof ;  a  single  instance  of 
which  may  serve  to  show  the  extent  and  uses  to  which  it 
nwy  be  applied.  Thus,  if  it  should  he  required  to  midie  a 
eurb  firnsse  raef  having  a  given 
width  A«»  and  eenststtng  of  four 
laSem  s4hno»  on^  which  sliail 
allher  be  equal  or  in  any  ffivea  pro* 
Mftinn  to  each  other.  There  can 
M  m  douhl  hut  that  the  best  form 
of  the  roof  will  be  that  VRhich  puts 

all  its  parts  in  equilihritH  tK»  'bare  niay  be  no  unbalanced 
.  mrts  which  may  require  the  aid  of  ties  or  stays  to  keep  the 
frame  in  its  position.  Here  the  mechanic  has  nothing  to  do, 
hi|t  to  take  four  like  but  small 
pieces,  that  are  either  equal  or 
in  the  same  given  proportions  as 
those  proposed,  and  connect  them 
closely  together  at  the  joints  a,  b, 
c,  D,  E,  by  pins  or  strings,  so  as  to 
be  freely  moveable  about  them  ; 
then  suspend  this  from  two  piiis, 
a,  €,  fixed  ia  a  horizontal  lin^,  and 
the  chain  of  the  pieces  will  ar- 

nu|ge  itself  in  siiah  a  Astooa  or 
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form,  abcde,  that  ftU  its  partB  will  cone  to  rest  in  equiUMkli 
Theot  by  mverting  the  figure,  it  will  exhibit  the  form  and 
frame  of  a  curb  roof  aSyie^  which  will  alio  be  in  equilibrio» 
the  thnuta  of  the  pieeea  now  balancing  each  other,  in  the 
aune  manner  as  was  done  by  the  mutoal  piiUa  or  tenaiona 
of  the  hanging  festoon  abcde*  By  varying  the  diaCance 
oe,  of  the  points  of  suspension,  moving  them  nearer  to,  or 
farther  ofi^  the  chain  will  take  different  forms  ;  then  the  frame 
ABODE  may  be  made  similar  to  that  form  which  has  the 
most  pleasing  or  convenient  shape,  found  above  as  a  model. 

Indeed  this  principle  is  exceeding  fruitful  in  its  practical 
consequences.  It  is  <^asy  to  perceive  that  it  contains  the 
whole  theor)'  of  the  construction  of  arches :  for  each  stone  of 
an  arch  may  be  considered  as  one  of  the  rafters  or  beams  in 
the  foregoing  frames,  since  the  whole^  is  sustained  by  the 
mere  principle  of  cquihbration,  and  tlie  method,  in  its  appli* 
-cation,  will  atlbrd  some  elegant  and  simple  solutiooaof  the 
moat  difficult  cases  of  this  important  prohiem. 

Of  all  hollow  cylinders^  whose  lengths  and  the  diameters  of 
the  inner  and  outer  circles  continue  the  same,  it  is  required  to 
show  what  will  be  the  position  of  the  inner  circle  when  the  cylin* 
der  is  the  strangest  laterally* 

Since  the  magnitude  of  the  two  circles  are  constant,  the 

area  of  the  solid  .space,  included  between  their  two  circum- 
ferences, will  he  the  same,  whatever  be  the  position  of  the 
inner  circle,  that  is,  there  is  the  same  number  of  fibres  to  be 
broken,  and  in  this  respect  the  strength  will  be  always  the 
same.  The  strength  then  can  only  vary  according  to  the 
situation  of  the  centre  of  gravity  of  the  solid  part,  and  this 
again  will  depend  on  the  place  where  the  cylinder  mustfint 
break,  or  on  the  manner  in  which  it  is  fixed. 

Now,  the  cylinder  is  strong- 
est when  the  hollow,  or  inner 
circle,  is  nearest  to  that  side 
where  the  fracture  is  to  end, 
that  is,  at  the  bottom  when  it 
breaks  first  at  the  upper  side, 
or  when  the  cylinder  is  fixed 
only  at  one  end  as  in  the  first 
figure.  But  the  reverse  will 
be  the  case  when  the  cylinder 
is  fixed  at  both  ends  ;  and  con- 
sequently  w  hen  it  opens  first 
beloWf  or  ends  above,  as  in  the  2d  figure  annexed. 
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P80BSAX  "f^*^- 

3b  daitrwune  the  dimensions  of  the  strongest  redangidar  h&tM 
that  Qdfi  be  aU  out  of  a  gitjen  cffiindtr. 

Let  AB,  the  breadth  of  the  required 
beam,  be  denoted  by  6,  ad  the  depth  by 
and  the  diameter  ac  of  the  cylinder 
by  D.  Now  when  ab  is  horizontal,  the 
lateral  strength  is  denoted  by  6<f  (by 
page  391),  which  is  to  be  a  maximiim. 
But  ad'  =  AC*—  AB^  or  (P  =  —  6* ; 
theref.  W=(d'—  b^)b=^i>^b  -  6'is  amaxi- 

mum  :  in  fluxions  d*6  —  36*6  =  0  =  d' —  36',  or  =  14^; 
also  =  d'  6'  =  86=»—  6'  =  2A«.  Conseq.  6* :  <P  :  d*  : : 
1:2:3,  that  is,  the  squares  of  the  breadth,  and  of  the  depth, 
and  of  the  cylinder's  diameter,  are  to  one  another  respective* 
ly  as  the  three  numbers  1,  2,  3. 

Cord.  1.  Hence  results  this  Miy  pnctieal  constructioo  t 
divide  the  diameter  ac  into  three  equal  parts,  at  the  points  b, 
p ;  erect  the  perpendiculars  eb,  fd  ;  and  joili  the  points,  b,  d 
to  the  extremities  of  the  diameter :  so  shall  abcd  be  the 
rectangular  end  of  the  beam  as  re(^uired.  For,  because  ab, 
ab,  AC  are  in  continued  proportion  (theor.  87,  Geom.), 
theref.  ab  :  ac  : :  ab""  :  ac'  ;  and  in  like  manner  af  :  ac  : : 
ad'  :  ▲c' ;  hence  ab  :  ay  :  ac  : :  ab'  :  ad""  :  ac""  : :  1  ;  2  :  8» 

-  ConL  2.  The  ratios  ci  the  three  b,  d,  beinff  as  the 
three  ^1,  \/2»  or  as  1, 1«414, 1-732,  are  neany  ae  the 
three  5, 7»  8-6,  or  more  neariy  as  12, 17, 20*8b 

CoroL  3.  A  square  beam  cut  out  of  the  same  cylinder, 
would  have  its  side  =  d  y/^  =  v/2.  And  its  solidity  would 
be  to  that  of  the  strongest  beam,  as  ^d'  to  \d^^/2,  or  as  3 
to  2v^2,  or  aS)3  to  2-828 ;  while  its  strength  would  be  to  that 
fit  the  Btreageet  beam,  as  (oy^)'  to  d X  f d',  or  as 
to  f  v/3,  or  as       to  8v^3,  or  nearly  as  101  to  110. 

Coral.  4.  £ither  of  these  beams  will  exert  the  greatest 
lateral  streogth,  when  the  diagonal  of  its  end  is. placed  Terti« 
"cally. 

Cord.  5.  The  strength  of  the  whole  cylinder  will  be  to 
that  of  the  square  beam,  when  placed  with  its  diagonal  ton 
tically,  as  the  area  of  the  circle  to  that  of  its  inscribed  sqnaie* 
For,  the  centre  6f  the  circle  will  be  the  centre  of  gravity  of 
both  heams^  and  is  al  the  distance  of  the  radius  fiom  the 
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loweit  poinl  in  mtk  of  UieiD ;  comeq.  tMr  iHmigllM  wS 

n  deUnnim  fib  difference  in  lA«  HrengA  pf  a  iritrnguimt 
heoMf  according  obUUm  wiUi  the  9dge  or  ufUh  ih^ Jftfitiis 
wards. 


li  die  mm  tem»  IIm  WMkis  tke  wm%  iMid  llMiisfemtlio 
itrangth  cmn  ooly  vary  wkh  Htm  ii^Umm  nf  tlif  oeotM  of 
gravity  fmn  the  higheH  or  kiweil  pouii ;  in  n  triaoglet 
th^  diilUM  of  tho  Mitie  of  gravity  fron  ao  apglot  it 
Ue  ofila  diataoeo  from  tke  opfmiia  aide ;  lharafiivt  ite 
Hmngtb  of  the  beam  wilihe  aadio  1  with  the differenl aidea 
tl|Nnii4a»  under  different  eireonMtancea,  VEs«  when  the  centra 
of  gravity  ia  Aurtheat  fton  the  phm  whera  the  fraetura  end«; 
that  is,  wuh  the  aqgle  upwarda  when  the  heero  m  supported  it 
both  eoda ;  but  with  the  aide  npwaidat  when  il  ia  supported 
only  atoneendp  becaoae  in  the  (brmer  caae  the  beam  braeka 
brtaw,  but  the  reverae  in  the  latter 


PROBLEM  XXXm. 

Given  fhe  length  and  iceight  of  a  cylinder  or  prism^ 
jioced  horizonlully  with  one  end  firmly  fixed^,  and  itiJi  just 
support  a  given  tteigfu  at  the  other  end  without  breaking  ;  it 
is  required  to  find  the  length  of  a  similar  prism  or  cylinder 
whiehf  when  supported  in  like  manner  at  one  end^  shall  just 
hear  withoui  breaking  anoiher  given  ueigki  ai  tke  wm^ 

Liet  I  denote  the  length  of  the  given  cylinder  or  prism,  d 
the  diameter  or  depth  of  its  end,  w  its  weight,  and  u  the 
weight  hanging  at  the  unsuppor(t^d  end  ;  also  let  the  like 
capitals  i.,  d,  w,  u,  denote  the  corresponding  particulars  of 
the  other  prism  or  cylinder.  Then,  the  weights  of  similar 
aoiida  ef  the  aame  matter  beiog  aa  Uie  cubea  of  their  ieogthfy 

«a  r  :  I.' ; ;  10 :  -p^,  the  weight  of  the  prism  whose  length 

is  u  Now  ^  will  be  the  stress  on  the  first  beam  by  its  own 
weight  w  acting  at  its  ceotre  of  gravity,  or  at  half  its  length  ; 
fiind  lu  the  atrara  of  the  added  weight  u  at  its  extremity,  their 
9um  t<)Z  will  therefore  be  the  whole  stress  on  the  given 
%m  f  i^  lil^Q  i^eonor  the  wbole        qa     ^Ibir  U^Mh 


Digitized  by  Google 


wbote  weigiit  is  w  or  -^w,  will  be  (jw-f  v}&  or 

But  the  lateral  strength  of  the  first  beam  is  to  that  of  the 
second,  as  to  or  as  V  to  t/ ;  und  the  strengths  and 
strenses  of  the  two  beams  roust  be  in  the  same  ratio,  to 
answer  the  conditions  of  the  problem ;  therefore  as  ( Jw+tf}2 : 

jp9  +  ir)L  tiPiM?  i  this  anolofjr,  tarned  into  an  equation, 

gives  &*  -iL»  4*  — ru  =  0,  a  cubic  equation,  from 

w  to 

whleh  die  numeral  ▼alves  eT  i  may  be  eaiify  detertaS^ied, 
wlien  tboee  of  the  other  lettem  are  known. 

CoroL  1.  Wbea  u  vanishes,  the  equation  gives  l'  « 

^"^^II*,  or  l  ■«  "^'^^L  wiieneeis: »  +  Sm:  :  I  :l,  fertile 
•r      '  IS  ^  . 

lea|^  of  the  beam,  wbieh'wiU  hot  just  anpport  Ha  own 
weight* 

Coro/.  2.  If  a  beam  just  only  support  its  own  weight 
when  Used  at  one  end  ;  tlien  a  beam  df  double  its  len^, 
fined  at  both  ends,  will  also  just  enstain  itself :  er  if  the  one 
jM^hreaiL,  the  other  will  do  Hie 


FROBLElft  XXXIV. 

*  0 

Given  fhe  length  and  leeight  of  a  cylinder  or  prism,  fired  ho» 
risontalltf  as  in  the  foregoing  problem,  and  a  veignt  tthieh, 
when  hung  at  a  giren  point,  breaks  the  prism :  it  is  required  to 
determine  how  much  longer  the  prism,  of  equal  diameter  or  of 
equal  breadth  and  depth,  may  be  portended  before  it  break,  either 
by  its  own  locight,  or  by  the  addition  of  any  other  advenii^itm* 
tpeight. 

Let  I  denote  the  lensth  of  the  given  prism,  to  its  weight, 
and  tt  a  weight  attacheo  to  it  at  the  diitanee  d  irem  the  &Ked 
end ;  also  let  £  denote  the  required  length  of  the  other  prism, 
and  u  the  weight  attaehed  to  it  at  the  distance  d.  Now  the 
atrain  eocaaioned  by  the  weight  of  the  lirat  beam  is  | W,  and 
that  by  the  weight  «  at  the  distance  tf,  is  ibi»  their  asm  ^iii 
+i»  being  the  whole  strain.   In  like  maminr  |wl  4*  ia 

the  strain  on  the  second  beam  {  butZxLsiwx-j-aBWthe 
irei^tof  Hue  beam,  Iheief.  ^  +vm  asiiittfain.  Botths 
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■tnnglhof  the  beaoiy  which  is  just  lufficient  to  reiist  theM 
Strains,  is  the  same  in  both  caaea ;  tfimfeie  "gf  +  '^'^  ^ 
Ud  +  dUt  and  hence,  by  ledttCtioD,  the  mq^und  length 

Coroi.  1.  When  tho  lengthened  beam  juat  brealnby^ 
own  weight,  then  QsO  or  Yaniahea»  and  the  requiMd  leogth 

|«eoiiieaL^^(ix52-^ 

w 

Cofol*  2.  Also  when  v  vanishes,  if  d  become  =  i>  then 
J,  B  I  ii  the  leqoifed  length. 


Lei  AB  he  a  beam  mcveable  about  the  end  soot  io  make 
any  angle  bac  wUh  the  plme  of  tiba  homtm  ktt  U  i»  rtquured 
to  determine  ffte  potUian  of  a  prop  or  suppofUr  de  of  a  gpom 
length,  tdbtdb  «MI  emkdn  U  the  gretm  eammm^ 
given  poiitwn;  dbo  to  a»C9rtam  the  angle  WAO  when  ffte  leul 
ybm  which  cm  JMfoin  ab,  is  greater  Uum  the  U^et  Jem 
tmffcUwtpoeiikm* 

Lei  e  be  the  oentre  of  gravis  of  the 
beam ;  and  draw  eai  perp.  to  AI9  on  to 
AOt  Ml  to  oai»  and  An  to  db.  Put 
f  Bs  p  sat  pB,  19  ss  the  weight  of  the 
beam  ab,  and  An  =  x.  Hien,  b^  the 
nature  of  the  parallelogram  of  mreea, 
en :  ea^  or  1^  aim.  triangleei  ao     r : 

^  8  ae  : :  v  :      the  force  which  acting 

at  0  IB  the  direotieii  mo,  ia  auffieient  to  aoatain  the  beam  i 

xw 

and,  by  the  nature  of  the  lever,  ab  :  ao  3?  r  ; ;  —  the  re» 

'  AO 

wsc 

qinaite  force  at  e :  — ,  the  force  capable  of  supporting  it  at 

E  in  a  direction  pcrp.  to  ab  or  parallel  to  ma  ;  and  again  aa 
AV :  AB  : :  — '  :  — ,  the  force  or  preanire  actually  auatained 

AE  AF 

by  the  given  prop  db  in  a  direction  perp.  to  af.  And  this 
latter  fotce  will  manifestly  be  the  least  possible  when  the  perp. 
AF  upon  DB  is  the  greatest  possible,  whatever  the  angle  bag 
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may  be,  whieh  is  when  the  triangle  asb  ia  iaoacelea,  or  hat 

the  side  ad  =  ab. 
Secondly,  for  a  solution  to  the  latter  part  of  the  |nobleRi» 

we  have  to  find  wbeu  —  is  a  niuximum  ;  tho  angles  d  and 

AF  ^ 

jt  being  always  eqaul  to  each  other,  while  they  vary  in  mag- 
nitude by  the  change  in  the  position  of  ab.  Let  af  produce 
meet  oii  in  h  ;  then,  in  the  similar  triangles  adf,  ahu,  it 

will  be  AF  :  A»  =  X ;  :  DF  =  Ip  :  iw,  hence  ~  =  and 

AF  {p 

conseq.  "^^^  ^  ^     ^l^'  theor.  63  Geom.  and 

*comp.  AO  +  AJi  «  r  +  «:Aii=sx::Gns  ^{f*  i 
m  =  — r—  A/(f^-^)  =  X  v'  — ; —  '  consequently  the  force 

BIS 

—  X  «,  acting  on  the  prop,  is  also  truly  expressed  by 
^  Then  the  fluxion  of  this  made  to  vanish  gives 

4/5  —  1 

9  an  2l— — r  the  cos.  angle  bao  ~  91^  SO*,  the  inclinatioii 
required. 

PROBLSM  XXSVI. 

Suppose  the  beam  ab,  insfead  of  beinp:  movcahlp  ahout  the 
centre  a,  as  in  the  last  problem,  to  be  supported  in  a  p^iven 
position  by  means  r.f  the  ^ncn  prop  de  ;  //  is  required  to 
determine  the  posit i'm  of  that  prop,  sj  that  the  prismatic  beam 
AO,  on  which  it  elands,  maij  he  fkelea^:(  lia'de  to  bnu/ung,  thi^ 
loiter  beam  being  only  supported  at  its  two  ends  a  and  c. 

Put  the  base  ao  =  6,  the  prop,  db  =  p,  ao  =  r,  the 
weight  of  ab  ^w^n  and  c  the  sine  and  cosine  of  /.a,  x  ^ 
sin*  Z.B,  sr  -  sin.  Zd,  and  x  =  ab.   Then,  by  trigon.  z  : 

II  : :  p  :  5,  or  -  =  — ,  and  au  =  —  ;  also  cw  =  the  force 

of  the  beam  at  o  in  direction  cm*  Let  f  denote  the  force 
sQStatning  the  beam  at  e  in  the  direction  ed  :  then,  because 
action  and  reaction  are  equal  and  opposite,  the  same  force 
will  be  exerted  at  n  in  tAe  direction  ob  :  therefore  ao  , 

ew  =»  FX*,  and  f  =  .  Again,  the  vertical  stress  at  d,  will 


he  as  F  X  sine  p  X  ad  .  nc  =  ry  .  ad  .  dc  —  X 

Vol.  n.  ©6 
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^  (6  .!^)  »  (mhrtiiiiting  J  for  ki  aqinl X  ^ 
X  —5^  —  rew  X  - — ^ —  «  — -  X  C—  — «)  ■»  a  msmQai 

by  the  problem.    Conseq.     —  x  U  &  roinimum,  or  x  a  mai^ 

mum,  that  it,    »     and  the  angle  b  is  a  fi^  angla* 
Heooe  tbe  point  n  is  easily  foood  by  this  pnpavliea, 
A :  COS.  A  : :  BD  :  sa. 
This  problam  may  also  be  solved  gmrnttrieaUp,  thus  ^— > 

The  stress  or  pressure  upoo  tbe  prop  bd,  is  as  ^  (af  J. 

bd)*   Tbe  force  upon  d  in  perp*  direction  a     (it  being  to 
the  absolute  force  in  direction  an,  as  af  :  ad); 
Bui  tbe  fofoe  Deoassary  to  break  the  beaoiiat  aoc-  ^ 


adTdo. 


^  J     1       1         1         i>c  , 

And  :  —  : :  :   : :  hi  MS* 

AD  •  DO     AD       AD  .  DC    AD  •  DC 

Conaaci*  dc  must  be  a  min.  and  /•  ad  a  max. 

But  AD :  sin  E  in  the  given  ratio  of  db  :  sin  a« 

Conseq*  ad  will  be  a  max.  when  sin  a  ii  a  max.  wycb  la. 

evidently,  when  a  is  a  right  angle. 
/«  make  xa  :  an  : :  eoa  A  :  sia  a. 

Place  the  given  piece  ed  at  the  point  x,  so  as  to  mske  right 
angles  with  AB  ;  and  the  point  d,  where  it  roeela  A4^  is  thai 
ia  whidvit  has  the  least  tendenf^r  to  break  it. 


Tb  explaSn  ike  disposkitm     the  parts  of  wuxMnee, 

When  several  pieces  of  timber,  iron,  or  any  other  materials, 
are  employed  in  a  machine  or  structure  of  any  kind,  all  the 
parts,  both  ot'  the  same  piece,  and  of  the  different  pieces  in 
the  fabric,  ought  to  bo  so  adjusted  with  respect  to  magnitude, 
that  the  strength  in  every  part  may  be,  as  near  as  possible,  in 
a  constant  proportion  to  the  stress  or  strain  to  which  they 
will  be  subjected.  Thus,  in  the  construction  of  any  engine, 
the  weight  and  pressure  on  every  part  should  be  investigated, 
and  the  strength  apportioned  accordingly.  All  levers,  for 
instance,  should  be  made  strongest  where  they  are  most 
strained  :  viz.  levers  of  the  first  kind,  at  the  fulcrum  ;  levers 
of  the  second  kind,  where  the  weight  acts  ;  and  those  of  the 
third  kind,  where  the  power  is  apphed.  The  axles  of  wheels 
and  pulleys,  the  teeth  of  wheels,  also  ropes,  dec.  must  be  made 
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^ttcftif^  arir^dcer,  Wi  Aey  kre  to  lie  more  or  Mn  aetad  om 
lliaatretagAi  alloltedl  iliomd  be  more  diao  fblly  competent 
lo'the  Utresslo  whieli  the  parts  can  e?er  be^ltabfe ;  Init  wifb. 
out  idlowing  tlm  mirplna  to  be  extrtfUgant :  tor  an  over  ex- 
eein  of  strength  in  any  part,  instead  of  being  serviceable, 
weolri  be  very  it^iorioas,  by  increasittg  the  resistance  the  ma- 
^ne  'kan  to  overcome,  and  thns  encninberinff,  impeding,  and 
%veii  |fre venting  the  requisite  motion  ;  while,  on  the  othto 
Irand,  a  defect  of  strength  in  any  part  will  cause  a  failure 
tiiere,  and  either  rsnder  the  whole  useless,  or  demand  Tory 
ilAqnent  repairs. 

raosLBH  ZZZVIIX. 

To  ascertmn  the  strength  of  various  substances* 

The  proportions  that  we  have  given  on  the  strength  and 
stress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  little  or  no  use  in  practice,  till  the  compara- 
tive strength  of  different  substances  is  ascertained  :  and  even 
then  they  will  apply  more  or  less  accurately  to  different  sub- 
stances. Hitherto  they  have  been  applied  almost  exclusively 
to  the  resisting  force  of  beams  of  timber;  though  probably 
iso  raiaterials  whatever  accord  less  with  the  theory  than  timber 
of  all  kinds.  In  the  theory,  the  resisting  body  is  supposed 
to  be  perfectly  homogeneous,  or  composed  of  parallel  fibres, 
equally  distributed  round  an  axis,  and  presentinfir  uniform  re- 
sistance to  rupture.  But  this  is  not  the  case  in  a  beam  of 
timber  :  for,  by  tracing  the  process  of  vegetation,  it  is  readily 
seen  that  the  ligneous  coats  of  a  tree,  formed  by  its  annual 
growth,  are  almost  concentric  ;  being  like  so  many  hoiiow 
cylinders  thrust  into  each  other,  and  united  by  a  kind  of 
medullary  substance,  which  offers  but  little  resistance  ;  these 
hollow  cylinders  therefore  furnish  the  chief  strength  and  re- 
iristance  to  the  force  Which  tends  to  break  them. 

Now,  when  the  trunk  of  a  tree  is  squared,  in  order  that  it 
ihay  be  converted  into  a  beam,  it  is  plain  that  all  the  ligneous 
cylinders  greaier  than  the  circle  inscribed  in  the  square  or 
rectangle,  which  is  the  transverse  section  of  the  beam,  arc 
cut  off*  at  the  sides ;  and  therefore  almost  the  whole  strength 
or  resistance  arises  from  the  cylinilric  trunk  inscribed  in  the 
Solid  part  of  the  beam  ;  the  portions  of  the  cylindric  coats, 
situated  towards  the  angles,  adding  but  little  comparatively 
to  the  strength  and  resistance  of  the  beam.  Hence  it  follows 
that  we  cannot,  by  legitimate  comparison,  accurately  deduce 
the  strength  of  a  joist,  cut  from  a  small  tree,  by  experiments 
on  another  which  has  been  sawn  from  a  much  larger  tree  or 
"block.  As  to  the  concentric  cylinders  above  mentioned,  they 
ere  evidently  not  all  of  equal  strength  ;  those  nearest  the 
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centre,  being  the  oldest,  ure  also  the  hardest  and  strongest ; 
which  again  is  contrar\^  to  the  theory,  in  which  they  are  sup. 
posed  uniforin  throughout.  But  yet,  after  all,  however,  it  is 
still  found  that,  in  some  of  the  most  important  problems,  the 
results  of  the  theory  and  well-conducted  experiments  coin- 
cide, even  with  regard  to  timber  ;  thus,  for  example,  the  ex. 
pcrimeuts  on  rectangular  beams  afford  results  deviating  but 
in  a  very  slight  degree  from  the  theorem,  that  the  strength 
is  proportional  to  the  product  of  the  breadth  and  the  square 
of  the  depth. 

Experimenti  on  the  strength  of  different  kinde  of  wood 
are  by  no  meaniso  numerous  as  might  be  wished  :  the  ttosl 
useful  seem  to  be  those  made  by  Muschenbroeky  Bufibni 
Emerson,  Parent,  Banks,  Girard,  Barlow,  and  TVedgold* 
But  it  wiU  be  at  all  times  highly  advantageous  to  make  new 
experiments  on  the  same  subject ;  a  labour  espeeially  re* 
served  for  engineers  who  possess  skill  and  aseal  for  the  ad* 
vancement  of  their  profession.  It  has  been  found  by  expert- 
ments,  that  the  same  kind  of  wood,  and  of  the  same  shape 
end  dimensions,  will  bear  or  break  with  very  different 
weights  :  that  one  piece  is  much  stronger  than  another,  not 
only  cut  out  of  the  same  tree,  but  out  of  the  same  rod  ;  and 
that  even,  if  a  piece  of  any  length,  planed  equally  thick 
throughout,  be  separated  into  three  or  four  pieces  of  an  equal 
length,  it  will  often  be  found  that  these  pieces  require  dif* 
feient  weights  to  break  them.  Emerson  observes  that  wcMid 
from  the  boughs  and  branches  of  trees  is  far  weaker  than 
that  of- the  trunk  or  body;  the  wood  of  the  laige  limbe 
etronger  than  that  of  the  smaller  ones  ;  and  the  wood  in  the 
heart  of  a  sound  tree  strongest  of  all ;  though  some  authori 
differ  on  this  point.  It  is  also  observed  that  a  piece  of  timber 
which  has  boroe  a  great  weight  for  a  short  time  has  broke 
with  a  far  less  weight,  when  lefl  upon  it  for  a  much  longer 
time.  Wood  is  also  weaker  when  green,  and  strongest  when 
thoroughly  dried,  in  the  course  of  two  or  three  years,  at  least. 
Wood  is  often  very  much  weakened  by  knots  in  it  ;  also 
when  cross-grained,  as  often  happens  in  flawing,  it  will  be 
weakened  in  a  greater  or  less  degree,  according  as  the  cut 
runs  more  or  less  across  the  grain.  From  all  which  it  follows^ 
that  a  considerable  allowance  ought  to  be  made  for  the 
various  strength  of  wood,  when  applied  to  any  use  where 
strength  and  durability  are  required. 

Iron  is  much  more  uniform  in  its  streni^th  than  wood.  Tet 
experiments  show  that  there  is  some  difference  arising  from 
dili'erent  kinds  of  ore  :  ii  difference  is  also  found  not  only  in 
iron  from  different  furnaces,  but  from  the  same  furnace,  and 
«veo  from  the  same  melting ;  which  may  arise  in  a  great 
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tneaBure  from  the  difieroDt  degrees  of  heat  it  hat  when 

pouced  into  the  mould. 

Every  beam  or  bar,  whether  of  wood,  iron,  or  stone,  is 
more  easily  broken  by  any  transverse  strain,  while  it  is  also 
suffering  any  very  great  compression  endway^ ;  so  much  so 
indeed  that  we  have  sometimes  seen  a  rod,  or  a  long  slender 
beam,  when  used  as  a  prop  or  shore,  urged  home  to  such  a 
degree,  that  it  has  burst  asunder  with  a  violent  spring.  Se. 
veral  experiments  have  been  made  on  this  kind  of  strain  :  a 
piece  of  white  marble,  J  of  an  inch  square,  and  3  inches  lon^, 
bore  38  lbs.  ;  but  when  compressed  endways  with  300  lbs.  it 
broke  with  14^  lbs.  The  effect  is  much  more  observable 
in  timber,  and  more  elastic  bodies  ;  but  is  considerable  in  all. 
This  is  a  point  therefore  that  must  be  attended  to  in  all  ex* 
periments  ;  as  well  as  the  following,  viz.  that  a  be^tm  sup- 
ported at  both  ends  will  carry  almost  twice  as  much  when 
the  ends  beyond  the  props  are  kept  from  rising,  as  when  the 
beam  rests  loosely  on  the  props. 

The  following  list  of  the  absolute  strength  of  several  ma- 
terials is  extracted  from  the  colloction  made  by  professor 
Robison,  from  the  experiments  of  Muschenbroek  and  other 
experimentalists.  The  specimens  are  supposed  to  be  prisms 
or  cylinders  of  one  square  inch  transverse  area,  which  are 
stretched  or  drawn  lengthways  by  suspended  Weights,  gra> 
dually  increased  till  the  bars  parted  or  were  torn  aaonder,  by 
the  number  of  avoirdupois  pounds,  on  a  medimli  'of  many 
lria]fl»  aet  oppoaite  each  name. 

1st.  MSTALS* 


lbs.  Ibfl. 

22,000  Tin,  cast    .   •    .    .  6,000 

42,000  Lead,  cast ....  880 

34,000  Regulua  of  Antimony  1,000 

50,000  Zinc     ......  2,600 

70,000  Bimulh    ....  .3|800 

135,000 


Oo)d»  cast  » 
Silver,  east  . 
Copper,  eaat 
Iron,  cast  . 
Iron,  bar  • 
StefiA,  bar  • 

It  is  very  remarkable  that  almost  all  the  metallic  mixturea 
nre  more  tenacious  than  the  metala  themeelvea.  The  change  of 
tenaci^  depends  much  on  the  proportion' of  the  ingredieiiti  ; 
and  yet  the  proportion  which  producea  the  moat  tenaciooa 
mixture  is  difrerent  in  the  different  motals.  The  proportion 
of  ingredients  here  selected,  ia  that  which  producea  the 
greatest  strength. 

Ibt.  Ibf. 
2  parts  gold  with  1  5  pts  gold,  1  copper  .  50,000 

silver  .  .  .  28,000  5  silver,  1  copper  .  48,500 
4  silver,  I  tin   .    41,000    8  tin,  1  sine  .  •   •  10^000 
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6  copper,  1  tin  .  .  G0,000  4  tin,  1  regul.  aatkiL  12,000 
Brass,  of  copper  ^  tia  51 ,000  8  lead,  1  zinc.  •  •  4,600 
Stuhi  lead    •   .   10»200   4  ttQ»  1  lead,  1  wm  18^000 

Tlieae  nmbera  are  of  oonsidemUe  uae  in  the  via.  He 
mixttires  of  copper  and  tin  are  |>articalarly  interaMiog  in  the 
ftbric  of  creat  gfuw.  Bv  mixing  copper,  vhoae  ereateil 
•toangtfi  ooea  not  exceed  87,000,  with  tin  which  doeanot 
exceed  0000,  ia  produced  a  metal  whose  tenad^  ta  ahaoal 
donhle,  at  the  same  time  that  it  is  harder  and  more  eaailj 
wrought :  it  is  however  more  fusible.  We  see  alao  that  a 
very  sn^  addition  of  zinc  almost  doubles  the  tenacity  of 
tin,  and  increases  the  tenacity  of  lead  5  times  ;  and  a  amatt 
addition  of  lead  doublea  the  tenacity  of  tin.  These  are 
economical  mixtures;  and  afibrd  valuable  inibrmattoa  to 
plumbers  for  augmenting  the  strength  of  water-pipes. 

Brasa  being  peculiarly  liable  to  decomposition  in  the  atmo- 
sphere of  Loodon,  Captain  Kater  diiected  Mr.  Bate,  of  the 
Poultry,  the  artiat  employed  to  conduct  the  new  standard 
of  linear  measure,  to  make  some  experiments,  in  order  to 
aacertain  the  proportions  of  tin  and  copper,  which  might  pro- 
duce  a  metal  equal  in  hardneaa,  and  which  might  be  worked 
with  the  aame  facility  aa  hammered  brass  ;  and  after  aome 
trials,  it  was  found  that  a  mixture  of  576  parts  of  copper, 
59  of  tin,  and  48  of  brass,  afforded  a  beautiful  metal,  which 
poaaeaaed  all  the  qualitiea  deaired* 

2d.  Woooa,  dec. 


lbs.  IbB. 

Locust  tree.   •   •  20,100  Tamarind  •   •  •   •  6,750 

Jnjeb     ....  18,500  Fir   8,380 

Beech,  Oak     .    .  17,300  Walnut     •   .   .    •  8,180 

Orange  •   •   .   •  15,500  Pitch  pine  •   •   .   •  7,650 

Alder    •   •   •   •  13,900  Quince  .....  6,750 

Ebn   13,200  Cypress     ....  6,000 

Mulberry   ...  12,500  Poplar   5  500 

WUlow  .       ,   .  12,500  Cedar   4,880 

Aah   12,000  Ivory    .....  16,270 

Plum     ....  11,800  Bone   6,250 

Elder    ....  10,000  Horn   8,750 

PonMfranate       •  0,750  Whalebone     .    .    .  7,500 


ijemea  ....     9,850  Tooth  of  aea-oalf.   .  4fi7^ 

It  may  be  said  in  general,  lhat  3,  of  these  weights  will 
aensibly  impair  the  strength,  after  acting  a  considerable 
while,  and  that  one. half  is  the  utmost  that  can  remain  per- 
manently suspended  at  the  rods  with  safety ;  and  it  is  this 
last  allotment  that  the  engineer  should  reckon  upon  in  bia 
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constructions.  There  is,  however,  considerable  difierence  in 
this  respect :  woods  of  a  very  straight  fibre,  such  as  fir,  will 
be  less  impaired  by  any  load  which  is  not  sufficient  to  b^eak 
them  imraediately.  Perhaps,  also,  subsequent  experiments 
have  been  more  correctly  conducted.  According  to  Mr. 
Emerson,  the  load  which  may  be  safely  suspended  to  an  inch 
square  of  various  materials,  is  as  follows. 

lbs. 


Iron   76,400 

Brass  ....  35,600 
Hempen  rope    .    .  19.600 

Ivory  15,700 

Oak,  box,  yew,  plum  7,850 
Elm,  ash,  beech  .  6,070 
Walnut,  plum     .    .  5,360 


Red  fir,  holly,  elder, 
plane     .    .    .  . 

Cherry,  hazel     .  . 

Alder,  asp,  birch, 
willow   .    .    .  . 

Freestone  .    .    .  . 

Lead  


lbs. 

5,000 
4.760- 

4>290 
914 
430 
cwt. 

He  gives  farther  the  practical  rule,  that  Iron  .  ISSd* 
a-  cylinder  whose  diameter  is  d  inches  Good  rope  22<P 
loaded  to  |  of  its  absolute  strength,  will  Oak  .  \4<P 
carry  permanently  as  here  annexed.  Fir  . 

We  may  here  also  introduce  a  valuable  table  of  the  strength 
of  cohesion  of  wood,  from  very  cautious  experiments  by  Mr. 
B.  Bevan,  Civil  Engineer. 


Species  of  Wood. 


1.  Acacia  ... 

2.  Ash  

3.  Ditto  .... 

4.  Beech .... 

5-  Birch  

6.  Box  

7.  Cane  

8.  Cedar .... 
2.  Chestnut 

(horse) 
liL  Ditto  (sweet) 
IL  Damson  .... 

12.  Deal,   Nor-  ) 
way  spruce  ) 

13.  Ditto  ditto 
14^1  Do.  Christiana 
liL  Ditto  ditto 
16,  Ditto  ditto 
II.  Do.  English 

18.  Elder  

19.  Hawthorn . . . 
SO.  Ditto  

21.  Holly  

22.  Laburnum  . . 
Lance-wood. 

24.  Lignum  Vits 

25.  Lime-tree . . . 
86.  Mahogany  .  . 


Spec. 

Cohesion 

Grav. 

in  Ibf. 

16,0004- 

16.700 

3& 

19,COO 

J2 

22,200 

M 

15.000— 

^ 

15..5(K)— 

6,3t)0 

M 

11,400 

31 

12.100— 

M 

10,600— 

14.000 

18,1004- 

17,6004- 

12,4(X) 

M 

12,300 

14,000 

Jl 

7,000 

15.000 

10,700— 

9,200 

J6 

16,000 

32 

10,500 

l.Ol 

23,400-f 

1.22 

11,800 

23,600^- 

m 

l21,«00-i- 

Species  of  Wood. 


22.  Mahogany  .. 

28.  Maple  

29.  Mulberry  . . . 

30.  Oak,  English 

31.  Ditto  

32.  Ditto,  old..  . 

33.  Oak  pile  out 
of  the  river 
Cam  

34.  Oak,  black) 
Line,  log  \ 

35.  Oak,    Ham-  > 
boro'  S 

3&  Ditto  ditto 
37.  Pine,  Peters. ) 

bure  ] 
3a.  Do.  Non%'ay. 

39.  tpitto  ditto 

40.  Do.    Peters- ) 
burg  J 

41.  Poplar  

42.  Sallow  

43.  Sycamore  .  . 

44.  Teak,  old  .  .  . 

45.  Walnut  

46.  Willow  

47*  Yew  ........ 


Spec. 
Grav. 


JO 
.7fi 


M 
.£9 

J9 


Cohesion 
in  lbs. 


16.600 
17.400 
10.600 

i9,a>o-h 


15.000 
14.000 


4,500 


7.700— 
16,300+ 


14.000 


13.300— 


12.400— 


14.300 


13,100-f 


7.200— 
18.600 


13.000+ 


8,200 
14.000 


8.000 


i590 


FiAMnclrous  sxncimu 


Apple 
Bim 
HaMl 
Horobeam 
Luc 
Plane 


SupplewieiUanf  table  of  various  'nihstances. 

Spec.  ffr.     Cohesion  per  Miiare  iocb. 

 -71      ....  19,500 

.   •  14»400 

•86 
•82 
•67 
•64 


18,000+ 
20,240+ 
8,000— 
11,700— 


Neariy  all  the  species  of  wood  submitted  to  longitudinal 
attaiOy  for  obtainieg  the  force  of  cohesson  per  sqoare  inch» 

weie  also  subjected  by  Mr.  Bevan  to  transverse  fracture  by 
a  load  applied  to  the  middle  of  a  bar  placed  bonzontallyy  and 
aupported  at  each  end* 

If  Z  a  length,  b  =  breadth,  d  s  depth  of  the  priami  all 
in  inchea ;  «  *b  the  weight  in  lbs.  appHed  to  the  middle  of 
the  beam ;  c  ss  cohesion  (as  above)  per  squnre  inch ;  then, 
if  the  reaiitance  Co  compression  were  equal  to  that  of  eztea-« 

sipD,  wo  should  have        »  c :  the  mean  result  of  Mr.  Be« 

taa'aeipenments  giveay  for  dry  and  aeasoned  woodi 

2lw  chd" 
•5p  =  c,or-^  =w. 

The  reader  may  advantageously  compare  theae  formuUe  and 
results,  with  those  fron  Mr*  Bmiowt  given  at  page  301,  dec* 
Experinenta  on  the  tranaveraeatieiiglh  of  bodies  are  eaaily 
made,  and  accordingly  are  very  numerous,  especially  those 
made  on  timber,  being  the  moat  common  and  the  most  in- 
teresting. A  very  complete  aeriea  w  that  given  by  Bclidor, 
in  his  Science  des  Ingenieurs,  and  is  exhibited  in  the  fol* 
lowing  table.  The  first  column  aimply  indicates  the  num. 
ber  of  experiments  ;  the  column  b  shows  the  breadtii  of 
the  pieces,  in  inches  ;  the  column  d  contains  their  depths  ; 
the  column  I  shows  the  lengths  ;  and  cohimn  lbs  shows  the 
weights  in  pounds  which  broke  them,  when  suspended  by 
their  middle  points,  being  the  medium  of  3  trials  ot'  each 
piece  ;  the  accompanying  words,  fired  and  loosey  denoting 
whether  the  ends  were  firmly  tixed  down,  or  pimply  lay  loose 
on  the  supports. 


^o. 

b 

d 

I 

lbs. 

1 

1 

I 

IG 

406 

loose. 

2 

1 

I 

18 

608 

fixed. 

3 

2 

1 

18 

805 

loose. 

4 

1 

2 

18 

15C0 

loose. 

5 

1 

1 

36 

187 

loo&e. 

6 

1 

I 

36 

283 

fixed. 

7 

2 

2 

36 

1585 

loose. 

8 

H 

H 

56 

1660 

loose. 

f 
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By  comparing  experiments  1  and  3,  the  Strength  appeaie 

proportional  to  the  bren{!th. 
Experiments  3  and  4  show  the  strength  to  be  as  the  breadth 

multiphed  by  the  square  of  the  depth. 

Experiments  1  and  5  show  the  strength  nearly  in  the  in- 
verse ratio  of  the  lengths,  but  with  a  sensible  deficiency  14 
the  longer  pieces. 

Experiments  5  and  7  show  thu  strength  to  be  proportional 
to  the  breadth  and  the  square  of  tluj  d(;pth. 

Experiments  1  and  7  show  the  same  thin^,  compounded 
with  the  inverse  ratio  of  the  length ;  the  deficiency  of  which  is 
not  so  remarkable  here. 

Experiments  1  and  2,  and  experiments  5  and  C,  show  the 
increase  or  strength,  by  fastening  down  the  ends,  to  be  in  the 
proportion  of  2  to  3  ;  which  the  theory  st.itcs  as  2  to  4,  the 
difference  being  probably  owing  to  the  manner  of  fixing? 

Mr.  BufTon  made  numerous  experiments,  both  on  small 
bars,  and  on  large  ones,  which  are  the  best.  The  following 
is  a  specimen  of  one  set,  made  on  bars  of  sound  oak,  clear  of 
knots. 


Length 
feet. 


7 
8 
9 
10 
12 


Weight 
lbs. 


Broke 
with 
lbs. 

Bent, 
inch. 

Time, 
min. 

5350 

3-6 

29' 

5275 

4-6 

22 

4  GOO 

3-75 

15 

4500 

4-7 

13 

4100 

4-85 

14 

3950 

5*5 

12 

3C25 

5-83 

15 

3(;00 

6-5 

16 

3050 

7 

2925 

8 

Column  1  shows  the  length  of  the  bar,  in  feet,  clear  be- 
tween the  supports.— Column  2  is  the  weight  of  the  bar  in 
lbs.,  the  second  day  after  it  was  felled. — ^Column  3  shows  the 
number  of  sounds  necessary  for  breaking  the  tree  in  a  fc\y 
minutes. — Col.  4  is  the  number  of  inches  it  bent  down  before 
breaking. — Col.  5  is  the  time  at  which  it  broke.— The  part^ 
next  the  root  were  always  the  heaviest  and  strongest 

The  fbUowing  experiments  on  other  sizes  were  made  in  the 
same  way,  two  at  least  of  each  length  bemg  taken ;  and  the 
table  contains  the  mean  results.  The  beanw  were  all  squared, 
and  their  sides  fh  inches  are  placed  at  the  top  of  the  columns, 
their  lengths  inYeet  being  in  the  first  column.  The  fiuinhers 
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in  the  other  xolumos  are  the  pounds  weight  which  broke 
the  pieces. 


1 

_  1 

5 

0 

7  1 

1 

8  ; 

A 

7 

33  J  2 

18950 

;^2Coo 

476  19 

1  1 526 

8 

4560 

9787 

155'>5 

260c:0 

m0  V* 

39750 

10086 

9 

4025 

8308 

\J 

13150 

2?350 

:52l'0O 

8!<64 

10 

.•36 1 2' 

7125 

I  1250 

19475 

27750 

8068 

12 

2987 

b075 

9100 

16175 

234  50 

6723 

14 

5300 

7475 

13223 

19776 

6763 

16 

4:550 

63(.2 

1 1(100 

16:^76 

6042 

18 

3700 

6562 

9246 

13200 

4482 

20 

3226 

4950 

8376 

11487 

4034 

22 

2976 

3667 

24 

2162 

3362 

28 

1776 

1 

3881 

Mr.  BuflTon  had  ^and»  by  many  trialii  that  oak  timber 
loit  much  of  ita  atrength  in  the  course  of  aeaaoning  or  dtying  ; 
and  iheiefore,  to  secure  uniformity,  his  treea  were  all  kXM 
in  the  same  season  of  the  year,  were  squared  the  day  after* 
and  the  eiperimento  tried  the  Sd  day.  Trying  them  in  thb 
green  stale  gave  him  an  opportunity  of  obaervinff  a  T«ry 
curious  phenomenon.  M^en  the  weights  were  laid  quicfc^ 
oUi  nearly  sufficient  to  break  the  beam,  a  very  sensible  smoke 
was  observed  to  issue  from  the  two  ends  with  a  sharp  hissing 
sound ;  which  continued  all  the  time  the  tree  was  bending 
and  cracking*  This  shows  the  great  effects  of  (he  com- 
pression,  and  that  the  beam  is  strained  through  its  whole 
length,  which  is  shown  also  by  its  bending  through  the  whole 
length. 

Mr.  Buffon  considers' the  experiments  with  the  6  inch  bam 
as  the  standard  of  comparison,  having  both  extended  these  to 

Cter  lengths,  and  also  tried  more  pieces  of  each  length. 
,  the  theory  determines  the  relative  strength  of  bars,  of 
the  same  section,  to  be  inversely  as  their  lengths ;  but  most 
of  the  trials  show  a  great  deviation  from  this  rule,  probably 
owiiig,  in  part  at  least,  to  the  weights  of  the  pieces  them* 
selves.  Thus,  the  5. inch  bar  of  28  feet  long  should  have 
half  the  strength  of  that  of  14  feet,  or  2650,  whereas  it  is 
only  1775  ;  the  bar  of  14  tect  should  have  half  the  strength 
of  that  of  7  feel,  or  5762,  but  is  only  5300  ;  and  so  of 
others.  The  column  a  is  added,  to  show  the  strength  that 
each  of  the  5-inch  bars  ought  to  have  by  tlie  theory. 

Mr.  Hanks,  an  ingenious  lecturer  on  natural  philosophy, 
made  many  experiments  on  the  strength  of  oak,  deal*  an4 
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iron.  He  found  that  the  worst  or  weakoM  piece  of  dryheait 
•  of  oak,  1  ioeh  square,  and  1  foot  long,  bn>ke  with  602  Iba., 
and  the  strongest  piece  with  974  lha. :  the  worst  piece  of  deal 
broke  with  464  lbs.,  and  the  best  with  600  lbs.,  A  like  bar  of 
the  worst  kind  of  east  iron  21  DO  lbfl(.  Bars  of  iron  aet  up 
io  positioiBS  oblique  to  the  horizon,  showed  strength  ncaHy 
proportional  to  the  sines  of  elevation  of  the  pieces.  Equal 
bars  placed  horiaontally,  on  supports  3  feet  distant,  bore  6| 
•art* ;  the  same  at  2^  feet  distance  broke  only  with  0  cwt. — 
An  arched  .rib  of  20^  feet  span,  and  11  inches  hiorh  in  the 
eentrei  supported  09j-cwt. ;  it  sank  in  the  middle  of  3}  inches, 
and  rose  again  J  on  removing  the  load.  'J'he  same  rib  tried 
vithout  abutments,  broke  with  55  cwt.  Another  rib,  n  seg. 
raent  of  s  ctrcle,  29j  feet  span,  and  3  feet  high  in  the  middle, 
bore  100^  cwt.,  and  sunk  Iy\  in  the  middle*  The  aame  rib 
without  abutments,  broke  with  64^  cwt. 

Mr.  Banks  made  also  experiments  at  another  foundry,  on , 
like  bars  of  1  inch  square,  each  jrard  in  length  weighing  8  lbs* 
%hid  props  at  3  feet  aaunder. 

.  Ihs. 

The  Ist  bar  broke  with         ^     .    .     •       •  963 

The  2d  dittD         ,  958 

Tlio  3d  ditto  -994 

Bar  made  from  the  cupola,  broke  with    .       .  864 
Bar  equally  thick  in  the  middle,  but  the  ends 
shaped  into  a  parabola,  and  weighed  0^  lbs., 
broke  with        .       .       .       .       .       .  874 

Trom  these  and  many  other  experiments,  Mr.  Banks  con. 
•eludes,  that  cast  iron  is  from  3-J  to  1}  times  strongor  than 
oak  of  the  same  dimeosioas,  and  itom  5  to  (ig  times  stronger 
.4haadeal*« 


The  theory,  as  has  been  before  mentioned,  is,  that  the 
strength  of  a  bar,  or  the  weight  it  will  bear,  is  directly  as 
the  breadth  and  square  of  the  dcf)th  divided  by  the  length. 
So  that,  if  b  denote  the  breadth  of  a  bar,  d  the  depth,  /  the 
length,  Qnd  tu  the  weight  it  will  bear;  and  tlie  capitals  n,  d, 
•Ly  w  denote  the  Hke  quantities  in  another  bar ;  then,  by  the 

Vttle      :  10  :  :  —  :  w,  which  gives  this  general  equation 

m  Ms 

m 

*r  ■        '  ...   

•  See  farther,  on  this  subject,  page  390,  iic,  Barlow  on  the  StrtnffjUk 
^     «/  Tun  i^r,  ifc  XnigtUHB  Cmrjfmtri^  and  tfriyorf 's  M^thmafMtfir  tra^ 
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bd\w  =  BD-lw,  from  wliich  any  oue  of  the  l^llefs  tuiiky 
found,  when  the  rest  are  given. 

Now,  if  we  tako,  for  a  standard  of  comparison,  this  expe- 
riment of  Mr.  Banks,  that  a  bar  of  oak  an  inch  square  and  a 
foot  in  length,  lyintr  on  a  prop  at  each  end,  and  its  strength} 
or  the  utmost  weight  it  can  bear,  on  its  middle,  GGOJbs. :  hero 
6  =  1,(Z  =  1,?=1,  ir=6G0  ;  these  substituted  in  the  above 
equation,  it  becomes  lw  =  OGObd^  irom  which  any  one  ot 
the  four  quantities,  l,  w,  h,  d,  may  be  found,  when  the  other 
three  are  given,  when  the  calculation  respects  oak  timber. 
But  for  6r,  the  like  rule  will  be  lw  =  440bd'  ;  and  for  iroa* 
LW  =s  2640bd^ 

Exam,  1.  Required  the  utmost  strength  of  an  oak  beam, 
of  6  inches  square  and  H  feet  lonn,  supported  at  each  end,  or 
the  weight  to  break  it  in  the  middle  ? 

Here  are  given  b  =  6,  d  =  0,  l  —  8,  to  find  w  = 
^  660_X6X36  ^  eeOX8x9  »  17«W  lb.. 

&  CI 

Emm,  %  Required  the  depth  of  an  oak  beam,  of  the  same 
ien«;th  and  strength  as  above,  but  onlv  C  inches  breadth  1 

Here,  as  3  :  6  : :  36  ;  =  72,  the'ref.  d  =  y/Ti  =  8-485 
thd  depth. 

This  last  beam,  though  as  strong  as  the  former,  is  but  little 
hiore  than  |  of  its  size  or  quantity.  And  thus,  by  making 
joists  thinner,  a  great  part  of  the  expense  is  saved,  as  in  the 
Modem  s^le  of  flooring,  <kc. 

Exam,  8.   To  deteimiiie  the  mmost  strength  ot  h  deal 
iois^  of  2  inches  thick  and  8  inches  deep,  the  bearing  or 
breadth  of  the  room  being  12  feet  7  Here  b  =  2,  d  8» 
A  as  12 ;  then  the  rule  lw  s  440bd-  gives  w  := 
440XBXn^     440X2X64  440X82 
 •£  12  =— 5— »46931b8. 

£jam.  1.  Hc(|uired  the  depth  of  a  bar  of  iron  2  inchea 
broad  and  H  feet  long,  to  sustain  a  load  of  20,000  lbs.  1  Here 
ft  xs  2»  JL  S3  8,  andijir  =  20,000,  to  find  n  from  the  equadott 

Lw-2640Bn^  viz.  o^  =  ^  =  =  '^=.^^3. 

2640b      2640X2    .  88  * 
tad  i»     ^0*3  =  5|  inches,  the  depth. 

Exam*  5.    To  find  the  length  of  a  bar  of  oak,  an  inch 
square^  so  that  when  supported  al  both  ends  it  may  josl  hnak 
ita  wn  weight  ?-^ere,  according  to  the  ttotatioB  and 
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calculatioQ  in  ptoli.  88^  I  m  1, 10  » t  of  a  ll>.»  Weight  oT 
1  foot  in  length*  and  ti  «>60Otbs.  Then  l» 

V-;r-  =  V'SaOl  =  57-45  feet,  nearly. 


I.  0.  To  find  the  length  of  an  Inm  bar  an  inch  square, 
Uial  it  may  break  by  its  own  weight,  when  it  is  supported  at 
both  end8.»Here,  as  before,  I  «  1, 10  8  Iba.  nearly  the 
weight  of  1  foot  in  length,  also  u  =  2840.   Therefore  t  » 

i       >   ■  =  41 '07  feet  nearly. 

tv 

iVble.  It  might  perhaps  have  been  supposed  that  this  last 
result  should  exceed  the  preceding  one  :  but  it  must  be  con. 
aidered  that  while  iron  is  only  about  4  times  stronger  than 
oak,  it  is  at  least  8  times  heavier. 

Batamm  7.  When  a  weight  w  is  suspended  from  e  on  the 
arm  of  a  crane  abcde,  it  is  required  to  find  the  pressure  at 
the  end  n  of  the  spur,  and  that  at  b  against  the  upright  poet 
^* 

•  Here,  by  the  nature  of  the  lever,  —  ^  ^ 

CD 

=  the  pressure  at  d  in  the  vertical  direc- 
tion DP  :  butthia  pressure  in  DPis  to  that  in 

CB       CB  .  OB 

DBa8DFtODB,VtZ.DF:DB::^ — w: «  

OD     nr  •  CD 

w  the  presBttre  in  db  ;  and  again,  db  :  fb 


•  CB  .  DB  CB 

or  CD  ; :  w  :  ■ —  w 

DF  .  CD  DF 


CB 


—  w  the  pressure  against  b  in 

dvection  fb. 

Thus,  for  example,  if  ce  =  16  feet,  bc  =  6,  cd  «  8, 


CK 


BD 

—  w 


16.  10 
6  .  8 


toislO,  and  W3s8  tons:  then 

BC  •  CD 

tons,  for  the  pressure  on  the  spur  db. 

8  tons,  the  force  tending  to  break  the  bar  ao  at  b. 


CB  6 


raoBLEx  JLXxau 

To  determine  (he  circumsfances  of  sjiace,  penetratiort,  ve^ 
loeity,  and  lime,  arising  from  a  ball  moving  unlh  a  given 
velocity,  and  striking  a  moveable  block  of  wood^  or  other 
9tance^ 


Digitized  by  Google 


i0S  tatomicirout  nxncasMh 

Lot  the  ball  raoTc  in  the  dirocdoo  ab  paniiig  thmi^  the 
eentre  of  gravity  of  the  block  e,  impinging  od  the  point  o; 
and  when  the  block  U^a  moved  through  the  space  cd  ia 
cooaeqneace  of  the  blow,  let  the  ball  hai'e  penetrated  to  the 
tiepth  DWk 

Let  B  »  the  mass  or  matter  in  the  block, 
h  as  the  same  in  the  ball, 
9  =:  CD  the  space  moved  by  the  block, 
a;  =  DE  the  penetration  of  the.  ball,  and  therefe 
s      X  =  CK  the  space  described  by  the  ball, 
a  =  the  first  velocity  of  the  ball, 
V  =  the  velocity  of  the  ball  at  e, 
u  =  velocity  of  fh(!  block  at  the  same  instant, 
t  =  the  time  (jT  penetration,  or  of  the  motion, 
r  =^  the  resisting  force  of  the  wood. 

Then  shall  g  be  the  accelerating  force  of  the  block, 

t  . 
and  X  the  retarding  force  of  the  ball. 

0 

Now  because  the  momentum  iim,  communicated  to  the 
block  in  the  time    is  that  which  is  lost  by  the  ball,  namely* 

•  •  •   

therefore  im  —  /it?,  and  bu  —  ffv.  But  when 
V^Of  tt=0 ;  therefore,  by  correcting,  bm  ==  6  (a  — r) ;  or  the 
Vnomentum  of  the  block  is  every  where  equal  to  the  momen- 
trim  lost  by  the  ball.  And  when  the  ball  has  penetrated  to 
the  utmost  depth,  or  when  ii  =  v,  this  becomes  bu  =  h 
(a  —  u),  or  a6  —  (m  -\-  L)  n  ;  that  is,  the  momentum  before 
the  stroke,  is  equal  to  tfie  momeutum  after  it.  And  the  velo- 
trity  communicated  will  be  the  same,  whatever  be  the  resisting 
force  of  the  block,  ihe  weight  being  the  some. 

jkgain,  by  thcor.  6,  Forces,  this  vol.  it  iis  ti* and 

2frr 

a    X     +  a:)  or  rather,  by  correction,     —  = 

(«  +       Hence  the  penetration  ot  x  »  2gr 

And  when  v  =  «,  by  substituting  u  for  r,  and  bm'  for  2^*, 

thegreateat  penetration  becomes  ^'^  ^ig^  ^^^ '  ^  ^ 

by  writing  ab  for  its  value  {n-\'h)u,  gives  the  greatest  pcne- 

tnttioii4P«x— -j-rr  =       X  (1  — Which  If  baxelf 

«qual  to        when  the  block  is  fixed,  or  ia&iitoly  great ;  and 
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ieilwayt  very  oearly  oqual  to  the  same  when  b  is  yeiy 
great  io  respeot  of  b. 

 ny__ 

Hence ,  +  .  =         ^  ==  — ^  6  =.-(;4:,yX 
Andtheref* B  +  6  :  b  +  2ft  : :    ;  #  +  x»  or  b  +   :  ft  : :    : «» 

and  <  =  — 7-1  =•*  rr:« 

Exam,  When  the  bnll  is  iron,  and  weigh*  1  pound,  it  pene- 
trates  elm  about  1«3  inches  when  it  moves  with  a  velocity  of 
15U0  feet  per  second  :  in  which  case, 

When  B  =  5001b.,  and  u=l ;  then  u  =  ^ 

ft  feet  nearly  per  second,  the  velocity  of  the  block. 

Bu*        500X0  1  ^  ^ 

of  an  incht  which  is  the  space  moved  by  the  block  when  the 
ball  has  completed  its  penetration. 

^ = I "  ieilxs  ^  ^  P*'' 

2  26 

2j+2j_4G1^"^  12^  G-f  13.  23]  _   1  " 

t>  1500         6.231 .  X500     092  ^      *  * 

secoodi  the  time  of  peoetratioo. 


FBOBIiEU  XJL. 


7b  find  ike  wiioeiiy  and  time  of  a  heavy  body  defending 
down  Uke  are  of  a  eirde^  or  mhrating  mlhearebya" 
m  the  eenirom 

Let  D  be  the  beginning  of  the  descent, 
o  the  centre,  and  a  the  lowest  point  of  the 
circle ;  draw  db  and  pq  perpendicnlarto 
ACm  Then  the  velocity  in  p  being  the 
same  as  in  a  by  falling  through  eOi  it  will 
be  n=2v^Cl^XBft)=8v/(a— «)  nearly, 
when  a^AB,  x^ah  ;  sinoe  a^  •  ^r^^Ar*! 
e  •  in  A  oc  chord  a?» 
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Bvtthe  fluxion  of  the  time.f  isas  ,  and«  ap  =- 


wharo  r=tha  ladiua  ac.  Theref;/-^  X  ^^arx->^X^(ci~x) 
■=  4x-77  iv^-Tr:?  \^  because  (2r»-a;»)  (a-^«)  « 

 ;  ,  where  <i  s  2r  the  diameter. 

✓(aa;-x^)Xv^Cl-^) 

hy  developing  1  4-     (1  —  |).  or  (I  —  ^) '  ^  m  a  eeriei. 
iiut  the  fluent  of    .  ^       ia  —  X  arc.  to  radius  and 

▼ere.  «|  or  U  ia  the  arc  whose  rad.  is  I  and  vers.      :  whic^ 

call  A.  And  let  the  fluents  of  the  succeeding  terms,  without 
the  coeflicients,  be  b,  c,  d,  e,  c^c.  Then  will  the  flux,  of  any 
one  as  Ot  at  n  distance  from  a,  be  a  =  a?"  a  =  ip,  which 
euppoee  also  s=  the  flux,  of  6p  —  <i»^*V'(«w  —  ar')  =  6r — 

^  (ax -»^)  -  c2iJ!«^  X ^^^V)  =     -  ^  ^ 
Honce^  by  equating  the  coefficients  of  the  like  terms, 

^=■5-*  *"'"ar-'*»  ^"^^'^  ^  ST-  

Whioh  being  substituted,  the  flkiential  terms  become  a 

Jl^gJS^  5nc^2xV(iix-^-)_^^      Or  the  same  flu. 

ents  will  be  found  by  art.  85,  p.  808. 
But  wM»  X  =  4|f  thoee  torme  beeome  bateiy  — jg — •  X 
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•qbtractedy  tod  «  taken  =  0,  there  arises  for  the  whole 
time  of  deeceadiag  down  Qa,  or  the  corrected  value  of  <  « 

16       ^     t-      -t-      4,^,  +       ^,  ^..^1  +  «€•). 

When  the  arc  is  small,  as  in  the  vibration  of  the  pondu* 
lum  of  a  clock,  all  the  terms  of  the  series  may  be  oniitted 
after  the  second,  and  then  the  time  pf  a  semi^vibratioo  I  is 

nearly  =  X  (1  +         And  therof.  the  timea 

of  vibration  of  a  pendtt1am»  in  different  arcs,  are  as  8r  + 
or  8  times  the  raaius  added  to  the  versed  sine  of  the  arc. 

If  1)  be  the  degrees  of  the  pendulum's  vibration,  on  each 
side  of  the  lowest  point  of  the  small  arc,  the  radius  being  r, ' 
the  diameter  d,  and  3*1416  =      then  is  the  length  of  that 
pro     pdo        ,   ,  ... 
^     180  ~  560"  versed  sine  m  terms  of  the 

A*  A*  A*  A* 

vci«a=^  — ^,  +  dic,=^— g^  +  &c  Therefore 

d  ^  ^ ~3i^+^-*3C05^3.M)^  +  «  aggi 

the  first  term,  by  rejecting  all  the  refit  of  the  terma  on  ac- 

count  of  their  smaliness,  ^  ^  ^  nearly  =  This 
value  then  being  substituted  for  ^  or  ^  in  the  last  near 

1-5708      r  D» 
value  of  the  time,  it  becomes  <= — —~-        X  (1  +  ^^j) 

nearly.    And  therefore  the  times  of  vibration  in  different 
small  arcs,  are  as  525*24  +  I>^  or  as  52524  added  to  the 
^quare  of  the  number  of  degrees  in  the  arc. 
Hence  it  follows  that  the  time  lost  in  each  second,  by  yi, 

brating  in  a  ciicle,  ifistead  of  the  cycloid  is  ^25^4 '  con- 
sequently the  time  lost  in  a  whole  day  of  24  hours,  or  24  X 
60  X60  seconds,  is  nearly.  In  like  manner,  the  seconds 
lost  per  day  by  vibrating  in  the  arc  of  n  degrees,  is  f  A*. 
Tberelbre,  if  the  pendulum  keep  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day,  by  vibrating  in  th^ 
other,  will  be  1(1^-—  A')*        '^'^^  example,  if  a  penduliipp 


fiM  PBOMUOOOVt  M»«€I1M. 

measure  true  time  in  en  are  of  S  ilefr>ee,  It  will  loee  llf 
seconds  a  ^ay  by  THiftecing4  degrees ;  ind  *i6}  seeonda  a  day 
by  vibratiaff  6  degreea ;  and  'aooo.  •  • 

And  in  like  manner  we  might  proceed  Ibr  any  other  earfi» 
aa  the  etiipae,  hyperbola,  parabola,  Uc 

Scholium.  By  comparing  this  with  the  results  of  the  pro- 
blems 13  and  14,  page  410,  iic,  it  will  appear  that  the  times  in 
the  cycloid,  and  in  the  arc  of  a  circle,  and  in  any  chord  of  the 
circle,  are  respectively  as  the  three  quantities, 

1>  1  +  ^  ^c.,  and  ^ 


or  nearly  as  the  three  quantities  1,  ^  +  ^>  1*27324  ;  th* 

first  and  last  being  constant,  but  the  middle  one,  or  the  time 
in  the  circle,  varying  with  the  extent  of  the  are  of  vibration. 
Also  the  time  in  the^eyeloid  ia  the  leaat,  bi^  in  the  ehord  the 
greatest ;  for  the  greateat  value  of  the  aeriea^  in  this  prob. 
when  a  «  r,  or  the  are  ad  ia  a  quadrant,  ia  1*18014  ;  and 
in  that  ease  the  proportion  of  the  three  timea  is  an  the  mran- 
hers  1, 1'18014|  1*87334.  Moreover  the  tiara  ui  the  eircle 
approaehes  to  that  in  the  eyeMd|  as  the  are  deeicaseai  aai 
they  are  very  nearly  equal  when  that  are  is  very  small. 

raoimxu* 

To  find  the  time  and  vetocUif  if  a  chain  anmstmg  wetf 
$maU  Hnks,  descending  fnm  a  mimlh  horiz(mt4d  pfmtt ;  Ifts 
chmn  being  100  tncAef  langt  and  1  tiic4  of  U  hmtgimg  tk$ 
fUme  ai  the  eotmenemmt  of  sioIhiii* 

Put  a  =  1  inch,  the  length  at  the  beginning ; 

i  s  100  the  whole  length  of  the  chain : 

X  =  any  variable  length  off  the  plane. 
Then  x  ia  the  motive  force  to  move  the  body, 

X 

and  J  s=y  the  accelerative  foree. 

Henee  w  » Kfs «s ^  Xi^^ 

The  fluents  give    ■*         But  n  «  0  when  s  a, 

theref.  by  correction,  t^^g  X  ^  and  o  ^  ^[g>^~!^^ 
the  velocity  for  any  length  x.   And  when  the  chain  juat 
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^pUti  the  plftDQ,  9^1,  and  then  the  greatest  velocitv  is 

y/    v>       ^'x       y/o     ,00     100'— 1»  386xJi999 
X  — )     ✓  (2  X  193  X -j^-)  =  — jgg— 

iB  196"4S9Q2  ioeheti  or  ie«a71585  feet,  per  second. 
*  I 

Again  1  or  -  s       x  -—  :  the  correct  fluent  of 

whMiial» ^  X  log.l±vl^i:^i,  the  time  for  any 

100 

length  sr.  And  when  «  «  {  a  100,  it  is  f »  x  log. 
1OOX«/0OOO 

■    ■  jj^  '  «  3*69676  seconds,  the  time  when  the  lost  of 

the  chain  just  quits  the  plane. 

PROBLElf  XLII. 

Tbjmd  ik$  Um  mid  vdoeiiy  of  a  dimn,  0/  very  mall  Italcff, 
ftffting  a  puHeyt  by  passing  freely  oeer  U  :  ihe  wMe  hngih 
being  ^iSOO  tndkesy  md  tAs  one  end  hanging  2  tncAet  hekm  the 
cih&ridikeh^guming* 

Ptttas8»i  aS0D»and«»m>an7miab1e  A 
diflbrenee  of  the  two  parts  AB,  Ac;  Then 

|«/,andiwor^i=:^.^  .4*  =  ^. 

X*— a"  G 
Hence  the  oofveet  floent  is  o*       X  — ^  and  0 

^  ^  (i^  X  — 2 — )*     general  expiessionior  the 

reloc    And  when  «  s  2,  or  when  c  arrives  at  a,  it  is  v  = 

886  X0009 

■B  ^  ^"—T  s  196*46903  inches,  or  16-871565  feet  for 
the  greatest  velocity  when  tho  chain  just  quits  the  pulley* 

Again,  for-  =  ^^\/sr  X  —r^ — Tn* 

rect6ueat  is  <  =        X  log.  ■  ,  the  general  ex- 

^g 

premioii  ftr  tht  tine.  And  when  «  » I,  it  beoomet  I » 
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to2  FMMnCVOVS  EXERCI6K8* 

X log. '±vl£z£l5-^g«  X log. ^^^f^^ 

te  y/  5^  X  log.  i-f  =  3*69676  seconds,  the  whole 

lime  when  the  chain  juftt  quits  the  (Nilley. 

So  that  the  velocity  and  timil  at  quitting  the  pulley  in  thia 
prob*  and  the  plane  in  the  laat  prob.  are  the  same  ;  tfie  die* 
(ance  descended  09  being  the  same  in  both.  For*  though 
'the  weight  I  moved  in  this  latter  case,  be  doilble  of  what  it 
was  in  the  former,  the  moving  (brce  *  is  also  double,  because 
hero  the  otie  end  of  the  chain  shortens  as  much  as  the  other 
end  lengthenSyBO  that  the  space  descended     is  dottbled> 

X 

and  becomes  x ;  and  hence  the  accelerative  force  -j-  otf  is 

the  same  in  both  ;  and  of  course  the  velocity  and  time  the 
«ame  for  the  same  distance  ~ 


i>boblbM  tuiU 


If  a  fine  ehtm  30  inehe»  long  he  Imdslrmgki  on  tt  Wisoii- 
^  flmutf  and  6  vushes  be!ow  thi*  plans  iJwrs  he  a  pmaSUt 
plane  to  receive  the  ekam faUtng  from  the  first :  Uie  reqairei 
to  4e/srmMS  tils  edSoetky  and  time  of  the  cham*t  fmtlmg  the 


JirH  'pUme^  0  inehee  uf  the  oHom  hanging  ^  at  the 
meniqf  themetimh 


Let  t  the  whole  length  of  the  chain,  p  =  the  part  hanging 
down,  T  sai  the  vatiuble  part  or  that  ithove  the  nether  plane, 
g  sz  32^^  9  =  |he  velocity  per  second  of  the  end  of  the  chain 
along  the  iippeir  plane,  and  I  s=  the  tibic  of  motion. 

Then  the  moving  ibrce  is  as  p.  and  the  matted  moved 
as  ff,  whence /  the  accelerating  force  tirging  the  chain  in 

p 

the  direction  of  its  length  is  ~  or  pt^  ;  therefore  (pago 
400)  tis=.gfisx^  ?|f .  The  correct  fluent  of  which  gives 
ti'ssSlpgXhyp*  log.  of—,  otv^  ^{pg  ^^9*     ~).  Hence 

X  9 

 i       JT         .   ^         _  JCV        Xe  ^       ^    ,  a 

I  =  and  t  =5  fluent  —  =  flu.  —  =  h  du* 

^  ^     pg  pg    pg         pg  pg 

firtj"6  _xt)       jt?"^       ^      v^x       XV  .    xt?    ,  ^  xv*v 

iky'pg  8(w?~  ■'"aSw/  SSr? 
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rxoiuacuous  xzsbchm* 

::r+Q7«-\a+  o^v  -Va- whence  the  hw of  ooiu 
tinuing  the  eeries  is  manifest,  and  (  »  —  (14.  — .  4. 

t,'  »(») 

Ml  expression  for  tlie  time  of  describing  any  variable  length 
of  tl|e  chain.  Bui  i^^pg  hyp.  log.  of  -=  pge,  and  t^f^^^ 
2fc   4c'     Sc*  16c* 

«+M+M-7"*"8-6^^+^''-J*   And  when  *  =  I, 

I «  I  (bet,  p  s=  J,  and  c  »  hyp.  lo^.  of  5,  we  have  /  = 
*7344158  of  a  aecond.  Also  o  7*  1951 5  feet,  the  velocity 
per  aeeond  with  which  the  end  of  the  chain  quits  the  upper 
phuie* 

noBKSK  z&nr« 
5aseit  B. 

Let  r  =  radius  of  the  earth,  x  ==  any  height  above  it, 
*ind  x'  any  indefinitely  small  height ;  also,  let  *  the  specific 
gravity  of  the  matter  of  which  the  pillar  is  constituted. 
Then  Bsif  =  weight  of  an  indefinitely  small  portion  of  the 
Column  at  the  earth's  surface.  And  by  the  laws  of  gravity 
1  1  f^tax 

^  :  Mx'  ! :  ^i:^^t  •  weight  of  an  equal  part 

at  the  height  x.   Gonseqaently  the  fluzioo  of  the  weight 


is— ---5asr^(r  +  «)-*8  the  flnent  of  this  is  — r^x 

r  +  x)— *,  or  "^^^^  >  or  corrected,  ^  the  weight  of 

the  pillar  whose  height  is       This  reduces  to  r^(^_ 

weight  of  the  infinite  pillar  becomee  ms  (-^)»or  nmply  rnsw 

That  isy  the  weight  would  be  equal  to  that  of  a  bent  pillar 
of  the  same  matter,  and  the  same  base  which  should  be  in 
horizontal  contact  with  an  arc  of  d7*3957796  difiees  of  a 
freat  circle  of  the  earth»  • 
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fi4  FHOmSCUOUt  BXBBCI8SS. 

Note*  This  is  independent  of  the  consideratioii  of  cento!* 
fugal  force,  which  would  take  off  the  atooea  firom  the  top  of 
the  column,  when  its  height  waa  little  more  than  6*6r,  al  the 
equator,  dec.   See  the  next  problem. 

PBOBLEM  XiiV. 

Required  ihe  altitude  of  the  highest  edifces  ihd  could  pot . 

at^F  ^  raiied  on  any  part  of  the  earlK^  turfaee. 

« 

Let  o  be  the  centre  of  the  earth, 
Ff  tla  polea,  Ba  the  equator,  bt  the 
allittide  of  the  edifice  erected  per* 
pendieularly  at  b,  wboae  latitude 
aoB  is  Draw  bb,  tb,  each  perw 
pendicularlD  PP,or  to  i  p  produced, 
and  from  B,  BF  perpendicular  to  ct. 
NoW)  it  is  evident  that  the  edifice 
cannot  be  raised  any  higher  ihnri  the  point  T,  where  the  cen- 
trifagal  fnrcc  reduced  to  the  direction  ct  is  equal  to  the  force 
of  gravity  ;  for  at  a  greater  altitude  the  centrifugal  force 
wonld  exceed  lUe  gravitating  force,  and  the  materials  would 
fly  off. 

Let  cB  =  OB  as  CP  5=  1,  CD  =  bo  =  an  Z,  bd  =  cos  i,  c  = 

~  as  centrifugal  force  at  B,that  of  gravity  being  exp 

by  unity,  and  ct  =  x.  Then,  as  cb  :  bd  :  :  ct  :  xu,  or 
1  :  cos  I  '.  X  '.  X  cos  /=TH  :  hence,  as  ce  :  Tn,  or  1  :  x  cos  / 
:  :  c  :  cx  cos  I  =  centritugal  force  at  t  in  direction  irr,  T 
revolving  about  h.  And,  as  ht  :  ft  :  :  cn  :  bd  : :  rad  ;  cos 
I  :  :  cx  cos  /  :  cx  cos'*7,  the  said  centrifugal  force  reduced 
to  the  direction  tc,  opposite  that  of  gravity.   Again,  aa 

11  1 

— 5  :       : :  grav.  at  b  :  grav.  at  x     -5.   Hence,  by  the 

above,  C4?  coa  H  « j^,  and  or*  =  ^-^^^  =  ~^"»  * 

V^(289  sec.  H).  Consequently,  bt  =  ct  —  CB  =  ^  (289 
sec.  ^/)— .  1. 

1.  Suppose  the  place  to  be  the  ecpiator,  then  aee.  1^1, 
«nd  BT  =  V^89— ls6«611489-*  1=6-611489  radu  of  the 
livth* 

2.  Suppoae  the  latitude  to  be  45^  then  bt  ^  wk^ 
450)  ^  1  a  ^"(^9X2)  —  1  8*820885 1 «  7-820885 
tadti. 

8.  If  Ihe  latitude  be  00^  then  bt»V(^  aeC60o)-l« 
V(^X4)  —  1  «B  10-49508-  1  s  9*49508  radU. 
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4.  At  either  pole  see  I  w  iofiiute»  and  the  height  of-the 
edtfiee  would  have  no  limit. 


PBOBLEX  XLVJ. 

Supposing  the  eartlCs  roiation  about  its  axis  vere  eniirfly  to 
censey  how  muc'i  tcoidd petiualvm  clocks  gain  in  24  hours  in  the 
lalUude  bi- '^0' 1 

It  htti  been  fully  ascertained,  that  when  the  attraction  of 
gravitation  at  the  equator  is  1,  the  centrifugal  force  there  ia 

;  and  it  ia  easily  demonstrated  (vide  preceding  problem, 

or,  Gregory's  Mechanics,  vol.  i.  p.  259,)  that  ihe  central 
force  under  the  equ.-itor  is  to  the  central  force  in  any  pro- 
posed latitude,  as  the  square  of  the  i  adiu3  {6  the  square  of 

the  coeine  of  the  said  latitude.   Hence  wO'Shall  iiave  ,-7^  eoi^ 

51°  30'  —  0013492,  the  measum  of  the  central  furce  in  loti. 
lude  51^^  130';  and  this  taken  fronj  the  measure  of  the  attrac- 
tion gives  -91)80508  for  the  force  with  which  the  pendulum 
is  actuated  in  tau  proposed  hxtifudo.  -But  the  numher  of 
vibrations  performed  by  equal  pondiilums  in  the  same  time, 
is  in  lli'j  sisbdupliratfs  ralit)  of  the  forces  :  therefore 
^  (-9980508)  :  y  1  :  :  24  X  3600  (=80400) :  80458-34,  the 
number  of  vihrations  of  a  second  penduhmi  that  would  be 
performed  in  24  hours,  if  the  earth's  rotation  were  to  cease. 
Consequently,  the  number  of  vibraii  -ins,  or  nearly  of  seconds 
gained  would  be  80458-34  —  86400  =  58  34  =  58"  20  ". 

N.  B.  Computations  of  the  kind  required  in  the  preceding 
solution  are  best  performed  by  logarithms. 


PBOBLSM  XLVU. 


Required  the  least  velocity  with  which  a  cannon  ball  must  be 
projected  from  llie  surface  of  the  tarlh  (suppotfi  at  an  angle  €f 
40'^  eUvaiim)  so  thai  ii  s/uiU  never  return. 

Let  c  be  earth's  centre,  ear  a  B 
portion  of  tiie  surface,  ab  the  pro- 
jectile's direction,  and  adf  its  tra- 
iectory.  Suppose  cDjCFindelinito. 
Ivneareacholhcr,  and  call  CA,  (the 
earth's  radius  =  21000000  feet)  r, 
CD,  x;  32*2  feet,  the  velocity  generated  in  a  second  at  the  earth's 
.  surfape^ ;  vtiiQ  v.elocity  u^d  i  v  the  required  velocity.  Then 
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the  ceotripetal  force  ia  d  will  be  (being  reciprocally  as  the 
■qom  of  the  dinaiice  from  the  eaith*«  centre),  and  the  fbroe 
to  lelard  the  ootioo  in  the  direction  df,  ;  this  retaid« 

ing  ibiee  drawn  uito  the  flution  of  the  time,  being  equal  to  the 

f^si  •  • 

fliiiioo  of  the  velocity,       will  be  s  —  «  •  therefore  eo  » 

.!^,  and  the  fluent  But  in  ▲  (o  being  « 

and  ar  =  r)  the  correct  fluent  gives  v  =  v^(vv  —  2rg  +  2 
After  an  infinite  time,  x  will  be  infinitely  great, 
and  —  2rg  4-  2r-gx~^)  infinitely  Hmall,  and  iliere- 

fore  may  be  put  =  0,  in  which  equation  r  is  nothing  in  re* 
spect  of  the  value  ofx;  and  iherefure  v  =  \/2r^  =  3t5T75 
feet  6'9U55  miles.  Hence,  there  is  no  limit  with  regard 
to  tbe  angle  of  direction;  but  if  a  body  be  projected  from  the 
enrth'a  auilhce,  in  any  direction  whatever  above  tbe  horisoo, 
with  web  n  Telocity  aa  will  carry  it  about  o?  above  7  milee 
per  Mcood,  il  will  never  return. 

nKiBum  xLviii. 

To  delermine  the  ratio  of  the  densities  of  the  sun  and  the 
earth* 

Let  B  and  r  .be  the  radii  or  aeroidiameten  of  the  orbits  of 
the  earth  and  moon,  p  and  p  the  periodic  times  in  those 
Ofbits»  s  and  t  the  sun*s  mean  apparent  semidiameler  and 
moon's  m^an  horitontal  parallax,  and  xi  and  n  any  two  nam* 
bers  in  the  reqnired  ratio  of  the  densities  of  the  son  and  earth 
respectively.  Then  the  real  semidiameters  of  the  son  and 
•aith  being  in  the  ratio  of  m  s  to  r  their  masses  will  h% 
nsa'iP  Xnir^^Xn;  and  consequently  their  forces,  at 

R'^s'n  r's^Ti 

the  distances  a  and  r,  as  ■  '  :  —7-,  or  as  bs^n  :  rr^ 
But  these  are  (by  the  laws  of  central  forcea)  also  as  —  1 

PF 

^ ;  therefore  by  dividing  the  antecedenta  of  these  equal 

ratios  by  us*,  and  the  consequents  by  rs\  we  hare  as  r  :  a 
1      I  p*  s' 

M':rT''*  1  •        -t5  which  in  numbeis,  taking  p  ^ 

365«i.  5A.  49i?i.  p  =  27d,  7h  4Sm.  s  =  16'  5y,  and  s  = 
67' .  Hi",  will  come  out  as  X  to  3  057  for  the  ratio  of  the 
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density  of  the  sun  lo  that  of  the  earth.  Laplace,  taking  the 
values  of  the  given  quantities  rather  diQcfentlv,  makea  th^  rat 
lio  1  to  3*9^93. 


« 

* 

Suppose  a  fi^pen  right-angled  plane  triangle^  whose  hy^ 
potheniise  is  a  uniform  slender  rod,  and  its  base  parallel  to 
the  horizon,  to  revolve  about  its  perjjendicular  as  an  axis, 
VjhUe  a  ring  slides  freely  along  its  hypothenuse :  it  is  rcr 
wired  to  determine  the  lime  of  the  r%ng*s  descent  along  the  said 
hypothenusef,its  length  being  =  fiO  j'eet^  the  perpendicular  s 
40  feel,  mid  ike  Um»  of  one  renohhon^  rmtf  ike  a^pis  =b  3  se^ 
eimdsT 


Let  BA  represent  the  given  rod,  revolving  about  the  axi^ 
.jBc  perpendicular  to  the  horizontal  line  ac,  d  the  place  of  the 
ring  at  the  end  of  any  time  and  v  its  velocity,  there,  iu  thq 
direction  da. 

Put  AB  (  =  50  feet^i  =  r,  bc  (  =  40)  =  p, 
AC  (  =  30)  =  b,  32}  as  usual  =  g,  3"  (the 
time  of  one  revolution)  =  s,  3*141593,  &:c. 
=  Ic,  and  BD  =  x;  then  will  bccx  -f-  rss  = 
the  centrifugal  force  in  a  direction  parallel  to 
the  horizon,  and  its  effect  in  the  direction  da 
(by  the  resolution  of  forces)  =  bbcc::  ~-  rrss  ; 
which  added  to  pg  -r  r,  the  true  measure  of  '  ^ 

die  force  of  ffraYity  la  the  same  direeUon,  give*  ^Ji^+f&s^ 
^       ^  "        rrss  r 

tlie  whole  force  accelerating  the  jring  along  the  rod,  at  Df 

bhocxst    AffX  * 
Whence  by  the  principles  of  motion,  r  ^ 

hhcc  pg 
(putting-j^=  III,  and     —  n)  t?  =  ^{mxx  -f-  2nx)  j  conse* 

qoenlly  i^^X  -^-^^^-y  putting  <  =  tdcin* 

theeorrert  flnent  *  «  -i-  X  ""yp.  log.  of  ?±^±>^'^?f±ii) 

=  (\vhen  X  becomes  =  ba  ==  50)  1-0559 ",  &c.  =  r*39"'  21'^^ 
^c.  the  time  required* 

Cor.  !•  The  time  of  descent  along  the  rod  in  motion,  is 
less  than  the  time  of. descent  along  it  when  at  resty  by 
W  %  *c^ 

You  II*  09 
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Cor.  2.  Making  y  (the  gravity  of  the  nng  on  tb^  rod)  « 

(the  borizonUil  centrifugal  force  ebove  feond),  it  appem 

that  when  *  =  --=,  the  ring,  if  at  entire  liberty,  would  do 
longer  slide  along  the  rod,  hut  fly  o(C, 

Note-  For  nn  investi-^ation  of  the  actunl  length  of  the  track 
described  in  the  circumstances  of  this  problem, 
sum's  i^tory,  for  18^  p.  44, 

nOBLKH  I.. 

Suppote  a  untfom  dmdfr  rod  ab.  parallel  to  the  horitm 
(coiuideredr  without  regard  fo  sTs  weight)  to  have  two  r^ 
hodiei  Jiied  ia  i^t  one  at  each  end,  and  to  reeotre  round  the 
point  c  in  that  rod,  09  a  centre^  in  any  giten  time;  the  length 
of  (he  rod  being  given^  a»  also  cd  the  distance  of  the  middle 
of  the  rod  from  the  centre  of  motion  c:  itis  required  to  de- 
Urmmf  the  iWort/y  uith  jfihich  the  rod  passes  through  the 
point  c,  Of  o/jo  the  time  of  description.  Supposing  ab  to  he 
100  /ss«,0D»  I  inch  at  JU-elt  ami  the  time  of  eoch  remtlutim 
20seo(mdf. 


Let  the  lino  ab  represeot  the  rod,  d  ^ 


its  middle  point,  <;  the  point  or  centre  A         DC  ^ 
about  which  it  revolves,  and  through 
which  It  slides. '  Put  ad     on  =  a     50  feet,  the  variable 
distance  cd  «  a: ;  f  the  time  the  rod  has  been  in  niotion,  and 
« the  velocity  of  the  motion  (of  the  rod  in  its  own  direction) 

through  the  point  c ;  also,  let  c  =  ^  of  a  foot,  the  distance 

CO  nt  the  beginning  of  the  motion,  6  the  weight  or  quantity 
of  matter  in  each  of  tlic  equal  bodies,  <i  =  10  seconds,  half 
the  time  of  revoluiion,  and  p  =  3*1416.    Then,  by  the  na- 

lure  of  centrifugal  forces  ^ .  i  (a  +     » the  motireceDtii* 

pa 

fugal  force  in  the  direction  ca,  and  ^  h  {a  —  x)  =  that  in 

the  dtrectkm  en.  Cnnseqoently  the  diflbnnoee  of  these  two 
foroes  being  divided  by  the  i|iiantiqr  of  matter,  9kf  im  bolb 
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raoimceous  bzbxcisbs. 
11*1 

ika  tlMtoiSi  I^Vea     ,  Ibr  the  acceienitiiig  ibrce  of  the  rods  in 

the  difeetioii  oa,  er  .=>  At  putting  n'  =        Then,  by  the 

lairi  of  motion,  ri  —  tc,  or       «  «e,  the  fluents  of  which 

£Ve  «V  s  1^*.    But  when  x  =  c,  u  =  0;  therefore,  the 
leete  eorreeted  lure    «    (jr'  —  c^).  Ageiii.  bj  the  ftio- 

damdntal  equations  for  motion  (pa.  400,  401,)  <      -  =3 

V 

«  1 
the  fliuioQ  of  the  time ;  the  fluont  of  which  is  -X 


1 

byp.log.  [r  +  ;  Of  corrected  ae  above  I »  -  X 

hyp.  leg.  — i   ■     ,  for  the  true  time  of  describing  the 


^islWMe  «-»c.   And  this  when  9  as  50,  glvee  I  =  98*56  ee- 

coods,  the  time  which  will  elapse  before  the  end  b  passes 
through  c. 

From  this  solution  it  is  evident  that  the  magnitude  of  the 
eqiial  weigblis  appended  to  A  and  b,  has  no  effect  upon  the 

raOBUBM  u* 

fib  Snd  iSe  iMMiier  of  mbratitm  made  iptwowdghti^  eon* 
inuMhti  a  very  fine  tkreod,  pasting  freely  oeer  a  tack  or  a 
jpuUey^  ieaUe  the  uee  w^ld  ie  dram  ii^toUhyihe  deeceel  tf 
U^  keinierjeeightattheatkereiidf  the  ejcietU  ^  the  tibralnme 

Soppoootlie  motion  to  commence  at  equal  distances  below 
the  pulley  at  b  ;  and  that  the  weights  are  1  and  2  pounds. 
Put  a  ^  AB,  half  the  length  of  the  thread  ; 

•  ss  soil  hie.  or  d||  feet,  length  of  second's  pond. 
«  s  m  ssBw,  any  space  passed  over ; 

#  s  the  Bamber  oif  vibiatMW. 


Then  »  j  is  the  accelerating  force. 

Andhenceeor  ^f^gfe     \/^gfi»  ^^^^  ^2gfx^ ' 

But,  by  the  nature  of  peoduhiniSy  ^(a±x)  i  : :  1  vibr.  4 
^  j^g^  the  vibrations  per  second  made  by  either  weight. 
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paoMiacuous  rjlemoembm* 


hamcly,  the  longer  or  shorter,  according  as  the  upper  ot 
Under  sign  is  used,,  it*  the  threads  were  to  coatiaue  of  thai 
length  for  1  aecood.   Hence,  then,  aa 

iho  fluxion  of  the  numbci'  of  vibrations. 

Now  when  the  upper  sign  -{~  takes '  place,  the  fluent  is 

And  when  x  =  a,  the  same  then  becomes  z        ^  X  logk 

*\h  1  1  7i? 

1  +        «  V^2j  X  log.  1  +  ✓  2  »  ^  i-0 1  >^  1 

s  •08851 1,  the  whole  number  of  vibrations  made  by  the  de« 

Scending  weight. 
But  when  the  lower  sign,  or      takes  place,  the  ^uent  is 

b  ?r 
4/  —-z:  X  arc  to  rad.  1  and  vers.  — i    Which,  when  x  ^ 

*^es  iP^jf--  3-1416  X  ✓  ^--j^-  =  X  ./-^3? 

=  1*227091,  the  whole  number  of  vibrationa  made  by  the 
lesser  or  ascending  weight. 

Schol,  It  is  evident  that  the  whole  number  of  vibrations^ 
in  each  case,  is  the  same,  whatever  the  length  of  the  thread 
is.    And  that  the  greater  number  is  to  the  less,  as  1*570S  to 

the  hyp.  log.  of  1  -h  ^/2. 

Farther,  the  number  of  vibrations  porfnrmcd  in  the  s^nme 
time     by  an  invariable  pendulum,  constantly  of  the  same 
2/; 

length  It,  is        ==■  -781190.    For,  the  time  of  descending 

Iho  spacto    or  the  fluent  of  i^^  ^^g^,  when      a,  is  I  a 

And,  by  the  nature  of  pendulums,,  y^a  :  ^b  : :  1 

Vibr.  t     ~  the  number  of  vibrations  performed  in  1  second  \ 
II 

lii^neo  i'' « <  t :  \/  T~r»      constant  number  oif 

VibMioilS. 

As  that  €h»  tb)r«^  AUmbers  of  vibratioos,  ftamely  of  the 
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ifcetiding,  coDstaot,  and  descendioff  pendulums,  are  propor* 
lioDat  to  the  numbera  1*5708,  1,  and  hyp.  log.  1  +  \/2,  or  ai 
1-5706, 1,  and  '88187  |  whatoverbetbe  length  of  the  thrtidi 

^ROBUUC  LU. 

2b  determine  the  dteumetanees  of  the  aeeent  and  deeeeelt 
ef  two  wntqwd  weights^  suspended  at  the  two  ends  of  a  ihreadi 
passing  over  a  pwJey  :  the  weight  of  the  thread  smd  of  tike 
jmtf^  being  eonndered  in  the  Mtfufion. 

Let  Z  »  the  whole  length  of  the  thread ;  C 


B 


a  s  the  weight  of  the  same  ; 
&  B  A10  the  dif.  of  lengths  at  first  ; 
d  =s  w — w  the  dif.  of  the  two  weighta  j  ^i- 
e  =  a  weight  applied  to  the  circumferentei 
8uch  as  to  bo  equal  to  its  whole  wt*  and 
friction  reduced  to  the  circumference  ;  hiw 
e^w+w  +  a  +  ethe  sum  of  the  weights.  moTed* 

ah  ah 

Then  the  weight  of  ^  is  -j-,  end  d  —     is  the  moving  force 

at  first.  But  if  X'  denote  any  variable  space  descended  by  w, 
or  ascended  by  the  diflerence  of  the  IcnjTths  of  the  thread 
will  be  altered  2x  ;  so  that  the  dilTerence  will  then  be  6 — 

and  its  weight  — j — a  ;  conseq.  the  motive  force  there  will  be 

d  1 — a—  j  ,andthorei.   =  /  the 

accelerating  force  there.  Hence  then  ve  =  gfSc  =  X 
 ^  ;  the  fluents  of  which  give  t^^2gx  X  g-i — , 

or  «  as  2        X  y/{cx  +  x^)  the  general  ezpressioii  (br  the 

velocity,  putting  c  =  ^  •  And  when  x  —  6,  or  w  becomes 
«as  iar  below  tp  as  k  was  above  it    the  beginning,  it  is  bavelf 


9  =  2  fof  the  velocity  at  that  time.   Also,  when  a» 

the  weight  of  the  thread,  is  netbiogt  the  veloci^  m  only 
2 a9  it  ought. 

*     i  si  i 

AgaiByforlhetimc, lor-»^v^7— X  —rr-'j—jMxi  ^ 
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fltteiiU  of  which  giYei^^f  X  log.^*-tv^±l)|heg^ 

nerat  expression  for  the  time  of  descending  any  space  x. 

And  if  the  radicals  be  expanded  in  a  scriesi  and  ihe  log.  of 

it  be  taken,  the  same  will  become 

, .    . «  ,  8t*   .    ^  • 
» - Vj^  X  X  (1  -        ^  &c) 

s  r 

Wliieli  theretbfe  becomes  barely  \/  4  ^  n^^igbf 

of  the  thread,  is  Dotbing ;  as  it  ought* 

PROBLBX  uiu 

To  Jind  the  velocity  and  time  of  vibration  of  a  small  weight, 
fixed  to  the  middle  of  a  line^  or  J  ne  thread  void  of  gravity,  and 
stretched  by  a  given  Unsum ;  tfie  eiietU  of  the  vibration  being 
terjf  small. 


Let  Z  «  AC  half  the  length  of  the  thread ; 
4  :ar  CD  the  extent  of  the  vibration ; 
«  SB  CIS  any  variable  distance  from  c  ; 
«  ss  wt.  of  the  small  body  fixed  to  the  middle  ; 
W     a  wt«  which,  huog.at  each  eod  of  the  thre  ad, 
will  be  e^aal  to  the  constant  lenaion  at  each  end, 
acting  in  the  direction  of  the  thread. 

Now,  by  the  nature  of  forces,  ae  :  ce  : :  w  the  force  in 
direction  ea  :  the  force  in  direction  ec.  Or,  because  ac  is 
nearly  =  ae,  the  vibration  being  very  small,  taking  ac  in. 

Midof  At,  itk  AC  X  OB  : :  w  :  -J-  the  force  in  ac  nriaiag 

from  the  tension  in  ba«  Which  will  be  alto  the  same  for 
Ihmift  SB.  Therefore  the  mm  ia  -j—  » the  whole  mofiff 
IbMSe  in  fie  ariaing  from  the  tensions  on  both  eidei.  Conae- 
*t|uently        =/  the  accelerative  force  there.   Hence  the 

^uation  of  the  fluxions  tw  orgfs  ae        — ;  and  the  fluents 
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p»  =  «  ^SaL.  But  wheo  aF=a,  tbU  i»—  aod  should 


be  B  0 ;  theref.  the  comet  fluentB  are  +  2gv  X  — » 
•odheDce  9  «  v^(S^  X  -7;^)       velocity  of  the  little 

body  w  at  any  point  b.   And  when  a?  »  0,  it  ia  e  »  Say/-^ 

ibr  the  greatest  velocity  at  the  point  c. 

Now  if  we  suppose  tr  =  1  prain,  w  =  51b.  troy,  or  26800 
^rainH,  und      =  ab  =  8  lt»et ;  the  velocity  at  c  becomef 

n  =llUJa.  Sotbaly 

if  a     y^i  iae.  the  greateitveloc*  ia    9^^^  ^*  P^' 
if  •  8>  1  inc.  the  greateat  veloe.  ia       ;^  f\.  per  aeo* 
if  a  =  tf  ine.  the  greateat  veloc  ia  655-^^  ft.  per  aecJ 

To  find  the  time    it  ia  I  or  — =5  4^~  X  — tj—^^* 

Ueoce the  eortect fluent  iai  ssst^J-r-—  x  arc  to  coaiae 

iwg  a 

and  radius  1,  for  the  time  in  de.    Aod  when  x  =  0,  the  whole 

tr/ 

lime  m  DC|  or  of  half  a  vibration;  ia  •7864         \  and  can. 

aaq.  the  lime  of  a  whole  vibralioa  (bfoogb  mi  ia  l*d706  ^ — . 

Uaing  the  fiNregoing  miniberai  namely  10  =  ],  w  »  28800^ 

2Z  =  8fe«,  (hi.  .>pr»ri<»  for  the  ti«. giw -^J^ 

i=  353},  the  nunil)cr  of  vi'orations  per  second.  But  if  w  =  2, 
there  would  be  'ioO  vibrations  per  second  ;  and  if  to  sa  100^ 
there  would  he  35^}  vibrations  persecond« 

PSOBLBK  UT. 

To  dHemme  ike  tam  as  in  ike  laH  problem,  when  lie 
distance  cd  hears  some  sensible  proportion  to  the  kngih  ab  ; 
the  iensum  of  the  ihnad  kaweeer  being  Ml  n^poiei  a  cotutaM 

Using  here  the  same  notation  as  in  the  last  problem,  and 
taking  the  true  variable  length  ae  for  ac,  it  is  as  or  £b  :  ce  : : 

Urn :      «  -  whole  motive  finroe  ilom  the  two 
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equal  teosions  w  in  ae  and  eb  :  and  theref.  —  X  — tttti — =:  =  / 
k  Che  aoeelerative  force  at  b.  Theref.  the  fluxional  equation 
ieevorWis^^  X  ^TT^^o,  ;  and  the  fluents  e^js  X 

—  V^(r  +  x').    But  when  x  =  a,  these  are  0  =  ^5?  X  — 

+  a")  S  therefore  the  correct  fluents,  are  e*  s  x 

V 

W{P  +  «0  -         +  §•)]  =  ^  X  (AB  -  AK).  And 

henoe  e  »  ^  ['i^  ^      —  general  expression  for 

the  vehicity  at  x.  And  when  x  arrives  at  c,  it  gives  the 

greatest  velocity  there  =  ^[i^  x  (ad  —  ac)].  Which, 

when  w  =  28800,  to      1,  22  =  3  feet,  and  cd  =  6  inches 

or  1  a  foot,  is  v^(8  X  28800  x  16,^  X  )  «  548}  feet 

per  eecond.  Which  came  out  555/^  in  the  last  problem,  by 
using  always  ac  for  ab  in  tile  value  of  /.  But  when  the  ex- 
tent of  the  vibrations  is  very  small,  as  of  an  inch,  as  it 
commonly  is,  this  greatest  velocity  here  will  be  ^8  X28800 
X  ]B|Jy  X  xjhw  »  nearly,  which  in  the  last  problem 
was  0^  nearly. 

To  find  the  time,  it  is  <  or  —  =  */— -  -  x  — — — 

making  c  =  ad  =  ^(P-ha^)*  To  fnid  ihe  liiieiit  the  easier, 
multiply  the  numer.  and  denom.  both  by  y     +  y/i^^'^'^)]* 

•0  didlt «        X  X       +  v'C'  +  Wl. 

Expand  now  the  quantity  4|/[c  +  ^{P  +  x*)]  in  a  series» 

%i}d       I II  ^  jjj^ 
and  put  i2«e+2,  so  shall  t  =  y/j-  X—  ,  (1  +  j-r,  — 

2<i  j-/      4d^H-2^/4-iP  .   40ci '4- / 4- 1 2^/^  +5/^  > 

Now  the  fluent  of  the  first  term  — —  —  is  =  the  arc  to  sine 

X 

-  and  radius  1,  which  arc  call  a  ;  and  let  p,  a  be  the  fluents  of 
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any  other  two  successive  terms,  witbiHit  the  coefficients,  the 
diMQce  of  ^  frooi  the  fim  term  a  being  n ;  then  it  is  evi. 
dentthat  a  t*f  » ap»"A,  and  f  =  a.  Amiume  iheref. 
a  «  *F— s«»»-^  ^  ) ;  then  is  q  or  d?»Va=6K  -  (2ii*  1) 

M*F  8  &F  —  Ciii  —  l)ea«F  +  2iif3;'F.  Then  comparing  the 
eoeflfeients  of  the  like  terms,  we  find  1  »  Sen,  and  b  =» 

l)eo* ;  firom  which  are  obtained  e=~,  and  «■» 

equation  between  any  two  surcensive  terms,  and  by  means  of 
winch  the  serios  may  be  continued  asftir  as  we  plo'nse.  And' 
hence  neglecting  the  coetiicients,  puttmg  a  -  the  inM  term, 

namely  the  arc  whose  sine  is     and  b,  c,  d,  dec,  ti:e  fuilow' 

a 

ing  terms,  the  series  is  as  follows,  aH  ^ — ^   <f 

—  .  '+  Sd(c*  Now  when 


4  ^  iS 

0,  this  series  =  0 ;  and  whenx  =  a,  the  series  becomes 

'j-^—^-i — g-,  dpc  whore  p  »  3*1416,  or  the  series  is 

So  that,  by  thUing  in  the  coefTicieats,  the  general  time  of 
passing  over  any  distance  djs  will  be 

And  hence,  taking  x  =  0,  and  doubhnflr,  tbc  time  of  a 
whole  vibration,  or  double  the  time  of  passing  over  cd  wilj 

4d'-^2dl-^P  1  .  3  .J  ^   40(Z''4SJ74-12f3r/^-h6P  1.3.6.7 

'2.4.6^  204Wl^  874.678 

VOJ..U.  70 
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1^1  dec.)    Which,  when  a  s=  0,  or  c  »  I,  becomes  ooly  |  p 

^/   —  the  tune  m  in  the  last  problem,  m  k  ought. 

Taking  here  the  «aie  Diinbefe  ae  io  the  laet  pinMew» 

viz.  I  =  I,  a  —  ^,  w  =2,  w  =  88900»  {g  «  16^',  ;  Ibea 

jp  /  'fiilD  »  -OMOSH,  end  the  eeriee  is  1  +  -006708  — 

•0001754-000003,  dec. 1006580  ;  tberefim  -0040614  X 

1  006590  =  0040965  =        ii  the  lime  of  one  whole  vi- 

bration,  and  consequently  245}  vibrations  are  performed  ia  a 
second ;  which  were  S50  in  the  last  problem* 

PROBLEM  i«v. 

It  is  proposed  to  determine  the  velocity,  and  the  time  of  esftfW* 
ItOfij  of  a  ^uid  in  the  arm  of  a  canal  or  bcut  tube* 

Let  the  tube  abcdef  have  its  two 
branches  ac,  ge  vertical,  and  the  lower 
part  CDK  in  any  posilion  whatever,  the 
whole  being  of  a  uniform  diameter  or 
width  throughout.  Let  water,  or  quick* 
silver,  or  any  other  fluid,  be  poured  in, 
till  it  stand  in  equihbrio,  at  any  hori*  _ 
sootal  line  bf*  Then  let  one  enrtlm  be  preeaed-  or  poabed 
down  by  ahaking,  from  b  to  C|  and  the  other  will  aaoenl 
throoffh  the  equal  space  fo  $  after  which  let  them  be  per- 
mitted fireely  to  return.  Hie  aur&oea  will  then  oontiniially 
▼ibrate  in  equal  timea  between  ac  and  bo.  The  velocity  and 
timea  of  which  oaciUationa  are  therefiNre  reqiuirad. 

When  the  aurfacea  ate  any  where  out  of  a  hoiiMiitnl  line^ 
aa  at  F  and  the  parte  of  the  fluid  in  «DBt  en  each  atdOf 
helow  QB9  will  balance  each  other;  and  the  weight  of  Ate 
part  ill  FB,  which  is  equal  to  91ff,  gives  motion  to  the  whole. 
So  that  the  weight  of  the  part  2ff  ia  tilie  mocive  force  hf 

^rt«  of  8ff 

which  the  whole  fluid  ia  urged,  and  therefore  —r-r — r  i«  the 

*  whole  wt. 

accelerative  force.  Which  weights  being  proportional  to 
their  lengths,  if  /  be  the  length  of  the  whole  fluid,  or  axis  of 

2a 

the  tube  filled,  and  a  =  fo  or  bc  ;  then  is     the  accelera- 

f 

tive  force.  Patting  theref.  xssof  any  vaiiahle  diatanee,  v  tlie 


Digitized  by  Google 


547 


2a  ^2x 

velocity,  and  I  the  time ;  then  pf  »  a  —  x«  aad  — —  =  / 

tM  aeceienuii-e  fom ;  benee  tw  or  ^«  =     (inp  —  ai); 

tfe  fliiBiiti  oC  which  give  9*  «  y  (Sor  —       and  o 

^(3^  X  — I — )  if  tlie  general  expretmn  for  the  velocity 

at  any  term.  And  when  ar^a,  il  becomes  v=2a  ^/^  foe  the 
greateat  vekwity  at  n  and  r. 

si  t 
Againf  for  tiie  timey  we  have  i  or  -ssAy  —  X  — ^  ; 

the  flnenta  of  which  give  I     1  s/t-  X  arc  to  veraod  mno  - 

u  ^ 

nuliua  1»  the  general  expieaMon  for  the  time.  And 

when  «  as  tf«  it  becomea  I    ^jpy^^  for  the  lime  of  moving 

•e  J 
from  e  to  F,  |i  being  =  8*1416 ;  and  eonieqnently  {p  y/-- 

the  time  of  a  whole  vibration  from  o  to  or  from  c  to  a. 
And  which  therefore  ia  the  aame,  whatever  An  is,  the  whole 
length  I  remaining  the  same* 

And  the  time  of  vibration  is  olso  equal  to  the  time  of  the 
vibration  of  a  pendulum  whose  len<;th  is  or  half  the  length 
of  the  axis  of  the  fluid.  Sii  ttiatt  if  the  length  i  be  78|  incheay 
it  will  oaciUate  in  1  second* 

Scholium,  This  reciprocation  of  the  water  in  the  canal, 
according  to  Newton,  is  nearly  similar  to  the  motion  of  the 
waves  of  the  sea.  For  the  time  of  vibration  is  the  same, 
however  short  the  branches  are,  provided  the  whole  length 
be  the  same.  So  that  when  the  height  is  small,  in  projior- 
tion  to  the  length  of  the  canal,  the  motion  is  similar  to  that 
of  a  wave,  from  the  top  to  the  bottom  or  hollow,  and  from 
the  bottom  to  the  top  of  the  next  wave  ;  being  equal  to  two 
vibrations  of  the  canal  ;  the  whole  length  of  a  wave,  from 
top  to  top,  being  double  the  length  of  the  canal.  Hence  the 
wave  will  move  forward  by  a  space  nearly  equal  to  its 
breadth,  in  the  time  of  two  vibrations  of  a  pendulum  whose 
length  is  {\l)  half  the  length  of  the  canal,  or  one-fouriii  the 
breadth  of  a  wave,  or  in  the  time  of  one  vibration  of  a  pen- 
dulum whose  length  is  the  whole  breadth  of  the  wave,  since 
the  times  of  vibration  are  as  the  square  roots  of  their  lengths. 
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Con8e(fuent1y,  waves  whose  breadth  is  equal  to  30|  incbeei 
or3JJ  feer,  will  move  over  3JJ  feet  in  a  second,  or  lU5f 
feet  in  a  minute,  or  nearly  2  railes  and  a  quarter  io  an  hour. 
And  the  velociiy  of  greater  or  less  wnve«  wiU  be  iocnwasd 
or  diminished  in  the  suhduplicate  ratio  of  their  breadtbs* 

1  fius,  fur  instance,  for  a  wave  of  18  iocbea  breaihht  w 
v/39i  :  31)i  : :  18^  -/(31)J  X  18)  =  |  »2^-6877 
the  velocity  of  the  wave  of  ISinchei  breadth. 

But  the  motion  of  waves  has  been  othetwiae  tomideredliy 
Lagrange,  and  other  philosophers. 

FBOBLtK  LVl. 

To  a  pendvlum  sa  of  a  «fiDcn  Jen^k,  suspended  al  t,  H 
■friv^m  tPfis^ht  n  is  ajjixed  at  a  ;  to  find  ithere  another  weight 
m  must  btjuted,  so  that  it  may  vibrate  in  the  least  time  jMf* 
sible. 


S. 

J. 


i 


Let  r  be  the  point  required,  and  o  the  centre 
of  oscillation ;  then  the  penduhim  itself  being 
considered  as  of  no  weight,  ifsA  =  a,  and  Bh=x^ 

so  =s  Dynamics,  art.  229,  p. 

na-tmx 

Now  ibe  time  of  osciUation  or     so ;  therefore, 

since  the  time  is  a  minimum, -jjj^-^  is  a  mini- 

mom ;  and  ilsduxion,  that  is,  2mr±X{na^4n$ey^ 
mi  X  {na*  +  mx*)  =  0,  or 2Rax  +  2flis^  =  ««•  + 


•J  A 


%\  as"  +        =  ~  ;  end  from  this  quadratic  «  =  X 

PEOBLBM  I.Vn« 

To  find  the  position  of  Venus  when  she  shines  wiA  ike 
greatest  lustre. 

Let  E  be  the  earth,  s  the  sun,  and  v 
Venos ;  join  bv,  sb,  bt,  and  produce 
Bv  to  a,  making  va  =  vs ;  with  v  as  a 
ventre  and  vs  radius  describe  the  cir* 
CulararcsA  ;  and  draw  sb  perpendicular 
to  SA.  Then  sev  is  the  angle  of  elon. 
gaiioDi  evA  the  exterior  angle,  vb  i  s 
voeine,  and  ba  its  versed  sine  to  the 
radius  sv.  Take  sb  =  ii,  By  «  x,  vb 
s     sv  =  b*    Then  since  it  if?  demon- 

ruble  that  the  area  of  the  whole  disc  of 
the  planet,  is  to  the  area  of  the  eolight^ 
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%Ded  part,  as  the  diameter  of  the  circle  to  the  versed  sine  of 
the  exterior  angle,  it  fpllows  that  the  visible  illumined  pan 

oc  BA  oc  6  —  y;  while  the  brigbtnew  oc      ^  " 


.1  » 


which  by  the  problem  is  a  maximum.  Now,  Geom.  th.  36, 
SB*  =  Ev*  4-  8v^  +  2kv.vb,  or     =  X*  +  6*  +  2/jf ;  .%  y 

^^^'"t  «  (if  m» «  1^  —  IP)  ?5^-5 .%  by eabetitutiiig for 


2x  ^  '  2x 

$  this  value,  wi  hm  —  —  — jr-*-  a 


85g—Bi«  4-;r» 


2x* 


nuuDiDimi;  Ifaat  i% 


is  a  maximum  ;  hence  {2bi  +  2xx)  2x^ — Ox'i 

(2^x«-Bi'-f  2*)  =  0  :  \^here,  if  we  divide  by  2Mf  it  becouM 
*—  i^^Abx  4-  3//i^  =  0  ;  x'-{-^bx^3m\  from  which  equa» 
tion  X  =  — 26-|-v/(46'+3m')=-~8A+v^(8a«+^).  Hence 
tiie  three  sides  of  the  triangle  sev  are  known,  to  find  the 
an^le  of  elongation  ;  which,  if  as  1,  6  =s  •72d39|gives« 
•43036,  and  sev  =  39""  44'»  between  the  inferior  conjuneCioa 
and  the  greatest  elongation. 

iVble.  It  may  not  be  amiss  to  remark,  that  the  equation 
9  3s  v^(3a*  4-  ^1)  *26  has  a  limit :  for  if  b  were  equal  to 
}«,  the  |ioint  v  would  fall  on  p,  and  the  whole  disc  on  the 
planet  would  be  the  iMurMiifsi  wiMn  in  its  superior  ooiyune* 
lion  with  the  sun»  So  again,  if  6  were  less  than  {a,  the  arch 
described  from  the  centre  n  with  the  radius  mw  would  not  in* 
teisect  the  circle  pva. 


FBOBLBH  LVIII. 


To  deiermtne  the  time  of  empti^ing  any  diich^  or  tfi 
hyactUor  noichf  from  th»  top  to  the  bottom  of  U» 

Let  z  =  AR  the  variable  height  of  water  at 
any  time  ; 
5  =  AC  the  breadth  of  the  cut  ; 
d  «s  the  whole  or  tiriiit  depth  of  water ; 
A  »  the  area  of  the  surface  of  the  water 

in  the  ditch  ; 
IjrsslBf'j  feet,  or ^'=32^,  as  is  umiaL 
The  velocity  ai  any  point  n,  is  as  v^bd,  that. is,  as  the  ordU 
Hate  DB  of  a  parabola  bec,  whose  base  is  ac,  and  altitude  ab« 
Therefore  the  velocitief  at  all  the  points  in  ab,  are  as  all  the 
prdinales  of  the  parabola.  Consequently  the  quantity  of 
water  running  through  the  cut  abgc,  in  any  time,  is  to  the 
quantity  which  would  run  through  an  equal  apeiiure  planed 
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all  at  the  bottom  in  the  same  time,  as  the  area  ofthe  parm. 
bola  ABC,  to  the  area  of  the  parallelogram  abgc,  that  is,  aa 
a  to  3. 

Bui  :  y/i      g  :  y/\gx  the  velocity  at  ac  ;  there, 

foie  t  >^  >^  ^«  =  i^*  y/  ig^  quantity  discharged 

per  aecood  through  abgo  ;  and  eonsequently  — ~—  ia  the 

velocity  per  second  of  the  descending  surface.   Hence  then 

8a  )ltltNty/igt 

of  deseending. 

Now  when  a  the  surface  of  the  water  is  constant,  or  the 
ditch  ia  equally  broad  throughout,  the  correct  fluent  of  ihia 

iloxion  gives  i  =  j^^^-  X  general  time  of 

ainfcing  the  surface  to  any  depth  x.  And  when  t  =  0,  this 
espreetion  ia  infinite ;  which  ahowa  that  the  time  of  a  con* 
plete  exhaustion  is  infinite* 

But  if  =  9feet,  ^  =  2  feet,  a  =  21  X  1000  =  21000, 
and  it  be  required  to  exhaust  the  water  down  to  yV  ^ 
foot  deep  ;  then  %  «  V„  and  the  above  expression  becomes 

8X21000     3-4  _  14400  '  or  just  4  hours  for  that  time. 

And  if  it  be  required  to  depress  it  8  feet,  or  till  i  fool  depth  of 
water  remain  in  the  ditch,  the  tune  of  sinking  the  water  lo 
that  point  will  be  43'  38;'. 

Again,  if  the  ditch  be  the  same  depth  and  len|{th  as  he^ 
fore,  but  90  ihist  broad  at  bottom,  and  32  at  top  ;  then  the 
descending  surface  will  be  a  variable  quantity,  and,  by  piob. 

16,  p.  418,  it  will  be         X  80000 ;  hence  in  this  case  the 

flux,  of  the  time.  or_-j^ .  becomes  -^^-^  X  — 

1000       .90— X 
1 ;  the  ceneet  fluent-  of  which  is  C  «  3^^^  ^   

)  for  the  time  6f  sinking  the  water  to  any  depth  «. 

Now  when  «  0,  thia  expression  for  the  complete  ex- 
<haustion  becomes  infinite. 

But  if  . .  «  as  1  foot,  the  time  i  is  42'  56f  ' . 
And  when  «  »  iV  ^Mit,  the  time  is  3h  50' 
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PROBLSJC  LII. 

To  tUfermim  lie  tim  rfJUlktg  the  diteke$  of  aforUfica- 
Hon  G  fiH  deep  with  water ,  throo^h  the  dmee  of  a  truak  8 
feel  square,  (he  hoi§omof  whUhlelttdwiihlheholUmoftke 
dUehf  and  the  height  of  the  supplying  water  U  9  feet  ahoee  tie 
bottom  of  the  diteh, 

Jjet  ACDB  lepresent  the  area  of  the  vertical  aluico,  being  a 
aquare  of  0  aqiiare  feet,  and  ab  level  with  the  bottom  of  the 
ditch.    A  nd  suppoee  the  ditch  filled  to  any  height  ak^  the  tor* 
(oce  being  then  at  ek. 
Put  a  =s^  9  the  height  of  the  head  or  aupply ; 

6  ss  3  a  AB  »  AC ;  G  — H 

C  D 

A  «B  the  area  of  a  horisontal  section  of  £ 

the  ditches  ;   

»  s  a  — *  AB»  the  height  of  the  head  A~jl 
above  mw. 

Then  i  \/x  : :  g  :  ^/igx  the  velocity  with  which  the 
water  presses  through  the  part  asvb  $  and  theref*  ^igx  X 
ABFB  ^  6^|gx(a»«)  is  the  quantity  per  aecond  running 
through  AXVB.  Also,  the  quantity  running  per  aecond 
through  ECDP  is  y/^gx  X  \~  kcdp  »  iJAy^J^xC^— a+x) 
nearly.  For  the  real  quantity  is,  by  proceediug  as  in  the  last 
prob.  the  difference  beiwcen  two  parub.  scgs,  the  alt.  of  the 
one  being  x,  its  base  6,  and  the  alt.  of  the  other  a  —  b  ;  and 
the  medium  of  lhat  dif.  between  its  greatest  state  at  ab, 
where  it  is  j'^ad,  and  its  least  state  at  cu,  where  it  is  0  is 
nearly  ffEO.  Consequently  the  sum  of  the  two,  or  {b^  gx 
{a'irllb'^x)  is  the  quantity  per  second  running  in  by  the 

whole  sluice  acdb.    Hence  then       gx  X  — •*  =  • 

IB  the  rate  or  velocity  per  second  with  which  the  water  rises  in 

the  ditches:  and  so  e : — ±i:l"it  =  — =-r — r  X   

the  fluxion  of  the  time  of  filling  to  any  height  as,  putting 
c  =  a  +  lift- 
Now  when  the  ditches  are  of  equal  width  throughout,  a 
is  a  constant  quantity,  and  in  that  case  the  correct  fluent  of 

this  fluxion  IS  I  =  r — I —  X  log.   X -  r-r- T-J  the 

genend  ezpreBsion  fiir  thetime  of  filling  to  any  height  ab,  or 
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a  — x»  not  ezceediog  the  height  ac  of  the  sluice.  And 
wheoi  jfssAca««  — 8uppoee» iben  I  =  r-rr—  ^ 

k«»  ^  ,  ^^IZ^^ )  ig  ilie  time  of  filling  to  cd  ihe 

top  of  the  sluice. 

Ai^Rin,  for  filling  to  any  height  gh  ahove  the  sluice,  x  de- 
noting hefore  a  —  ag  the  height  of  the  hcud  above  itii, 
2\/Jofr  will  be  the  velocity  of  ihti  water  tlirouf^h  the  whole, 
fllliice  AD  ;  and  therefore  ih^^igx  the  quantity  per  second, 

.  1^  _XtS.cs  9tbe  rise  per.Hecund  of  the  water  in  the  ditch. 

m;  eooM^Dtly  —  1"  :  I  —  — -=.7Tr4r '  ^ "7" 
the  general  fluxion  of  the  time  ;  the  correct  fluent  of  which» 
being  0  when  x  =  a--  6=d,  iefss  "9^^        —  ^"^^ 

die  time  of  filling  from  cd  to  on* 

Then  the  sum  of  the  two  times,  namely,  that  of  filling 

flpom  AB  to  CDy  and  that  of  filling  from  cd  to  gb,  is  -.-^ 

£  ~  h  ~-  log.  (— — .  — — , — -,)]  for  the  who  e 

time  required*   And  using  the  numbers  in  the  prob.  this  be* 

as  0*08577277a,  the  time  in  terms  of  a  the  area  of  the 
length  end  breadth,  or  horizontal  section  of  the  ditches. 
Am  if  we  anppose  that  area  to  be  200000  square  feet»the 
time  required  will  be  7154%  or  1>'  59'  14'. 

And  if  the  sides  of  the  ditch  slope  a  little,  eo  at  to  be  a 
little  narrower  at  the  bottom  than  at  top,  the  process  will  b^ 
nearly  the  same,  substituting  for  a  its  variable  value,  as  in 
the  preceding  problem.  And  the  time  of  filling  will  be  very 
nearly  the  same  as  that  abovo  determined* 

VSOBLBII 

But  ^  ihe  watery  frm  which  the  ditches  are  to  5e  jSVed; 
k§  Um  fMS,  which  at  law  water  is  bdew  the  baUm  of  ihe  irunl^ 
rlemto^  Jmiohmm  ihe  heUemofUh^  #  r^pdmrriee^ 
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one  fiat  tn  hd/  an  hour ;  it  is  nquired  to  ateertain  tk^  Ug/m 
<f  jwing  d  to  0  feet  high,  as  before  tn  the  hut  problem. 

Let  ACDB  represent  the  sluice ;  aod  when  the  tide  has  risen 
to  any  height  oh,  below  cD  the  top  of  the  sluice,  without 
the  ditches,  let  bp  be  the  meao  height  of  the  weler  withiPt 
And  put  &  =  3  =:  AB  «s  AC ; 

A  =  horizontal  section  of  the  ditches ;      ^  > 


D 
H 
F 

IB 


a:  =  AG  }  C 

Z    :    AE.  ^ 

Then  :  \/eo  :  :  g  :  -v/^  ^rO^-*)  Ih^'  velo»  ^ 
city  of  the  water  through  aefb  ;  and  ^ 
x/ig  '  \/eg  :  :  f  g" :  iy/i^i^  —  ^)  tlie  raeau  vel.  through  eohf, 
theref.  bz  \/ig(j:  —  2)  is  the  quantity  per  sec.  through  a£FB  | 
and  ^b{x  —  z)  ^^sr{T  —  z)  is  the  same  through  lquf  ; 

=  (62  +        ~z)  y/[ig(x-z)]  = 
ib[Sz  +  2x  -  2z)  =  ig{x  -  z)  =  i6(2x4-2)  v^ri^(ar- 
COnseq.  ^6  -v/j^  X  (2x  +  2)         —     »s  the  whole  through 
AOBB  per  second.   This  quantity  divided  by  the  surface  a, 

gives  +  «)  ▼elocity  per  seeopd 

with  which  sp,  or  the  surface  of  the  water  in  the  ditches,  rises, 
Therefore 

1"  #— ^        3a    ^  i  


But,  as  QB  rises  onifbrmly  1  (bot  in  SO*  or  ISOCT,  therst 
Ibre  1 :  AO  : :  ISOCT  :  1800x  s  I  the  time  of  the  tide  rising 

thnwgh  AO  5  e«».q.  ,  =  1800i=  -^x^^— . 

or  sii=3(2a;+')^(x<^)  .  i  is  the  iluxiooal  equa*  expressing 

A  3200 

the  relation  between  x  and  z  :  where  m  =  ^  = 

}t«W6v^£:  93} 

or  18}}f  when  a  as  200000  square  feet, 
Now  to  find  the  fioent  of  this  equation,  assMme  if  ^ 

AC^+M^+ox  ^'         » dsG.   So  shall 

.      i     A  i     a«+4b  }     a'+4ab+8c  y  . 

-  f 2»     —  —-A  *  ^ A 

Yql,  IL  71 


Digitized  by  Google 


054  mnosciNm  smicnit. 


3 


and  mi  =  J  jtiat  x  4-  {mBx^i-f  Vwicx^i  +  ^^mwt^ ±^  ^KC* 
Thca  equate  the  coefficieoU  of  the  like  terme, 

so  shall  and  eoosaqaentty 


16 


^c. ;  die. 

Which  values  of  ▲»    o,  ftc.  substHnted  in  the 

of  jr,  give 

or  ^^Vf  neany. 

And  when  s  »  8  «  ac,  then  x  »  •^M  of  a  foot,  or  10| 
inches,  s  ab«  the  height  of  the  water  in  the  ditdies  whett 
the  tide  is  at  CD  or  8  feet  high  without,  or  in  the  first  hour 
and  half  of  time. 

Again,  to  find  the  time,  aAer  the  above,  when     {  j 
EF  arrives  at  cd,  or  when  the  water  in  the  ditches  Gh— iH 


r 


arrives  as  hij|h  as  the  top  of  the  sluice.  c 
The  notation  remaining  as  beibre,  £ 
then  hzy/\g{x  -  2)  per  sec  runs  through  ^r, 
and{6(8«*2)v/;;^(x  -z)  persecthro'BDnearly;   A  B 
therefore  Ib^ig  X(12+x)  ^/(x-s)  iftthe  whole  per  ssesui 

through  AD  nearly. 

eonseq.  X  (12H-s)  v'C*  -  «)  "  t»  m  the  vnlpci^  par 

second  of  the  point  a ;  and  thereibre 


ii»i=(18+«)^(a:— «) .  ±,  where  '*—ij§^^~^it  naufy. 

Bx^+ca^'-fDr',  dso.   80  shall 

\  —  •*    ^4    a»+4b  s     A'+4An+8c  «  . 
VC*-*) «    — jj*t  _xt  jg  «t,  ke. 
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W+«=12+A»'+B**+  erf,  &c. ; 

TiMOy  «|iMliiig  tbe  like  temw*  dtc  we  have 

8  24        90         «^       ,  . 

^  -    ■  ^  -  Si  •  ^  ^  to^ 

n  S  i    24  ,  .  96  }  .  64  ,  . 

-  r^ir-^+  6-i^  +3m''  • 

Or  « — «'  nearly. 

But,  by  the  first  process,  when  x  =  8,  x  =  '880  ;  which 
vubstituted  for  them,  we  have  z  =  '886,  and  the  series  =■ 
1*63 ;  therefore  the  correct  flueots  are 

fit  24 
«-  -886  =  — 1-68  + ^x'—j^,<Stc. 

or,  +  ^44  —  — jp*  — ate. 

m  tnr 

And  when  s  s  8  »  ac,  it  gives  x  =  6-369  for^the  height 
tif  the  tide  without,  when  the  ditches  are  filled  to  ^he  top  of 
<he  alaiee^  or  8  feet  high  ;  which  anawen to  S**  ir  4". 


Laetly»  to  find  tbe  time  of  ritii^  the  leniaining  8  feet  abo? e 
the  top  of  tbe  sluice ;  lei 

jr  B  CG  the  height  of  the  tide  above  cd,   iH 

jr  =  CE  ditto  in  the  ditches  above  CO ;  El- 
and the  other  dimensions  as  before.  ( 
Then  y/ig  :  ^eo  ::  g  :  y/ig{^-z)  =  the 
velocity  with  which  the  waterruns  through  the 
whole  sluice  ao  ;  conseq.  ad  X  y/\g  (r— z)  =  AT 
^^igi* — z)  is  the  quantity  per  second  running  through  the 

sluice,  and  —     =  o  the  velocity  of    or  the  rise 

nf  the  water  in  the  ditches,  per  secood ;  henee  vz  i  izVz 

To  find  the  flueot. 
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ary^  (a; — ;5)=«»2: —   g — dee. 

*ni=|fiAi^i*4-^niix^i-f  fncx^i-,  dec. 
^hea  ^uating  the  like  terms,  gives 

2        — 1     _   1       _  — 1 


ttetice       |a:f &<u 


ttut»  by  the  seoood  case,  when  2  =  0,  x  =  3*360,  nhidl 
used  ia  the  series,  it  is,  1*936;  thereiore  the  correct 


fluent  is  z  =  —  1  -936  4-        —         dec.   And  when  z= 

Oft  UrS 

♦S,  *     7 ;  the  heights  above  the  top  of  the  sluice,  answering 

10  6  and  10  feet  above  the  bottom  of  the  ditches.  That  is, 
for  the  water  to  rise  to  the  height  of  6  feet  within  the  ditches^ 
it  neceisary  for  the  tide  to  rise  to  10  feet  without,  which 
juat  aoiwers  to  5  hours ;  and  so  long  It  would  take  to  fill  the 
ditchea  0  feet  deep  with  water,  their  horizootal  area  Mag 
SdOOO  s4|Qare  feet. 

Further,  when  x  s  6^  then  z  =  2-117,  the  height  above 
top  of  the  sliiice  ;  to  which  add  3,  the  height  of  the  sluice^ 
and  the  sum  5*117  is  the  depth  of  w^ter  in  the  ditches  in  4 
hours  and  a  half,  or  when  the  tide  has  risen  to  the  height  of 
B  feet  without  the  ditches. 

Note,  In  {ho  fort'j^^oinjj  problems,  concerning  the  efflux 
of  water,  it  is  taken  fur  granted  that  the  velocity  is  the  same 
as  that  which  is  due  to  the  whole  hnio:ht  of  the  surface  of 
the  supplyiiij^  water  :  a  supposition  which  agrees  with  the 
principles  of  the  greater  number  of  authors  :  though  some 
make  the  vclority  to  be  that  which  is  due  to  the  half  height 
^nly  :  and  others  make  it  still  less. 

Also  in  aame  plaoee,  where  the  diffhrence  betweea  l#o 
jpatahoUc  segments  was  to  be  taken,  in  estimatinn;  the  mean 
Velocity  of  the  water  throtfgh  a  Tariable  orifice,  I  have  used 

11  near  mean  value  of  the  expression  ;  which  makes  the  ope* 
tation  of  finding  the  fluents  much  more  easy,  and  is  al  tho 
IKiiDc  tirtie  sufficiently  exact  for  the  purpose  in  hand^ 

Wo  «uy  furihef  add  a  remark  here  coaeemiiig  the  olilhoi 
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tr  finding  the  fluents  of  the  llirae  fluxional  forma  tfasC  MSr 
in  (he  solution  of  this  problem,  viz.  the  three  Ibrma  mi 
{2cc+m)  ✓  («  —  z)l',  and  mz  =  (12  +  %)  ^  (x— z)*,' awi 
fii  =  v^(x  —       the  fluents  of  which  are  foand  by  assum- 
iog  the  fluent  mz  in  an  inflntle  aeries  asoendiog  io  lamis  of 
s  with  indeterminate  cuefii<5ient8,  a,  b,  c,  dec.  which  coeffi- 
tetents  are  afterwards  determined  in  the  usual  way,  byaquat- 
ing  the  corrospondinjj  terms  of  two  similur  and  equal  series, 
the  one  series  denoting  one  side  of  the  fiuxional  equation, 
and  the  other  series  the  other  side.    By  similar  series,  is 
meant  when  they  have  equal  or  like  exponents ;  though  it 
is  not  necessary  that  the  exponents  of  all  the  terms  should 
be  like  or  pairs,  but  only  some  of  them,  as  those  that  are  not 
in  pairs  will  be  cunccllcd  or  expelled  by  making  their  coeffi- 
cients =  0  or  nothing.    Now  the  general  way  to  make  the 
two  series  similar,  is  to  assume  the  fluent  z  equal  to  a  aeriaa 
in  terms  of     either  ascending  or  descending,  as  here 

9  »  af +ap^  +  jf**,  drc«  for  aaeendiiig» 
or  a  »  «'+««+af«^*,  4rc.  for  a  descending 

series,  having  the  exponents  r,  r  ±  r  ±  2s,  6lc,  in  arith- 
metica!  progression,  the  tirst  term  r,  and  common  difference 
s  ;  without  the  general  coefficients  a,  b,  c,  A:c.  till  the  valnes 
of  the  exponents  be  determined.  In  terms  of  this  assumed 
aeries  for  2,  find  the  values  of  the  two  sides  of  the  given 
fhrxional  equation,  by  substituting  in  it  the  said  series  instead 
of  z  ;  then  put  the  exponent  of  the  first  term  of  the  one  side 
equal  to  that  of  the  other,  which  will  give  the  value  of  the 
first  exponent  r  ;  in  like  manner  put  the  exponents  of  the  two 
2d  terms  equal,  which  will  give  the  value  of  the  common 
difference  #  ;  and  hence  the  whole  series  of  exponents  r, 
r±Si  r±2if  &c.  becomes  known. 

Thus,  for  the  last  of  the  three  fluxional  equations  above 
mentioned,  viz.  mz  ^  (i— 2)r,  or  only  z  =  ^(x  —  2)i ; 
having  assumed  as  above  z  t=  ^''-f-x^''''  &c.  and  taking  the 
fluxion,  then  z  =  x'""-'i'  +  'i-  -}-  &c.  omitting  the  co» 
efficients  ;  and  the  other  side  of  the  equation  ^  (x  —  z)i 

^  (x  —  x""  —  x*^^'  dec.)  =x^^ — dbc«  Now  the  expo* 
nents  of  the  first  terms  made  equal,  give  r  —  1  =  J,  therof. 
^  f  =  1  +  J  =  I ;  and  those  of  the  2d  terms  made  equals 
giver+j—  1  =r — ^,theref.  *  — 1  =  — i,  and  5  =  1  — J=J  5 
conscq.  the  whole  assumed  scries  of  exponents  r,  r  + 
r  4-  2#»  &c.y  becomes  i«  It  as  assumed  above  in  p» 
655. 

Again  for  the  2d  equation  mi  er  i  »  (12+i)^(x— s}i 
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— z)x  ;  assumiog  «  s=  a:'"  +  x'+*,  dtc.  as  before, 

AcCy  both  a«  above ;  this  mult,  by  a+«  or  dee* 

J  1 

gives  ar*i- — ai'"'*  i,  Ate. :  then  equating  the  first  exponents 
gives  r — 1  =  ^  or  r  =  f ,  and  r+«—  1  —  r — A,  or  *  =  1 — J=J  ; 
hence  the  series  of  exponents  is  |,  \,  |,  &c*  the  same  as  the 
former,  and  us  assumed  in  p.  556. 

Lastly,  assuming  the  same  form  of  series  for  z  and  z  as  io 
the  above  two  cases,  for  the  1st  fluxional  equation  also,  viz. 

I»i«(aar+a;)y^(ap— «)i  ?  then  v'C*— jf"'*,  dM. 

9  1 

which  mult,  by  2.T  +  2,  gives  2a:-i' -x'+*i',  6lC,  :  here  equat- 
ing  the  first  exponents  gives  r— 1=  for  r  =  f,  and  equat- 
ing the  2d  exponents  gives  r-f*  —  1  =  r+  i'iOr#  =  J; 
hence  the  series  of  exponents  in  this  case  is  ^»  |,  Y  ,  &c.  as 
used  for  this  case  in  p.  503.  TheiH  in  every  case,  the  ge« 
neral  coefficients,  a,  b,  c,  &c«  are  joined  to  the  assumed  tenna 
s%  dke.,  and  the  whole  proceos  conducted  as  in  the  tHiee 
pages  just  referred  to. 

Soeb  than  is  the  regular  and  legitimate  way  of  proeeedingt 
to  obtain  the  (brm  of  the  series  with  respect  to  the  expo* 
MQts  of  the  terms.  I)ut,  in  many  cases  we  may  pereeive  al 
aightt  without  that  formal  process,  what  the  law  of  the  ei* 
ponents  will  be,  as  I  indeed  did  in  the  solutions  in  the  pages 
above  referred  to  ;  and  any  penon  with  a  little  practice  may 
naaily  do  the  same. 

• 

nmBuof  LEU 

tb  dttembiB  ihe fall  of  th$  water  m  the  mrekee  ef  a  hri^ge* 

The  effbcis  of  obstacles  placed  in  a  current  of  water,  such, 
as  the  piers  of  a  brid^,  are^  a  sudden  steep  descent,  and  an 
Incraase  of  velocity  m  the  stream  of  water,  just  uoder  the 
vrehes,  more  or  less  in  proportion  to  the  quantity  of  the  ob- 
etruction  and  velocity  of  the  current :  being  very  small  and 
hardly  perceptible  where  the  arches  are  lai^  and  the  piera 
few  or  small,  but  in  a  high  and  extraordinary  degree  at 
London  -bridge,  and  some  others,  where  the  piers  and  the 
sterlings  are  so  very  large,  in  proportion  to  the  arches*  This 
is  the  case,  not  only  in  such  streams  as  nin  always  the  same 
way,  but  in  tide  rivers  also,  both  upward  and  downward,  but 
much  less  in  the  former  than  in  the  latter.  During  the  time 
of  flood,  when  the  tide  is  flowing  upward,  the  rise  of  the 
water  is  against  the  under  side  of  the  piers ;  but  the  difiar- 
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ence  between  the  two  sides  gradually  diminishes  as  the  tide 
flows  less  rapidly  towards  the  conclusion  of  the  flood.  When 
this  has  attained  its  full  height,  and  there  is  no  longer  any 
current,  but  a  stillness  prevails  in  the  water  fur  a  short  time, 
the  surface  assumes  an  equal  level,  both  above  and  below 
bridge.  But,  as  soon  as  the  tide  begins  to  ebb  or  return 
again,  the  resistance  of  the  piers  against  the  stream,  and  the 
contractiob  of  tbe  waterw«yy  cause  a  rise  of  the  surface  above 
and  UDdw  tbe  aiehes,  with  a  (all  and  a  more  rapid  descant  In 
the  contracted  stream  just  below.  The  quantity  of  tUa  ris^, 
and  of  the  consequent  velocity  below,  keep  both  gradually 
increasing,  as  the  tide  continues  ebbing,  till  at  quite  low 
water,  when  the  stream  or  natural  current  being  the  quichestt 
the  fall  under  the  arches  la  the  greateat.  And  it  ia  the 
quantity  of  this  fall  which  il  ia  the  object  of  this  problem  to 
determine. 

Now,  the  motion  of  free  running  water  is  the  consequence 
of,  and  produced  by  the  force  of  gravity,  as  well  as  that  of 
any  other  falling  body.  Hence  the  height  due  to  the  veto, 
city,  that  is, ,  the  height  to  be  freely  feUen  by  any  body  to 
acquire  the  observed  velocity  of  the  natural  stream,  in  the 
river  a  little  way  above  bridge,  becomea  known.  From  the 
same  Telocity  also  will  be  found  that  of  the  increased  currant 
in  the  narrowed  way  of  the  arches,  by  taking  it  in  the  r^. 
procnl  proportion  of  the  broadth  of  the  river  aliove,  to  the 
contracted  way  in  the  arches ;  vis.  by  saying,  as  the  latter  ia 
to  the  former,  ao  is  the  first  velocity,  or  slower  motion,  to 
the  quicker.  Next,  from  this  last  velocify,  will  be  found 
the  height  due  to  it  as  befora,  that  is,  the  height  to  he  freely 
iallon  Uiroogh  by  gravity,  to  produce  it  Then  the  diflaiw 
ence  of  these  two  heights,  thus  freely  fallen  by  gravity,  to 
produce  the  two  velocities,  is  the  required  quantity  of  the 
waterfkll  in  the  arches ;  allowing,  however,  in  the  calculation, 
for  the  contraction,  in  the  narrowed  passage,  at  the  rate  as 
observed  by  Sir  I.  Newton,  in  prop.  96  of  the  2d  book  of  the 
Principia,  or  by  other  authors,  being  nearly  in  the  ratio  of 
25  to  21.  Such  then  are  the  elements  and  principlea  on 
which  the  solution  of  the  problem  ia  easily  made  out  aa 
Ibltowa. 

Let  6  a  the  breadth  of  the  channel  in  feet ; 

V  a  mean  velocity  of  the  water  in  feet  per  aeoond  i 
e  ==  breadth  of  tM  waterway  between  the  obstaelea. 

21 

Jlow  d5 ;  21  s :  c  :       the  waterway  contracted  as  above* 

21  256 
And^c  ih  liv:        the  relocity  in  the  contraeted  way. 
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Aim  W  :    : :  16  ;  fyf^f  height  fallea  to  gaui  Um  velocity 
Aod     ;  C~c)« : :  16  :  (^^'X,1,»\  ditto  for  the  vol. 
256  1^ 

''^^2lc^'  ^  64  "  64        HMwrnofthe  fiiU  re^Md. 

Or  ICji^)''"^^^^  ^®  ^  computing  tlie  fall. 

Or  lalter  i-^^^  X    Ttry  iiMriy, 

By  the  observations  made  by  Mr.  Lnbelye  in  1746, 
The  breadth  of  the  Thames  at  f/oritlon- bridge  is  926  feet  ] 
The  sum  of  ihe  waterways  at  the  time  of  low-wnter  is  236  ft.  ; 
Mean  velocity  of  the  stream  just  above  bridge  is  3^  ft.  per.  sec. 
But  under  almost  all  the  arches  nre  driven  into  the  bed  great 
numbers  of  what  are  called  dripshoi  piles,  to  prevent  the  bed 
from  being  wa8hed  away  by  the  fall.  These  dripshoi  piles 
still  further  contract  the  waterways,  at  least  ^  of  their  mea- 
sured breadth,  or  near  39  feet  in  the  whole ;  so  that  the 
waterway  will  be  reduced  to  197  feet,  or  in  round  numbers 
•uppose  200  feet. 

Then  b  =  926,  c  =  200,  t?  =  3J  = 

_        1-446'— 1217616—40000 

mnco  — —    ■  ■  s   — ^  ss  •40. 

"        64c»  64v'400UO 

10* 

And»»  =  ~«10,V. 

Theref.  46  X  lO^V  =  4-683  ft.  =  4  ft.  6}  in.  the  fall  re. 
quired.  By  the  most  exact  observations  made  about  the 
year  1736,  the  measure  of  the  fall  was  4  feet  9  inches, 

'       BXAM .  2.   For  W€simmgier»kridgem 

Though  the  breadth  of  the  river  at  Westminster-bridge  is 
1220  feet ;  yet  at  the  time  of  the  greatest  fall,  there  is  wafer 
through  only  the  13  large  arches,  which  amount  to  but  820 
feet;  to  which  adding  the  breadth  of  the  12  intermediate 
piers,  equal  to  174  feet,  gives  994  for  the  breadth  of  the 
river  at  that  time ;  and  the  vfilocity  of  the  water  a  little 
above  the  bridge,  from  many  experiments^  is  not  more  Ihto 
2|  ft.  per  second. 

Hero  theo  4     d94|  c     820,  p  =  2^  =  |, 
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Hence 


1403011—672400 
04X67:^400 


»  -01722. 


64c' 

Thcref.  -OlTUSt  X  5|V  -  *0872  0.  «  1  io,  the.&ll  re* 
Guired  ;  which  is  about  half  an  inch  more  thiin  the  greetett 
lall  observed  by  Mr.  Labelye. 

And,  for  l^iackfrian-bridge,  the  fall  will  be  much  theaaniji 
at  that  of  Weatmiostcr,  or  rather  less. 

See  farther  on  this  subject,  Gregor%f9  MathemaHa  fof 


Vol..  II« 


n 
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APPENDIX. 


A  dissertation  on  i'he  tlmM  <f  Briaiutii^  veueU  o/"  a/wA 
throvgh  holes  or  aperturu  M  iknt  Mtoitf,  parM  to  lie 

hjrizon* 

THSOXBXI* 

8up|H>sing  ABCU  to  be  any  ▼e«el  oootainiDg  a  fluid ;  and 
pulling  m  SB  32(  feet  —  386  inches,  n  =  the  area  of  the 
aperture  in  ihe  bottom  i>c, «  =  sf  the  altitude  of  the  surface 
of  the  fluid  above  the  bottooii  and  z  the  area  of  the  des- 
cending  surface  gh  ;  then,  the  .time  of  exhauating  the  fluid 
CDGB  will  be  equal  to  the  fluent  of 

z± 

Demonstration.  By  Sir  I.  Newton's  Principia,  lib.  V» 
prop.  36,  the  velocity  of  the  issuing  fluid  at  E,  is  equal  to 
that  which  is  acquired  by  a  body  in  falling  through  J»» 


or  jc;  but  the  velocities  of  falling  bodies  aie  as  the  roots  of 

the  spaces  fallen,  and  m  is  the  velocity  (per  second)  acquired 
by  failing  through  the  space  ;  hence  y/jm  :  : :  m  : 
^ffia:  =s  the  velocity  of  the  issuing  fluid  at  b  ;  but  the  velo- 
cities at  the  orifice  and  of  the  dejK!entling  surface  gh  will  be 
inversely  as  their  areas  (for  since  the  quantity  or  solidity  is 
the  same,  the  velocities,  or  aUitudes  of  the  equal  column  will 
be  inversely  as  the  sections) ;  therefore  z  :  n  ii  y^aur : 

the  velocity  (per  eecood}  of  the  deaoendlng  sinftce 
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^  «i  IIm  i|Mt06  througli  wbkh  gu  wwild  OMfMrmly  dtscend 
ja'fptcond  with  the  velocity  it  batii  at  dM  altitwle  z.  Now 
in  descen^off  the  tp^ce  i,  ihe  velocity  may  be  considered  as 
uniTorm ;  ma  liniloroi  descents  ure  as  their  tiQies,  wherefoire 

"  Pi:'''  ^.  #  ;  ?  1  sepond  :  ^    .  ==  tb»  tiw^ pf  defCQRdjQg 

f  epeee,  or  the  flanon  of  the  time  of  ezhavsting.    9.  a.  p.* 


In  the  above  investtgation,  the  resistance  made  by  the  air 
Aalhe  isattinf  Md» ii ^•Qlotit Ibo  nhaustion  being  anp- 
pose4  to  be  made  in  a  vacuum;  which  win  occasion  a  small 
difference  (though  edarn  perce|>tible)  between  the  calcula^ 
liohs  and  expoiraients  made  In  the  ijiir.  But  this  considera- 
tion must  by  no  means  be  neglectedi  when  die  density  of  the 
laediuro,  intp  mrhiph  fhe  fluid  ispicfv  ^'wn  ^ycon^derable 
proportion  to  that  of  the  fluid* 

It  will  make  no  difference  in  the  account,  in  whatever 
part  of  the  base  the  aperture  is  placed,  the  altitude  of  the 
stirb^e  aboye  it  bepiig  the  only  considefatiqn  ;  nor  i^  it  ma- 
UMial  wbUl  4l9  figwre  of  it  jp,  Hfb^thi^r  circular,  triangular, 
tMpimmt  ffiiil#r»  oc  jrr^g^,  the  ar^  of  it  alone  hmg 
mpwAy  neeeumy  consideration. 

As  we  buve  «|ove  Ibund  the  fluxion  of  the  time,  so  by 
taking  t^  fiv^t,q{  i/L  W9  obtain  the  time  itself  aubstituliiig 
jftfat.lb|i  vnhifi  of  z  inntead  of  it,  as  ibund  \^  teijns  of  x  from 
the  equati^  of  the  figure  of  the  yessel,  as  in  the  following 
problems,  except  when  it  is  a  prism,  for  then  x  in  constantt 
^  4q«s  p^  a^f^ct  the  fluent. 


n  fold  the  Ume  of  uufdijfmg  aprim. 

'  When  the  vessel  is  a  cylinder  or  any  other  prism,  then 
the  section  gh  or  z  is  constant,  and  considering  it  as  such. 


2£ 


the  floent  ef      —  i  s  ^  ^ — ^  wkAcjt.w  the  time  of  eibanft* 

n  y/mx     n  tn 
ing  a  prism  whose  hasp  is  2,  and  altitude  x. 

Cor*  !•  If  the  nperturea  of  two  prisma  therefore  be  equal, 
the  tiRMS  ef  emptying  tbem,  will  be  as  their  basjM  drann  into 
the  a^are  roots  of  their  altitndea.  If  their  Imms  be  also 
oqoal»  the  tijoaes  i^li  be  as  the  square  roots  of  their  heights. 
But  when  their  latitudes  are  equal,  |he  times  will  be  as  their 

w       _  • 
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Cnr.  2.  Putting  a  for  the  altitude  ei  of  the  prisms  abcd, 
aod  b  for  the  area  of  the  base  cv  ;  then  the  time  of  emptyiog 

Ihe  part  abbo  at  b  er  d  la  —  X  - — - — •   For»by  the  pro- 

II  ^ 

bteiB»  the  time  of  emptying  abcd  la  ^  y/-^  ;  and  thia  tim6  of 

fi  at 

OucD  is  —     — ;  their  difference  is  the  time  of  abhg  as 
II  ai 

above* 

Cor.     By  the  problem,  the  time  of  exhaiiattng  abbb  at 

1}  or  F  is  ^  ^^~f^ '  comparing  this  therefore  with  the  last 

eoiollary,  it  appeara  that  the  timea  of  emptying  the  aaBie  part 
ABHG,  at  the  fleptb  o  and  o,  will  be  reapecti?ely  aa  — 

to  v^(a  —  x), 

a^ 

Cur.  4«  By  writing,  in  the  general  theorem  ( — - — 6 

for  a«  a  for    and  a— «  for    we  obtain        —  X    for  the 

n^ma 

tirtie  in  which  ab  would  descend  tf>  gh  with  the  first  velo* 
tity,  or  the  time  in  which  a  quantity  equal  to  abhg  would 
run  out  supposing  the  vessel  to  be  kept  always  full  by  a 
supply  from  without  ;  comparing  this  therelore  with  corol- 
lary 2,  it  will  appear  that  the  time  of  emptying  the  part 
ABBO  at  D,  when  there  is  no  supply  from  Wtthoof,  is  to  the 
time  in  whieh  an  equal  quantity  would  nm  out  when  the 

Vessel  is  kept  alwaya  fullt  aa  y/a^       to  5— or  aa  2  X 

(a —  -v/a^c)  to  a  —  x.    And  when  x  is  nothing,  or  when  ABtfo 
becomes  the  whole  prism,  the  proportion  is  that  of  2a  to 
t)r  2  to  1. 

fttOBLBX  n. 

ITo  ddtmine  Ihe  time  tf  txhanuUng  anjf  pyntnkidal  tesxd. 

l^utting,  aa  before,  a  =  the  altitude  bi,  b  s  the  baae  of 
Itfea  t>f  tiie  bottom  dc,  <  s  the  area  of  the  top  ab  ;  and  b  « 
area  of  the  aperture,  m  «  32^  feet ;  also  x  «  any  other  aiti* 
Ittde  B^  and  x  the  area  of  the  section  ob« 

Then,  by  the  nature  of  the  fisure,  whether  the  greater  of 
leas  end  ia  uppermost,  we  ahalf  have  aa  ib  :  bf  : :  the  dif- 
lerencis  between  the  linea  ab,  od,  to  the  difference  between 
thb  lines  ohi  ob  ;  that  ia  a  :  x  ; :  y/h"  y/ 1 1  y/b^  ^ x^ 

j/ft    \/i     ^  iieace  y/z=i  ^b  —        ^  ^ gnd 
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tlyCiL  X  2»  +  —"^i  X  ^ :  thk  being  sabMitiited  for's 


oa 


m  (  )  the  fluxion  of  the  time,  in  the  theorem,  and  the  flu- 

ent  taken,  we  obtain x  :  6  ^p^^ — X  2x  H  v^^^  

n^m  oa  oaa 

X  0^  for  the  time  of  emptying  the  pert  cdgh,  for  either  end 

up. 

Cor.  1.  When  ef  =  ei,  or  i  =  a,  the  above  expression 
teeomee  ~  X     —  - — — I  ^  » or  X 

^^^i5^^^  emptying  thtf  whole  fniitiim 

▲BCD. 

Cor.  2.  When  I  and  5  are  equal  to  each  ethe^,  the  eboive 
expreeaioQ  in  corollary  1  becomes  (or  the  time  in  the 

prism,  (he  same  as'ln  the  last  problem. 

Cor.  3.  When  t  is  =  nothing,  the  expression  in  the  first 
-coroUery  becomes  ^^-^  for  the  time  of  emptying  the  whole 

15m  v'^i 

pyramid  dkc  by  a  hole  at  the  base ;  ▲  being  here  the  wheie 
eUitude 


Cor,  4.   When  &  ie  e  nolhmgy  the  expression  in  the 

6rst  corollary  becomes  ,        for  the  time  of  emptymg  the 

on^r  SI 

whole  pyramid  kab  at  the  vertex  k  ;  a  bein^  the  whole  alti4 
tdde  Kl,  and  I  the  base  or  the  same  with  b  in  the  last  corol* 
lary.  And  hence  the  first  corollary,  to  the  last  problem  will 
hold  also  in  this. 

Cor.  5.  By  conjparing  the  last  three  corollaries  together, 
it  apnenrs  thnt  the  lime  of  emptying  the  prism,  the  pyramid 
at  its  base,  and  at  its  vcnex,  are  to  one  another  as  15,  8,  and 
8 ;  the  apertures,  altitude?,  and  bases  being  equal  ia  each 
figure. 

Cor.  6.  Putting  a  =  the  axe  ek  of  the  p3rramid,  with 
either  end  up,  or  the  distance  of  the  vertex  from  dc,  and  the 
other  letters  as  in  corollary  1 :  Then,  by  the  nature  of  the 

pyramid,  a  :  a  :f  a  :  :  ^6  ;  —  X  \/  o  =s  ^ ;  which  being 
eubstituted  for  it  in  the  first  corollary,  we  have  x 
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^^^^^k/^A^^^  exhausting  abcd  at  cd ;  viz. 

mfjbmt  —  or  +«coordiog  as  the  greater  or  loMopdiiikm- 

*Ward. 

Bet  if  4  iepreaeel  ki  when  the  vertex  is  dowowafd,  and 
SB  whea  vpwm^  er  the  distance  from  the  vanex  to  the 

«M«««<.d  :  tlK.n.«  above.  gVgx'^-^-'f*«+^  will 

the  time  of  emptying  abcd  with  the  greater  end  down. 
Bin  whett  the  le*  end  ia  dowm  then  a  :  a  — a ::  ^1  s 

X      =      i  which  beij^g  whttea  Cor  it  in  coroliary  1, 

behave,         X  ^^^^^^^ ^     the  time  of  eiiytying 

ABCD  at  the  less  eod ;  where  a  and  a  have  the  same  value  as 
^  the  other  eiid»  aad  I  here  si  h  there. 

CiNV  7.  Bf  taking  the  difhieeee  bolveea  Cwe  tiaMa  Ibr 
two  difihrent  altttadee,  there  wiB  he  obtained  the  time  of 
emptying  the  part  next  the  top  of  the  veaael  whoee  altitude  ia 
eqnal  la  ite  diibwwee  of  the  ether  two  neat  the  botlora. 

Bjr  proWem  I  and  its  4th  coroliary  is  the  tiaw  in 

which  a  prism  ef  water  weidd  nm  oat  with  tiM  Ibst  velod^, 
aad  the  prism  being  to  the  (rostom  of  a  pynunid  (whose 

teoeia  top  I,  and  altitude  a)  as  6  to  <^^^!^^^'^,therafoie 
y/a  X  iflthetinieinwhich  aifoantity  wonldnn 


nV'si  3 

exit  equal  to  the  frusium  of  a  pyramid  when  it  is  kept  full 
by  a  sopply  at  the  top.  And  by  comparing  this  with  corol- 
lary 1,  it  will  appear  that  the  time  of  emptying  the  frustum  of 
a  pyramid  when  it  has  no  supply  from  without,  is  to  the  time 
in  which  an  equal  quantity  would  run  out  when  kept  always 
full,  as  166  +  8      6^  +  61  to  5b  +  5  ^  bt  +  5l. 

Cat*  8*  By  aapposing  either  i  or  I  to  vanish  in  these 
last  espreanonSt  we  shall  obtain  the  proportions  of  the  timss 
when  there  is  no  sopply  from  without  to  that  when  there  is, 
for  the  whole  pyramid.  Thus,  when  t  =  0,  the  expressions 
become  as  16  to  5  by  running  out  at  the  base ;  and  when 
h  =  they  are  as  G  to  5  at  the  vertex:  so  that  they  are  to 
aiiotber  as  16, 6^  and  5.  . 
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THSORSM  n. 


Ifc  be  the  altitude  ef  of  any  part  of  a  vessel  formed  from 
a  line  of  the  second  order^  viz.  a  conic  sectiou,  m=32^  feet, 
n  =  the  urea  of  the  aperture  in  the  bottom,  and  a,  b,  c  con- 
stant quantities  :  then  the  tiin€  of  emptying  the  imrt  cdgh 
whose  altitude  is  x  will  be 

|2gx  (A+iBX  +  lcx»). 
IkmimiMi0i.   By  theorem  1,  the  fluxion  of  the  time  ia 
;  and  by  p*  222  of  my  Menaufation  s  ia  aa 


n^mx 

ct^,  or  z  may  be  supposed  =  a  +  Br  -f  ci*  :  substituting 
therefore  this  value  of  z  instead  of  it^  and  taking  the  fluent, 
we  obtain  the  time  as  is  expressed  in  the  theorem. 

ScMiuau  The  particular  valuea  of  a,  aad  c  wiU  be 
determined  from  the  nature  of  the  curve  in  question,  and 
from  the  situation  of  s  with  regard  to  the  vertex  or  to  tiio 
cenm  of  the  ourve.  In  generai,  however. 

Corollary*  When  x  begina  at  the  vertex  of  the  curve, 
then  A  ia  a  and  the  above  expreaaton  becomea  — x 
(f  Br+ios")  for  the  time  in  the  whole  aolid. 


F&OBLSM  UI. 

To  JM  the  lime  of  emptying  a  parabolic  vessel,  or  ai^  pari  of 

a  paraboloid. 

In  the  pnraboloid,  putting,  as  before,  t  for  the  area  of  the 
top  AB  of  the  veasel,  h  for  that  of  the  bottom  dc,  a  for  its 
altitude  and  «  ee  the  atetton  off.   Then,  by  the 

property  of  the  figure,  a  i9\  li-^h :  s  —  6 ;  hence  *  <bs  6  -i- 

l  ft 

X«.:  bnlthegeoendvafaieofalaA  +  nr^OB'teonh 
paring  theae  two  therefore  together,  we  have  a  «  ^,  &  » 

'"^t  Biui  c  SB  0.   By  substituiii^  therefore  these  values  in 

tfMMm  S,  we  obtain  -^-^  x  (*  + -^^1  X  *  a.-!^^ 

»v^ai     ^       «t  '  ih/m 
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^8  APPENDIX. 

X  - — ^  for  Iho  time  of  omptying  obcd»  whether  the 

greater  or  loss  end  be  upward. 

Other  expressions  fur  iho  time  might  be  found,  by  bringing 
ioto'tbe  form  the  whole  azo  oi'the  parabola  and  its  parameter. 

2-v/ci 

Cbr.  1.  When  a;  is  «  a,  the  above  form  becomes  X 

—  for  the  time  of  emptying  the  whole  frustum  abcd. 

And  the  difference  between  this  and  the  former  wouldgive 
the  time  of  emptying  abuq  at  dc. 

Cor.  2.  When  I  is  =  Q,  the  last  becomes  for  the 

time  of  emptying  ihc  whole  paraboloid  at  the  base  j  a  being 
the  whole  axe. 

Car.  3.  When  6  is  =  0,  the  first  corollary  becomes 

fiir  the  time  of  emptying  the  same  at  the  vertex  ;  t  m  this 
being  equal  h  in  the  laet,  and  a  s  the  whole  axe,  as  in  the 
laet  corollary.  So  that  the  times  are  as  2  to  1.  Any  time 
is  umvenally  as  the  hase  into  the  root  of  the  altitude,  d&c  in 
•?ery  particular,  as  in  corollary  1  to  problem  1. 

Opt.  4.  When  6    t,  corollary  .1  gives         ^or  the  prietp, 

M  in  the  first  problem. 

Got.  5.   A  parabolic  frustum  whose  base  is  6,  top  I,  and 

b+t 

altitude  a,  is  to  a  prism  of  =  base  and  altitude,  as  -2"*  ^  ^  * 

hence,  by  proceeding  as  in  corollaiy  8  to  problem  2,  we 

shall  obtain       -  X  ■        for  tiiu  tinie  in  which  a  quantity 

equal  to  the  whole  frustum  abcd  would  run  out,  when  it  is 
kept  fiili  by  a  supply  at  the  top ;  and  is  tberrfiire  to  the  time, 
in  corollary  1,  of  emptying  the  same  when  there  is  00  sup* 

ply,  as       to        ,  or  as  36+a(  to  86+4t. 

« 

Cor.  6.  When  ( =  0,  the  last  proportion  becomes  as  3  to 
6  for  the  times  at  the  base  :  and  when  6  =  0,  it  becomes 
that  of  3  to  4  at  the  vertex.  So  then  all  the  three  tiroes  for 
the  whole  paraboloid,  viz.  time  at  the  base,  and  time  at  the 
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vertex  when  there  is  no  supply  from  without,  and  the  time  of 
running  an  equal  quantity  at  either  end  when  it  is  kept  full  by 
a  supply  from  without,  are  respectively  as  the  numbers  8, 
and  3. 


PROBLBIK  IV. 

To  find  the  time  of  emptying  any  part  of  the  sphere* 

Putting  r  for  the  radius  of  the  sphere,  p  =  3*14159,  &c. 
q  for  the  distance  of  the  centre  of  the  spiiere  above  the  bot- 
tom of  the  vessel,  x  for  the  altitude  of  the  vessel  from  the 
bottom  ;  and  2,  wi,  w,  as  before.  Then,  by  the  nature  of 
the  circle,  z  =  {r+q  —  x)  X  (r  —  q-hx)  Xp  =  [r*  —  (q — j.)-] 
X  p  =  (rr  —  "h  — xx)  X  p  :  comparing  this  with  the 
general  expressions  =  a+bx+cj?,  we  have  a  =  (rr — qq)  X 
p,B  =  2pq,  and  c  =  — p  ;  which  values  being  substituted  in 

theorem  2»  we  get  -  ^    X  (rr— j  jx)  for  the  tjin0 

of  emptying  the  spherical  vessel  whose  altitude  ie  ar. 

The  above  supposes  the  bottom  of  the  vessel  to  be  below 
the  centre,  but  the  expression  will  bold  in  every  case ;  for 
when  the  bottom  is  above  the  centre,  then  q  is  negative,  and . 

term  +  ^qx  will  become  —  f  ;  and  when  the  bottom 
passes  through  the  centre,  then  g  =  0,  and  the  terms  qq  and 
+  ifff  vMiitb* 

Cor*  1«    When  9  =  0,  tho  expression  becomes 

tty/tn 

(rr— for  the  time  of  emptying  at  the  base  any  altitude 

X  of  a  hemisphere. 

Csr*  2.  And  when-  x     r  the  whole  altitude,  the  last  ex? 

presaioQ  becomes  ^^-^^  for  the  time  of  emptying  the  hemi- 

sphere  at  the  base  =  f^-^ ,  putting  b  =prr  the  area  of  the 

base  or  greatest  circle. 

Cor.  3.  When  the  bottom  of  the  vessel  or  the  aperture  .ie 
at  the  vertex  of  the  figure,  then  g  is  «  r,  and  the  expression 

in  the  problem  becomes  X  (Jra?  —  -^xz)  for  the  time  of 

ny/m 

emptying  at  the  vertex  any  altitude  x  of  the  hemisphere. 

Cor.  4.  When  s  is  s  r,  the  last  expression  becomes 
Vol,  II,  79 
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"^^^r  ™  l&i^ii  ^  emptying  the  bemiipheie 

at  the  vertex* 

Cor.  5.  When  x  =  3r,  the  ezpresMoa  in  coroUuy  3  be- 

TSiK/i"     ifin^ai  emptying  the 

whole  ephefe.' 

Cor.  G.  Subtracting  the  time  in  cor.  4,  from  thai  in  cor.  5^ 

we  obtain  ^  /  ><-~v — 7— X-^t^t —  for  the  tune 
ny/m        15      m^m  15 

of  emptying  the  upper  hemiapbeie  at  the  YOflez  of  the  loww 


Cor.  7.  By  comparing  cor.  1,  with  cor.  3,  it  appears  that 
the  times  of  emptying  equal  altitudes  of  a  hemisphere  at  the 
base  and  vertex^  are  to  each  other  feapoetiTely  as  3rr— jxr 
to*2rx— or  aa  15it— 3np  to  ICInr  Mrr. 

And  wheo  s  becomea  equal  to  r,  the  timea  of  emptying 
the  whole  hemisphere  at  the  base  and  Tertex*  are  aa  li  to  ^ 

Car*  8.  By  cor.  4,  topiob.  1,  ^^—^  or^V^iathetiBie 

of  running  out  a  quantity  equal  to  the  hemisphere  with  the 
first  velocity,  or  when  it  is  kept  full  by  a  continual  supply 
from  without ;  by  comparing  this  with  cor.  2  and  4,  we  find 
that  the  above  time  and  the  times  of  emptying  at  the  vertex 
and  base  when  there  is  no  iupply,  are  as  Uie  numbexa  5, 
7, 12. 

PROBLXX  T« 

To  determine  the  lime  of  emftptig  imy  spheroidal  ve$ML 


Putting  r  for  the  revolTiiig  and  /  for  lizod 
and  the  other  quantitiea  aa  in  the  laat  piohlem.  Urn  m  thia 
pioblem  will  be  two  oaaea,  to.  obo  with  tlio  imlring  and 
the  other  with  the  fixed  axe  horiioiitaL 


CAaai. 


Whm  lAe  revolving  axe  is  honxoiUoL 
In  thia  case  the  hofiaootal  aeotiooa  are  ciicloa^  and  th^ 
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«Mdiiig  ai  io  the  laM  problem,  we  shall  obtain  ^S^-^  X  CJf 
—  ^  +  ff^    i^x)  for  the  tine  of  emptying  any  part  whose 

Cer.  1.  When  the  bottom  of  the  vessel  passes  through  the 
centre  of  the  spheroid,  then  9  =  0,  and  the  above  ezprossien 

^^—^  X  (Jf—jxx)  for  the  time  of  emptying  at 

the  eirodmr  base  any  altHude  x  of  a  hemi-spheroid. 

Cor.  2.  And  when  x  =/  the  whole  altitude,  the  last  ex- 

ftmioa  lieeomes  for  the  time  of  emptying 

the  bemi-spheroid  atchebase  ;  patting  i  prr  Hie  base,  add 
« Ibr  the  whole  ahitodo  or  Toftical  semi-aie. 


Cor.  3.  When  the  water  issues  at  the  vertex,  then  q 

md  dio  otpmnoa  ia  the  fioblon  becomes  X  (i/x 

—  ^99)  Ibr  the  time  of  emptying  -at  the  Tortez  any  alti- 
tnde  Ma 

Oor.  4.   When  x  \m         the  last  expression  becomes 

=  ^^^fortbetiiBOofemptymgtheiwm-aphoroM 
«tthoToit«x* 

Cot.  5.  And  when  x  =s  2/*  the  whole  vertical  axe,  then  it 
wlnln  ^phemdy  A  being  the  whole  vortical  «xo« 


When  the  fixed  axe  is  horixonUd, 

In  this  case  the  horizontal  sections  are  ellipses,  and  the 
iiont ia  X  (rr  -  qq+2qx  —  xac)  ;  and  therefore 

X  (rr  —     +  j^x  —  ix«)  =  the  time  of  emptying 
iho^fMaHui  wkooe  altitnde  ia  «. 
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Car*  U   Wktn  9  s  0,  the  sbove  exprettion  becooiM 

^^B[}/J1  X  (rr  —  \xx)  for  ihe  time  of  the  frustum  whose  alti- 

tude  is  ar,  and  As  bottom  the  greatest  ellipee  or  section  tbroi^h' 
the  centre* 

Cor.  fL  And  when  arasr,  the  last  becooMs  ~^V^=?^^ 

for  the  time  of  emptying  the  semi-apheroid  at  the  base  ;  k 
and  a  being  as  in  the  last  case* 

Cor.  3.  When  q=r  the  general  expression  becomes  ^^^^ 
X  (|rs  —  Ixx)  =  the  time  of  the  segment  at  the  Tertes. 

Cor,  4*  And  when  «  »  r>  this  last  becomes  l^'^^  cs 

Idny^si 

for  the  time  of  the  semi*spheroid  at  the  vertex* 


1^1^  for  the  time  of  the  whole  spheroid^  ▲  beinir  the  wholtf 

vertical  axe. 

And  the  times  for  the  hemi-spheroid  when  there  is  no 
supply  is  to  that  when  there  is,  the  very  same  as  the  times  for 
the  hemisphere  in  the  6th  cor.  to  the  last  problerai  viz.  as  the 
numbers  12,  7,  5. 


PBOBUM  VI* 


TV)  iMmim  Uno  Um  of  emptying  any  pari  of  « 

tutting  t  for  the  semi^transverse,  e  the  semi*conjugate»  x 
tot  any  altitude  from  the  bqttom  of  the  vesse!,  z  the  section  at 
the  top  of  x,  q  for  the  altitude  of  the  centre  of  the  generated 
hyperbola  above  the  bottom  of  the  vessel,  and  which  there* 
fore  must  be  negative  when  the  less  end  of  the  tessel  is  dowii- 
Val^d,  and  m,       as  before* 

Then  by  the  nature  of  the  hyperbola,  ff :  ce : :  p  X  (9  — 

2qt  +  «c).  Hence,  as  in  the  last  problem, 
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X  (gj  —  «  ^  J^T  +  Ixx)  will  be  the  time  of  emptyic^  any 
frustum  whose  allilude  is  ar. 

Cor.  1.  In  a  whole  byperboloid  with  the  rertex  upwai^ 
f  M  »  <  +      which  being  subalitutea  Ibr  il  m  liM «kof« 

•spression,  we  obtain  X  (5/x  +  2jf«)  for  the  time 

of  emptying  the  iHiole  byperboloid  at  the  baBewhofe^ald* 
Uide  ux% 

But  since  the  base  b  ia  =  |>ccX—^-ii-^^  the  time  of  empty. 
ii«  themne  will  ahK»be  X  . 

Cor.  2.  And  when  x  ^  the  eho?e  ezpreflfioB.beoomee 
l^n^m^iSn^m  emptymg  a  whole  byperbo- 

loid at  the  base  wheo  the  altitude  is  equal  to  ikm  '^"^Mnm^ 
verse;  b  being  the  bMe»  and  a  the  eltitnde. 

Chr.  3.  When  the  smaller  end  is  downward,  then  q  is 

negative*  and  the  general  ezpreaiieB  beeenes  x  (m 

iiny/m 

^  ^  +  tl?*  +  1^-^)  fo^  ^©  ^inie  in  a  frustum  with  the  lefli 
f»d  downwaML 

Cor.  4.  And  when  g  is  =    this  last  expreaeion  becomm 

-5;;;7i-X(ite+ixx) »  X  for  the  tune  of 

emptying  a  whole  byperboloid  at  the  Tertez*  the  wltitirfe 
^ing  4P,  and  the  area  of  the  end  6. 

Cw.b.  And  when  27  is  » I,  the  lart  Ibrm  beeomes 
e^,  15«v^ei 

"  45nVm  =  45;^^  of  emptying  at  thevertti 

the  byperboloid  whose  altitude  if  equal  to  the  aenu-trane* 
verse. 

Car.  6.  Since  =  the  time  of  running  out  a  quantity 
equal  to  the  prism  hx  with  the  first  velocity  ;  and,  by  page 
884of  my  Mensuration,  ioB  X  being  the  Content  of 

tkehyperboloid;  wherefore X  ^^^wiUbethetiBieef 

lin^m  2/-f-x 

running  oat  a  quantity  equal  to  the  byperboloid  with  the  fint 
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Velocity,  Of  when  It  »  kept  iilll  by  ft  eontinoal  supply  firodl 
withoat*  Comparing  thafeiore  tins  with  ^r.  1  and  4,  It  ip. 
pW'Uwrt  tiM  tine  above  aad  the  tiroei  of  emptying  at  the 
mtfm.  aad  baee  whea  there  ia  no  aupply  from  wiiboSt,  aie  to 
one  another  at  the  three  quantitiea»  5  x  (8r  +  3  X 
(lUr  Hh  8ar),  and  8  X  (ftl  +  2x} ;  and  when  the  alrilude  c  k 
eqnil  to  <»  the  aame  timea  are  as  the  nnmberB  10»  13»  and  8& 

General  Scliolium.  In  ail  the  foregoing  complete  solids, 
viz.  the  prism,  the  whole  pyramid,  the  whole  paraboloid  and 
hyperboloid  whose  altitude  is  equal  to  the  semi. transverse, 
and  hemisphere  and  hemispheroid,  it  appears  that  the  time 
of  emptying  each,  either  at  the  base  or  vertex,  is  always  as 
the  base  drawn  into  the  square  root  of  the  altitude,  and  that 
all  that  it  eaid  in  cor.  1  to  prob.  1,  belongs  in  comnion  to 
then  all.  And,  collecting  all  the  rules  for  the  times  of  ex- 
hausting at  the  base  and  Toitex,  and  the  time  of  mnnlog  oat 
an  equal  quantity  wUb  the  first  Velocity,  or  when  the  vessel 
k  kept  alwajrs  fiill  by  a  continoal  supply  from  withoal,  wo 

•i>.Uhav«U>etun.forMebequ.lto  ^^^^^dtawa 

into  these  corresponding  numbers : 


For  the  pnsm  

Hemisphere  and  Hemispheroid 

Paraboloid   

Hyperboloid  •••••••••• 

Pyramid  •  • 


At  I  he 
bass. 

AtUia 
TaiUi. 

With  the 

2 

2 

11 

! 

1 

a 

«  1 

1 
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ADDITIONS, 


W  THE  SPIXOJEI,  R.  ADRAIN, 


iVinP  MMod  of  determining  the  Angle  contained  bff  ike  ohprdt 
of  two  sides  of  a  Spherical  Triangle, 

Sm  piob»  V.       78  tUtvol. 


THSOSEK. 


If  any  two  sides  of  Spherical  Triangle  be  produced  till  the 
continuation  of  each  side  be  half  the  supplement  of  that 
side,  the  arc  of  a  great  Circle  joining  the  extremities  of  the 
sides  thus  produced  will  be  the  measure  of  the  angle  con- 
tained by  the  chords  of  those  two  sides. 


]MU»»ISKBATIOir« 

Let  the  two  sides  ab,  ac  of  the  spherical 
triangle  abc  be  produced  lill  they  meet  in 
o,  and  let  the  supplements  bg,  cg,  bo  bisect- 
ed in  d  and  E,  also  let  the  chords  awb,  atic 
of  the  arc3  ab,  ac  be  drawn  ;  and  the  great 
circular  arc  de  will  be  the  rheasure  of  the 
rectilineal  angle  contained  by  the.ohords 

AMBf  ASIC. 

Let  the  diameter  ab  be  the  cominon  eection  of  the  pkiiee 
of  JMf  A009  and  V  tke  eeiitfe  of  the  apheroi  froto  wfaieh  diaw 
the  itiaight  lines  td,  fb. 

Stneet  by  hypothesis,  om  is  the  half  of  oc,  therefore  the 
angle  at  the  centre  ofe  is  equal  to  the  angle  at  the  cireumfe- 
fence  oaho  (thee.  49.  Geom.)  and  therefore  aho  and  Fa,  be- 
ing in  the  same  plane,  are  parallel :  in  like  manner,  it  is 
ali^wn  that  fd  and  asib  are  pacailel,  and  therefore  the  reoti* 
lioeal  angles  bao  and  def,  are  equal,  and  consequently,  since 
DB  is  the  measure  of  the  angle  dpb,  it  is  also  the  measnre  of 
the  an^e  oontained  by  the  diords  AmB|  aho.         a*  b.  p. 
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Nem  meiiad  qf  Determining  the  Oscillalunu  of  a  VanaMe 

Pendulum* 

The  principles  adopted  by  Dr.  Ilutton  in  the  solution  of 
hii  5l8t  problem,  page  541  this  vol.  are,  in  my  opinion,  erro- 
neous.   He  supposes  the  nmnber  of  vibrations  made  in  a 

S'ven  particle  af  time  to  depend  on  the  length  of  the  penda* 
m  onlyi  withoat  coomdeiing  the  acoelemtive  tenneB  the 
thread ;  eo  that  by  bit  fonnnla  we  have  a  finite  number  ef  vi. 
bnitions  perfonned  in  a  finite  time  by  the  deecending  weight, 
even  when  the  aecending  weight  is  infinitely  email  or  nothing. 
Beaidety  the  atating  by  which  he  finda  the  flazion  of  the  nnm* 
her  of  vibratione,  ia  referred  to  no  geometrical  or  mechanienl 
principle^  and  appears  to  be  nothing  but  a  mere  hypothesis. 
The  miowing  is  a  specimen  of  the  method  by  which  such 
problems  may  be  solved  according  to  acknowledged  princi« 
plea. 

PROBLEM.  • 

If  two  unequal  tDcights  m  and  m\  connected  by  a  thread  passing 
freely  over  a  ptdley^  are  suspended  verticclly^  and  exposed  to 
the  action  of  common  gravity^  it  it  required  to  investigate  the 
number  of  MraHom  made  m  a  given  time  by  the  gre^Uer 
weigkt  SI,  supposing  it  to  descend  from  the  point  of  suspen- 
gwi^  and  to  make  indefmkely  smm  removals  from  the  ver- 

aOLUTIOXf. 

Let  the  summit  a  of  a  vertical  abcdf.  be  the 
point  from  which  m  descends,  b  any  point  in  ak 
taken  as  the  beginning  of  the  plane  curve  urnvn 
described  by  m,  which  is  connected  with  m  by 
the  thread  asi.  Let  mc  be  at  right  angles  to  ab, 
and  put  AC^Sf  cm=y,  air =r ;  also  let  r»  f  and  t 
be  the  times  of  the  deseeat  of  m  through  the  ver- 
tical spaces  ABy  AO  and  bc  ;  32^  feet, » the 
jneasure  of  accelerattve  gravity  ;  /  the  roea- 
■Qie  of  the  retarding  force  wluch  the  tension  of  _ 
Uie  thsead  exerts  on  ai  in  the  direction  stA,  and  c  the  in- 
defiaitely  anMU  horiaootal  velocity  of  si  at  b. 

fx 

As  r : «  :  2/ :  ^  «s  the  vertical  action  of  the  tonsioii  on  » s 

and  ihmeL  ^'^^  ^  the  true  accelerstive  ioree  with  which 

SI  is  urged  \^  e  Vertical  direction.  • 
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Again*  r  :  y  ; :  ^     the  horizontal  action  on  si  produced. 

by  the  tension  of  the  thread  ath.  Thus  the  whole  accelera- 
tive  forces  by  which  m  is  urged  lu  directions  parallel  to  x  and 

ji^an^  —  ^ and the  former  of  tboae  leicea tending  to 

ineteaoe  x,  and  the  latter  to  dimiaish  y ;  and  tbereibre  by  tho 

Seneral  and  well-known  theorem  of  variable  motions  (See 
fee.  €jdn  B.  1»  Chap.  3),  we  have  Uie  two  equationa 

But  by  hypothesis*  the  angle  irac  is  indefinitely  small,  we  have 
therefore  f  ^  =  a  given  quantity  ;  our  first 

fleiioiial  equation  tbereAire  becomes 

r 

of  which  the  proper  fluent  is  ^—iig—JY*  '  and  by  substitut- 
ing for  X  the  value  just  found,  our  second  flusional  equation 
becomes 

^  or  ^+py=0,  (putting  p  «  a 


Now  whenp  is  less  than  i»  let  ^  and  in  this  case  the 
correct  fiuent  of  the  equation  easily  found  to  be 

fttxn  which  equation  it  is  manifest  that  as  i  increases  y  also 
incieases,  so  dial  si  never  returns  to  the  vertical,  and  there 
are  no  vibrations.  Again,  when  p  =s  |,  the  correct  fluent  of 
the  same  fluzional  equation  is 

—V^'-hyp.  log. 

'  So  that  in  this  case  also,  when  /  increases  y  increases,  and  the 
body  m  never  returns  to  the  vertical.    Since  in  this  case  j7= 

 r=f  >  therefore^  17m' =^m,  and  therefore  by  this  case 

m — m  * 

and  the  prccedinfj:,  there  are  no  vibrations  performed  by  the 
descending  weiglit  m  when  it  is  equal  to  or  greater  than  17 
times  the  ascending  weight  m'. 
Vol..  11.  •  74 
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But  when  p  is  greater  than  j,  put  n=z^ji-^,  iiid  m  ihia 
ease  the  correct  equatioo  of  the  Auente  is 

•  iia.  (n.  hyp.  leg.  j). 
Tbb  equatkMi  eliowi  lie  thai  we  ehell  have  f  aekjQ^  at  eAe»  ae 

n.  hyp.  log.  ~  hecomee  eqaai  to  any  ooBuplele  manber  efvee* 

mi-circumferences  :  if  therefore  «'=3*1416,  and  if  ^any  num- 
ber io  the  series  1|  2,  8,  4,  5,  dic.  we  can  have  y=0  only 

when ii.hyp.log. -a2nr»fhMnwUobweliave |8r.e  "teop* 
peeing  hyp.  log.  e  ss  1 ,  and  therelbre 

T=r  .  {  e  •^l  j, 

which  !(hows  the  relation  between  llie  number  of  ftbnoioM  m 

and  ihc  tmie  r  in  which  they  are  perforniHl. 

Ht^nre  ii  \n  innnifeHt  thai  the  times  or  durations  of  the  ae- 
verul  surcussive  vibratione  conatimte  a  eerieein  geemetfieal 
progremion. 
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DESCRIPTIVE  GEOMETRY. 


CHAPTER  I. 

fVitftitftfilf  Ihe  I!ir$t  Principles  of  Desf^rigtive  Gfimetry^ 

'  lUutlratiiOHM* 


DB8CKfi*TivE  Gbokbtbt  19  the  ait  of  determining  by  con* 
itmctioos  performed  on  one  plane  the  various  poi.its  of  lines 
and  sii^foces  wliich  are  in  different  planes.  I'be  principle  on 
which  this  art  is  founded,  consists  in  projecting  the  poinis  of 
spy  line  or  surface  on  two  given  planes  at  right  angles  to  each 
oiher.  These  two  planes  are  usually  denominated  the  hori. 
xontal  and  vertical  plunes,  or  the  fundamental  or  primitive 
planes,  or  the  planes  of  projection.  In  the  constructions  the 
vertical  plane  is  supposed  to  have  revolved  about  the  line  o( 
their  coaunon  intersection,  and  to  be  coincident  with  the  ho- 
rizontal plane  ;  and  it  is  by  means  of  this  coincidence  thai 
both  the  projections  on  the  horizontal  and  vertical  pinoes  arc 
effected  by  coostruciions  performed  on  the  horisoDtal  plaoe. 


Vb  ilhi^rcta  th!c»  iBt  abco  be  the  horizontal  plane,  and 
tiM  mtlc«l  {ibiic  atnght  angles  to  it,  and  meeitog  it  ia 
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the  straighl  Un»  of  thek  oommoD  McHdn  bf*  Suppoie  » to 
be  any  point  in  Bpme%  from  which  on  the  pUme  abcd  let  fdl  the 
perpeiadieularpp'y  meedogthalttlatie  til  p' ;  andoB  the  vertical 
plane  iiOHy  let  fall  from  pthe  perpendicular  pp' meeting  il in 
p"  ;  then  p'  and  p'  are  the  projectiomi  of  the  point  p  on  the 
primiti?e  planes  i  and  it  is  obviomi  that  the  projectioneof  any 
other  point  besidee  p  cannot  be  coincident  with  both.the  points 
p'  and  p%  and  thereforOf  when,  the  fNNiits  p'  and  p'  are  giveiii 
there  is  but  one  pomt  p  of  which  they  are  the  piojectioiis. 

From  the  point  p'  draw  in  the  horizontal  plane  the  straight 
line  v'k  at  right  angles  to  the  common  section  ftp,  and  join  p'k* 
It  is  obrious  that  p'k  is  at  right  angles  to  the  plane  xFOBy  and 
by  supposition  pp'  is  alright  angles  to  the  same  plancy  coose* 
qliently  pp",  p'k  are  parallels,  and  therefore  in  one  pinnc  ;  and 
since  die  angle  pp'k  is  a  right  angle,  therefore  p'pp"  is  also  a 
right  angle  :  and  because  pf"k  is  a  right  angle  ;  it  follows  that 
pRp'^is  likewise  a  right  angle  ;  thus  it  appears  that  the  plane 
figure  pp'  Kp"  is  a  rectangle,  and  the  two  distances  p'k,  p^k,  are 
equal  to  the  two  pro  jecting  perpendiculars  pp"  and  pp'.  Those 
perpendiculars  pp"  and  pp'>  or  their  equals  PE,  p"k,  arc  called 
the  ordinates  of  the  point  p. 

Suppose  now,  afier  the  points  v  and  p"  are  determined,  that 
the  plane  efgh  revolves  about  its  intersection  kf  from  its  po- 
sition at  right  angles  to  abcD|  untilitcoincides  with  the  horizon- 


C 


• 

K 

f 

] 

?' 

tal  plane  i  during  this  revolution  the  straight  line  kp*  in  its 
motion  contirincs  at  right  angles  to  the  common  section  kf  ; 
when  the  vertical  plane  bfgu.,  baa  coincided  with  tho 
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Wvimtal  pkne  iocDytliAliiio  i^Kof  Ae  Am 
If  frii  in  the  contiBoalioii  of  p'k;  so  that  r^K,  n%mtk»  one 
■traighl  Udo  at  right  angles  to  «F»  and  lying  in  tiio  hmtenlat 
I^ano ;  the  distanees  i^k,      beaaag  the  orainalea  or  oo-oidi- 
nalesto  p,  the  poini  in  space. 

The  point  r  in  spaee  is  said  to  be  given,  when  tbataro 
perpendieulars  or  oidinales,  i^k  and  are  giYen  in  magni. 
tttde  and  position  ;  and  a  point  sousht,  p  is  said  to  be  found  ^ 
when  the  two  ordi nates  p'k  and  p''k  nave  been  found*  The 
various  positions  of  the  projections  ?'  and  p"  oomsponding 
to  the  different  situniions  of  the  point  p  in  space,  should  be 
clearly  conceived  by  the  learner :  on  this  account  the  follow, 
ing  varieties  of  position  deserve  attention :  and  it  is  particu. 
lariy  to  be  noted,  that  the  horisontal  projection  of  the  point 
in  space  is  marked  with  one  accent,  and  the  vertical  projec- 
tion with  two  aocents,  by  means  of  which  the  several  points 
of  the  horizontal  and  vertical  planes  will  be  easily  distin« 
guished* 


2 

If  the  point  p  which  is  to  be  projected,  be  in  the  ground 
line  or  common  intersection  ef  of  the  fundamental  planes,  its 
projections  if' ,  p",  must  evidently  coincide  with  the  point  itself 
as  in  N°.  1. 

If  the  point  p  be  in  one  of  the  fundamental  planes  but  not 
in  the  other,  let  it  first  be  in  the  horizontal  plane  at  p',  as  in 
N°.  2,  N°.  3.  In  each  of  which  the  vertical  projection  p'' 
^s  on  the  ground  line  :  in  N°.  2,  the  point  f'  is  before 
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the  vertical  plane,  und  in  N°.  3,  the  point  p  is  behind  the 
vertical  piano.    Next  lei  the  point  p  he  in  the  vertical  but 
not  in  the  horizontal  plane,  as  at  v"  N^.  4,  No.  5.    In  each 
of  these  cases  the  horizontal  projection  is  manifestly  on  the 
gjr*»«ind  line  at  p'.    In  N  \  4,  the  point  p  or  p"  is  in  the  verti- 
cal plane  directly  abovo  the  point  p'  of  the  ground  line,  and 
by  the  revolution  of  the  vertical  plane  ta  hu  into  a  horizonial 
position,  the  point  p"  falls  behind  the  (ground  line  kp.    In  N^. 
5,  the  point  p  or  p"  is  directlv  below  ihc  point  p'  of  the  ground 
line  in  the  continuation  of  the  vertical  plane  efgii  below  the 
horizootal  plane  abcd  ;  and  by  the  same  levulution  of  p.fgh  aa 
before,  the  point  p"  of  the  vertical  plane  immediately  below  p', 
i«  briMight  itp  to  the  horizontal  plane  ;  so  that  in  this  last  ctm 
tfaH  point  p"  is  before  the  ground  line :  and  thflbm  tiM 
pORitvy"  and     of  N*.  4  and  N"".  5,  Ml  on  oppomto  aides  of 
<r  <m  the  hMt^ontal  pNine  liy  the  reTotatimi  of  the  veitieel 
pie«e«   When  the  point  of  space  t  is  in  neither  of  the  primi* 
tive  planes,  there  are  four  dtfierent  siluationa  in  which  it  amy 
be  found,  that  require  to  bo  partleolarly  dialinguiahed  from 
one  soothet. 


S 


] 

m: 

i.  When  the  point  p  is  above  the  horizontal  plane  and  be- 
tbre  the  vertical  plane.  In  this  case  Ihe  horheontal  projection 
fC  Alls  before  the  ground  line  kp,  and  the  seit ieal  projection 
f  falls  behilid  tr  ;  the  horizontal  and  Tertiftal  ordittetes  be* 
ing  and  kp^  To  conceive  distinctly  the  place  of  the 
point  P,  tako  in  bp  the  distance  kl  equal  to  rp*',  and  on 
the  horizontal  plane  ctmiplete  the  rectangle  xunp'*  Ima- 
gine BOW  that  the  rectangle  kuip'  revolves  about  its  fixed 
side  kp'  from  a  horizontal- to  a  vertical  position  by  the  nseesl 
of  the  rectangle  above  the  horizontal  plane ;  aad  when  the 
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rectaDglc  klmp  Is  in  (his  verlicnl  posifion,  its  an cjulnr  point  m 

P*^»"^  ^  ^^'»'*''>  'he  projections  nre  p' 
and  F  :  ond  the  angular  point  i.,  after  liavinfr  described  a 
qoiidrtlllof  a  circle  on  tlie  priniirive  vertical  plaiic,  will  coin- 
Cide  with  that  poiDt  of  ii  whjcli  is  tlie  vertical  projectioD  of  j», 
tod  iHiieli  is  denoted  by  the  point  v", 

2.  When  tlie  point  r  isahove  the  horizontal  piano,  nnd  be- 
hind the  vertical  plane.  In  this  case  tlie  projections  nnd 
p  both^fall  behind  the  ground  line  ef,  in  the  same  straight 
hne  kfV.  Having  made  kl  equal  to  kp",  nnd  cornpletod  ihe 
rectangle,  suppoeeh  to  revolve  abwil  its  side  kp  which  re. 
main  fixed  by  oeceoding  from  &  horizontal  to  a  vertical  posi- 
tion, and  the  poiiit  m  wilt  coincide  with  the  point  p,  which  ie 
eoneeived  to  be  directly  above  p*,  and  at  an  altitude  equal  lo 
BP  orrii. 


B 

8.  When  the  point  p  is  below  the  horizontal  plane  and  behind 
the  vertical  plane.  In  (his  caae  the  point  p'  of  the  horisontal 
projection  of  p  falls  behind  tlie  ground  line  ap,  and  the  vertical 
projection  p"  falls  before  it.  'i  o  determine  the  situation  of 
the  point  p,  corresponding  to  the  projections  p'  and  com- 
plete the  rectangle  klmp'  as  before  ;  and  suppose  it  to  revolve 
about  the  fixed  side  p'k,  from  a  horizontal  lo  a  vertical  poeir 
tion  by  the  descent  of  the  aide  uit  that  the  point  m  may 
be  directly  below  the  point  p'  of  the  horizontal  plane*  Theii 
will  the  point  u  coincide  with  the  point  p,  of  which  Ihe  hori. 
zontal  and  vertical  projections  arc  v'  and  p".  When  the  rect» 
angle  klmi''  is  in  the  vertical  position «  and  ii  coinciding  vrith 
p,  MP  is  the  projecting:  line  or  ordinate  upwards  from  p  on  the 
horizontal  plane,  and  ml  is  (lie  projecting  line  from  p  on  the 
vertical  plane  i  the  point  l  being  in  the  vertical  piaae  direct- 
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\j  below  K.  The  point  l  immediately  below  s  ia  that  iriiich  la 
deooted  by  the  point  ;  it  la  brought  ioto  the  point  coin- 
ciding  with  the  hohzootal  plane  by  the  ravolutiott  of  the  wfw 
tical  plane  about  ef,  fiom  a  vertical  to  a  horizontal  poaition, 
the  upper  part  of  the  vertical  plane  faUiog  behind  «f  toward 
CD,  and  the  lower  part  riaing  ao  aa  to  comctde  with  the  bori* 
zontal  plane  ep  towards  ab. 

4.  When  the  point  p  is  below  the  horizontal  plane  and  be. 
fore  the  vertical  plane.  In  thia  caae  both  pointa  of  projection  f' 
and    are  before  the  ground  line  SF*  The  exact  aituation  of? 


* 

If 

corraaponding  to  p'  and  p  ",  may  be  known  by  conatmctiiig  the 
rectangle  klmp'  as  before,  and  conceiving  it  to  revolve  (UioQt 
KP',  by  descending  from  a  horizontal  to  a  vertical  poaitioD.  Jh 
thia  vertical  aitnation  of  the  rectangle,  the  point  m  coioeidea 
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with  the  point  F,  which  ia  directly  below  r',  and  hv,  hI'  w 
l;he  two  projecting  lines  by  which  p  is  represented  at  r'  w 
t|ie  horizontal  plane,  and  at  l  directly  below  k  in  the  vertl^ 
eal  plane.  By  the  revolution  of  the  vertical  plane  about  sr, 
the  point  of  projection  l  directly  below  k  is  brought  Mpiv#ids 
'Iflto  the  point  f"  on  the  horizontal  plane. 
^  Ai  a  nurther  elucidation  of  the  frenera]  principle^  let  laa  con* 
mki  the  projei^ions  of  straight  lines. 


Let  ABCD  be  the  horizontal  plane,  and  efgh  the  vertical 
plane  at  right  angles  to  the  former,  and  meeting  it  in  their  com* 
mon  intersection  kf  ;  and  let  tq,  be  any  straight  line  in  space. 
From  pand  o.  any  two  points  of  the  straight  line  pa  imagine  two 
straight  lines  pp  and  aa'  to  be  drawn  at  right  angles  to  the  hori* 
zontal  plane  abcd  and  meeting  it  in  p'  and  a  ;  and  from  the 
same  points  p  and  q,  two  other  straight  line^  pp"  and  ua"  to  be 
drawn  at  right  angles  to  the  vertical  plane  efgii,  meeting  it  in 
the  points  p'  and  q".  Draw  p'k,  (i'l  at  right  angles  to  the 
ground  line  ef  ;  join  p''k,  q^l  ;  and  we  have  as  before  the  rect*. 
angle  pp'kp",  of  which  the  sides  pp"  and  fp',  or  their  equals  p'k 
and  p"k,  are  the  ordinates  of  the  point  p  :  and  in  like  manner 
nq!'  and  oq',  or  their  equals  ql^'x^  are  the  or4ta»tai  of  tb^ 
point  of  space  a.  * 

Suppose  now  a  plane  to  paaslhsioagh  the  lifiejn  mm  M* 
mtd aitharef  iha  perpendlevlars  FF',jaa4  m'  •  and  iii$mmy 
to  Miemve  that  it  will  pass  through  tha  other  perpendiflid(l|r« 

and  inael  tha  hoihMnl^  plana  in  tha  straight 

iha  poiBli  r'  and      it  is  ate  atadeat  that  aU  tlMi  parpaadu 
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odm  tot  6&  on  0ie  horisontel  plana  fimm  tlie  sefertl  por  ntt 
af  the  lino  m  ra  will  moot  thoborisontat  plane  in  tiie  amght 
Snor^a';  the  aCraiglit  lino  r^a'  ut  therefore  called  the  hm- 
MBlal  projection  of  the  atrai^  lino  ro.  From  thia  conatnie. 
tion  it  ia  plain  that  the  projection  of  a  atraight  lino  on  a  plane 
ia  a  atraight  lino  on  the  plane  paasing  through  the  projectionn 
on  the  aamo  piano  of  any  two  pointa  of  the  propoaed  atraight 
line ;  or  which  amounts  to  the  aamo  thing,  the  projection  of  a 
atraight  lino  on  a  plane  is  the  common  intersection  of  this  plane 
and  another  plane  at  right  angloa  to  the  focmory  and  paaaing 
through  the  straight  line. 

From  thia  dofimtion  it  ia  manifest  that  p' is  the  projection 
of  TQ  on  the  vertical  plane  ;  so  that  p V  and  p'q"  are  the  ho- 
rizontal and  vertical  projectiona  of  the  atraight  lino  ra. 

Conceive  now  that  after  the  projections  of  pq  are  thus 
made,  the  vertical  plane  isron  revolves  about  the  common 
section  ef  from  a  vertical  position  till  it  coincide  with  the  ho- 
rizontal  plane,  the  higher  part  of  the  vertical  plane  being 
Buppoaed  to  £ili  behind  the  common  section  mm;  the  straiglu 
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fines  which  are  at  ridit  angloa  to  sr  will  &I1  in  continuatMi 
of  ?'k  and  q'l  :  so  that  the  projoctiotta  of  pa  will  now  obli^ 
the  poaitiona  rVi  "p"^'  on  die  same  plane ;  the  ordinate  P^K»xr^ 
making  one  atra^^t  line>  and.  a'1.9  xa'  alaomaking  one  atraight 

line. 

Tho  various  positions  of  the  projectiona  r V,  will  be 
fidly  omnphfiod  in  the  aubaoqiiant  piohloBia  ;  it  ia  anfieient 
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lo  observe  here  that  a  straight  line  pq  is  said  to  bo  given  ia 
opace  whea  its  projections  r'a  and  p"  a"  are  given  ;  and  a 

straight  line  pq  is  said  to  be  fouod  when  its  projections  p<it 
9^''q!'  are  found.  To  which  we  may  add  that  the  two  planes 
passing  through  Pa  and  each  of  the  projections  pV  and  p^a" 
are  called  the  projecting  planes  of  Pa  ;  of  course  a  straight 
line  will  also  be  given  in  position,  when  jve  have  the  inter* 
section  of  its  projecting  planes. 

When  a  plane  exists  in  space  it  is  referred  to  the  planes  of 
projection  by  means  of  its  two  intersections  with  those  two 
planes.  Let  abcd  and  lfgh  be  the  horizontal  and  vertical 
planes  ;  and  let  k^'eq''  be  any  other  plane  :  this  plane  will  in 
general  cut  both  the  planes  of  projection  ;  the  horizontal 
plane  in  the  straight  line  kci  and  the  vertical  plane  in  the 
straight  line  kq".  These  intersections  Ka',  kq"  are  called 
the  traces  of  the  plane  kq!  rq"  ;  the  former  kq!  being  the 
horizontal  trace  of  the  plane,  and  kq!\  its  vertical  trace. 
When  the  vertical  plane  efgh  revolves  about  the  ground 
line  from  a  vertical  to  a  horizontal  position,  the  vertical 
trace  K<i,"  will  bo  in  the  horizontal  plane,  and  the  two 
traces  will  then  be  in  the  same  horizontal  plane,  meeting  each 
other  in  the  point  k  in  which  the  plane  xq^nq,"  cuts  the 
ground  line  ef.  A  plane  is  said  to  be  given  in  position  when 
its  horizontal  and  vertical  traces  are  given. 


The  various  positions  of  the  traces  of  a  plane  according  to 
the  situation  of  the  plane  will  be  exhibited  iaaOBS  of  the  prob* 
lems  in  the  following  chapter. 


Digitized  by  Google 


I  ^  J 


ConUMng  Fundamental  Problems.  • 


PROBLEM  !• 

Xiet  ABCD  be  the  horl-  j) 
2<Mltal  plane,  and  epcu 
vertical  plane,  which 
by  revolution  about  their 
eonuDOQ  intersection  of. 
ground  line  ef,  is  brought 
into  a  horizontal  position, 

Let  p'a'  and  p  "(i''be  the 
two  projections  of  the 
given  line,  the  former  p'q' 
bn  the  horizontal  plane, 
the  latter  p"q"  on  tlie  ver- 
tical  plane  ;  it  is  required 
to  find  the  altitude  of  the  given  line  above  any  point  p'  of  the 
horizontal  projection  p'a'. 

Draw  r'K  tt  right  angles  to  th«  ground  line  ef,  and  produce 
t'k  if  tttcawafy  to  fneet  ff>V  the  Tertieel  projection  in  p''  s 
end  K»^'  will  be  the  height  of  the  giiren  straight  lioe  above  the 
|»oint 

Because  pV  i*  tho  horitODtal  projection  of  a  straight  line^ 
therefore  the  point  p^  is  the  honsontal  projection  of  some 
^oint  p  of  that  line ;  but  the  two  projections  of  a  point  are 
always  in  the  same  straight  line  at  right  angles  to  the  jnoiind 
fine*  therelbre  the  vertical  projection  of  p  is  in  p^  xp^;  and 
because  / is  the  vertical  projection  of  the  nven  line,  the 
tertical  projection  of  p  must  be  in  rV't  thereloie  the  vetti* 
cal  projection  of  p  is  in  the  point  p",  which  is  the  inteisectioa 
of  f'kp"  and  fV.  iTherefore  p'Xi  f"k  are  the  honsontal  and 
vertical  ordinates  of  the  point  F,  and  kp'  is  eqoaito  the  height 
of  the  given  line  above  the  point  p'. 
:  iiht .  angr  other  f»oint  in  the  hoiinoiital  projection  p'a' 
di^w  as  More  aW'  at  rii^  aa|tles«ov,  and  ux"  will  be  the 
height  leqyired.  In  this  second  caaetiepoMit  a'' iailahateo 
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the  ground  line  ;  and  therefore,  ayeoably  to  the  illtistratioM 
of  tm  projections  of  a  point  given  m  the  firsft  chapter,  the  db^ 
tance  lq"  is  a  depression  below  the  horizontal  plane  :  that  is, 
die  point  ^  of  which  q'  and  q"  are  the  horizontal  and  Twrtical 
pnjliMtions,  is  directly  below  the  point  a'  of  the  horizontal 
plane,  its  distance  below  q'  being  equal  to  lu".  Thus  it  ap- 
pears that  the  point  of  the  given  line,  of  which  p  and  p'  are 
the  projections,  is  above  the  horizontal  plane  and  before  the 
Vertical  plane,  but  that  the  point  of  this  line  of  which  q!  and 
qI*  are  the  projectors,  is  below  the  hoiisontal  and  behind  the 
vertical  plane. 

Again,  let  p'  q',  and  p" 
q''  be  the  horizontal  and  \Q' 
vertical  projections  of  a 
straight  line,  and  ab  the 
ground  line.  In  this  figure 
the  point  of  the  given 
line  Q,  of  which  q'  and  q' 
are  the  projections,  is  a- 
bove  the  point  a'  of  the 
horizontal  plane,  at  a 
height  equal  to  the  ordi. 
natOLiT  ;  and  the  point 

of  the  line  of  which  f '  and  p"  are  the  projections,  is  below 
the  pofint  p'  of  the  horizontal  plane,  the  depression  of  the 
point  beitig  equal  to  die  ordinate  kp''  t  whence  it  appears  that 
the  point  of  the  ^ven  tttte  projected  into  q!  and  ^  is  above 
the  horizontal  and  h^hind  the  vertical  plane  ;  and  that  the 
noint  pnjeetedinto  t'  and  f  in  below  the  homontal  and  be- 
fore  the  Tisnieal  plane. 

If  the  jiifojections,  p'  4'  and  v*'  int^neet  hi  if,  die  ofdinete 
WM  k  oonlnon  to  bodi  the  horiaBoeM  and  veiliear  projecthma. 

It  is  evident  thai  if  die  point  p"  of  the  vertical  projeeCioii 
Were  given,  we  proceed  ai  before  to  find  the  point  p,  and 
consequendy  the  diataoee  sp'  of  the  point  lironi  the  tetftidal 
plane* 

fhobubm  ti. 

^  the  projecting  planes  of  a  given  straight  line  be  supposed  to 

teodve  about  the  projections  of  the  straight  line,  till  (hey  co» 

taeide  with  the  planes  of  projection,  it  is  required  to  find  the 

pimiikms  of  the  straight  line  on  the  hmamtd  and  verticai 
planes. 
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Let  AB  be  the  ground  line, 
aad  q!,  r"  <i'  the  horizon- 
tal and  vartical  projections 
of  dM  lioea,  which  are 
therefore  giveo.  From  any 
two  points  9\  of  the  ho* 
ttaantal  projeclion  r'  ^ 
6nm^mr\  and  ii'ti^t  ai 
anglea  to  the  groimd 
m&  ABf  meeting  the  rerti- 
eal  projection  f*  in  p'* 
and  q!'  ;  also  draw  p'r,  <i'a 
alright  angles  torVt  and 
p't,  <i"v  at  right  angles  to 
W^q!*  ;  and  make  p'r,  s 
eoual  to  KP",  lq",  and  p"  t, 
V'  V  equal  to  kp',  W  :  join  BS»  XTf  which  will  be  the^poai- 
tkms  required. 

For  the  altitudes  at  p'  and  q.'  arc,  by  prob.  1,  equal  to  kp' 
and  Lfi'\  and  at  right  angles  to  p'(^'  :  these  altitudes  ihereforo 
must  by  their  revolution  about  t'q!  coincide  vith  the  straight 
lines  p'r,  and  (I'b,  and  consequently  the  straight  lino  itself 
rnust  coincide  with  rs.  Exactly  in  the  same  way  it  is  shown 
that  the  straight  line  will  coincide  with  the  line  tv. 

Hence  we  have  a  simple  method  of  determining  the  posi- 
tion of  a  straight  line  in  space  when  we  have  its  projections  : 
we  have  only  to  find  the  position  of  the  line  on  the  horizontal 
plane  by  this  problem,  as  sr  :  and  then,  supposing  the  trape- 
zoid p'rsq.'  to  revolve  about  its  side  pq!  from  a  horizontal  to 
a  vertical  position,  the  line  ks  will  coincido  with  the  straight 
line  of  which  the  projections  ore  tq!  and  p'  h", 
.  In  like  manner,  if  we  suppose  the  trapezoid  p^'  tvq"  to  re- 
volve about  the  aide  p''<i''  from  a  horizontal  to  a  vertical  po- 
ntiooy  It  will  then  be  at  right  angles  to  the  vertical  plane, 
friiiiAiii  the  eooilioeticii  ceincidee  with  die  horiaonlal  plane : 
and  if  now  the  vertical  |^ane  reeiune  its  vertical  ipoaitiony  vr 
will  eoindde  with  the  given  line.  Thna  Be»  tv*  mi  coineidey 
and  rVan,  x/qTi  will  do  the  projecting  planee  of  the  given 
line. 

In  this  conalniction  the  ordinalee  tq!'  are  both  altttndea 
above  the  horiiontal  plane»  and  therefore  the  perpendicolara 
f^WLf  h'b  are  drawn  on  the  same  side  ef  p'<i' :  and  beeanee  the 
points  p',  of  are  both  befim  the  ground  line,  the  perpendi. 
eulara  r"**  ^"v,  are  both  on  the  same  side  of  9l  :  and  in 
this  case  the  part  of  the  given  line  with  which  Ba 
directly  above  the  pnjecticn  fV* 
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If  tha  Dointt  and  a' ofllM 
horiiontal  projectioa  afe  both 
beiiiiid  the  grmmd  line  ab,  and 
a''  the  points  of  Tortical 
projection,  both  before  ab  ;  the 
coiuitractioik  of  the  poaitioiia 

TV  are  mtde  ae  before  :  ^ 
but  in  this  ease  the  trapesoid 
t^wn'*  must  descend  by  re- 
volviog  about  p'd',  in  order 
that  B8  may  coincide  with  the 
given  line,  which  Uea  direct* 
Jy  below  p'a'. 

When  the  two  points  p' 
and       of  the  horizontal 
projection  are  both  on  one 
side  of  the  ground  line,  and 
the  corresponding  points 
p"  and  q"  of  the  vertical 
projections  are  on  differ- 
ent sides  of  ACB.    In  this  ' 
case  we  place  the  perpen- 
diculars p'r  and  q's  on  dif-  • 
ferent  sides  of  p'     ;  and 
Rs  being  drawn  will  be  the  ' 
horizontal  position  of  the 
given  line. 

If  we  suppose  the  plane  p'Rsa'  to  revolve  about  p'q'  from 
a  horizontal  to  a  vertical  position  by  the  ascent  of  the  point 
and  consequently  by  the  descent  of  s,  the  straight  line  as 
win  then  coincide  with  the  given  line. 

It  is  evident  therefore,  that  the  segment  of  the  (pven  ^kmAx 
line' with  which  us  coincides^  has  one  part  of  it  above  the 
horizontal  plane  and  another  part  below  it. 

From  these  varieties  abready  considerody  it  appeals  that 
when  the  vertical  projections  jf\  ol'  are  both  on  tfie  same 
sid|B,  of  the  ground  line  ab,  the  jperpendiculars  r^a,  ^Cb  most 
be  placed  on  the  same  side  of  va' ;  end  when  r^,  q,''  are 
on  aifferent  sides  of  ab,  the  perpendicolarsyn,  q's  most  be 
placed  on  differmit  sides  of  r 

To  find  thepomUinwkkhagioemtiraigMhmmedttheplaatt 

of  pnjeeUmu 

Let  AB  be  the  ground  line,  and  p'q',  p"  q!'  the  horizontal  and 
vertical  projections  of  the  given  lino,  which  projections  are 
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therefore  given.  Construct  by  prob.  2,  the  poijiti'ona  ss,  rr, 
of  the  given  line  on  the  primitive  planes  by  revolving  about 
the  projections  r'q',  r"  q!' :  produce  Bs,  tv  if  necessary  to 
meet  the  projections  p'  a',  p"  q,"  in  x  and  y  ;  and  x  and  v  will 
be  the  points  in  which  the  giveo  line  mcet^  the  horm^itfX 
and  vertical  planes. 

If  Rsx,  TVY  revolve  about  v'  q'  and  i'"  a",  they  will  (the  ver- 
tical  plane  being  supposed  at  right  angles  to  the  horizontal) 
each  coincide  with  the  given  line,  and  therefore  the  points  x 
and  Y  are  in  the  given  line.  The  point  x  belongs  to  the  ho- 
rizontal plane,  but  the  point  y,  though  determined  by  a  con- 
struction on  the  horizontal  piano,  is  not  a  point  of  this  plane 
through  which  the  given  straight  line  passes  ;  it  is  a  point  of 
the  vertical  plane,  and  by  the  revolution  of  the  vertical  pJane 
from  a  horizontal  to  a  vertical  position*  it  fidb  Mow  the 
ground  line  ab. 

la  detenniaiii|[  the  |>oiut8 
z  and  T  by  this  method  pu^ 
ticolar  attention  must  be  fiaid 
to  the  positions  of  the  points 
r^,  a't  q",  with  lemctto^ 
the  giound  line  ab.  In  the 
annexed  figure  the  points  p" 
and  a"  fall  on  different  aides 
df  AB,  and  thereibre  the  per- 
pendiculars p'r  and  q's  equal 
to  xf''  and  tq!'  must  be  set  on  different  sides  of  p'  <i\  and  the 
point  X  in  which  the  given  line  meets  Ibe  hoiiaootal  plane, 
w  between  Hm  points    and  ii'i  bnibeonase  the  points  ir' and 
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are  both  oo  the  flaneaide  of  a%  the  perpendteiilaiay^Taiid 
qTv  equal  to  %)/  and      mnat'  be  placed  op  the  aame  aide  of 

the  projectioii  a** 

Another  Omtiruction^ 

Let  AB  be  the  ground 
line,  and  lp',  SLoTytheho- 
rizontal  and  vertical  pfo* 
jections  of  the  giTen  fine, 
which  veel  the  ground 
ItnoABinKandi.  Vwm 
K  and  L  draw  mr^,  lq"  at 
fight  anglea  to  AB»  meet- 
ing the  projectiona  lp'  and 
in  f^y  ^' :  the  pointa 
p'  and  a'eiethoae  in  which 
the  given  atraight  line 
meeta  the  horiaonitel  and 
wtieal  planes. 

The  truth  of  thia  con- 
atluction  appeaia  from 
prob.  1.  For  the  point  v  of 

the  horiaontal  projection  has  p'k  for  its  distance  from  the  verti- 
cal plane,  which  is  also  the  distance  of  the  point  p,  of  which 
r'  ia  the  horizontal  projection  from  the  same  phuie  ;  but  cor- 
responding  to  this  horizontal  distance  kp',  there  ia  no  vertical 
distance  or  ordinate  of  p,  and  therefore  the  point  p  must  be 
in  the  horizontal  plane,  and  consequently  coincident  with  p'. 
In  like  manner  it  appears  that  the  vertical  ordinate  q"l  has  no 
corresponding  horizontal  ordinate,  and  therefore  the  point  q, 
of  which  <i"  is  the  vertical  projection,  must  be  in  the  vertical 
plane,  and  must  therefore  coincide  with  the  point 

If  one  of  the  projections, 
as  the  horizontal  projection  *'^'^<K 
p'q',  be  parallel  to  the 
ground  line  ab,  let  the  other 
projection,  viz.  the  vertical 
projection  <i"k  meet  the 
ground  line  ab  in  k  ;  from 
K  draw  KP'  at  right  angles 

to  AB  meeting  p^'  in  p' ;  and  p  will  be  the  point  in  which 
the  given  line  meets  the  horizontal  plane. 

Because  p'q.'  is  parallel  to  ab,  it  is  evident  that  a  plane  pass- 
ing  through  r'q,'  and  perpendicular  to  the  horizontal  plane, 
and  which  is  therefore  a  projecting  plane  of  the  given  hne, 
must  be  parallel  to  the  vertical  plane  :  thus  it  appears  that 
when  the  horizontal  projection  v'(i'  ia  parallel  to  the  ground 
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fine  AB,  tEe  prta  line  is  in  a  plane  parallel  to  the  Tenical,  uui 
that  consequently  all  its  horiKontal  ordinates  are  equal. 

The  given  line  meets  the  horizontal  plane  in  p',  and  at  any 
point  n'  of  the  horizootai  projecUon  hiu  an  altitude  equal  to 

the  ordinate  lq.". 

If  both  tJie  projections  p'<i' 
and  p"  q"  are  parallel  to  the  Qf^ 
ground  line  ab,  the  given  line 
is  in  a  vertical  plane  passing  ^ 
through  p'q',  and  in  a  horizon- 

tal  plane  passing  through  p''^",  — — ^ 
and  consequently  the  given      P'  «         Q,'  ^ 

line  is  a  parallel  to  the  ground 

line  AB.  This  also  is  readily  deduced  from  finding  the  posi. 
tions  of  the  given  line  on  the  horizontal  or  Yertical  plane  by 
rotation  about  the  projections  by  proU.  2, 


Ihjmd  Ike  m^ln  mkMsk  a  given  straigk  Um 


P" 

L 

K 

• 

B 


Let  AB  be  the  ground  line,  and  p'q',  f"  the  horisottld 
and  vertieal  projections  of  the  ghea  line.  Find  by  prob»  % 
the  positions  of  the  given  line  w  on  the  heriMHal  and 
^ettical  plane  whieh  ^MsmA  if  neeeanuy  meet  the  pnjee- 
lions  p'q',  »Y  in  x  and  y  ;  and  rxp',  t»f'  are  the  anklet 
which  the  fifen  line  roakee  with  the  hoiiioBtal  and  vemet 
planes. 

If  the  triangle  up' fevoWe  fiooi  a  henaeatalintoawli^ 
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cal  position,  it  will  by  prob.  2,  coincide  with  the  given  line, 
and  the  angle  nxv'  will  therefore  coincide  with  the  angle 
which  the  given  line  makes  with  the  liorizontal  plane  ;  in  the  « 
flame  manner  it  is  shown  that  tvp"  is  equal  to  the  aoglo 
which  the  given  line  makes  with  the  vertical  plane. 

If  the  vertical  projection  p"  q"  be  parallel  to  the  ground  line  • 
AB,  it  is  evident  that  rs  will  be  parallel  to  p'q' :  of  course  the 
angle  x  will  vanish,  and  the  given  straight  line  is  parallel  to 
the  horizontal  plane.  In  like  manner,  if  i''  q'  be  parallel  to 
AB,  TV  will  be  parallel  to  p"  a",  the  angle  y  will  vanish,  aiid  the 
given  straight  line  is  parallel  to  the  vertical  plane.  ^  ^ 

Another  CcfislrudioH, 

'  Let  AB  be  the  ground  line,  and  p'l,  <i"K  the  liorizontal  and 
vertical  projections  of  the  given  straight  line  which  meet  ab 
in  L  and  k.  Draw  kp',  hti'  at  right  angles  to  ab,  and  meeting 
the  projections  in  p'  and  q".  Make  lm  equal  to  lp',  and  kn 
«<|ual  to  kq!\  and  the  angles  lm<^",  kst"  are  equal  to  the  an- 
gles uliicli  the  given  line  makee  with  the  horizontal  and  ver» 
Ileal  planet* 


For  p'  ie  the  point  in  whieh  tho  |iv«n  line  meota  the  huA^ 
Eontal  plane,  by  prob.  3,  and  W  la  the  allitade  of  the  given 
line  at  L ;  it  ia  endent  therefore,  that  the  angle  whieh  the 
given  line  makea  with  the  horiaontaiplanoyiae^  to  the  an- 
gle al  tfie  baae  of  a  right  angled  triangle  of  which  the  base  ia 
ht'f  or  ui,  and  perpendlcnlar  lq,%  and  ia  eonaeqnendy  equal 
10  the  angle  (^''ml. 

r  AOBum  V. 

To  find  the  dUUmcc  between  two  pemU  gtven^iheir  projee* 

Hone* 
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Let  be  the  ground  line, 
p',  d',  the  horizontal  projec- 
tions of  the  two  given  points, 
and  p",  q",  their  vertical  pro-  • 
jection  :  join  p'  p",  and  c^' 
q",  and  the  straight  lines  p'p 


<l'  <i'',  will  cut  the  ground  line 
at  right  angles  in  k  and  l. 
Draw  p'  <i',  and  find  by  prob. 
2,  the  horizontal  position  R8 
of  the  line  by  means  of  tiM 
ordinates  Ld",  and  El  wtU 
be  the  required  diatanoe. 


k: 


'^7 


The  truth  of  this  construction  is  easily  perceived  ;  for  if 
the  trapezoid  p'q'sr  assume  a  vertical  position  on  the  base 
?V,  the  straight  line  Bs  will  evidently  coincide  with  tbe^re- 
quired  line. 

A  similar  constfuetion  may  be  made  on  the  ireitioal  piene 
by  joining  the  points  r''  and  a'* 

From  this  construction  we 
deduce  the  following  theorem. 
The  square  of  the  distance 
between  two  points,  is  equal 
to  the  sum  of  the  squares  of 
the  interval  between  their  or-  ^ 
dinates  ;  of  the  difference  of 
the  horiiental  oidinatesy  and 
of  the  differenceiblween  theil 
Yertical  oidinate8.^or  if  ^''y, 
a'z  be  narallel  to  ab,  and  wr 
be  parallel  lo  a'  f'^  the  square 
of  Bs  is  equal  the  squares  of 
si?andTB;  butthesquareofsv  is  equal  to  die  square  of  o*?', 
which  is  equal  to  the  aquareeof  oi,  xf\  or  of  Uy  zr't  and  the 
square  of  is  equal  to  the  square  of  tp"  ;  therefore  the 
square  of     is  equal  to  the  squares  of  kl,  zr^  and  tf**. 

AnolJ^Cmulrueikmcf  ptob.  5. 

Let  AB  be  the  ground  line,  and  p ,  q',  p",  q^',  the  horixontal 
and  vertical  projections  of  the  given  points  as  before,  and  con* 
sequently  p'p",  a'a",  at  right  anglestOAB meeting  it  in  k  and&. 
Through  a''  draw  tu"z  parallel  to  a b,  in  which  take  ys equal 
to  fV  ;  join  f''i  which  will  be  the  distance 
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'  To  deniMifltnte  this 
tliftw  ^'x  panlidi  to  AB : 
andbeeaiueTzuaqualto 
v^a^th«rofiNre  the  oqiim 
of  Ts  it  equal  to  the 
flqoares  of  /x,  ^'x ;  and 
tbarefoie  the  sqoaieof 
v*ziaequal  tothe  aqnaxea 
of  XL,xi^,and  vv^;and 
thereforoy  by  the  pieeed- 
ing  theoreniy  p's  is  equal 
to  the  diatanee  between 
the  given  pointi. 
A  aunilar  eoDStniction  may  be  made  by  drawing  the  parallel 

^ugh    initead  of  a%  and  vaing  the  diftance  i^V 

of  p'<i'. 


Let  AB  be  the  ground  line, 
p'q'  and  p  'q"  the  horizontal 
and  vertical  projections  of 
the  given  line,  and  r,  r"  the 
horizontal  and  vertical  pro- 
jections of  the  given  point. 
Through  r'  and  a"  draw  rV 
.  and  R^s '  parallel  to  pq'  and 
pV;  and  r's',  r'  V,  will  be  the 
horizontal  and  vertical  pro- 
jections of  the  required  line. 

For  let  two  parallel  planes 
pass  through  p'q',  r's',  at  right 
angles  to  the  horizontal 
plane  ;  and  let  two  other  parallelplanes  pass  through  pV»aV 
at  right  angles  to  the  vertical  plane  which  is  supposed  coind. 
dent  With  the  horizontal  plane.  Conceive  the  vortical  plane 
to  revolve  about  ab  from  its  horizontal  to  its  vertical  position 
while  the  parallel  planes  through  p"q",  r'V  continue  at  right 
angles  to  it ;  then  the  straight  line  of  which  p'd'  and  p'a"  are 
the  projections,  will  be  the  common  section  of  the  planes 
pe«ing  through  p'q',  and  ;  and  the  line  of  which  rV  and 
*  •  aie  the  projections,  will  be  in  the  parallel  planes  passing 
tbfough  these  lines  ;  but  when  two  parallel  planes  are  cut  by 
two  other  parallel  planes,  the  common  sections  are  pandlei  • 
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therefore,  the  straight  line  of  which  rV  and  are  the  pro- 
jections, is  parallel  to  the  giren  atraight  line  of  which  die 
projections  are  v'o.'  and  p"q.". 

And  because  the  projections  r's'  and  r"s''  pass  through  the 
projections  r'  and  r'',  therefore,  the  straight  line  of  which  bV 
and  r"s"  are  the  projections,  passes  through  the  given  point. 

Ccrol,  If  the  projections  of  two  straight  lines  on  the  hoh* 
zontal  plane  be  parallel,  and  also  their  projections  on  the  ver- 
tical  plaiMy  the  straiglft  lines  themselves  are  parallel.  To 
which  may  be  added,  that  if  two  straight  lines  be  parallel, 
tfieir  projections  on  the  horizontal  plane  aiepftxellely  and  also 
their  projections  on  the  vertical  plane* 

PBOBUM  vti. 

3b  JM  the  wngU  cmOmmed  by  two  ghen  tirmght  Jtnei  meeHMg 

each  other. 

Let  AB  be  the  ground  liii",  r  a'  and  r"a"  the  horizontal  and 
vertical  projections  of  one  of  the  given  lines,  and  p'h',  p"r''  the 
horizontal  and  vertical  projections  of  the  other;  the  horizon- 
tal projections  intersecting  in  p  ,  and  the  vertical  in  p",  which 
are  evidently  the  projections  of  the  point,  in  which  the  given 
straight  lines  cut  each  other,  and  therefore  p'kp'  is  a  straight 
line  meeting  the  ground  line  ab  at  right  angles  in  k. 


Find  by  prob.  3,  the  points  m  and  R  in  which  the  given 
straight  lines  meet  the  horizontal  plane ;  and  by  prob.  5,  find 
tiM  distanees  from  the  point  of  the  intersection  of  the  given 
lines  to  each  of  the  points  m  and  n  ;  with  the  centres  m  and  ir 
and  distances  just  found,  describe  two  arcs  sx»  sr  intenectii^p 
in  8 ;  join  us,  us,  and  the  angle  msh  will  be  the  angle  rs- 
4|inrpdL 
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To  demonstrate  this  draw  mn,  and  we  have  two  triangles  on 
the  same  base  mn,  one  of  which  has  its  vertex  in  s,  and  the 
other  its  vertex  in  the  point  in  which  the  given  hncs  intersect 
each  other;  and  because  the  two  sides  of  one  of  these  trian- 
gles is  by  construction  equal  to  the  two  sides  of  the  other, 
and  the  base  mn  common,  therefore  th«  angles  at  their  verti- 
ces must  be  equal ;  therefore  msn  is  equal  to  the  angle  con- 
tained by  the  given  strai<;ht  lines. 

Corol.  Since  the  triangle  mp'n  is  the  horizontal  projection 
of  the  triangle  msn,  when  s  coincides  with  the  point  of  in- 
tersection of  the  given  lines  ;  it  follows  that  the  perpendicu* 
lars  p't  and  st  must  be  in  the  same  straight  line  ;  and  there- 
fore, the  required  angle  may  be  found  as  follows  :  having  m, 
and  N  as  before,  join  jin,  and  through  p'  draw  tp's  at  right  an- 
gles to  MN,  with  the  centre  x  and  distance  ms  equal  to  the  dis- 
tance from  M  to  the  point  of  intersection  of  the  given  lines, 
describe  an  arc  sx  cutting  tp's  in  s  ;  join  sn,  and  ksn  will  be 
the  angle  contained  by  the  given  lines.  From  this  construc- 
tion it  is  evident  that  if  the  point  N  go  off  to  infinity,  the 
straight  line  m n  will  become  parallel  to  p'n,  and  consequently 
TP's,  which  is  always  at  right  angles  to  xn,  will  then  be  at  ^ 
right  angles  to  p'r'. 


Hence  the  following  construction  of  the  case  when  one  of 
the  projections  rV  is  parallel  to  the  ground  line  ab. 

Let  AB  be  the  ground  line,  r'<i',  and  v"q,"  the  horizontal  and 
vertical  projections  of  one  of  the  given  lines,  and  p'r',  f"h' 
those  of  the  other,  the  vertical  projection  of  p"r'  being  parallel 
to  AB.  Draw  p's  at  right  angles  to  p'r'  ;  find  m  the  point  in 
which  the  straight  line  of  which  p'q'  and  p"q''  are  the  projec- 
tions meets  the  horizontal  plane  ;  also  find  the  distance  from 
M  to  the  point  in  which  the  given  lines  meet  each  other ;  with  * 
this  distance  as  radius  and  centre  m  describe  an  arc  sx  meet* 
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ing  p's  in  8 ;  joini  vs  ;  lastly,  draw  av  parallel  to  f'r',  and  kit 

will  be  wfuJi  to  the  coBiamed  by.  the  giiea  alniglil 
lioea. 


When  the  gifen  linea  meet  eeeii  oilier  in  a  pont  ef  the 
horiionfl  or  Teitieal  pbne*  tbe  ptoUem  maj  be  eoniliveied 
Ml  tiie  ibOomg  nMumer : 


Let  AB  be  the  ground  line ;  pV,  and  p"a ',  the  projections  of 
one  of  the  given  lines,  and  p'r',  p'r"  of  the  other ;  the  given 
linea  meeting  in  the  point    of  the  horizontal  plane.  Unw 
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any  two  perpendiculars  to  the  j:^round  line  q'q*  and  r'r';  an<} 
q!,  q*  will  be  the  projections  oCa  point  iti  one  of  the  given 
lines,  and  r',  k  '  those  of  u  point  in  the  other.  Find  by  prob, 
6,  the  two  distances  from  ?'  to  each  of  the  two  points  of  which 
Q.'t  ^'t  * »  ore  the  projections,  and  also  the  distance  between 
these  two  points  :  construct  a  triangle  of  which  the  three 
•ides  are  equal  to  these  three  distances,  and  its  angle  contain- 
ed by  the  first  two  distances  will  be  equal  to  the  angle  sought. 

rBOBUM  Till* 


If  a  plane  ^  given  by  its  traces  or  interseeiidns  with  the  hori, 
sonl4d  ami  verHeal  planes^  ii  is  required  to  determine  Ue  aUit 
tadeaboee  any  given  point  of  tke  horimUal  pla^$m 

LelABbe  the  ground 
Km*  the  honsootal 
tnM  of  the  given  plaiM» 
and  bo'  its  vorticftl  trace ; 
and  let  be  any  point  in 
lbs  horitootal  plane :  it  is 
required  to  find  the  alti* 
tudaoftha  plaoa  aboTa 
the  point  p'. 

Prawp'ft  parallel  topa 
aiaating  the  ground  line  in 
L ;  and  uk'  at  right  ao^ lea 
to  AB  meatiDg  the  vertical 
trace  bo'  in  m'  ;  from  n"  draw  sc^p"  parallel  to  ab,  meeting 
p'x  produced  if  necessary  in  p'*;  and  p^k  will  be  the  height 
of  the  plane  above  the  horizontal  plane  at  the  point  p. 

Conceive  a  vertical  plane  to  pass  through  p'l  ;  this  plane 
will  meet  the  given  plane  in  a  straight  line  parallel  to  ef', 
because  lp"  and  kf'  are  parallel ;  and  therefore,  the  common 
intersection  of  this  vertical  plane  and  the  given  plane  is  pa- 
rallel to  p'l,  and  consequently  the  altitude  of  the  given  plane 
above  the  point  p'  is  equal  to  its  altitude  above  the  point  l  : 
but  since  the  trace  em"g  "  represents  a  straight  line  drawn  on 
the  vertical  plane,  therefore  lm  is  the  height  of  the  point  m' 
of  the  given  plane,  that  is,  lm"  is  the  altitude  of  the  given 
plane  above  the  point  l  ;  therefore,  lm",  and  consequently 
its  equal  kp",  is  the  altitude  of  the  given  plane  above  the  giveo 
point  p'.  * 

Cor,  It  appears  from  the  demonstration,  that  the  altitude  of 
the  given  plane  above  every  point  of  fl  is  equal  to  kp''  or 
;  and  therefore  p'l  and  p''  n"  are  the  hori^ntal  and  ypr- 

VQVt  Uf  77 
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pwing  through  f'l  t 


inlMieels  the  giffo  pbMw 


When  the  point  p'  is  be- 
yond the  ground  line  ab, 
the  straight  line  p'l  must 
be  drawn  in  a  direction 
opposite  to  that  in  the  pre- 
ceding figure  in  order  to 
meet  the  ground  line. 

For  the  point  v  in  these 
two  figures,  we  have  found 
an  altitude  of  the  givea 
plane,  or  the  plane  passes 
over  the  given  poiot  of  the 
horizontal  plane. 

But  in  the  annexed  figaie 
the  perpendicular  from  l  meets 
kg"  produced  below  the  gieond 
line  AB,  and  therefore,  the  given 
plane  is  below  the  horizontal 
plane  at  the  point  p',  the  depth 
below  p'  being  equal  to  xr'' ; 
howewTf  the  poeition  of  p" 
shows  universally  whether  the 
distance  from  t'  at  right  angles 
to  the  horizontal  plane  be  an  elevation  or  depresdon  ;  ibr 
when  is  behind  the  ground  line,  it  denotes  an  elevalioa : 
and  when  before  the  ground  line»  it  denotes  a  depi 

When  the  traces  of  the 
plane  are  parallel  to  the 
ground  line,  the  construe- 
tion  IS  as  follows  : 

Let  AB  be  the  ground 
line;  pV,  p^q"  the  hori- 
zontal  and  vertical  traces 


given  whiefasreparalielto 
ab;  and  Bf  any  given  point  p7 
In  the  horisontal  plane. 
Through  W  draw  wfx  xt^ 
meodng  r'  ii\  ab.  t^^" 


b's  parallel  ab,  roeetiBg  vx  prodoced  Hn 
M  wUl  be  the  altitude  or  depressieB  rsqnired. 


thaonghnf  < 
lyme; 
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If  the  triangle  vxk  revolve  about  the  sido  kx  from  a  hori- 
zontal position  to  a  vertical,  it  is  evident  that  the  point  v  will 
coincide  with  the  point  t"  of  the  given  plane,  and  vk  will  be 
Uie  altitude  at  k  :  therefore  r's,  which  also  becomes  perpen- 
dicular to  the  horizontal  plane,  is  the  altitude  or  depreasioa 
of  the  given  plane  at  the  point  r'. 

•  loa  similar  manner,  when  a  point  is  given  in  the  vertirnl 
ptaaet  we  may  determine  the  horizontal  diaiaace  of  the  point 
mm  tlie  given jilane. 


FBOBLBMIX. 


^Thnmgk  a  given poiiU  io  dram  a  plane  parallel  1o  a  gioen  plane. 


3^ 


r 

Lei  AB  be  the  gnNmd . 
fine;  bf^,  so"  the  hori- 
Bontal  and  vertical  tracea 
of  the  given  plane;andp\ 
v<*  the  projections  of  the 
Ij^vea  point.  Throush 
ttie  point  p'  draw  the 
straight  line  p  o  pamllel  • 
to  the  horizontal  trace 
p'St  meeting  the  ground 
line  AB  in  c  :  draw  from 
c  the  straight  line  cm''  at 
right  angles  to  ab,  and 
through  r '  the  straight 
line  p"m"  parallel  to  ab  : 
through  m''  draw  m^d  pa- 
rallel to  g"e,  and  dl'  parallel  to  ef'  ;  and  dl',  dm"  will  be  the 
borizontal  and  vertical  traces  of  the  plane  required. 

For,  since  the  plane  of  which  the  traces  are  dl',  dm",  has 
cm''  for  its  altitude  ut  c  ;  therefore,  by  cor.  to  prob.  8,  the  al- 
titude at  p'  is  also  equal  to  cm'  or  its  equal  kp  '  ;  and  there- 
fore, the  point  of  which  the  projections  are  p'  and  p"  is  in  the 
plane  l'dm'.  Suppose  now  the  vertical  plane  with  its  paral. 
lei  lines  dm'  and  eg"  to  revolve  about  ab  from  a  horizontal  to 
a  vertical  position  ;  and  because,  in  this  situation  the  two 
straight  lines  l'd,  dm"  are  respectively  parallel  to  f'e,  eg", 
therefore  the  plane  passing  through  l'd,  dm"  is  parallel  to  the 
plane  passing  through  f'e,  eg"  ;  and  consequently,  l  o,  dm'' 
ve  ti^e  traces  of  the  j>lane  required. 
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Let  df',  do"  be  the  ho- 
Hsootal  and  vertical  traces 
t>rone  of  the  given  planes, 
tind  ef',  eo"  those  of  the 
other.  Let  the  horizontal 


traces  of  the  given  planes  A 
meet  in  f\  and  their  verti- 
cal traces  in  o".  From  f' 
and  o"  draw  f'k  and  o^'l  at 
Tigl^t  angles  to  the  ground 
Use  AB ;  join  f'l,  kg",  and 
KO^  will  be  the  hori- 
tontal  end  reitica]  traces 
t>f  the  inteteeetion  required. 

For  nnee  each  of  the  glTeo  pianos  pmee  thimtgh  the  { 
^,  therefore  is  a  point  in  the  horiiooiAl  piMie  through 
'Which  the  required  line  most  pass :  in  like  maimer  it  is  showfi 
that  the  required  h'ne  most  peas  through  the  point  o"  of  the 
Vertical  plane,  therefore  the  intersection  of  the  given  plaoet 
Inust  pass  through  the  points  and  ;  but'  f'l  and  xfl"  aie 
-evidently  the  horizontal  and  vertical  projections  of  a  strajghft 
line  passing  through  and  o",  and  therefore  f'Ii  and  ko'  alne 
this  horitootal  and  Tortical  projectiooa  of  the  stra^htliDe  ^ 
ijuiiredft 

PBOA&BIIZI. 


Let  AB  be  the  ground 
litie,  and  ef',  bo''  the  ho« 
tiaontal  and  vertical  tra* 
t;e8  of  the  given  plane.  In 
the  horizontal  trace  bf 
take  any  point  i--',  from 
Wfaichdraw  f'k  at  right  an- 
gles to  it,  meeting  the  ^ 
ground  line  ab  in  k  ;  draw 
Ko"at  right  angles  to  ab,  5?- 
In^eting  eg"  in  o" ;  make 
lit  fequal  to  KF,  join  g'l, 
the  angle  o"i«ii  will  he 
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•qoal  to  the  angle  which  the  given  plane  makea  with  the  hori- 
zontal plane.  Or  draw  km  at  right  angles  to  kf  and  equal  to 
kg"  ;  join  m!p',  and  mf  k  will  be  equal  to  the  angle  wliich  ib« 
given  plane  makes  with  the  horizontal  plane. 

For,  if  the  right-anpled  triangle  f'km  revolve  about  its  bate 
f'k  fVom  a  horizontal  o  a  vertical  position,  the  straight  Uo« 
f'm  Will  coincide  wiiti  the  given  plane  ;  because  km  is  DoW  al 
right  angles  to  the  horizontal  plane,  and  equal  to  ko''  wh&eliNl 
the  altitude  of  the  given  plane  above  the  point  k*  Asd  hm^ 
esnte  the  straight  line  ef'  is  at  right  anglea  tft  Kf^,  tha  «eMm 
iiilaiiectioa'of  tlie  horiaontal  plane,  and  of  k^m  m  k»  TortU 
tal  poaitioii,  therefore  ri^  ia  at  right  angles  to  a^,  aa  Mil  aa 
to  aod  eonae^ently  ki^x  ia  the  ioelinatioii  of  the  given 
plane  tii  the  horiioDtal  plane,  or  k^h  la  the  angle  required* 

AgauHy  ainee  o"k,  xl  are  eqaal  to  iot,  si^i  aid  tfm  aa^oi 
o^Ki>9  KKf^  are  equal,  heing  ric ht  anglea ;  thetelbM»  Iho  angle 
o"uL  neqaaltoMi^KtaodiatneiemaeqaalletbeangloeBB* 
tained  by  the  given  phine  and  the  hoiiiootnl  plaae* 

In  like  manner  we  nay 
fiooeed  to  find  the  angle  ^''^^Nv^ 
oontaioed  by  the  given  plane  ^ 
Md  the  vertical  plane.  Z^^'^s,^ 

Let  AB  be  the  ground  line,  /  ^^''^n^.^ 

■n^nnd  ao^the  horizontal  A  K  /L  B 
and  veiUeal  traeea  of  tbn  j  / 

given  plane.    From  any  /  / 

pomt  o'*  of  eg"  draw  gk"  at  / 
right  angles  to  bo",  aod  ki^  /  / 

at  right  angles  to  ab  ;  make  /  / 

XL  equal  to  kg'',  join  t'l  and  1/ 
f'lk  will  be  the  angle  con- 
tained  by  the  given  plane  and 
the  vertical  plane. 

vBonuni  xn» 

• 

4f  m  given  plane  remilmi  mbmd  Ht  intiriartibw  wUk  Ae  korixon* 
laf  plme  lUl  these  twQ  fUmm eoMCtda^  UUrtfdnito find 

I«t  AB  be  the  ground  line  ;  sr^  and  eg"  the  horizontal  and 
vertical  traces  of  the  given  plane  ;  and  p'  the  horizontal  pro- 
jection  of  the  given  point  in  the  plane.  Draw  through  the  given 
point  p'the  straight  line  p  V  at  right  angles  to  ef',  and  kp'l  at 
right  angles  to  p'f  ;  from  the  p<iiot  k  of  the  ground  line  draw 
kq"  at  right  anglea  to  ab  $  xiake  f'l  equal  toxo''  s  join  i^i^ 
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nd  take  in  f'p  produced 
if  necessar}'  the  distances 
f'k,  and  i-'n,  each  equal 
to  f'l,  and  m  and  7l  will 
be  the  point  required  on 
the  horizontal  plane. 

For»  if  the  triangle  tVl  _ 
imlv0  fom  a  horiiontal  A- 
toa  vtvtical  posttion  about 
lha  baM  pV,  tin  it  baeoma 
TBRioal,  tba  atmight  lina 
v^L  wiU  coiafida  with  tba  ^ 

S'raa 'planay  and  l  with 
a  gifaa  point :  baoaota 
xa*f  to  wbiah  f'i.  ym  aqoal, 
M  tiia  akitnda  of  tha  platia 
above  the  poiat  f'  of  the 
borixootal  plane.  And 
becauae,  when  the  Irianglo  Lp'r'  is  vertical,  the  sfraigbt  lina 
ia  at  right  angltss  to  bf,  the  tataiaeciion  of  tha  horiaoatal 
plana  and  the  given  plane ;  therefore,  if  (he  given  p\aaa  fa- 
valve  about  jsf',  the  given  point  with  which  l  has  become 
coincident,  mast  fall  on  the  straight  lioa  fV  which  is  at  right 
angles  to  ef^  :  and  since  vi  is  equal  to  f'x,  or  f^n,  thamnva 
tha  given  point  must  faii  on  one  af  tha  poiota  m  and  it. 
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Let  AB  be  the  ground  line ;  ey'  and  eg"  the  horizontal  and 
vertical  traces  of  the  given  plane  ;  and  p'  the  horizontal  pro- 
jection of  the  given  point.  Having  drawn  as  before  mf  p'lf 
at  right  angles  to  efS  make  y'l  equal  to  the  altitude  kg"  of  the 
plane  above  ;  join  p'l,  and  make  f'm,  fm  each  equal  to  p'l^ 
and  Jt  or  N  will  be  the  point  required« 

For,  becatUM  the  square  of  ia  equal  to  the  aquafea  of 
y ff^  aod  f^L»  that  ia,  to  the  aquaiea  of  and  the  altityde  of  the 
given  poiot  above  ^ ;  there(bre»  p'l  ia  the  dtataaoe  in  the  givea 
plane  from  to  the  given  point*  And  aince  the  given  point 
ia  in  a  vertical  plane  paasing  thnmgh  mn,  therefore  by  the  re- 
volution of  the  given  plane  about  EF\the  point  given  willdea* 
eribe  the  circumference  of  a  circle  on  the  vertical  plane 
passing  through  xn  ;  and  thia  ctrottoiferenoe  muai  meet  the 
horizontal  plane  in  the  pointa  m  and  n  ;  becaoae  vx  and  v^ir 
are  each  equal  to  v^l  the  diatance  of  the  given  point  firom  ff^y 
conaequently  m  and  h  aie  the  pointa 


PSOBLEM  XXII. 


Lei  AB  be  the  ground  line  ; 
ef',  eg" the  horizontal  and  ver- 
tical traces  of  the  given  plane. 
Take  k  any  given  point  in  ab, 
draw  Ko"  at  right  angles  to  ab, 
meeting  the  vertical  trace  bg" 
in  Q%  and  o*  will  be  a  given  A 
point  in  the  given  plane,  and  k 
ita  horisontal  projection :  find 
by  prob.  12|  the  poaition  l  of 
the  point     by  levolotion  of 
Ibe  given  plane  till  it  cdnclde 
with  the  horisontal  plane ;  join 
SLy  and  v^sL  will  be  the  angle 
aought. 

For,  ainoe  the  point  o'^falla  oiithe  point  t  of  the  horizontal 
plane,  theralbre  the  atraight  line  or  trace  so"  will  coincide 
with  ML ;  but  f'e  ia  the  horizontal  trace,  thafalbra  p'sl  ia 
the  angle  contained  between  the  tiieea  of  the  given  plane. 
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WImb  om  of  the  wffioa 
ASe"  M  •cote,  and  the  omer 
aid'  steoae,  take  as  befoiv 
wqr  point  k  in  the  ground 
lino  AB,  make  ko"  perpeo* 
dicular  to  ab,  meeting  the 
vertical  trace  eg"  in  g"  ;  nnd 
consequently,  g"  is  a  point 
of  the  vertical  plane,  of 
which  K  is  the  horizontal  ' 
projection  :  find  l  the  posi. 
lion  of  o"  on  the  horizontal 
plane  :  join  xl  ;  and  lei>' 
will  be  the  angle  contained 
between  the  traces  of  tho 
given  plane. 

If  the  given  horizontal 
trace  ed',  instORd  of  being 

given  before  the  ground  line  ab,  is  given  behind  it  as  bf^,  the 
construction  is  exactly  the  same  as  before  ;  and  lkf'  is  the 
angle  contained  between  the  horizontal  trace  and  the  ver« 
tical  trace  bo". 


7b  detent  a  j»bM  iknmgk  three  givem  poMCt« 

LetAB  be  the  giwiiid 
fine ;  v'l  q'»  the  hoii* 
lontal  |ip«jeelMNw  of  the 
three  given  poihta ;  and 
y«  a''»  b"«  their  corres- 
ponding vertical  projec- 
tions.   Through  p^,  q', 

and  f",  q",  draw  q'pV,  

and  if^'Q,"o'\  the  horizon*  A. 
tal  and  veitieal  projoc* 
tions  of  a  straight  line 
passing  through  two  of 
the  given  points ;  and 
through  a',  r'  ;  a'^R^'draw 
aVn'  and  q"r"  the  hori. 
zontal  and  vertical  pro- 
jections of  a  straight 
line  passing  through  oth. 
er  two  of  the  given  points.  Find  by  proh.  3,  the  points  r' 
and  a'  in  which  these  two  straight  lines  meet  the  horiaontai 
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plane,  and  of  the  point  in  whtob  one  of  them  nnete  the  Teiw 
lieal  plane. 

Draw  hVe  meeting  the  ground  line  ab  in  e  ;  join  eg'  ;  and 
KB',  eg"  will  be  the  horizontal  and  veiticai  tracea  of  the  ie« 
quired  plane. 

The  straight  line  of  which  v'q!  and  p"q"  are  the  horizontal 
and  vertical  projections,  passes  through  two  of  the  given 
points  ;  therefore,  that  straight  line  must  He  in  the  rc([uired 
plane  ;  but  that  line  passes  through  the  point  f'  of  the  hori- 
zontal  plane  ;  therefore,  the  required  plane  passes  through  f'  ; 
for  the  same  reason  the  required  plane  must  pass  through  h'  ; 
and  consequently,  ef'h'  is  the  horizontal  trace  of  the  requir- 
ed plane  :  and  because  the  vertical  trace  must  pass  through 
the  points  e  and  g''  of  the  vertical  plane,  therefore  eh"  is  the 
vertical  trace  ;  and  consequently,  and  eg''  are  the  horizon* 
tal  and  vertical  traces  of  the  required  plane. 

Instead  of  finding  two  points  in  the  horizontal  and  one  in 
the  vertical  plane,  we  may  find  two  in  the  vertical  and  one 
in  the  horizontal  plane  :  or  we  may  find  two  points  in  the 
horizontal  plane,  and  two  in  the  vertical  ;  and  the  two 
straight  lines  drawn,  these  points  on  the  horizontal  and  verti- 
cal  planes  will  be  the  traces  of  the  required  plane.  Some- 
times  the  point  b  in  which  the  tiuees  meet  the  ground  line  is 
'  too  remole  le  be  oooyeniently  found  in  practice':  this  hap* 
pens  when  one  or  both  of  the  tracea  are  nearly  parallel  to 
the  ground  line  :  in  this  case,  it  is  proper  to  find  two  points 
tiirough  which  the  horizontal  trace  must  pass,  and  in  a  simi* 
lar  manner^  two  points  through  which  the  vertical  trace  must 
jpoas  in  the  vertical  plane* 

PROBLEM  XV* 

Through  a  gwen  point  to  draw  a  straigJu  line  perpendicular 

to  a  given  plane. 

Let  AB  be  the  ground  line  ;  ef',  eg"  the  horizontal  and 
vertical  traces  of  the  given  plane  ;  and  p',p  "  the  horizontal  and 
vertical  projections  of  the  given  point.  Through  the  projec- 
tions and  f",  draw  the  straight  lines  pV,  p^g"  at  right  an« 
gles  to  the  givea  traces  ef^  and  eo''  and  pV,  p^g''  will  be  the 
borisontal  and  vertical  projections  of  the  line  required. 

Conceive  m  vertioai  plane  to  meet  the  borinmtal  plane  in 
p'v^ ;  and  because  bv'  is  drawn  in  one  of  these  planes  at  right 
angles  to  their  common  section,  therefiHre  ss^is  perpendicular 
to  the  vertical  plane  passing  through  p'f'  ;  and  consequentiy, 
the  given  plane  which  passes  through  ef',  is  at  right  angles  to 
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the  vertical  plane  passing  through  rV  :  but  the  given  pointi* 
in  this  vertical  plane,  therefore  a  straight  line  drawn  from  the 
given  point  at  right  angles  to  the  given  plane,  must  Ke  in  this 
vertical  plane,  and  therefore,  pV  is  the  horizontal  projection 
of  the  required  straight  line.  In  a  similar  manner,  it  may  be 
shown  that       is  the  vertical  projection  of  the  required  line. 


Carol.  From  the  demonstration  of  this  construction,  it  ap- 
pears that  when  a  straight  line  and  a  plane  are  at  right  an- 
gles to  each  other,  the  projections  of  the  straight  line  are  at 
right  angles  to  the  corresponding  traces  of  the  plane. 

PROKLEM  XVI. 

TkniugKa^nmifomttUi  draw  apl^ 

given  ttrmght  /me. 

Let  AB  be  the  ground  line  ;  xf',  no'' the  projeetioiieeC  the 
given  straight  Ime  ;  nnd  i^'  the  projectiooe  of  the  §lven 
point* 

Through  the  point  p'  draw  bp'i.  at  light  anglesle  mj/  neei-* 
ing  the  ground  line  in  l  ;  draw  from  l  the  atraiAht  line  u/' 
at  right  angles  to  ab,  meeting  the  straight  line  d"  parallel 
to  AB  in  D  .  Through  i/'  draw  sd  V  at  ri^^  angles  to  the 
vertical  projection  vo'^t  meeting  ab  in  a :  firooi  s  £aw  bf'  at 
right  angles  to  the  horizontal  pvogeetioQ  xv^*  and  mg^^  wq"  mm 
the  traces  of  the  plane  requimU 

Because  the  traces  bf',  bo"  are  at  right  angles  to  the  givw 
projections  ]IF^»  no''  of  the  straight  line  ;  therefore  by  thapia* 
ceding  corollary,  the  plane  of  which  sy",  Be"  are  the  traeas. 


Digitized  by 


A 


B 


ia  at  right  angles  to  the  given  straight  line.  Again,  became 
MS^^  ia  equal  to  uy«  wliich  ia  the  height  of  the  plane  above  the 
norilontal  plane  at  l,  and  consequently  to  the  height  at  p'  or 
any  point  ib  lKh  ;  therefore,  the  plane  of  which  m^,  so"  are 
the  traces,  paaaea  throogh  the  given  point,  and  ia  conaequently 
the  plane  lequifed. 


It  is  required  to^find  the  point  in  which  a  given  straighi  line  ia- 

ter§eots  a  given  j^me* 

Xial  AB  be  the  ground  Kne ;  t^a'  the  horisontal,  and  r^'i.  the 
VMtical  projeetion  of  the  given  line ;  and  sr^,  mo"  the  hor»- 
loiital  and  vertical  tracea  of  the  given  plane. 

Lei  v^of  meet  the  ground  line  AB  in  K,  draw  mo"  at  right  an- 


It  equal  to  mo"  ;  let  fol  meetBi^  in  r,  join  r^n.  Again,  find 
bj  prob.  8,  the  poaitioii  ^.'t  of  the  given  line  on  the  horizon* 
tiu  plane  by  revohttion  about  the  horiiontal  trace  xv^,  and 
let  a'T  intersect  f'b  in  a;  draw  ar^  at  right  aaglea  to  aV,  and 
i^KV^'  at  right  angles  to  ab,  then  f',  p^'  wiU  be  the  horizontal 
and  vertical  projections  of  the  point  in  ifhioh  the  given  plane 


Becauae  mk  is  equal  to  mo'^  it  is  evident,  that  f'r  is  the  ho* 
mental  paoition  of  the  itraight  line  ia  which  the  given  plane 
ia  ctit  by  a  vertical  plane,  passing  through  mf',  and  q't  is  the 
horizontal  position  of  the  given  line  ;  therefore,  if  the  triaa- 
^e  %W  revolve  about  q'f  from  a  horizontal  to  a  vertical  po- 
aition,  the  point  a  will  be  at  once  in  the  given  straight  line  and 
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And  since  sp'  is  perpendicular  to  t'q!,  the  straight  line  p'tf 
will  become  perpendicular  to  the  horizontal  plane ;  and  there* 
fore,  r'  is  the  horizontal  projection  of  the  required  point. 

Lastly,  because  r"  is  the  vertical  projection  of  a  point  vA 
the  given  line  of  which  p'  ia  the  horizontal  projection  ;  there- 
fore, v'  and  are  the  projections  of  the  required  poiot  on  tlie 
horiaontal  aod  vertical  plaaes. 


Let  AB  be  the  ground 
line;  r'<i'>  p  <i'  the  horizon- 
tal and  vertical  projections 
t)f  the  given  line  ;  and  ef', 
to" the  horizontal  and  ver- 
tical traces  of  the  given 
plane. 

Letp'a'meet  ABinM,and  A.  Q' 31 
ef'  in  f'  ;  and  from  m  and 
1/  draw  MN,  FL  at  right  an- 
gles to  the  ground  line  ab, 
meeting  eg",  and  ab  in  n 
and  L ;  join  ln"  meeting  q" 
g"  produced  if  necessary  in  p".  Draw  p"kp'  at  right  angles  to 
AB  meeting  q'f'  in  p',  and  p',  will  be  the  horizontal  and  ver* 
tical  projections  of  the  point  required. 

For  suf"  is  the  altitude  of  the  given  plane  above  Uie  pent 
and     is  the  Tertieal  projection  of  the  point  of  the  plane  m 
which  it  is  inteiaeeted,  by  tj^e  perpendicnlar  to  the  doobos^ 
tal  plane  at  ai  t  aUpo  i.  is  the  vertical  projeetion  of  the  point 
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f',  and  therefore,  ln"  is  the  vertical  projection  of  the  straight 
line  which  is  the  common  section  of  the  given  plane,  and  a 
vertical  plane  passing  through  mf'  :  but  the  given  line  is  in 
this  vertical  plane  ;  and  therefore  meets  the  given  plane  in 
some  point  of  the  line,  in  which  the  given  plane  is  intersected 
by  the  vertical  plane  passing  through  mf'  ;  therefore,  the  ver- 
tical  projection  of  the  required  point  must  be  in  ln'',  and  it 
BNut  also  be  in  f^^of  ;  tberefiura  it  it  in  the  intersection  of 
Moff  Qfo^ ;  but  is  the  conetpoiiduig  hnriBontal  projection 
^  that  point  in  the  given  line  of  whi<m  4^  it  the  vertical  pro-  ^ 
Jectton,  and  ooneeqpently  f',  are  the  hoiisental  end  veiti- 
eal  projections  «f  ue  point  required. 

PHOBLSM  ZVm. 


T<9  draw  tJweugh  a  given  point  a  straight  line  perpendicular  §o 

a  given  itraigiu  line» 

Let  AB  be  the  ground 
line ;  df'  oh"  the  pro- 
jections of  the  given 
etpiight  line,  and  p',f^ 
the  projectiottB  of  the 
given  point*  Find  by 
proh.  I69  bp' •and  waT 
thehoxisontalandveT-  , 
tieal  traoes  of  a  fdane A.  q 
at  right  anffles  to  the 
giTenstrai^tline>  end 
pasnng  wwufit  the 

S'  ven  ^int  of  which 
e  projections  are  p^ 
andp'' ;  again  by  prob. 
17f  find  of  and  a''»  the  projections  of  point  in  which  the  given 
line  meets  the  plane  of  which  ef'  and  eh''  are  the  traces  ; 
lastly,  through  p',  a',  p",  q",  draw  p'a',  p"(i",  which  will  be  the 
horizontal  and  vertical  projections  of  the  line  required. 

For,  because  the  plane  of  which  sF^y  sb''  are  the  traces  is 
at  right  angles  to  the  given  line,  and  passes  through  the  given 
|N>int  of  which  p',  p"  are  the  projections ;  therefore,  the  per* 
pendicular  on  the  given  line  from  the  given  point  must  be  in 
the  plane  f'eh",  and  roust  pass  through  the  point  in  which  the 
given  line  passes  through  this  plane,  that  is,  through  the  point 
of  which  ^'  and  a''  are  the  horizontal  and  vertical  projections : 
the  line  required  must  also  pass  through  the  given  point  of 
which  p',  <i",  are  the  projections  ;  consequently,  p'  <i',  p"  ef' 
the  horizontal  and  vertical  traces  of  the  line  required. 
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J'ojmi  ti€        eonktined  between  agwemfimiemidagkm 

Hi»  MHtneiRm  may  be  gireii  in  geueial  tefffti  ttlbitow : 
Tito  any  poiat  in  the  given  airaigbt  line,  fhrai  wbidi  by  preb. 
IS^  dMnr  m  «miglit  Sue  perpmidieulw  to  the  given  plane. 
VM  by  prob.  7,  &e  angle  contained  by  theee  two  f^aigfat 
Haaa,  Vudi  w91  be  the  complement  of     angle  required* 

Fbfy  If  wo  draw  a  atraight  line  in  the  siren  plane,  from  tho 
point  in  which  the  given  ime  meets  it  to  lie  point  mwhidi  tfie 
fotoBwntioned  perpendicular  meets  it,  we  shall  hare  m  cigfal- 
migled  IriaQgle  in  which  one  of  the  acnte  angles  is  the  anglo 
contained  hf  the  given  plane,  and  given  straight  lino ;  and  the 
othair  acute  angle,  is  the  angle  contained  by  the  given  straight 
lino  and  the  perpendicular  on  the  plane  ;  and  merefore,  this 
latter  anglo  is  evidently  the  complement  of  the  angle  required* 

I  shall  now  illustrate  thi^  general  oonsCraction  by  a  paiti-> 
cnlar  example  in  which  all  the  operations  are  eihibiled. 

Let  AB  be  the  ground  line,  m^,  bg''  the  Horizontal  and  ver- 
tical traces  of  the  given  plane  :  and  pV,  p"(i"  the  horiutt- 
tal  and  vertical  projections  of  the  given  straight  line.  From 
of  the  point  in  which  the  vertical  projection  p"<i"  meets  the 
ground  line  ab  ;  draw  Q,"q,'  at  right  angles  to  ab,  and  q!  is  the 
point  in  which  the  given  line  meets  the  horizontal  plane, 
from  q',  ci"  draw  qV,  q'o"  at  right  angles  to  ef',  eg",  and  q  p, 
Q,"o"  will,  by  prob.  15,  be  the  projections  of  a  straight  line 
drawn  from  the  point  of  which  q^^  ^'  are  the  pr<^ectioaa  at 
right  angles  to  the  given  plane. 
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Now,  make  f'c  equal  to  lf"  which  is  the  lieight  of  the  per- 
pendicular  to  the  plane  at  f',  and  q'c  is  the  distance  of  the 
point  q'  from  the  point  of  which  the  projections  are  f'  and  if  ; 
again,  make  p'n  equal  to  kp  ",  which  is  the  height  of  the  given 
line  at  p' ,  and  consequently  q'n  is  the  distance  at  the  point 
from  the  point  of  the  given  line  of  which  p'  and  p '  are  the 
projections.  Through  p'  draw  dp'h  parallel  to  ab,  make  dh 
equal  to  p'f",  and  f'u  will  be  the  distance  between  the  two 
points  of  which  the  horizontal  projections  are  p',  f',  and  their 
Teitieal  projectioiis  f"  and  i^.  Lastly,  with  the  centres  f  and 
By  and  diatanoes  i^ii  ^and  ax  equal  to  q'c,  and  q'n,  describe 
two  axesialerseetiiigin  x,  and  fxh  is  the  angle  eootsined  by 
the  given  itraight  fine,  and  the  perpendienlar  to  the  plane 
having  and  aV  for  its  horizontal  and  vertical  projectidniy  • 
and  is  theietoe  the  eomplcmenl  of  the  angle  required* 

^  PBOBUUC  XZ« 

To  fiad  the  tmgle  amUrined  by  twogwen  planes* 
General  Coiutruction» 

Find  by  prob.  10,  the  straight  line  which  is  the  conmion 
section  of  the  given  planes,  through  any  point  of  which  draw 
by  prob.  16,  a  plane  at  rifrht  angles  to  it ;  by  prob.  10,  find 
the  common  sections  of  this  plane  with  each  of  the  given 
planes  ;  and  lastly,  by  prob.  7,  lintl  the  angle  contained  by 
these  two  intersections,  which  will  be  the  angle  required. 

Because  a  plane  cuts  the  common  section  of  the  given 
planes  at  right  angles,  it  is  evident,  that  the  intersections  of 
this  plane  with  the  given  planes  are  at  right  angles  to  the 
common  section  of  the  given  planes  :  and  eonsequenlly,  the 
.  angle  contained  by  these  interseetiofis  is  equal  to  the  required 
angle  contained  by  the  given  planes. 

In  the  figure  annezed,  all  the  lines  are  drawn  that  ara 
wanted  in  the  construction  ;  let  ab  be  the  gvound  Une  ;  df'. 
Be'  the  horizontal  and  vertical  tmeea  of  one  of  the  given 
planes  ;  end  Bi^, bsT those  of  theother* 

Draw  i^v»e"oatrigfatanf;lestoAB,Bndi^«»»'*aietheho- 
risontal  and  vertical  projections  of  the  conunoii  section  of  Uie 
given  planes :  draw  Vii  lb"  at  right  angles  to  oi',  o'X  and 
yiXB'  are  the  traces  of  a  plane  at  right  angles  to  the  common 
section  of  the  j^ven  planes.  Draw  h'h  at  right  angles  to  ab, 
and  i^B»  mbl'  are  the  projections  of  the  intersection  of  the 
plane  i^lb"  with  the  given  plane  t'du'  :  and  bc  being  made 
equal  to  hi^,  9^c  is  the  distance  in  this  intersection  from  to 
f^' ;  in  like  manner,  by  making  XNcqu^  to  n^,  we  havex^'B 
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•qiltl  to  the  distance  from  to  io  the  intersection  of  the 
pnuM  ifvti' ;  ud  the  giYOD  plane  p'eg'',  and  h'^k"  is  the  dis- 
tance between  the  points  h"  and  k"  which  are  both  in  th« 
vertical  planA  ;  now  with  the  centres  b^,  and  distances 
h"o,  K"ir  detcribe  two  aros  intefMCting  in  and  k^'xh"  will 
ho  tlie  angle  leqaiied. 

PBOBLBM  zu. 

Thnrngfia  gioen  straight  line  to  draw  a  plaiie  parallel  io  an* 

other  given  straight  line, 

Thnwgh  any  point  of  the  line  through  which  the  plane 
most  pafle»  draw  by  pi^b.  6.  a  straight  Tine  parallel  to  the 
other  given  line.  Find  by  prob.  3,  the  points  of  the  horizon- 
tal plane  in  which  this  parallel  and  the  firrt-mentioned  line 
paM  through  it ;  through  these  two  points  draw  a  straight 
line,  which  will  be  the  horizontal  trace  of  the  plane  required* 
In  like  manner,  by  finding  the  two  points  in  which.the  paral* 
lel  and  first-mentioned  line  meet  Uie  vertical  plane,  and  draw- 
ing a  straight  line  through  them,  we  have  the  vertical  trace 
of  the  plane  required. 

Because  the  plane  thus  constructed  passes  through  the 
points  in  which  the  first-mentioned  line  and  parallel  meet  the 
fundamental  planes  ;  therefore,  these  lines  arc  in  the  plane  ; 
but  when  two  straight  lines  are  parallel,  any  plane  passing 
through  one  of  them  is  parallel  to  the  other. 

ConstrueHiom  in  which  are  drawn  all  the  necessary  lines. 

Let  AB  be  the  ground  line  ;  p'f  ,  p''g"  the  liorizontal  and 
veitioal  projections  of  the  straight  line  through  which  the 
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plane  must  pass,  and  kk',  ll*'  the  horizontal  and  Teitical  tnu 
oet  of  Ihe  f  tnight  line  lo  which  the  plane  must  be  parallel. 


Draw  any  straight  line  it"  at  right  angles  to  ab,  meeting 
.  the  horizontal  and  vertical  projections  p'  f"  and  p"n"  in  p' 
and  p" ;  and  p',  p''  will  be  the  projectionR  of  a  point  in  tlio  first- 
mentioned  line.  Through  p'  and  p  draw  >p'y ,  mp'  u"  paral- 
lel to  the  projections  kk',  ll"  of  the  second  given  line,  and 
Tf>'",  mh",  are  the  projections  of  the  straijj;ht  lino  passing 
through  the  point  p',  p''  and  parallel  to  the  straight  line  kk, 
ll".  Find  f  and  n'  the  points  in  vvhicli  the  line  p'  p"  g",. 
and  the  line  nn',  mh"  meet  the  honzonial  plane,  and  g",  u" 
the  points  in  which  the  same  lines  meet  ibe  vertical  plane  ; 
and  ef'n',  g'eii''  being  drawn,  will  be  the  iionzontal  and  ver- 
tical traces  of  the  plane  required* 
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CHAPT£iL  UL 
ComTRuonoN  of  thb  Cam  or 

cum  I. 

OwmlkBiwolegs  of  a  righi-angled  tpherical  triaa^lofaid 

ihA  OMfflMt  and  kUBOihutMMBm 

Let  AB  be  the  ground  line, 
▲ef',  aeg"  two  angles  of  which 
the  measures  are  the  given 
sideB.  Find  by  prob.  11,  the 
angles  which  tlie  plane  having 
ef'  and  eo"  for  its  horis^ntal 
and  vertical  traces  makes  with 
the  horizontal  and  vertical 
planes,  and  these  angles  will  ^ 
be  the  angles  required. 

Thus  klg''  is  the  angle  of 
the  spherical  triangle  which  is 
opposite  to  the  side  that  mea- 
sures the  angle  aeg".  Again, 
find  by  prob.  12,  the  position 
M  on  the  horizontal  plane  of 
the  point  g"  in  the  vertical 
trace  eo",  and  f'em  will  be  the 
angle  of  which  the  hypothe- 
nuse  is  the  measure. 

For,  conceiving  keo  to  be  at  right  angles  to  the  horizontal 
plane  aef'  in  the  common  section  ab,  and  that  a  plane  pasaet 
durough  jof  and  xo",  we  shall  OTidently  have  a  solid  tt 
X,  of  wliieh  Uie  three  plane  sidee  aie  sbf^,  no^»  end  Im  en« 
of  whieh  the  sides  are  bf',  eg'',  and  which  by  conalnieliott 
ise<iaal  to  the  angle  i'^xm.  Una  solid  angle  at  xbesitsaidea 
'  and  the  inclinations  of  these  sides  equal  to  the  sidee  and 
angles  of  a  right-angled  spherical  triangle :  the  right  angle 
contained  by  the  horixontal  and  vertira  planes,  beinc  lie 
right  angle  of  the  spherical  triangle*  and  theiadiniilionM  the 
plane  passing  through  ni^  and  bo''»  to  the  horiaontal  and  fww 
tical  planes  heiog  the  oblique  angles  of  the  triangle. 
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one  leg,  and  the  hypoihenuse  of  a  right'ongled  spherical 
triangle  to  find  the  three  rematning  parti. 

Let  AB  be  the  ground 
line ;  aef^f'sx  the  given 
leg  and  hypothenuse. 
Draw  from  any  point  k  of 
the  ground  line  ab  the 
straight  line  kf'm  at  right 
angles  to  ef  ;  make  ko 
equal  to  kf'  ;  draw  ko 
at  right  angles  to  ab,  and 
make  lo  equal  to  f'm  ; 
then  shall  sF^yEo'^be  the 
horizontal  and  vertical 
traces  of  the  plane  of  the 
hypotheiiiiie,AE6''the  leg 
required,  wad  q^lk  the 
tt^gle  a4i>iCMit  to  the  gi  V. 
m  M»  or  leg  auK. 

Tbii  eooftnictkiii  is  merely  die  conrefse  of  distin  ease  1. 
Beeanse  lg"  is  by  eoostmction  oqual  to  v^m,  therefore  m  is  the 
liorboBtal  positloaof  the  pomt  o^by  the  rotatkmoftlieplene 
of  the  bypothenuse  about  bi^  ;  and  therefore,  the  angle  eon- 
tained  by  v^a  and  no^,  when  considered  in  the  vertical  9laae» 
ia  eqiial  to  the  giTen  bypoChennse  w^wm.  Also,  by  prob*  11, 
o'^u  isthe  inolination  of  the  plane  of  the  bypadiennse  ie  the 
horizontal  plane.  By  the  same  prob«  we  may  determine  the 
inclination  of  this  plane  of  the  hypothenuse  to  the  vertical 
planoi  which  will  he  the  angle  of  the  spherical  triangle  adja- 
oenl  to  the  side  abo". 


Gioen  one  leg  and  the  adjacent  angle  of  a  right-angled  triangle 
to  determine  the  remaining  parts. 

Let  AB  be  the  ground  line  ;  and  aef'  the  given  leg  on  the 
horizontal  plane.  From  any  point  k  in  the  ground  line  ab 
draw  kf'  at  right  angles  to  ef'  ;  make  kl  equal  to  kf'  ;  at  l 
make  the  angle  alg"  equal  to  the  ^iven  angle,  and  let  lg" 
meet  the  straight  line  kg"  at  right  angles  to  ar  in  g"  ;  join 
eg",  and  ef',  eg"  will  be  the  horizontal  and  vertical  traces  of 
the  plane  of  the  hypothenuse  ;  also,  if  f'm  be  made  equal  to 
Lo"  the  angle  fem  will  be  the  hypothenuse. 

For,  since  kg"  is  at  right  angles  to  ab,  KP'to  ef',  and  kl  equal 
lo  ly  ;  therefore  the  given  angle  klg"  is  hy  prob.  11,  the  in. 
dination  lo  the  horizontal  plane  of  the  plane  of  which  ef* 
and  no*  are  the  horizontal  and  Tortical  traces,  which  is  the 
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spherical  angle  contained  by  the  hypothenuse  and  base. 
Therefore  keg"  is  the  remaining  leg  :  and,  since  Misthebon* 
zontal  position  of  the  point  g"  by  rotaUon  about  ep',  therefore 
f'jbm  IB  the  hypothenuie. 

CASE  IV. 

CirHMl  <M0  Itf  flwrf  the  Opposite  angle  io  find  the  remakdng  parts 

the  triangle. 

Let  AB  be  the 
ground  line ;  and 
aeg"  the  angle  of 
which  the  given  leg 
of  which  the  given 
leg  is  the  measure. 
From  K,  any  point  in 
AB  draw  kg"  at  right 
angles  to  ad,  and 
make  kg"l  equal  to 
the  complement  of 
the  fiivcn  an^le :  With 
the  centre  k.  iuui  dis- 
tance KL  describe  a 
circular  arc  lf'h  and 
draw  ef'  to  touch  the 
arc  LF  H  in  f',  then 
£f',  eg"  are  the  him* 
soDtal  mid  vertical 
traces  of  the  plane  of 
the  hypothenuse,  and 

of  course  the  angle  ▲kf'  has  for  ita  nmiuze  the  lemainuig 
leg  of  the  triangle. 
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For,  if  we  join  xr'ythe  angle  ki'e  is  a  right  angle,  and  there- 
fore KLo''  is  the  angle  made  with  the  horizontal  plane  by  the 
plane  of  which  the  horizontal  and  vertical  traces  aresF',  xq"* 

The  hjpothenuae  may  be  detenmoed  aa  before.  - 


CABS  y. 

.  Given  the  htfpothenxise  and  one  angle  of  a  spherietd  triangle^  - 
to  determine  the  remainmg  parte* 

Let  f'ev.  be  the  giv- 
en hypothenuse,  and 
from  any  point  r'in  ihe 
side  ef'  draw  f'm  at 
right  angles  to  t'n  :  at 
make  hf'h  equal  to 
the  given  angle,  and 
dr^w  XH  at  right  an- 
glee  to  i^H. 

Id  Msf  produced  take 
v'x  equal  to  v^b  ;  join 
nt,  and  draw  ma"  at 
right  angles  to  bk  ; 
niake  KL  equal  to  si'y 
and  lb"  equal  to  v^x ; 
join  so",  and  u'y 
ms^  win  be  the  an* 
glee  of  which  the  re- 
quired legs  aia  the 


F«r»  if  AB  be  the  ground  line  ;  and  ef',  eg'  the  horizontal 
and  vertical  traees  of  a  plane,  it  is  plain  that  the  inclination 
of  this  plane  to  the  horizontal  plane  is  klo",  which  by  the 
eonatruction  is  equal  to  hf'h  :  and  the  hypothenuse  or  angle 
contained  by  bp^  horizontal  and  no''  in  the  vertical  plane  if 
equal  to  the  given  angle  f'sx. 


CASE  TI« 

CHven  the  angles  of  a  right-ahgled  spTierical  triangle  lo  deter* 
mine  the  lege  and  the  hypothenuee* 

Let  AB  be  the  ground  lino  :  >vith  one  of  the  given  angles 
klg  '  as  an  angle  and  the  complement  keg"  of  the  other  gi- 
ven angle  as  an  opposite  side,  construct  a  spherical  triangle 
by  case  4,  and  the  complements  of  its  remaining  side  aef', 
of  its  hypothenuse  f  em,  and  of  its  remaining  angle,  will  be 
the  hypothenuse  and  two  legs  of  the  triangle  required* 
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Let  ABC  be  an  equilateral, 
^uiangular,  rectangular  spheri- 
cal  triangle,  all  the  aides  being 
quadnnts  uid  all  the  angles  right 
angles ;  and  let  «iiy  two  great 
ciraM  avD»  awe  pa«  tfiroi^  b 
•ad  A,  and  bd,  am  will  be  quad» 
fWila»  and  the  angles  at  B  and  b 
right  angles  $  and  therefore  adf,  a  ( 
BBF  m  right-angled  triangles, 
htTing  the  angles  at  r  equal ;  and 
the  remaining  parts  of  each  are 
eomplenentsor  those  of  the  othen 

time,  HF  is  the  complement  of  bf  ;  bb  Is  the  compleaient  of 
OB  or  of  the  angle  daf,  and  the  angle  bbfot  tla  measnre  bo 
is  the  complemeatof  the  side  ab. 

Ckippose  now  that  the  angles  daf,  bfa,  are  given  to  find 
liM  WMnaimng  parts  of  the  triangle  a9f.  From  what  haa  jost 
bei^i  shown,  we  have  in  the  triangle  bbf,  the  angle  bfb  and 
the  oppoaite  side  be  which  is  the  complement  of  the  gtven 
ani^e  baf.  It  is  evident,  therefore,  that  when  two  angles  are 
given  in  the  triangle  abf,  we  have  only  to  ooostract  the  trip 
angle  bbf  of  which  the  angle  bfe  and  the  opposite  side  bb 
are  given  ;  which  is  efiected  as  in  case  4.  And  aAerwards 
we  obtain  af,  ad,  df,  by  taking  the  complements  of  WM^  the 
angle  bbf,  and  the  hypotheause  bf« 
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CASB8  OP  OBUQinB  ANGLED  SPBEBICAL 

TRIANGLES. 


€Udm  lAe  tftree  tides  of  a  spherical  triangle  to  determine  the 

angles. 

With  the  oeotre  i  and  tny  ladiot  Aiy  detcribe  on  the  hori- 
sontal  plane  a  circle  abcd,  in  Uie  dicomference  of  which 
take  Ally  Bc,  CD  equal  to  the  three  given  aidea :  from  ▲  and  d 
draw  AFH  and  dkl  at  right  anglea  tOBB  and  bc,  intersecting 
each  other  in  e.  On  tlie  chord  ah  as  a  diameter  describe  the 
aemietrcle  amh  ;  draw  gm  at  right  angles  to  ah  ;  join  fm,  and 
mi  wiM  be  the  an^  contained  by  the  aidea  eqoal  to  AB  and  M. 


Soppoaing  s  to  be  the  centre,  and  ae  the  radius  of  the 
sphere,  to  which  the  spherical  triangle  belongs  ;  let  the  se- 
micircle AMH  revolve  from  its  horizontal  to  a  vertical  position, 
and  suppose  the  angle  bea  to  revolve  about  the  side  be  ;  it  is 
plain^  that  the  point  a  will  describe  the  circumference  amh. 
in  the  same  maoQcry  the  point  d  will  describe  the  circumfer- 
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•ftoe  of  a  ▼arlical  ciieto  on  the  diamater  b  if  eriitni, 
thmlbrei  that  xo  win  thtu  become  the  common  aection  of 
tfieee  two  vertical  aemicifclef,  and  x  the  point  with  whidi  ▲ 
aadDOoiaeideyWhenBAandBDarecoincidenL  Andbecanee 
when  the  triangle  oxv  ia  Terticaly  xf  will  be  at  right  anglea  to 
WB,  the  angle  oix  will  be  the  inclination  of  the  phuie  of  the 
aii|||e  HU  to  the  horiaohtal  plane  when  die  poiitfi  ▲  and  x 
oeoMide* 

^  arimilar  comtntctioni  we  may  detennine  the  remain- 
hug  ang^eiu 

Another  Coiulruciion, 

Let  AB  be  the  ground  line  ;  in  which  take  any  point  c,  and 
draw  cd"  at  right  angles  to  ab.  At  any  point  d"  in  this 
perpendicular  make  the  aoglea  cD^'sy  cd'  f,  and  fi>"o"  equal  to 


the  angles  of  which  the  given  sides  of  the  spherical  triangle 
are  the  measures ;  make  d^g"  equal  to  d'e  :  join  fg"  ;  and 
with  the  centres  c  and  p,  and  distances  ce,  fg"  describe  two 
arcs  intersecting  in  b'  ;  join  or',  and  fcu'  will  be  the  angle 
opposite  to  the  side  which  measures  the  angle  fd"g'\ 

Conceive  the  vertical  plane  to  stand  at  right  angles  to  the 
horizontal,  and  in  this  situation  suppose  dh"  to  be  joined  ;  also 
draw  Fu.  Now  cd''p  being  at  right  angles  to  the  plane  cfh', 
it  is  evident  that  cfh'd"  is  a  triangular  pyramid  of  which  the 
base  is  cfh  ,  and  vertex  d"  :  and  since  oh  is  equal  to  ce,  and 
the  angles  d"ch^  doe  equal  being  right  angles,  therefore  the 
angle  cd^h'  is  equal  to  cd^b,  and  d''h'  to  d'Ib.  Also,  became' 
nVisequalto  v^thalisytoDV,  mudiw^tOfO^andnVeom. 
men  to  the  two  trianglee  nTtt^  wvTq''  ;  therefore  tfie  angit 
FD^x  k  equal  to  the  giien  angle  fD V ;  and  tee  it  ia  menifcir, 
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that  the  three  angles  at  the  summit  d"  of  the  pyramid,  viz. 
cd"h',  cd"f,  fd"h'  are  equal  to  the  three  given  angles  cd"e', 
cd'f,  fd"g"  ;  consequently,  if  with  the  centre  d"  and  radius 
d"e  we  describe  a  spherical  surface,  its  intersections  with  the 
planes  of  the  angles  (  d"h'  ;  cd"f,  fd  'h,  will  be  the  spherical 
triangle,  cue  having  the  given  sides.  And  because  D"cis  at 
right  angles  to  cf  and  ch',  therefore  or  and  cii'  arc  the  tan- 
gents of  the>arcs  cl  and  ck,  and  therefore  the  plane  angle 
fch'  is  equal  to  the  spherical  angle  Lc&» 


CASE  II. 


Crvm  two  sides  and  the  contained  angle  to  deternnnetheremain» 

ing  parts  of  the  triangle*  •  ^ 

With  the  centre  e  and  any  distance  ea,  describe  on  the 
horizontal  plane,  the  circle  abcd  ;  in  the  circumference  of 
which  take  ab,  bc  equal  to  the  two  given  sides.  Make  bh 
•qual  to  AB  ;  join  aji,  and  on  it  as  a  diameter  describe  the  S6" 


E 


B 


A. 

BUflirde  ahh  :  at  the  centra  f  make  the  angle  snt  equal  to 
the  gifen  conlalned  angle  :  draw  no  at  right  angles  to  ah» 
and  Q»  at  right  aoglea  tocB,  and  cd  shall  ne  the  side  of  the 
spherical  triangle  that  is  opposite  to  the  given  angle* 
VoblL 
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The  truth  of  this  constructioD  is  evident  from  the  demon, 
■tration  of  the  first  conatructioii  given  to  the  pieceding  case. 

Amothgr  Comtrucium  of  Case  2. 

# 

Let  AB  he  the  ground  line  ;  in  whtck  tak«  uiy  point  o,  wni 
draw  cd"  of  any  length  at  angles  to  ab*  Blake  the  an* 
ifim  od'>  equal  to  the  two  given  fides,  and  xcB'  equal 
to  the  given  angle  :  with  the  centre  o  and  distance  ce  de. 
aeribellM  arc  and  join  waf ;  lastly,  make  vTe",  tq"  efl|nal 
le  ns  and  fh'  respectively,  and  the  meaaure  af  the  anide 
i»V'wiUbethe«deie«iiied. 


This  construction  is  evident  from  the  demonstration  of  the 
eaeond  construction  given  to  the  preceding  case. 

CASB  III. 

GiomUn  ni€9  imd  an  angle  opposite  to  mt9f  them  to  fad  Ike 

remaking  side* 

With  the  centre  e'  and  any  radius  c'e'  describe  on  the  ho- 
rizontal plane  a  circle  ahd',  in  the  circumference  of  which 
take  c'b,  bd'  equal  to  the  given  sides,  and  c'a  equal  to  bc'. 
Join  AB,  on  which  as  a  diameter,  describe  the  semicircle 
ag"b  :  at  F  the  centre  of  ac'b  make  the  angle  afg"  equal  to 
the  given  angle  ;  from  o"  draw  g"h  at  right  angles  to  ab,  and 
make  gk  equal  to  the  chord  bd'  ;  with  the  centre  h  and  ra- 
dius Kii  describe  the  circle  klm,  cutting  acb  in  l'  and  M'^and 
c'h'y  or  c'm'  will  be  the  required  side  of  the  triangle. 

Conceive  ab  to  be  the  ground  line  ;  and  ag"b  to  be  on  the 
vertical  plane,  making  right  angles  witli  the  horizontal  plane  ; 
also^aoppose  a  spheie  to  be  described  with  the  centre  z'  and 
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mad,  ceoMquently,  thai  the  dutenoo  fiom  to  0"  in  the  are 
efm  gieal  eiiele  ef  the  ^pheie,  k  e^  to  the  afe  (/b. 


Imagine  a  plane  to  pass  through  c^e',  and  make  with  af  an 
angle  equal  to  the  given  angle  ;  this  plane  will  evidently  pass 
through  the  point  of  the  vertical  plane,  because  the  angle 
a^Fu  was  made  equal  to  the  gtTOii  angle,  and  the  arc  of  the 
float  ctrdo  between  cf  and  lying  in  the  forementionod 
^lanoy  will  make  with  c^a  an  angle  equal  to  the  ^iven  ancle. 

Again,  o^B  bein^  at  right  angles  to  the  horizontal  plane^ 
evoiy  point  of  the  cireumference  kl'b^  is  emially  distant  liom 
oonMonently  the  arc  of  the  great  circle  passing  from  o" 
to  1/  or  ic'  liae  its  chord  equal  to  o'^Oy  or  the  chord  no'y  and 
Iheneftra  the  aie  between  g"  and  i>\  or  between  o^  and  My  is 
<iqunl  to  the  given  aide  m\ 

llins  il  if  plain  thai  o'ye^  and    or  ii' are  the  anffolarjpointa  . 
of  a  spherical  triangle  having  two  of  its  sides  equal  to  crn  and 
ma^f  and  ita  angle  opposite  the  side  c'l'  or  c'm'  equal  to  the  giv. 
on  angle ;  and  therefore^  dt/  or  c'm'  is  the  third  side  required. 

The  throe  remaining  cases  of  oblique-angled  spherical  tri- 
angles are  constructed  exactly  as  the  three  preceding  cases, 
by  means  of  the  polar  triangle  described,  page  30,  this  veL 
Boo  the  nnthor'e  figure  to  theemm  nr  of  Spherics. 
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If  the  time  angtaa  of  the  spherical  triangle  nsp  be  gireii 
lo  find  the  sides ;  we  take  the  supptemeata  of  the  giTeii  acglea^ 
we  have  the  three  sides  of  the  supplemental  or  polar  triangle 
ABC  ;  and|  the  angles  of  the  triangle  being  found  by  case  1, 
their  aapplementa  will  be  the  aides  leqnired  in  the  triangle 
vmw* 

CASI  V* 

If  the  side  de  and  the  adjacent  angles  at  d  and  e,  be  given 
to  find  the  remaining  parts  of  the  triangle  def;  by  taking  the 
supplements  of  the  given  parts  we  liave  the  two  sides  ab,  ac 
and  th  J  contained  angle  bac»  to  find  the  remaining  parts  of  the 
triangle  abc  by  case 

CASS  VI. 

If  the  side  df  and  the  two  angles  at  d  and  e  be  given  in  the 
triq^gle  def  to  find  the  remaining  parts :  we  have  in  the  tri- 
angle ABC  the  two  sides  ab,  ac,  and  the  angle  abc  opposite 
to  one  of  themi  to  find  the  remaining  aide  by  case  3. 
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CHAPTER  IV. 
ODHITSironON  OF  TBI  CORIO  ncTfosi. 
PROBLSM  I* 

To  consUruct  a  conic  mrface* 

1.  Draw  the  ground  line  ab,  in  the  horizontal  plane ;  take 
any  point  p'  for  the  centre  of  the  circular  base  of  the  cone, 
and  with  the  radius  of  the  base  describe  about  as  a  centre, 
the  circle  cq'r  for  the  base  of  the  cone.  From  let  fall  on 
▲By  the  perpendicular  p'k,  in  which  produced  take  kp'  equal 
to  the  exifl  of  the  cone ;  thai  !•  to  the  diatanee  hetween  th« 
Ter^ez  of  dw  eone,  and  the  centre  p^  of  the  base ;  andp^  vSl 
be  Iheyertical  projectioii  of  the  TOftez  of  the  conk 


Because  the  axis  of  the  cone  is  at  right  angles  to  the  base, 
it  is  evident  that  the  horizontal  projection  of  the  axis  is  sim- 
ply the  point  p' ;  and  kp"  at  right  angles  to  the  ground  line  ab 
is  its  vertical  projection  ;  and  therefore,  p'  and  p*  are  the  ho- 
rizontal and  vertical  projections  of  the  vertex  of  the  cone. 
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2.  To  projeet  the  tlaQt  side  of  the  cone,  take  any  point  ^ 
in  the  circumference  of  the  base,  through  which  and  the  cen* 
tre  f'  draw  a'f'u  a  diametor  of  the  baae ;  also,  from  a'  draw 
a'L  at  right  angles  to  the  ground  line  ab  ;  and  join  p''l  ;  then 
will  p'a'  and  A  be  the  horizontal  projections  of  the  ftont  «de 
of  the  oone  which  posses  through  the  point  a'. 

This  construction  of  the  slant  side  is  evident,  because  & 
being  the  vertical  projection  of  the  horizontal  point  a' ;  there- 
fore p'  and  a'  are  the  horizontal  projections  of  two  points  of 
the  slant  side,  and  p"l,  the  corresponding  vertical  projections ; 
and  consequently,  p'a',  p"l  are  the  required  projectiona  of  the 
elant  side  passing  through  q'. 

If  we  make  a  similar  construction  for  the  slant  side  passing 
through  r'  we  have  the  construction  of  the  two  slant  sides  of 
the  cone,  in  which  the  curve  surface  of  the  cone  is  inter- 
sected hv  a  vertical  plane  passing  through  the  axis  of  the  cone. 
Thus  P  L  and  p"m  are  the  vertical  projections  on  the  opposite 
slant  sides  passing  through  the  extremities  of  the  diameter 
q'r'  of  the  base,  and  the  opposite  radii  pVi  p  are  (he  cor* 
responding  horizontal  projections. 

3.  To  find  the  vertical  projection  of  any  point  of  the  sur- 
face corresponding  to  any  given  horizontal  projection.  Let 
8  be  any  given  horizontal  projection  of  a  point  of  the  curve 
surface  of  the  cone;  draw  the  radius  p's'q',  and  having  con- 
structed the  slant  side  by  its  projections  p'q',  p^'l,  draw  s'ns"  at 
right  angles  to  the  ground  line  ab,  meeting  the  vertical  pro- 
jection p"l  in  s",  and  s"  will  be  the  vertical  projection  of  that 
point  of  the  conic  surface  which  has  a'  for  its  horizontal  pro* 
jection. 

In  the  preceding  construction  we  have  considered  only  that 
part  of  the  whole  conic  surlace  which  is  between  the  vertex 
and  base ;  but  as  the  conic  surface  may  be  extended  indefi- 
nitely downwards  below  the  base,  and  upwards  above  the  ver- 
tex, it  is  plain  that  the  horizontal  projection  r'pV  of  the  op- 
posite slsuit  sides  as  well  as  the  vertical  projections  p"k,  p"m, 
should  be  produced  indefinitely  both  ways ;  that  is,  r'q'  to- 
wards f'  and  j' ;  and  p"k,  p"m  towards  e",  r"  ;  n",  d". 

Now,  the  vertical  projections  r"l",  d  'ii"  being  both  in  a  ver- 
tical plane  passing  througli  r'j',  if  we  produce  s's"  to  meet 
d'  ii  "  in  t",  we  shall  have  t"  for  the  vertical  projection  of  the 
point  in  which  a  perpendicular  to  the  horizontal  plane 
at  a'  meets  the  slant  side  which  passei  through  the  point  n 
of  the  base ;  this  perpendicular  therefore  meete  the  conic 
surface  in  two  points,  of  which  a"  and  are  the  yertical  pro* 
jectionay  the  horizontal  pitojections  being  coincident  in  the 
points  s'.  Alsoy  the  vertical  ordinates  of  these  tivo  points  being 
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mT  and  ht^',  it  is  evident  that  the  part  of  the  perpendicolar 
at  fi  whieh  is  projected  into  b'V,  falls  without  the  conic  lur- 
fkce  ;  the  remaining  parts  of  it  falling  within  the  upper  and 
lower  divisions  of  the  conic  surface. 


If  we  produce  a'K  to  meet  d^h"  in  q',  the  point  a''  will  be 
the  vertical  projection  of  the  point  in  which  the  perpendicu- 
lar from  a'  to  the  horizontal  plane,  meets  the  upper  division 
of  the  conic  surface*  In  like  manner^  if  b'm  be  produced  to 
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n'\  we  have  the  vertical  projection  of  the  point  in  which  the 
perpendicular  at  r  meets  the  slant  side  of  the  cone  passing 
through  <i'  :  and,  because  mr"  and  kq,"  are  equal,  as  is  evi- 
dent from  the  construction,  it  follows  that  r"  and  a"  are  the 
vertical  projections  of  two  points  diametrically  opposite  in  a 
circular  section  of  the  upper  conic  surface  parallel  to  the  base. 

If  we  take  any  point  in  r'q,'  produced,  and  draw  d' V, 
ob"  at  right  angles  to  the  ground  line  ab,  it  is  plain  that  d'' 
and  are  the  vertical  projections  of  the  points  in  the  upper 
and  lower  divisions  of  the  conic  surface  through  which  a 
straight  line  passes,  that  is,  perpendicular  to  the  horizontal 
plaae  at  f',  so  that  of',  od"  are  the  horizontal  and  vertical  or- 
dinates  of  the  points  of  intersection  in  the  upper  division, 
and  df',  ob''  in  the  lower.  Also  that  part  of  the  perpendicu- 
lar at  f',  that  is  represented  by  t>"e'\  falls  without  the  conic 
surface  :  and  the  remaining  parts  above  d"  and  below  r"  fall 
within  the  upper  and  lower  divisions  of  the  conic  surface. 

FROBLEM  n. 

To  find  the  point  in  which  a  given  plane  iMcuXhyihe  gvoen  ilanl 

tide  of  a  cone. 

aP" 
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Let  EK  be  the  ground  line  ;  p'  the  centre  of  the  base  t'h'q! 
on  the  horizontal  plane  ;  p"  the  vertical  projection  of  the  ver- 
tex of  the  cone,  q.'  any  given  point  in  the  circumference  of  the 
base,  and  r'q^,  p"l  the  horizontal  and  vertical  projections  of 
the  slant  side  passing  through  q'  ;  also,  let  eg',  ev"  be  the  ho- 
rizontal  and  vertical  traces  of  the  given  plane. 

Since  the  slant  side  is  given  by  its  horizontal  and  vertical 
proiectioDs  p'q',  p"i.,  and  the  plane  by  ita  traces,  we  hmm  only 
to  find  the  piojeetim  of  the  required  point  by  prob.  17^  chap. 
8.  The  opeiatkm  ia  as  Ibllowa ;  F^ace  qfi  to  of  and  a ;  % 
draw  Q^T  and  m"  at  right  angles  to  sh  ;  join  vf'  eutting 
in  and  draw  aV  at  right  angles  to  sh  eutting  eh  and  t^k' 
uiRanda'^andiii^yinii^wiU  be  tfie  homontal  and  verdeal  pro* 
jections  of  the  point  required. 

In  a  aimilar  manner  we  find  the  horiaontal  and  TMlical  pro* 
iectiona  1/  and  »*of  the  point  in  which  the  giren  plane  ia  cut 
by  the  riant  aide  which  imases  through  s  tiie  other  eitremiQr 
of  the  diameter  q,V. 

If  the  point  e  be  at  an  Infinite  distance,  the  traces  so'  and 
SF^  become  parallel  to  the  ground  line ;  and  this  circumalanee 
produces  a  yariation  in  the  method  of  construction  fi>r  some 
points  that  may  require  farther  iliuatration. 
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LetAabothegroaadliiias  KaVsf  thabtteoflheooneoo 
the  horizontal  plMw,  ]K  ill  ceotiey  xp^  the  vertioil  prnjcctmi 
oftbo axis  of th« cone;  and xr,o^B< tbe traeM ortbegivM 
plaoe,  which  ore  parallel  to  ab. 

Suppose  the  horiz6ntaI  projectioa  of  two  opponte  slaat 
•iflat  to  be  the  diameter  of  the  hue  parallel  to  ab  ;  and  there- 
Im  r%  v^M  the  vertical  projections  of  those  aides.  To  da- 
lennine  the  points  in  which  the  plane  meets  those  slant  sidss 
we  may  proeesd  as  follows : 

Make  xn  equal  to  ko,  join  c'd  cutting  qV  in  z' ;  BMke  ky' 
equal  to  fV»  and  through  y''  draw  s'V  parallel  to  ab;  then 
B^s'  and  tV  being  drawn  perpendicular  to  ab,  will  give  the 
horizontal  projections  of  the  required  points ;  and  s%  t"  the 
corresponding  vertical  projections. 

Again,  to  determine  the  intersection  of  the  plane  and  sleuit 
side  passing  through  k  :  make  p'v'  equal  to  kp'  which  is  the 
altitude  of  the  cone  ;  draw  kv'  intersecting  c'd  in  w',  make 
w'x'  parallel  to  ab,  and  x'  will  be  the  horizontal  projection  of 
the  required  point,  and  x'w  will  be  equal  to  the  vertical  ordi- 
nate, the  bonzouial  ordinate  being  kx'. 

raoBLBic  HI. 

eonslruct  the  horizontal  projection  of  the  curve  made  by  th€ 
intergectim  of  a  giocn  plane  with  a  gi»en  come  mrfacBm 

Let  AB/be  the  ground  line  ;  kq'c'  the  circumference  of  the 
base  on  the  horizontal  plane,  touching  the  ground  line  in  k  ; 
let  p'  be  the  centre  of  the  base,  and  at  the  same  time  the  ho» 
rizontal  projection  of  the  axis,  and  vertex  ;  and  kp  the  ver- 
tical projection  of  the*  axis. 

Suppose  the  given  interaecting  plane  to  be  parallel  to  the 
ground  line,  or  which  is  the  same  in  elfoct»  let  the  hmiaonial 
and  verticsl  traces  aV»  Vflf^of  the  given  plane  be  parallel 
to  ABy  and  suppose  the  horiaootal  trace  aV  tonch  the  base  of 
the  cone  in  d. 

To  find  the  axis  of  the  nrojectkiny  make  ka  equal  to  kk' 
and  join  (/a  In  p^nfo'  parallel  to  ab  :  take  r^o'  espial  to  wt^\ 
join  wof  intersectiy  ac'  in  jf^  and  fimn  1/  draw  nV'panllel 
to  AB,  and  c'n'  wiCbe  &e  axis  of  the  projeetieiu 

Again,  to  find  the  points  in  which  the  curve  lo  be  pwjeeled 
cuts  the  diameter  parallel  to  ab  ;  from  a'  and  n'draw 
BfH  perpendicular  to  ab,  and  p^'l,  r^'n  will  be  the  projeelioM 
of  the  slant  side  passing  through  and  b'  :  let  c'a  meet  rVin 
B',  and  having  made  ky''  equal  p'r',  draw  a'Vj"  parallel  to  A% 
and  j^y,  H 'h'  paraUel  to  rV  and  /'A'  wiU  be  the  poualife>. 
quired  in 
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To  ftri  the  point  in  wbich  the  curve  meets  any  other  radi- 
nBt^y,  draw  tfm  nl  rifht  angles  to  ab  ;  join  p"n  which  is  the 
verlienl  projeelioii  of  the  slant  side  passing  through  s  :  pro- 
^hiee i^/le  meet  aV  and  Asia  and  t;  dnwyB,  tif'  pa. 
nUel  to  v^r^,  and  join  BT^'entting  v^'n  in  if ;  draw  s's'  paral- 
iai  ley and  a"  will  be  the  peint  in  which  r^s'  is  intersected 
hgrtfaeciirfe. 


In  a  similar  manner  we  nay  find  any  nwnber  of  points  in 
Ihte  required  section  <f b'dV • 

When  the  points  ▼  andT  become  too  remote  to  be  conse. 
-tpientjy  nsed  m  ^e  coostruettoo,  we  may  find  the  required 
points  of  the  curve  by  the  method  used  in  determining  ihe  in* 
temectlon  of  the  plane  by  the  slant  side  passing  through  x. 

Li  this  example,  in  which  the  cone  w  divided  by  the  phme 
ielo  upper  end  under  parts  of  the  conic  sectioni  is  called  en 
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ellipse;  the  cnnre  cVdV  is  therefore  ttomjeeddnof tti 
eUi^»  and  oonfequetttly,  dtiuli/  is  also  an  dttpae. 

lb  comalruct  the  elUpie  of  which  the  curve  c'b'dV  til  lie  pn» 
ceding  problem  is  the  horizontoL 

TM*  pfoblem  is  leadilj  solved  by  finding  by  prob.  1% 
n.  the  poBitkms  of  the  points  of  the  curve  on  the  hori* 
lontal  pkne  by  the  revoiulion  of  the  intefsectiDg  plane  to  a 
ooincidiMice  with  the  horisontal  plane. 


Or,  we  may  proceed  as  follows,  which  is  nearly  equivalent. 
Because  ko'  is  tlic  position  on  the  horizontal  plane  of  the 
slant  side  passing  through  h,  and  kc'a  the  angle  of  elevation 
of  the  given  plane ;  it  is  plaint  that  ov^  is  the  tcansvexae  axis 
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•f  Am  efUpMiecdoa  required*  Make  eqml  te  oft^  Mid. 
^will  be  die  position  on  the  horiBontel  plane  of  the  feitas 
detemuned  by  v'.  . 

Infike.  manner*  take  o'lr  equal  to  cn' and  make  the  perpeii« 
dicnlar  «i|  equal  to  pV*  and  «i  will  be  a  point  in  the  required 
aeotion.  la  a  similar  manner,  we  may  find  any  number  of 
points  in  the  circumference  of  the  required  ellipee  6mc^^, 

It  is  evident,  from  this  construction*  that  the  ellipee  6mc^^ 
ia  derived  from  dMD*w^  by  elongating  each  abscissa  fiom  v 
aa  op'  in  the  constant  ratio  of  c'd'  to  oY  ;  ao  that  cr'  ii  to 
as  c'd'  to  e'if  while  the  aemiordinate  «^  remaina  the  aame 
as  p'h'. 

And  aa  the  curve  ^ac  9  is  by  the  definitions  of  conic  sec* 
tiona  an  elUpae*  it  is  mnnifeat  firom  the  constant  ratio  of  the 
abscissas  cp'  and  cV  having  a  common  semiordinate  t'bl  or 
«ilt  that  the  projection  o'i'd  f  lb  also  an  ellipee* 

PBOBLSMT* 


Jb  coMrmdUe  aeefian  of  a  eone  hyaphnepardlfd  la  tleairfa 

^  the  cane. 

» 

Lei  AB  be  the  gioond  line p'  the  centre  of  tKe  circular 
baae  xq'e'  of  the  cone  touching  the  ground  line  is  in  x :  nio* 
dncotheradiiM  /Ktor^,  andtake  w'eqnalto  tbeaxiaorthe 
cone  which  ia  supposed  to  be  at  right  angles  to  Uie  plane  of 
ita  baae,  and  consequently  to  the  horizontal  plane ;  then  p^s 
ia  the  vertical  projection  of  the  axis,  and  r**  of  the  vertex* 

Suppose  the  cutting  plane  to  be  parallel  to  the  vertical  plane* 
and  to  intersect  the  horizontal  plane  in  the  atraight  line  n'v<i', 
which  is  tlicrefore  parallel  to  ab*  and  consequently  perpendi- 
cular to  the  diameter  ck. 

Draw  any  radius  p  s't  of  the  base*  meeting  r'q!  in  s",  and 
the  circumference  of  the  base  in  t.  Find  by  prob.  1,  chap* 
IV*  the  vertical  projection  p'V  of  the  slant  side  passing 
through  T,  the  corresponding  horizontal  projection  of  this 
alaot  side  being  p't  :  through  s'  draw  sW  at  right  anglea  tif 
AB*  and  meeting  vp"  in  s",  and  ns"  is  the  altitude  of  the  conic 
surface  at  s',  because  ns  ,  ns  '  are  evidently  co-ordinates  of  n 
point  of  the  slant  slide  passing  througli  t. 

A  id,  since  tlic  cutting  plane  which  passes  through  rV  is 
perpendicular  to  the  horizontal  phine,  it  is  evident  that  ns', 
Ks"  are  the  co-ordinates  of  tlie  point  in  which  the  slant  side 
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terminating  in  t  penetrates  the  cutting  plane  ;  if  therefore  we 
make  s'l  equal  to  ns",  it  is  plain  that  l  will  be  the  position  on 
the  horizontal  plane  of  tlie  point  denoted  by  s',  s",  by  the  re- 
volution of  the  cutting  plane  about  the  intersection  r  a  • 


By  a  similar  construction,  we  may  determine  any  number 
of  points  in  the  curve  h'lxr',  which  will  be  the  section  re- 
tjuired. 

The  curve  required  may  be  obtained  still  more^simply  by 
merely  finding  the  perpendiculars  N8"h,  and  describing  the 
curve  through  l,  3i,  dec.  without  detennining  the  corree- 
ponding  points  In  ^'lxe'. 

It  is  evident  that  the  plane  meeting  the  bastf  at  right  angles 
in  v^Yof  nniBt  also  meet  the  upper  division  of  the  conic  aor- 
laee,  and  produce  another  section  equal  and  similar  to  «'ze'* 
The  curve  determined  by  this  constmction  ia  an  hypcihola. 
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To  construct  the  intersection  o  f  a  conic  stwface  by  a  plane  pa* 
raUd  to  one  of  the  slant  sides  of  the  cone* 

Let  AB  be  the  ground  line  ;  p'  the  centre  of  the  cone's  base, 
which  is  supposed  to  he  coincident  with  the  horizontal  plane  ; 
and  let  the  base  efk  touch  the  ground  line  in  k  :  in  v'k  pro- 
duced, take  KP''  equal  to  the  altitude  or  axis  of  the  cone,  and 
f'  is  the  vertical  projection  of  the  summit  of  the  cone.  Let 
-  the  cutting  plane  be  parallel  to  the  ground  line,  and  meet  the 


bM  in  dw  horiaonla]  trace  sf,  which  will  consequently  be 
pnnlMto  AB :  inxF'pfodaccdif  ncceasary,  take  n'n  fourth 
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propoftiond  to  the  tbiea  Straight  HoM  Kp'.  xzy  xp%  and  the 
■trugbt  line  e^rV  panllalto  ab,  uriil  be  tbe  veittcal  traeeof 
the  cutting  plane* 

Tke  angle  wbieh  the  dant  side  passing  through  i  make*  ' 
with  tlie  hoiisontal  plane  is  evidently  the  acate  angle  at  the 
base  of  aii^ht-angled  phme  triangle*  of  which  the  base  is  zf^, 
mod  perpendieular  equal  to  kp^*  ;  and  the  an|;le  which  the  cut- 
ting plane  makes  with  the  horizontal  plane  is  also  the  aeole 
angle  at  the  base  of  a  right-angled  triangle  of  which  the  base 
is  XK  and  peipendienlar  ky"  ;  and  since  these  two  triangles 
afe  in  the  same  plane  and  have  the  bases  and  altitudes  pro* 
portionals,  it  is  plain  that  the  acute  angles  at  their  bases  aie 
equal,  and  that  the  slant  side  passing  through  z  is  parallel  to' 
the  plane  of  which  the  traces  are  bf„ o'a". 

Tocoostmctthe  curve  of  intersection  draw  any  radius  f'q  ; 
from  Q  draw  om  at  right  angles  to  ab,  and  join  f"m,  then  p'q, 
and  p"m  ana  the  horizontal  and  vertical  traces  of  the  slant  side 
passing  through  a.  .  Find  by  prob.  2.  chap.  iv.  the  horizontal 
and  vertical  projections  a*  and  a'  of  the  point  m  which  this 
slant  side  meets  the  cutting  plane  ;  and  by  prob.  12.  chap.  tt. 
find  I  the  position  on  the  horizontal  plane  of  the  point  of  which 
8  and  s  '  are  the  projections  by  the  rotation  of  the  cutting  plane 
about  thq  inteisecUoa  £p,  and  i  is  a  point  in  the  required 
curve. 

In  a  similar  manner  we  may  proceed  in  determining  any 
number  of  points  in  the  required  curve  five. 

The  ordinates  no,  rw  are  obtained  by  the  construction  giv- 
en in  prob.  2,  cliap.  iv.  for  the  slant  sides  passing  through  the 
extremities  of  the  diameter  dr  parallel  to  ilie  ground  line  ab. 

The  vertex  v  is  found  by  taking  ka  equal  to  kv",  and  p'd 
equal  to  kp^  ;  then  drawing  ax  and  kd,  we  have  the  posit  on 

of  the  vertex  of  the  curve  on  the  horizontal  plane  ;  and 
therefore  making  xv  e<|ual  to  xc,  the  point  v  will  be  the  ver- 
tex of  the  curve. 

It  is  obvious  that  the  curve  five  is  a  parabola. 
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